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The Leland strategy of approximate hedging of the call-option under pro-
portional transaction costs prescribes to use, at equidistant instants of
portfolio revisions, the classical Black—Scholes formula but with a suit-
ably enlarged volatility. An appropriate mathematical framework is a
scheme of series, i.e. a sequence of models M,, with the transaction costs
coefficients &, depending on 7, the number of the revision intervals. The
enlarged volatility 7, in general, also depends on n. Lott investigated in
detail the particular case where the transaction costs coefficients decrease
as n~'/? and where the Leland formula yields &, not depending on n. He
proved that the terminal value of the portfolio converges in probability to
the pay-off. In the present note we show that it converges also in L and
find the first order term of asymptotics for the mean square error. The
considered setting covers the case of non-uniform revision intervals. We
establish the asymptotic expansion when the revision dates are ! = g(i/n)
where the strictly increasing scale function g : [0, 1] — [0, 1] and its in-
verse f are continuous with their first and second derivatives on the whole
interval or g(f) = 1 — (1 - £, B > 1.
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1. Introduction
1.1 Formulation of the Main Result
To fix the notation we consider the classical Black—Scholes model, already

under the martingale measure and with the maturity 7 = 1. So, let S = (§5,),
t € [0, 1], be a geometric Brownian motion given by the formula

St — SOeO'W,—%O'zt



and satisfying the linear equation
dSt = O-S IdWl

with a standard Wiener process W and constants S, o > 0. Let C(z, x) be the
solution, in the domain [0, 1]x]0, oo[, of the Cauchy problem

(1) C,(t, %) + %szzcm(l, x) =0, Cc(1,x) = (x-K)*",

where K > 0. The function C(z, x) admits an explicit expression and this is the
famous Black—Scholes formula:

2) C(t,x) =C(t,x,0) = xO(d) - KO(d - o VI - 1), t<1,

where @ is the Gaussian distribution function with the density ¢,

3) d=dtx) =d{tx,o)= Vi-1.

1 | x+1
———In—+ =0
cVi-r K 2

Define the process

“) Vi =C(@0,Sy) + / Ci(u,S,)dS .
0

In the Ito formula for C(z, S;) the integral over dt vanishes. Hence, V;, = C(¢,S;)
for all ¢ € [0, 1]. In particular, V| = (S; — K)*: at maturity the value process V
replicates the terminal pay-off of the call-option.

Modelling assumptions of the above formulation are, between others: friction-
less market and continuous trading. The latter is a purely theoretical invention.
Practically, an investor revises the portfolio at certain dates #; and keeps Cy(#;, S ;)
units of the stock until the next revision date ¢;.;. The model becomes more real-
istic if the transactions are charged proportionally to their volume. The portfolio
strategy suggested by Leland [6] generates the value process

t n
()  V'=C(0,50) + / Z H!' Ly, (u)dS , — Z koS |H! — H'_|,

0 i=1 i<t
where erf = 5x(ti, S+), ti = i/n, the positive parameter k, = kon~'/? is the transac-

tion costs coefficient, and C{ (¢, x) is the solution of (1) with o replaced by o > 0
with

©) 2 = 02 + oko 8/

That is 5(t, x) = C(t,x,0) and for such a strategy there is no need in a new
software: traders can use their old one, changing only one input parameter, the
volatility.



In his paper Leland claimed, without providing arguments, that V{ converges
to Vi = (S§1 — K)* in probability as n — oo. This assertion was proven by Lott in
his thesis [7] and we believe that the result could be referred to as the Leland—Lott
theorem. In fact, V{ converges also in L? and the following statement gives the
rate of convergence:

Theorem 1.1. The mean square approximation error of the Leland—Lott strategy
has the following asymptotics:

(7) E(V! = V))* = Ain! +o(n™h), n— oo,
where the coefficient

1[4
(8) A = / 7 ok \/2 + 120 (1 - %)] At
o | 2 b Vs

with A, = ES*C% (1,8 ,). Explicitly,

% { (nSe - Lo — 15201 - t))2}
Py~ .

) A=

— = ex 2. 2
275 V1 = t+20%t + T2(1 — 1) 200t + (1 = 1)

The main result of this note is slightly more general and also covers a model
with non-uniform grids given as follows.

Let f be a strictly increasing smooth function on [0, 1] with f(0) =0, f(1) =1
and let g := f~! denote its inverse. For each fixed n we define the revision dates
t; = t! = g(i/n), 1,...,n. The enlarged volatility now depends on ¢ and is given by
the formula

(10) G =0 + oko \8/nf/ (1)

while the function C( (t, x) given by the formula
C(t, x) = x®(p; " In(x/K) + p:/2) — KO(p; ' In(x/K) — p;/2), r<1,
with p? = ftl T2ds solves the Cauchy problem
(11) Ci(t, %) + %a‘fxzax(t, 0=0, C(l,x)=x-K",
The following bounds are obvious:
(1 —1) < p? < (1 = 1) + oko f8/m(1 = n'2(1 = f(1))'2

Assumption 1: g, f € C*([0, 1]).



Assumption 2: g() =1 - (1 - 1)’ B> 1.
Note that in the second case where f(f) = 1 — (1 — £)'/# the derivative f’ for
B > 1 explodes at the maturity date and so does the enlarged volatility.

Theorem 1.2. Under any of the above assumptions

(12) EV -V =A(Hn +om™),  n— o,

where the coefficient

et 3\/5 1 s of. 2
(13) Al(f)—/o [7m+k00' ;W + kgo (1—;) Adt,

with A, = ES*C2.(1,S ). Explicitly,

So _ 1,2, 1,2\
1 K2 In2t - 30°t—5p
(14) A, = — = _exp —( 22 /)
2701 [roas o2 202t + p;

The case f(¢) = t corresponds to the uniform grid and A(f) = A;.
The above result makes plausible the conjecture that the normalized difference
n'/ 2(V;’ — V) converges in law. Indeed, this is the case, see [4].

1.2 Comments on the Grannan-Swindle Paper

The Leland method based on the Black—Scholes formula is amongst a few
practical recipes how to price options under transaction costs. It has an advantage
to rely upon well-known and well-understood formulae from the theory of fric-
tionless markets. The method gave rise to a variety of other schemes. Of course,
the precision of the resulting approximate hedging is an important issue, see [5],
[2], [8], [9] and a survey [10] for related development.

The idea to parameterize the non-uniform grids by increasing functions and
consider the family of strategies with the enlarged volatilities given by (10) is due
to Grannan and Swindle, [3]. The mentioned paper claims that the asymptotics
(12) holds for more general option with the pay-off of the form G(S ;). In such a
case the function C(z, x) is the solution of the Cauchy problem

—~ | _
C(t,x) + 5a?xzcm(t, x) =0, C(1,x) = G(x).

To our opinion, the formulations and arguments given in [3] are not satisfactory.
In particular, the hypothesis that for any nonnegative integers m, n, p

_ I e,
”C”m,n,p = sup [xm¢:| < 0

>0, 1€[0,1] Ox"otp



is not fulfilled for the call-option with G(x) = (x — K)* (even for the uniform
grid): explicit formulae show that derivatives of C(t, x) have singularities at the
point (1, K). So, the mathematical results of the original paper [3] do not cover
practically interesting cases. Nevertheless, the formula for A;(f) is used in numer-
ical analysis of the approximate hedging error of call-options. Note also that the
authors of [3] do not care about the eventual divergence of the integral (13) due
to singularities of 1/f” which are not excluded by their assumptions. Neglecting
the singularities may lead to an erroneous answer (recall the unfortunate error in
Leland’s paper corrected in [5]). That is why we are looking here for a rigorous
proof to built a platform for further studies. The asymptotic analysis happens to be
more involved comparatively with the arguments in [3] and we restrict ourselves
to the case of the classical call-option.

The paper [3] contains another interesting idea: to minimize the functional
A1(f) with respect to the scale f in a hope to improve the performance of the
strategy by an appropriate choice of the revision dates!. We alert the reader that
the reduction to a classical variational problem is not correct as well as the derived
Euler-Lagrange equation. That is why the whole paper [3] can be considered
only as one giving useful heuristics but leaving open mathematical problems of
practical importance.

2. Proof of Theorem 1.2

2.1 Preparatory Manipulations
First of all, we represent the deviation of the approximating portfolio from the
pay-off in an integral form which is instructive how to proceed further.

Lemma 2.1. We have the representation Vi — Vi = F| + I} where

n 1 . .
Fl = JZ/ (Cx(ti-1,S1_,) — Cu(1, S ))S dW,,
i=1 7 li-1

2 Lo~ —
F; = k() J;O-/S?C\X(LST) f,(t)dt -
0

k() n—1 . .
7 Z] IC(11,S ) = Calti1, SIS

Even in the frictionless case the choice of an optimal scale to minimize the hedging error is an im-
portant and nontrivial problem, especially, for irregular pay-off functions, see, e.g., [1] and references
wherein.



Proof. Applying the Ito formula and taking into account that the functions C(z, x)
and C(t, x) satisfy the Cauchy problems with the same terminal condition, we get:

C(0,S0) - C(0,S¢) = C(1,81) = C(0,S) - [C(1,S1) — C(0,S )]

1 1
:/ CX(I,S,)dS,—/ C.(t,5))dS,
0 0
1 1 —
+ / E(E,Z—O'Z)S,ZC”(I,S,)dt.
0

Taking the difference of (4) and (5) with # = 1 and using the above formula, we
obtain the required representation. O

Note that the sum in the expression for F7 does not include the term with
i = n. Having in mind singularities of derivatives at the maturity, it is convenient
to isolate the last summands in other sums and treat them separately.

A short inspection of the above formulae using the well-known helpful heuris-

tics AS; ~ oS, AW; ~ oS, Vdt reveals that the main contributions in the first or-
der Taylor approximations of increments originate from the derivatives in x. This
consideration allows us to specify the principal terms of a particularly transparent
structure. Namely, we put

n—1

1
Pli= ) oCultin, Sy ST, / (1=S./84 )8 /S, dW,,
i=1 fi-1

n—1
Pyi=ko )" Cultin, S, )SE [0 V2/mF ()AL =18, /S, = 11/ V|-

i=1

To establish Theorem 1.2 we check that nE(P} + Pg)2 — Ai(f) asn — oo and
the residual terms R} := F — P! are negligible, i.e. nE(R;’)2 =o(1).
The first residual term is of the following form:

(15) R} = (R}, - R}, — (1/2)Ro,

where
1 —_— —_
Ry, =/ (Ca(tn-1,84,.) — Cx(t,5))S 1 dW,,
th-1

n—1 1
erl, = Z Cxt(li—l,szi,l)/ (t - ti—l)Stth,
i—1 tic1

i=
n—1 i

R=Y, [ oiaw,
i=1 Y-l



where

U, = Crnalfit, Se)S =8, )78+ Cun(fic1, S, ) —ti1)*S,
+2C i (fim1, S,H)(t =) S =S4 DS

iy and § ., are random variables with values in the intervals [f;_,#] and
[S:..,S:], respectively. The structure of the above representation of RY is clear:
the term R], corresponds to the n-th revision interval (it will be treated separately
because of singularities at the left extremity of the time interval), the term Rf, in-
volving the first derivatives of a in t at points (¢;_1,S;,_,) comes from the Taylor
formula and the “tilde” term is due to the remainder of latter.

It is important to note that the integrals involving in the definition of P de-
pend only on the increments of the Wiener process on the intervals [#;_;, #;] and,
therefore, are independent on the o-algebras #;, . This helps to calculate the ex-
pectation of the squared sum: according to Lemma 2.2 below it is the sum of
expectations of the squared terms. We define P} in a way to enjoy the same prop-
erty. The second residual term includes the term R}, corresponding to the last
revision interval; the term R7, represents the approximation error arising from re-
placement of the integral by the Riemann sum; the remaining part of the residual
we split in a natural way into summands R7, and R7,. After these explanations we
write the second residual term as follows:

(16) R = (R, + Ry, + Ry, + Ry; + Ry ko,

with

2 (-
R = \/;0' / S2C (1, S ) \f (0t
-1

2 n—1 t; . _
R = \g‘rz/ (STCu(t ST W) = 82 Castir Sy )VF o),
i=1 V-1
1 S~
Ry =— Cxxti—’S; S;_S-S-?—S.,
2 \/E; ( 1 f:l)l fi-y nl( iy 1‘)

n—1

1
Rn = —= ,S—S s
s W;[ 1S5 =S,

n
R24

1 n—1
vz DS
i=1
where

(17) []i = Conltiots Sy IS, = Siy | = 1Cx(ti S 1) = Cultio1, S )



2.2 Tools
In our computations we shall use frequently the following two assertions. The
first one is a standard fact on square integrable martingales in discrete time.

Lemma 2.2. Let M = (M,) be a square-integrable martingale with respect to a
filtration (G:), i = 0, ...k, and let X = (X;) be a predictable process with EX> -
(M) < co. Then

k
E(X- M) = EX* (M) = ) EX/(AM,,
i=1
where, as usual, NM); := E(AM;)?|Gi-1),
k k
X Mi:= Y XiAM;,  XP (M= ) XXM
i= i=1

i=1

Lemma 2.3. Suppose that g, f' € C([0,1]). Let p > 0 and a > 0. Then

S (At;)P* {O(nl_p_a)7 p<l

On“Inn), p=1,
Oo(n™), p>1.

Ifgt)=1-(-1tf, B> 1, then
(B {O(nlw)’ p<l+aB-1,

On=“Flnn), p=1+aB-1),
A= Aoy,  p>1+a@B-1).

—

n—

1l
—_

i

Proof. We consider first the case where ¢’, f' € C([0,1]), i.e. g’ is not only
bounded but also bounded away from zero. By the finite increments formula
At; = g’ (x))n~! where x; € [(i — 1)/n,i/n] and, hence, At; < constn™!. Apply-
ing again the finite increments formula and taking into account that min g’(¢) > 0,
it is easy to check that there is a constant ¢ such that

11—t
L<e, 1<i<n-1.
1-4¢
Thus,
n—1 n—1 the
At; At; =l dt
< CZ <c .
(=)~ L (=t /0 (1=np
Since

n'ming’(r) < 1 -g(1 —1/n) < n~ ' max g'(v),

the asymptotic of the last integral is O(1), if p < 1 (the integral converges), O(Inn),
if p = 1, and O(n”™"), if p > 1,. This implies the claimed property.



In the second case where g(f) = 1 — (1 — )%, B > 1, we have

n-1 (Ati)p+a B ﬁp+a n-1 (1 _xl_)(ﬂ—l)(p+a) 1
L (1—1)p — prlva I (L—ifn)pp 0’

The sum in the right-hand side is dominated, up to a multiplicative constant, by

"Z‘i 1 1</1—”" dt
(I=(i— O/myprabany = ), (1= pprapa

i=1

Using the explicit formulae for the integral we infer that the required property
holds whatever are the parameters p > 0,a > 0, and 8 > 1. O

2.3 Explicit Formulae and Useful Bounds

We consider the function 6(t, x) corresponding to the “artificial”, in general,
time-varying volatility. This function, solving the Cauchy problem (11), is given
by the formula

(18) C(t, x) = xd(1, x)) — KO@(t, x) - p),  1<1,
where
— 1 X 1
(19) d([, x) = E In E + Ept
and p; > 0,

1 1

(20) o= / Tlds = / (02 + ako \8/m\[f(5))ds.
t t

It is easy to verify that

C.(t,x) = Dd(t, x)),

— 1 —
Cxx(ta x) = gw(d(h X))

The first and the second derivatives of c/z’\(t, X) in ¢ are, respectively,

2 =2

— T x o0 0
dt, =1 ———’:—’dt, -0,),
((t, x) 2,0? nK 40, 2/?,2( (,x) Pt)
—~ ko V2T f" (1) ~ 37~ ot
du(t, x) = 02—%@, X) = p) + T (dt.x) - p) + 5.
20%\[f(0) 4p; 4p;
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For the analysis of residual terms we need also the following derivatives:

A2
Cult, x) = —(d(t X) = pe(d(t, x)),
2p

C, (t,x) = —
XXX xzptz

. . s
Can(t, x) = [dn(t, x) = a(d(t x) = po)’d(t, x)| @(d(t, x)),

— 1[c?
Cru(t,x) = — [5%3 2 3(d(t x) - p)dt, X)} (d(t, x),
Crrnrlt, X) = [ 20,(d(t, %) + pr) = 1+ (d(t, %) + p)d(t, x)| ¢(d(t, x)).

Note that under any of our assumptions on the scale transformation the ratio
2/p? has a singularity ¢(1 — #)~! as t — 1. Since for every p > 0 the function
[yIP¢(y) is bounded, we obtain from the above formulae the following estimates:

@1 Cult 0] < ki

—~ 1
22) ot ] < K 57—,
23) ot 0] < Kﬁ,
(24) Gt )] < "im’
(25) IC a2, )] < KT

Now we obtain a formula which gives, in particular, an expression for A,.
Let £ € N(0,1) and let a # 0, b, c be arbitrary constants. Then

. 1 b? .
(26) Ee€em (@b’ — exp1 — +b*-b*}.
2a% + 1 2a% +1

where b := b — ¢/(2a).
The distribution of the random variable 27S? E'Zx(t, S ;) is the same as of

Sg_ze*ﬂp 2)0 fp*260r§ —(aé+b;)?

where ¢; = (p — Not'2, q, = %o-tl/z,

1{ Sy 1 1 . 1
b, = > (m ?‘) - EO'Zt) t5p bi=bi- 5= 2p.
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Since

) So 1 1
b;—b; =—(p-2) [(ln e Eozt) +p7 - pr?} :

we obtain from above that

1 K2
27) ESICL(1,S) = 5— e ",
P 20t + p?
where

So _ 1 1 2
(%330 -301) (p-20-4 ,
202t + p? 4 r

(28) B; =

In particular, with p = 4, we have the following formula:

2
1 K? { (in % - 30° = 307) }
———————expq— .

2mp, /20_2 1+ p? 20t + p?

It is easily seen that A, is a continuous function on [0, 1[ tending to infinity as
t — 1. The singularity at infinity is integrable since

(29) A

1 1 1

(30) ;—(l—t)l/“ SAfSK—(l_t)l/z
for some constant « > 0 (of course, under Assumption 1 we have the lower bound
of the same order as the upper one).

It is worth to notice that the upper bound above is better than one could get
using the straightforward estimate @x(t, x) < k/(x*p?).

Sharper bounds for the expectations will be of frequent use in our analysis. To
get them we observe that for p € R, m > 0, r > 0, and " €]0, r[ we have the
bound

ESTd"(t,S )o(rd(1,S ) < kESPo(rd(1,S ).
Exploiting again the identity (26) to estimate the right-hand side we get the in-
equality
ESTd"(t,S )p(rd(t, S ) < kp.
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Using the expressions for the derivatives of C we obtain the following bounds:

31) ESPC(1,8,) < Ty
(32) ES'C (1,8,) < KT
(33) ESPCIMt,S,) < K(l—t)Tl/?’
(34) ESC (1,8 ) < "(1-:)%*1/2’

where the constant x depends on p and m.

2.4 Analysis of the Principal Terms
Let us check that nE(P + P}) — A1(f) as n — co. To this aim we put

P = —(r Zcxx(r, LS ST (A = (AW,

n—1

Py o= koon™2 )" Coaltin, 84,087, [ V2/m VAL = 1AW, ],

i=1
where, as usual, At; 1= t; — t;_; and AW,, .= W, — W, . It is sufficient to verify
that nE(f’" + 1’3”)2 — A(f) while nE(P” 15")2 —0,j=1,2.
Recall that E(&2 — 1)> = 2 and E|§|3 = 2E[¢| = 2+2/n for ¢ € N(0, 1). Using
Lemma 2.2 we obtain the representation

4 n-1 n—1
pn pn g 2
nE(P} + Py’ = —n Z A (A6 + koo \/;n”2 ; Ay, (A1)

+k(2,o- Z A, At

By the finite increments formula Az; = g(i/n) — g((i — 1)/n) = g'(x;)/n where
x; € [(i — 1)/n,i/n]. We substitute this expression into the sums above. Let us
introduce the function F,, (depending on p) by the formula

n—1

Fu() = Z Ag(ii=1ym & CV Iiii=1yjm,ipni (D).
P

For p > 1 we have:

n—1

1 1
ZAg((l 1)/n)[g (xl)]p /0 Fn(t)dtﬁ/o Ag(r)[g/(t)]de
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The needed uniform integrability of the sequence {F,} with respect to the
Lebesgue measure follows from the de la Vallée-Poussin criterion because the
estimate A, < k(1 — £)~'/? and the boundedness of g’ imply that

1 1 1
dg(t d
/ F3%(t)dt < const / __ds® __ const / P
0 o (1—g(0)¥* o (1—s)y

By the change of variable, taking into account that g’(t) = 1/f"(g(t)), we trans-
form the limiting integral into the form used in the formulations of the theorem:

1

1 1
/OAg(z>[g/(f)]”dt=/0 Ag(,)[g’(z)]"*ldg(z)=/0 AJLf ()] Pat.

The first claimed property on the convergence to A;(f) is verified.
Using again Lemma 2.2 we get that

Sfi—l Sti—l

n P2 2 S f Sl Sl 2
E(P] - Py =0 ZAM/ E[< - 1) - oW - W’H)] dt.
i=1 fi-1

It is a simple exercises to check that
0—,1/2§,L(72l (rt”zf—l(rzt /22 _ 2
E((e 27— 1)e W —ot’7E) =0), t—0.

Therefore,

n—1
nE(P! - P'y* < constnz A, (AL =0, n—0.
=1

The sum P is not centered and, therefore, Lemma 2.2 cannot be directly ap-
plied. Let us check that under our assumptions the bias is negligible. Indeed,
put

n—1
Py = kon 2" Corltir, S ST [EIS /S0, = 1= 184/S,., = 1]
i=1

We have:

n—1

’ 1/2
2Py - Pyl <ko ) A/TB

ti-1
i=1

By = o N2/m \nf o)A = EIS /S, = 11|

Using the Taylor formula it is easy to verify that for u > 0

where

Ele"™3% — 1] = 2[D(u/2) - O(~u/2)] = V2/nu+ 0W®), u — 0,
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It follows that

B; = o \2/m(bt) | N f )G = 1] + O((Ar)*).

By the Taylor formula

. . , . 1 1, 1
At =g(i/n) —g((G—1)/n) = g'((i - 1)/ﬂ); +58 (Yi)ﬁ,
where the point y; € [(i — 1)/n,i/n]. Since the function f is the inverse of g we
have f’(t;_1) = 1/g’((i—1)/n). Using these identities and the elementary inequality
| V1 4+ a - 1| < |a| for a > —1 we obtain that
lg” (vl
B; < const ————
g -1/n)
Fix € €]0, 1/4[. Substituting the finite increments formula At; = g’(x;)/n with an
intermediate point x; in [(i — 1)/n, i/n], we infer that
g (x)
[1 - g((i = 1)/m)P/4=

(A7 + OG0,

1
B; < consta, —+ 0((A)*).
n

where
a, = — sup sup 18" OllL = g((i = D/m1PP*~*
n nl/2 i<n—1 x;,y; g'((l _ 1)/”)(g’(x,-))1/2

Recall that

Zl g 1 /1 dg(t) _ _ /1 i _
S -g=D/ml=n  Jo =gl " Jo (1-n'

and a, — 0 under each of our assumptions. These observations lead to the con-
clusion that

n—1
D AB 0.
i=1

Thus, we have the convergence nE(P} — Pg’)2 — 0.
Noticing that
E(e 2" — 1] - ulg)? = 0®),  u— 0,
we infer that
2 2
E[(EIS /S i, = 11=1S4/S .., — 1) - o(EIAW, - [AW, )| = O((Ar)?).
Using again Lemma 2.2 we get that

n—1
nE(PY — PI)* < const Z A (A =0, n— .
i=1
It follows that nE(P; — f’g)z — 0 and the proof of the second claimed property is
completed.
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2.5 Analysis of the Residual R}
1. Calculating the expectation of the squared stochastic integral we obtain that

1
E(R} )? = / E(Ci(ty-1,S,,,) = Cu(t, S ))*S2dt < k(1 = t-1),
tu—]

where «;, is the supremum of the integrand over [#,-1, 1]. Note that the process
d(t S ) diverges a.s. when 7 — 1. On the set where it diverges to —co, we have

X(t S, =0, S,)) — 0 while Cx(t S¢) — 1 a.s. on the complement of this set.
It follows that k, — 0. Since 1 —#,_; < «n~' (due to the boundedness of g’), we
conclude that nE(R} )* — 0.

2. Let us consider the term
n—l ti
Ry = 3 CultorS,) [ a=ns.aw,
i=1 li-1
According to (31)

1
2 2
ECX[(I,St)St < Km.

Therefore,

ti
ER})* = ZEC (11,81 )S T, / (t =121 E(S /S ) dr
ti-1

< const L A— YRSl , n— oo,
Z (I =1i1)*2 o)
in virtue of Lemma 2.3. Hence, nE(R},)* — 0.

3. Now we estimate the expectation E(I?’I’)2 corresponding to the terms arising
from the residual in the Taylor formula for C,. We have:

n—1 t .
ER! = Z / E(U)dt.
i=1 V-1

Since (a+b+c)? < 3(a®+b*+c?), it is sufficient to check that each of the following
sums converge to zero as o(n~!):

n—1 ti

o= / EC (i1, 8, )8, = S,.)'S T,
=1 Y lin1
n—1 t — .

= Z; /l ) EC?,(Fi_1,8, )t — t;1)*S 2dt,

n—1 1
o= / ECYy (i1, 81 )t = 1) (S, = S, )’ S 7.
i=1 V-1
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Taking into account that yp(y) is bounded, c’l\(t, x)go(a\(z, x) - 0asr —> 1
Yv\hatever isx # K, and S| # K (a.s), we deduce from the explicit formula for
C,xy that for any € > 0, m > 1, there exists a €]0, 1[ such that

—~ . 1
z 2m
(35) Elcxxx(ti—lssti_|)| S 8(1 _ tl)2m

for every t,_; > a. For t,_; < a the above expectation is bounded by a constant
which does not on 7.
Let & ~ N(0, 1) and let b € [0, 1]. Using the elementary bound

e — 1] < b(eM - 1)
which follows from the Taylor expansion, we obtain, for m > 1, the estimate

E(quf—(l/Z)O'zuz _ l)Zm < KuZm

where the constant « depends on m and o. Applying the Cauchy—Schwarz in-
equality and this estimate we get that

ES; =S, )™"SP < k(t—t;)™.

Manipulating again with the Cauchy—Schwarz inequality we obtain with the help
of the above bounds that

n—1 Ai 3
<k Z (A1) +KSZ (1( —tt)i)z'

ti1<a i=1

The first sum in the right-hand side is of order O(n2). According to Lemma
2.3 the second one is of order O(n~'). Since & > 0 is arbitrary, it follows that
lim, nZ} = 0.

Similarly to the bound (35), we can establish that for any & > 0 there is a
threshold a €]0, 1] such that for any f;_; > a the following inequalities hold:

— - & 2m

(36) ElCua(lio1, 81 )" < 67—
and

37) EICu(fi1, S1 P < U=y

With these bounds we prove, making obvious changes in arguments, that
lim, n¥} = 0 and lim, nX% = 0.
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2.6 Analysis of the Residual R}
1. Noting that ||S,2€xx(t, SOz = A,]/z, we have:

1/2

1 1
IRl < e / A,]/zx/f’(t)dtSC( / A,dr) (1= ftw)'?

In-1

with ¢ = v2/no. Since f(t,-1) = f(g((n — 1)/n)) = 1 — 1/n and the function A is
integrable, it follows that nE (Rgn)2 - 0.

2. The term R}, describes the error in approximation of an integral by Riemann
sums. To analyze the approximation rate we need the following auxiliary result.

Lemma 2.4. Let X = (X;)ic[0.1] be a process with
aX, = ydt + 9,dw,, Xo =0,
where = (Us)eqo,1] and O = (9y)seq0,17 are predictable processes such that
1
/O (| + 9D)dt < 0.

Let X" := ¥ X, L, (D). Then

1 2 1 n
E( / (X,—X;’)dt) <2 / Dt = w g ESdu
0 0 =1

1 n 2
+2 / (t; — w)l ,._,I.(u)(E,ui)l/zdu] .
( o l:ZI Itio1.t]

Proof. It is sufficient to work assuming that the right-hand side of the inequality is
finite and consider separately the cases where one of the coefficients is zero. Let
us start with the case where y = 0. Using the stochastic Fubini theorem, we have:

1 1 t; 1
/ X, - X, )dt = / / Sl , 0 (WdW,dt = / (t; — u)9, dW,.
fiy tiog S i

It follows that

1 2 1 n
E (/ (Xt - th)dt) = / Z(ti - M)ZI]lifl,li](u)Eﬂidu'
0 0 =

In the case where ©# = O we have, this time by the ordinary Fubini theorem, that

1 ti
[ - a= [ - wpa
1oy ti-1
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and this representation allows us to transform the left-hand side of the required
inequality to the following form:

1 1 n
[ =t @h g B
0 J0 =1

Using the Cauchy—Schwarz inequality Eu,u, < (Eu?)'>(Eu?)!'/? and once again
the Fubini theorem we obtain the needed bound. ]
Note that

-1 2
ER})* = E( /O X, - X;’)dr)

where X; .= § ,zgxx(t, S ) +/f'(¢) has the coefficients

9y = [28,Caxl(t, S1) + S 2Coonn(t, S ]V (DTS 1,
1 ~ - —
e = 5[2C1.81) + 48 Conalt. S1) + ST Cons(t. S )| NF (00S

l o= /7@ oy
+=87C(1,S 1) +87Cox(1,S)VF ().
2 t t m t t t
In the case where g’ is bounded away from zero (hence, f’ is bounded), the
estimates (27) and (32) imply that E9? < /(1 —)3/?. If also f” is bounded, then
the estimates (27) and (32) — (34) ensure that Ex? < k/(1 — £)°/2.
Applying the previous lemma we have:

n—1

2
. (A1)} SRR
E(RZI)ZSKZ(I t)3/2 +K[Zl m] .

According to Lemma 2.3 the right-hand side is O(n*/?) as n — co.
In the case where g(r) = 1 — (1 — t)%, B > 1, we obtain in the same way that
E97 < /(1 = 1)*" VB Epf < /(1 —0)"*7V/E and

n—1

n—1 2 2
n 2 (Atl')3 (Ati)
ERy)” < KZI (1= 1)/ 1B tK Z] REEIE

By Lemma 2.3 the first sum in the right-hand side can be of order O(n?),
O(n~21nn), or O(n~#/2*D), that is o(n~!) as n — oo. The second sum can be
O(n™"), O(n™" Inn), or O(n~#**112) je. o(n™'?). In all cases nE(R;,)* — 0.

3. The analysis of the term RJ, is based on the first claim of Lemma 3.1 given in
the section on asymptotics of Gaussian integrals.
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We need to check that
2

n—1
E| Y Caaltion, S1. ST (Su/Si, = Psign (S48, = 1)
i=1

tends to zero.
For the expectation of the sum of squared terms we have:

n—1
DAL ES, S, - D =007,
i=1

since
E@€ 2 -1 = 0u®), u—0,
A, is an integrable function on [0, 1], and g’(¢#) is bounded.
Let us consider a “generic” cross term with indices i < j. It can be split
in the product of two independent random variables. The expectation of the
first one, (S,/S;., — l)zsign(S,j/Stjfl — 1), by virtue of Lemma 3.1 is dom-

inated by KA[j/ % where « is a constant. The second one is the product of

Coaltio1.84.)S2 (S4/S 1, — sign(S,,/S,., = 1) and Cu(tj-1.S,)S? , and we
dominate the absolute value of its expectation using the Cauchy—Schwarz inequal-
ity which gives the following bound:

AHES /S, = 1Y PN < kAP A,

Since the function A,l/ 2 s integrable and g’ is bounded, this implies that the sum
of absolute values of the expectations of the cross terms decreases to zero as n~'/?
and, hence, n(Rgz)2 =0 '?).
4. We verify that nE(R};)* — 0. Recall that
E(S; =S, )™ < cn(Ar)™.

Using (31) we obtain the bound

(Ar)?
(=)
To estimate the terms coming from the residual term of the Taylor expansion we

use the Cauchy—Schwarz inequality and the bounds (22)—(24). This yields in the
following:

EC (11,8, )AL (S, =S, ) <c

(Ag;)?
(1 -5)%
(Ar)*
(1 -1
(Ag;)’
(I -

EC? (71,8, )8, =S, )0 <c

EC?,(7-1,8,.)(S1, = i ' (A)? < ¢

EC%, (1,8, )(A* S, -8, )P <c
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We dominate the L?-norm of n'/2Rj; by the sum of the L*-norm of the random
variables [...]Ji(S, — S+_,), where [...]; is defined in (17). Taking into account that
C,«(t, x) > 0 and using the inequality |la| — |b|| < |a — b| we can write that

L2068 5 = S )l < e(ICu(tior, S 1 )t = 1i-)(S = Sy )l + -.)

where we denote by dots the L2-norms of the residual term in the first order Taylor
expansion of the difference Ex(t,-, Si)— ax(ti_l ,S+4.,). Summing up and using the
above estimates we conclude, applying Lemma 2.3, that the right-hand side of the
above inequality tends to zero as n — oo and we conclude.

5. It remains to check that nE(R) 4)2 — 0 and this happens to be the most delicate
part of the proof. The expression for nE(R§4)2 involves the sum of expectations
of squared terms and the sum of expectations of cross terms which we analyze
separately.

For the squared terms the arguments are relatively straightforward. We apply
the Ito formula to the function Cx(t x). Using the positivity of C w(t, x) and the
inequality ||la| — |b|| < |a — b| we dominate the absolute value of the square bracket

[...]; in the definition of R}, given by the formula (17), by the absolute value of

L - 1
/ (Carlti-1,S 1) = Cualt,5.))dS, — / (Cutt.S)+ 5 S 7Conlt,8)))dt.
ti-1

fi-1

‘We check that

(38) Z ES / (Cxx(tl 1> St, 1) Cxx(t Sl))2 zdl 0(1’171/4)
e .

(39 Z ALES] / (C(1,8,) + S4C2 (1,8 ))dt = O(n™'1?).
i=1 fi-1

A generic term of the first sum is dominated by

ALEsupS* sup (Cuxlt,S1) — Caxlti1, S )

t<1 ti1 <t<t;

The Cauchy—Schwarz inequality allows us to separate the terms under the sign
of expectation and reduce the problem to the estimation of the forth power of the
difference C, (S — C, «x(tiz1,S+,). The Ito formula transforms this difference
into the sum of a stochastic integral and an ordinary integral. Using consecutively
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the Burkholder and Cauchy—Schwarz inequalities and the bound (32) we have:

1 2
< cE [ / 2. (u, Su)sﬁdu]

i1

y 4
E sup [/ Croxx (W, $1)S udS y
1L/t

E€[timn,ti

< c4AGE / C* (u,8.)SSdu
i1

2
<o B
(=)

To estimate the ordinary integral we use the Jensen inequality for f(x) = x* and
the bounds (33) and (34) and get that

(Ar)*

t - l . 4
E sup ] [/tl (Cxx,(u,Su) + EO'ZS,%CXXXX(M,SM))dM] < CW.

1€ty t;

Using these estimates we obtain that the sum in (38) is dominated, up to a
multiplicative constant, by

S a2 (A
Z A= ? (A=)

i=

and the claimed asymptotics follows from Lemma 2.3.

Finally, similar arguments using the inequalities (31) and (32) give us the sec-
ond asymptotic formula.

(From the same estimates we obtain that

S sz peeS A Z ()
-~ i-1 i P 1- ti)7/8 1-¢ )11/8
The second sum in the right-hand side converges to zero while for the first one we
can say only that it is dominated by a convergent integral. Using this observation
we conclude that the sum of expectations of cross terms over indices i, j with i < j
and t; > a also can be done arbitrary small by choosing a sufficiently close to one.

Unexpectedly, the most difficult part of the proof is in establishing the con-
vergence to zero of the sum of cross terms corresponding to the dates of revisions
before a < 1, i.e. bounded away from the singularity.

Using the Taylor expansion we can reduce the problem to the case where the
difference 5x(t[, Si)— ac(t,-,l, S..,) is replaced by terms involving the derivatives
Cxx(ti—ls S ti-1 )s Cxt(li—l 5 SIH) and Cxxx(ti—l 5 SZH )

To formulate the claim we introduce “reasonable” notations. Put

= Cxx(St, ]’tl I)St, I( Sf; )’

S’i—l
— 1 — 2
Bi =81, CalS o i) + 587 Cone(Si in 1>(S -1),
i
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vi = la; + Bil — |a;|. Let us define also the random variable y; := sign (;8;) and
the set A; := {|B:] < |a;l}.

The assertion needed to conclude is the lemma below. It is based on asymp-
totic analysis of expectations of some Gaussian integrals which are given in the
next section and the following identities:

la + Bl = lal = |BlxIa + Bl ys0)lac + (1B = 2|la) <0 lac
= Bl + 2(B8] = laDIiy<o)lac — Bl y=0y1ac

where a, 8 are arbitrary random variables, y := sign (af3), A := {|8] < ||}

Lemma 2.5. For every fixed a €]0, 1]

| > Byl =0, now

i<j,tj<a

Proof. The routine estimation |Ey;y;| < Elyilly;| does not work in our case. But
fori<j

\Eyiyjl = |[EQEW 1T, ) < E(WIEWIF,)1) < EBIEQI1F:,)D).

According to the above identity,
LECyj|F e, 8 < LEB I iF )1 + 2E(1BjHac|F7,)-

Using Lemma 3.2 of the next section with n, = §,/S,, — 1, u = (Atj)l/z, we
dominate the first term in the right-hand side by

K(S 1 1Ca(S st + 87 1Can(S 1, i) (ALY

It is easily seen from the explicit formulae that the coeflicients above when ¢; < a
can be dominated uniformly by c,(1 +sup,; S;), i.e. by a random variable having
all moments. In the same range of indices we have the bound £ (Bfl?—'fi,,) < L(A)?
where {, a random variable having all moments. It follows from here that

> BBIE I, ) = 0.

i<j, tj<a

We estimate P(Aj|7—',,._,) applying Lemma 3.3 of the next section with

S?jilaxxx(stj_ptjfl) Sfjflé\xt(sljfl’tj—l)
= , eatj-1) '= ——= ,
S;J.,]Cxx(St],ptj—l) S;HCxx(Slj,ptj—l)

ci(tj1) =
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and ¢(tj-1) = 2(le1(tj-1)] + le2(t;-1)| + 1). On the interval [0, a] the continuous
process c(t) can be dominated by a random variable &,. Fix £ > 0 and choose N
such that P(¢, > N) < . Lemma 3.3 implies that

P(ASIF; ) < Ly(At)" L, pen + Tiet o)

and, therefore, P(AS) < Ly(At))'? + & < 2& when n is large enough. Using the
Cauchy—Schwarz and Jensen inequalities we get that

D EWBIEBLIF:, ) < D (EFD'? Y (EBH M (Pas)*

i<j,tj<a ti<a tji<a

< o) 3 ERD'? Y (D

ti<a ti<a

Note that both sums in the right-hand side are bounded due to the inequalities
E,B? < k(At;)? and Eﬂ‘j1 < k(At;)*. By the choice of & the right-hand side can be
made arbitrarily small. Thus, nE(R} 4)2 — 0. ]

3. Asymptotics of Gaussian Integrals
1
Let& € N0, 1) and let 7, := 472 — 1, u € [0, 1].

Lemma 3.1. The following asymptotical formulae holds as u — 0:

2
Elm =2, Min0) = \/2—143 +0@u®),
g
2
Ensignn, = w + Out),
\2r
Esignn, = — u+ 0®).
2

Proof. Put
1.2

Z(@u) = (€730 — 1) — (e )2,

Then Z(0) = Z'(0) = Z”(0) = 0, Z"(0) = 12(¢* — &), and the function Z®¥(u)
is bounded by a random variable having moments of any order. Using the Taylor
formula we obtain that

EZWligs 1, = 25E@E - Oigs 1y + o), u—0,

and we obtain the first formula. The second formula is a corollary of the first one
since

En’signn, = EZ(u)I{&%u; - Enil{ms%”,
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and the last term is O(u*) as u — 0. Finally,

Esignn, = P(& > u/2) - P(§ < u/2) = 2(D(0) — D(u/2))

1 1
= - u+ —(i)iu?,

\V2r 4
where i € [0, u/2]. O
Lemma 3.2. There exists a constant k such that for any real A
(40) |ElnZ — Au?lsign(n? — Au”)m| < k(1 + |ADed’.

Proof. Note that |x|signxy = xsigny. Therefore the left-hand side of (40) is
dominated by
|EnZsignn,| + |Al?|Esign .|

and the result holds by virtue of the previous lemma. O

Lemma 3.3. For every N > 0 there is a constant Ly such that for all u € [0, 1]
P(lcim; + cau®] > Inul) < LvLeemtt + Loy,

for any constants c1, ¢, and ¢ := 2(|c1| + |cz2| + 1).

Proof. Suppose that N > ¢ > 2, the only case where the work is needed. It is easy
to see that

P(cim;, + ca®] > Inul) < P((c/2); + (c/2)u” > )

< P(clnl > 1) + P < eu®).
The probabilities in the right-hand side as functions of ¢ are increasing and it
remains to dominate their values at the point ¢ = N. The required bound holds for
the first probability in the right-hand side (and even with a constant which does not

depend on N). Indeed, using the Chebyshev inequality, finite increments formula,
and the bound ¢(x) < 1/ V27 we have:

PN, | > 1) < —El ul < E| Wl = O/2) — O(-u/2) £ ——
n n U] u u \/_u

For u > 1/ V2N the second probability is dominated by linear functions with
Ly > V2N. For u < 1/ V2N we write it as

Pu/2 < &< (1w In(l + Nu®) + u/2) + P(1/u) In(1 — Nu®) + u/2 < & < u/2).

Using again the finite increments formula we obtain that

Pu/2 < & < (1/u)In(1 + Nu®) + u/2) < Nu.

T
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On the interval 10, 1/ V2N[ we have the bound (1/u) In(1 — Nu?) > —kNu where
k > 0 is the maximum of the function —In(1 — x)/x on the interval ]0, 1/2]. It
follows that

P((1/u)In(1 - Nuz) +u/2 <é<uf2) < kNu.

T

Thus, the second probability also admits a linear majorant on the whole interval
[0, 1]. O
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