


xxii

4 Semiclassical Time Evolution Amplitude 369
4.1 Wentzel-Kramers-Brillouin (WKB) Approximation . . . . . . . . 369
4.2 Saddle Point Approximation . . . .. .. ... ... ....... 376

4.2.1 Ordinary Integrals . . . ... ................ 376

422 PathIntegrals : i i isvsivevmsnnnnssan 379

4.3 Van Vleck-Pauli-Morette Determinant . . . . .. ... ...... 385
4.4 Fundamental Composition Law for Semiclassical Time Evolution

Amplitude . . . . . . . .. e 389

4.5 Semiclassical Fixed-Energy Amplitude . .. ... ... ... .. 391

4.6 Semiclassical Amplitude in Momentum Space. . . . . .. .. .. 393

4.7 Semiclassical Quantum-Mechanical Partition Function . . . . . . 395

4.8 Multi-Dimensional Systems . . . . . . ... ... .. ....... 400

4.9 Quantum Corrections to Classical Density of States . . . . . .. 405

49.1 OneDimensional Case . . . . . ... ............ 406

4.9.2  Arbitrary Dimensions . . ... ... ... ... ... . 408

49.3 Bilocal Density of States . . . . .. ... .......... 409

494  Gradient Expansion of Tracelog of Hamiltonian Operator. 411

4.9.5 Local Density of Stateson Circle . . . ... ...... .. 415

4.9.6  Quantum Corrections to Bohr-Sommerfeld Approximation 416

4.10 Thomas-Fermi Model of Neutral Atoms . . . . ... ....... 419

4.10.1 Semiclassical Limit . . . . . .. ... ... ... ... ... 419

4.10.2 Self-Consistent Field Equation . . ... ........ .. 421

4.10.3 Energy Functional of Thomas-Fermi Atom . . . . ... .. 423

4.10.4 Calculation of Energies . . .. ............... 424

410.5 Virial Theorem . . . . . . . . oo i it iiiin v e ne 427

4.10.6 ExchangeEmergy . . ... ... ... ... ......... 428

4.10.7 Quantum Correction Near Origin . . . . ... . ... ... 429

4.10.8 Systematic Quantum Corrections to Thomas-Fermi Energies 432

4.11 Classical Action of Coulomb System . . . . ... ......... 436

412 Semiclassical Scattering . . . . . .. ... ... ..., 444

4.12.1 General Formulation . . . . ... .............. 444

4.12.2 Semiclassical Cross Section of Mott Scattering . . . . . . . 448

Appendix 4A  Semiclassical Quantization for Pure Power Potentials . . 449

Appendix 4B Derivation of Semiclassical Time Evolution Amplitude . 451

Notesand Releteiicslis: « » v s w5 v v 6 0 8 9 & 6 & COSHEERYE & § 5 5 455

5 Variational Perturbation Theory 458
5.1 Variational Approach to Effective Classical Partition Function . 458
5.2 Local Harmonic Trial Partition Function . . . . ... ... ... 459
5.3 Optimal Upper Bound . . ... ... ... ............ 464
5.4 Accuracy of Variational Approximation . . . . . ... .. .. .. 465
5.5 Weakly Bound Ground State Energy in Finite-Range Potential Well 468
5.6 Possible Direct Generalizations . . . . . . . ... ... ...... 469
5.7 Effective Classical Potential for Anharmonic Oscillator . . . . . 470



5.8
5.9
5.10
5.11

5.12
5.13
5.14

5.15
5.16
5.17
5.18

5.19
5.20
5.21

5.22

5.23

Particle Defsities « conmmrancs n % % s € % 8 8 % & 8 9 8 8 o
Extension to D Dimensions . . . ... ... ...........
Application to Coulomb and Yukawa Potentials . ... ... ..
Hydrogen Atom in Strong Magnetic Field . . . . . .. ... ...
5.11.1 Weak-Field Behavior . . . .. ... .............
5.11.2 Effective Classical Hamiltonian . . . . . ... ... ....
Variational Approach to Excitation Energies . . . ... ... ..

Systematic Improvement of Feynman-Kleinert Approximation ...

Applications of Variational Perturbation Expansion . . ... ..
5.14.1 Anharmonic Oscillatorat T =0. . ... ... ... ....
5.14.2 Anharmonic Oscillator for 77>0 . ... ... ... ....

Convergence of Variational Perturbation Expansion . . .. . ..

Variational Perturbation Theory for Strong-Coupling Expansion

General Strong-Coupling Expansions . . . . ... ... ... ..

Variational Interpolation between Weak and Strong-Coupling Ex-

PANBIONS. & & & v & & Swrdmiein s G W 5 8 8 % 8 B 8 ¥ ¥ v 88 Sew

Systematic Improvement of Excited Energies . . . . . ... ...

Variational Treatment of Double-Well Potential . . . ... ...

Higher-Order Effective Classical Potential for Nonpolynomial In-

teractions . . . . . . . ...
5.21.1 Evaluation of Path Integrals . . . . . ... ... ......
5.21.2 Higher-Order Smearing Formula in D Dimensions . . . . .

5.21.3 Isotropic Second-Order Approximation to Coulomb Problem 527

5.21.4  Anisotropic Second-Order Approximation to Coulomb Prob-

lem 55 i oneiienis RS ERGEE VTS b8 mes
5.21.5 Zero-Temperature Limit . . . . . .. .. ... ... ... ..
Polarons . . . . . . . . .. e

5.22.1 Partition Function . . . . .. ... ... ... ... ...
5.22.2 Harmonic Trial System . . . . ... ... ... ......
5:22:3 'Bffeetive Mafs: wwwama s s aa s o e v § @@ 5 8 5 & s
5.22.4 Second-Order Correction . . . . . . ... ... .......
5.22.5 Polaron in Magnetic Field, Bipolarons, etc. . . . ... ..
5.22.6 Variational Interpolation for Polaron Energy and Mass . .

Dernsity Mattitss . cocvrmmpem s 0 5 2 v mw v o o 0 8 6 5 5 wsgs
51231 - HarthohiG/O8EMaton wisos v s s s s v o w e w o 5 & & o wws
5.23.2 Variational Perturbation Theory for Density Matrices . . .
5.23.3 Smearing Formula for Density Matrices . . ... ... ..
5.23.4 First-Order Variational Approximation . . . . . .. .. ..
5.23.5 Smearing Formula in Higher Spatial Dimensions . . . . . .

Appendix 5A  Feynman Integrals for 7' # 0 without Zero Frequency

Appendix 5B Proof of Scaling Relation for the Extrema of Wy . . . .
Appendix 5C  Second-Order Shift of Polaron Energy . . . . . . .. ..
Notesand References . . . . . . . . . . . . i i i i i,



15.7.2 Relation to Classical Heisenberg Model . . . . . . . .. .. 1035
15.7.3 End-to-End Distribution . . . . . .. ... .. ....... 1037
15.7.4 Moments of End-to-End Distribution . . . . . ... .. .. 1037
15.8 Continuum Formulation . ..................... 1038
15.8.1 PathIntegral . ... ... .. ................ 1038
15.8.2 Correlation Functions and Moments . . . . ... ... .. 1039
15.9 Schrodinger Equation and Recursive Solution for Moments . . . 1043
15.9.1 Setting up the Schrédinger Equation . . . . ... ... .. 1043
15.9.2 Recursive Solution of Schrédinger Equation. . . . . . . . . 1044

15.9.3 From Moments to End-to-End Distribution for D=3 . . 1047
15.9.4 Large-Stiffness Approximation to End-to-End Distribution 1049

15.9.5 Higher Loop Corrections . . . . .. ... ......... 1054
15.10 Excluded-Volume Effects . . . . . ... ... ... ... ..... 1062
15.11  Flory’s Atgument . : cooovivni v a5 a5 a o s o s v s v ian 1069
15.12 Polymer Field Theory . . . . . ... ... . ... ... 1070
15.13  Fermi Fields for Self-Avoiding Lines . . . . . . .. .. ... ... 1077
Appendix15A BasicIntegrals . . ... .................. 1078
Appendix 15B  Loop Imtegrals . . . ... ... ... ........... 1079
Appendix 15C  Integrals Involving Modified Green Function . ... .. 1080
Notes and References . . . . . . . . .. ... ... .. ... ........ 1081

16 Polymers and Particle Orbits in Multiply Connected Spaces 1084

16.1 Simple Model for Entangled Polymers . . . . .. .. ....... 1084
16.2 Entangled Fluctuating Particle Orbit: Aharonov-Bohm Effect . 1088
16.3 Aharonov-Bohm Effect and Fractional Statistics . . . . ... .. 1096
16.4 Self-Entanglement of Polymer . . . . ... . ... ... ..... 1101
16.5 The Gauss Invariant of Two Curves . . . . . .. ... ... ... 1115
16.6 Bound States of Polymers and Ribbons . . . . . ... ... ... 1117
16.7 Chern-Simons Theory of Entanglements . . . . . ... ... ... 1124
16.8 Entangled Pair of Polymers . . ... ... ............ 1127
16.8.1 Polymer Field Theory for Probabilities . . . . . . ... .. 1129
16.8.2 Calculation of Partition Function . . . . . . ... ... .. 1130
16.8.3 Calculation of Numerator in Second Moment . . . .. .. 1132
16.8.4 First Diagram in Fig. 16.23 . . . . .. .. ... ... ... 1134
16.8.5 Second and Third Diagrams in Fig. 16.23 . ... ... .. 1135
16.8.6 Fourth Diagram in Fig. 16.23 . . . . . ... ... ... .. 1136
16.8.7 Second Topological Moment . . . . ... ... ....... 1137
16.9 Chern-Simons Theory of Statistical Interaction . . . . . . .. .. 1137
16.10  Second-Quantized Anyon Fields . . .. ... ... ........ 1140
16.11  Fractional Quantum Hall Effect . . ... ... ... ... .... 1143
16.12  Anyonic Superconductivity . . . . . . ... ... ... 1147
16.13 Non-Abelian Chern-Simons Theory . . . . . ... ... ... .. 1149

Appendix 16A  Calculation of Feynman Diagrams in Polymer Entangle-
MEDE oo vvoommems s 5% 58 7 8% & W 5E G W N6 OG0 1151



Appendix 16B Kauffman and BLM/Ho polynomials . . . .. ... .. 1153
Appendix 16C  Skein Relation between Wilson Loop Integrals . . . . . 1153
Appendix 16D  London Equations . . . . . . .. ... .......... 1156
Appendix 16E  Hall Effect in Electron Gas . . . . ... ... ...... 1158
Notesand Relerences:: s s a s s 4 s s 8 8 ¥ ¥ b i oea@ima s 8 G5 & 4 1158
17 Tunneling 1164
17.1 Double-Well Potential . . . . .. ... .. ............. 1164
17.2 Classical Solutions — Kinks and Antikinks . . . ... ... ... 1167
17.3 Quadratic Fluctuations . . . . . . ... ... ... ........ 1171
17.3.1 Zero-Eigenvalue Mode . . . . . ... ... .. ....... 1177
17.3.2 Continuum Part of Fluctuation Factor . . . . . . ... .. 1181
17.4 General Formula for Eigenvalue Ratios . . .. ... ... .... 1183
17.5 Fluctuation Determinant from Classical Solution . . . . . . . .. 1185
17.6 Wave Functions of Double-Well . . . . ... ... ... ..... 1189
17.7 Gas of Kinks and Antikinks and Level Splitting Formula . . . . 1190
17.8 Fluctuation Correction to Level Splitting . . . . . ... ... .. 1194
17.9 Tunnelingand Decay . . . . ... ... .............. 1199
17.10  Large-Order Behavior of Perturbation Expansions . . . . . . .. 1207
17.10.1 Growth Properties of Expansion Coefficients . . . . . . . . 1208
17.10.2 Semiclassical Large-Order Behavior . . . . . ... ... .. 1211

17.10.3 Fluctuation Correction to the Imaginary Part and Large-
Order Behavior . . . ... ... ... ... ......... 1216

17.10.4 Variational Approach to Tunneling. Perturbation Coeffi-
cientsto AlOrders . . . ... ............... 1219
17.10.5 Convergence of Variational Perturbation Expansion . . . . 1227
17.11  Decay of Supercurrent in Thin Closed Wire. . . . . . .. .. .. 1235
17.12  Decay of Metastable Thermodynamic Phases . . . . . . . .. .. 1247
17.13  Decay of Metastable Vacuum State in Quantum Field Theory . 1254

17.14  Crossover from Quantum Tunneling to Thermally Driven Decay 1255
Appendix 17A  Feynman Integrals for Fluctuation Correction . . . . . . 1257
Notes and References . . . . . . . . . . . . . ... ... ... ....... 1259
18 Nonequilibrium Quantum Statistics 1262
18.1 Linear Response and Time-Dependent Green Functions for T'# 0 1262
18.2 Spectral Representations of Green Functions for T#0 . . . .. 1265
18.3 Other Important Green Functions . . . . .. ... ........ 1268
18.4 Hermitian Adjoint Operators . . . . . . . . .. ... ... .... 1271
18.5 Harmonic Oscillator Green Functions for T #0 . ... ... .. 1272
18.5.1 Creation Annihilation Operators . . . ... ... ... .. 1272
18.5.2 Real Field Operators . . . . . .. ... ... ........ 1275

18.6 Nonequilibrium Green Functions . . . . .. .. ... .. ..... 1277
18.7 Perturbation Theory for Nonequilibrium Green Functions . . . . 1286
18.8 Path Integral Coupled to Thermal Reservoir . . . ... ... .. 1289



18.9 Fokker-Planck Equation . . . ... ................ 1295
18.9.1 Canonical Path Integral for Probability Distribution . . . 1296
18.9.2 Solving the Operator Ordering Problem . . ... ... .. 1298
18.9.3 Strong Damping . . ... ... .. ... ... ... ..., 1303

18.10 Langevin Equations . . . . . .. .. ... . ... L. 1307

18.11  Path Integral Solution of Klein-Kramers Equation . . . . . . . . 1311

18.12  Stochastic Quantization . ... ... ... ... .. ....... 1312

18.13  Stochastic Caleulus . . . . . . . .. ... ... ... ... 1316
18.13.1 Kubo's stochastic Liouville equation . . .. ... ... .. 1316
18.13.2 From Kubo's to Fokker-Planck Equations . . .. ... .. 1317
18.18:3 KOS LeHIIIS: wovvvomoimsn 5 5 5 o 9 6 % & 6« @ 8 & & & 1320

18.14  Solving the Langevin Equation . . . . . ... ... ... ..... 1323

18.15  Heisenberg Picture for Probability Evolution . . . . . ... ... 1327

18.16 Supersymmetry . . . . .. ...l i i i e s e e 1330

18.17  Stochastic Quantum Liouville Equation . . . . . .. ... .. .. 1332

18.18  Master Equation for Time Evolution . . . ... ... ... ... 1334

18.19  Relation to Quantum Langevin Equation . . . . . ... ... .. 1336

18.20 Electromagnetic Dissipation and Decoherence . . ... ... .. 1337
18.20.1 Forward-Backward Path Integral . . . ... ... ... .. 1337
18.20.2 Master Equation for Time Evolution in Photon Bath . . 1340
18.20.3 Line Width . . . .. . .. ... ... .. ... ....... 1341
18.20.4 Lambshift . . ... ... ... ... .. ... ... ... . 1342
18.20.5 Langevin Equations . .. ... ............... 1346

18.21  Fokker-Planck Equation in Spaces with Curvature and Torsion . 1347
18.22  Stochastic Interpretation of Quantum-Mechanical Amplitudes . 1348

18.23  Stochastic Equation for Schrédinger Wave Function . . . . . . . 1350
18.24  Real Stochastic and Deterministic Equation for Schrodinger Wave
Function v s s o s s ieieamn § R d3 s i s s n a o8 v & ia 1351
18.24.1 Stochastic Differential Equation . . . . . . . ... ... .. 1352
18.24.2 Equation for Noise Average . . . ... ... ... ... .. 1352
18.24.3 Harmonic Oscillator . . . . . . . ... ... ... ..... 1353
18.24.4 General Potential . . . . . . ... ... ... ... ... .. 1353
18.24.5 Deterministic Equation . . . .. ... ... ... ..... 1354
Appendix 18A  Inequalities for Diagonal Green Functions . . . . . . . . 1355
Appendix 18B  General Generating Functional . . . . .. ... ... .. 1359
Appendix 18C  Wick Decomposition of Operator Products . . . . . . . 1363
Notesand References . . . . . . . . . . . . i i i i ittt i i 1364
19 Relativistic Particle Orbits 1368
19.1 Special Features of Relativistic Path Integrals . . . . ... ... 1370
19.1.1 Simplest Gauge Fixing . . . . . . .. ... ... ...... 1373
19.1.2 Partition Function of Ensemble of Closed Particle Loops . 1375
19.1.3 Fixed-Energy Amplitude . . . . . . . .. ... .. ... .. 1376

19.2 Tunneling in Relativistic Physies . . . . . ... ... .. ... .. 1377



xxxii

19.2.1 Decay Rate of Vacuum in Electric Field . . ... ... ..
19.2.2 Birthof Universe . . . . . . . ... .. ... ........
19.2.3 Friedmann Model . . . . . . . . .. ..o oo
19.2.4 Tunneling of Expanding Universe . . . . ... .......
19.3 Relativistic Coulomb System . . . . . ... ... ... ......
19.4 Relativistic Particle in Electromagnetic Field . . . . . . . .. ..
19.4.1 Action and Partition Function . ... ... ... ... ..
19.4.2 Perturbation Expansion . . . . ... ... .........
19.4.3 Lowest-Order Vacuum Polarization . . . . . . . . ... ..
19.5 Path Integral for Spin-1/2 Particle. . . . . .. ... ... ....
19:5:1 Dt THEOEY « o 5 o o = o » o & & o wisiemmenss @ @ 5 5 6 &
19.5:2 PathInfegral - « « « « o5 ¢ v o5 v vamvvmaman v o w o %
19.5.3 Amplitude with Electromagnetic Interaction . . . . . . . .
19.5.4 Effective Action in Electromagnetic Field . . . . ... ..
19.5.5 Perturbation Expansion . . . . ... ... .........
19.5.6 Vacuum Polarization . . . . . . ... ... .. .......
19.6 Supersymmetry . . . . . ... .. e e e e e e e e e e e
19:6:1 Global Invariance:: & s 5 « v v 5 # § seeeToima 4 6 & O W @
19.6.2 Local Invariance . . ... ..................
Appendix 19A  Proof of Same Quantum Physics of Modified Action . .
Notes and References . . . . . . . . . . . . .. ... ... ... ... ...

20 Path Integrals and Financial Markets

20.1 Fluctuation Properties of Financial Assets . . ... ... .. ..
20.1.1 Harmonic Approximation to Fluctuations . ... ... ..
20.1.2 Lévy Distributions . . . . . . ... ... ... ... ....
20.1.3 Truncated Lévy Distributions . . . . .. ... ... .. ..
20.1.4 Asymmetric Truncated Lévy Distributions . . . . . . . ..
20.1.5 Gamma Distribution . . . . .. ... ... ... ......
20.1.6 Boltzmann Distribution . . . ... ... ..........
20.1.7 Student or Tsallis Distribution . . ... ..........
20.1.8 Tsallis Distribution in Momentum Space . . . . . ... ..
20.1.9 Relativistic Particle Boltzmann Distribution . . . . . . . .
20.1.10 Meixner Distributions . . . . . . ... ... ... ... ..
20.1.11 Generalized Hyperbolic Distributions . . . . . . . ... ..
20.1.12 Debye-Waller Factor for Non-Gaussian Fluctuations
20.1.13 Path Integral for Non-Gaussian Distribution . . . . . . ..
20.1.14 Time Evolution of Distribution . . . .. .. ... ... ..
20.1.15 Central Limit Theorem . .. ... ... ... .......
20.1.16 Additivity Property of Noises and Hamiltonians . . . . . .
20.1.17 Lévy-Khintchine Formula . . . ... .. ... ... ....
20.1.18 Semigroup Property of Asset Distributions . . . . . . . ..
20.1.19 Time Evolution of Moments of Distribution . . . ... ..
20.1.20 Boltzmann Distribution . . . .. . ... ... ... ....



20.1.21 Fourier-Transformed Tsallis Distribution . . . . . . . . .. 1467
20.1.22 Superposition of Gaussian Distributions . . . . . ... .. 1468
20.1.23 Fokker-Planck-Type Equation . . . . .. ... ... .. .. 1470
20.1.24 Kramers-Moyal Equation . . . ... ... ... ...... 1471
20.2 Ito-like Formula for Non-Gaussian Distributions . . . . . .. . . 1473
20.2.1 Continuous Time . . . . . . . . . v i i vt e e oo 1473
2022 DisereteTimes iswwiia s ssisswssanvs ias 1476
20.3 Martingales . . . . . o civ v in v it i e e e e 1477
20.3.1 Gaussian Martingales . . .. ... ... .. ... ..... 1477
20.3.2 Non-Gaussian Martingale Distributions . . . .. ... .. 1479
20.4 Origin of Semi-Heavy Tails . . . . . ... ... ... ....... 1481
20.4.1 Pair of Stochastic Differential Equations . . . . . . . . .. 1482
20.4.2 Fokker-Planck Equation . . . . . . ... .......... 1482
20.4.3 Solution of Fokker-Planck Equation. . . . . ... ... .. 1485
20.4.4 Pure z-Distribution . . . .. ... ... ... ....... 1487
20.4.5 Long-Time Behavior . . . .. ... ............. 1488
20.4.6 Tail Behavior for all Times . . . . ... ... ....... 1492
20.4.7 Path Integral Calculation . ... .............. 1494
20.4.8 Natural Martingale Distribution . . ... ... ... ... 1495
20.5 THHE DS o » s cosormarFR G 5 B S B B U B 8 B 8 ¥ & @ s 1496
20.6 Spectral Decomposition of Power Behaviors. . . . . .. ... .. 1497
20.7 OpHonPHcINE: 5 & iu G T A 40 S B F S S H R B 5 & U 1498
20.7.1 Black-Scholes Option Pricing Model . . ... ... .. .. 1499
20.7.2 Evolution Equations of Portfolios with Options . . . . . . 1501
20.7.3 Option Pricing for Gaussian Fluctuations . ... ... .. 1505
20.7.4 Option Pricing for Boltzmann Distribution. . . . . . . .. 1509
20.7.5 Option Pricing for General Non-Gaussian Fluctuations . . 1509
20.7.6 Option Pricing for Fluctuating Variance . . ... ... .. 1512
20.7.7 Perturbation Expansion and Smile . . ... ... ... .. 1514
Appendix 20A  Large-z Behavior of Truncated Lévy Distribution . . . 1517
Appendix 20B  Gaussian Weight . . . . . . ... ... ... ... .... 1520
Appendix 20C  Comparison with Dow-Jones Data . . . . . ... .. .. 1521
Notes and Refalehiees . « « v wepwmnaws 5 5 4 5 5 9 % 8 5 8 ¥ 8 & & & bvans 1522

Index 1529



