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1.1. Introduction

This article discusses the concepts of relative entropy of a probability mea-
sure with respect to a dominating measure and that of measure free mar-
tingales. There is considerable literature on the concepts of relative entropy
and standard martingales, both separately and on connection between the
two. This paper draws from results established in [1] (unpublished notes)
and [6]. In [1] the concept of relative entropy and its maximization subject
to a finite as well as infinite number of linear constraints is discussed. In [6]
the notion of measure free martingale of a sequence { f,,}72; of real valued
functions with the restriction that each f, takes only finitely many distinct
values is introduced. Here is an outline of the paper.

In section 1.2 the concepts of relative entropy and Gibbs-Boltzmann
measures, and a few results on the maximization of relative entropy and
the weak convergence of of the Gibbs-Boltzmann measures are presented.
We also settle in the negative a problem posed in [6]. In section 1.3 the no-
tion of measure free martingale is generalized from the case of finitely many
valued sequence {f,}°2; to the general case where each f, is allowed to
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be a Borel function taking possibly uncountably many values. It is shown
that every martingale is a measure free martingale, and conversely that
every measure free martingale admits a finitely additive measure on a cer-
tain algebra under which it is a martingale. Conditions under which such
a measure is countably additive are given. Last section is devoted to an ab
initio discussion of the existence of an equivalent martingale measure and
the uniqueness of such a measure if they are chosen to maximize certain
relative entropies.

1.2. Relative Entropy and Gibbs-Boltzmann Measures

1.2.1. Entropy Maximization Results

Let (2,8, 1) be a measure space. A B- measurable function f : @ —
[0, oo) is called a probability density function (p.d.f) with respect to p if
Jo f@)pu(dw) = 1. Then vf(A) = [, f(w)u(dw),A € B, is a probability
measure dorninated by p. The relative entropy of vy with respect to p is
defined as

- /Q F(@) log f(@)u(dw) (1)

provided the integral on the right hand side is well defined, although it
may possibly be infinite. In particular, if u is a finite measure, this
holds since the function h(x) = zlogx is bounded on (0,1) and hence
Jo(—=f(w)log f(w))Tp(dw) < oco. This does allow for the possibility that
H(f, ) could be —oo when () is finite. We will show below that if 1(Q)
is finite and positive then H(f, u) < logu(Q) for all p.d.f. f with respect
to p. In particular if u(Q) =1, H(f,un) <0
We recall here for the benefit of the reader that a B measurable non-
negative real valued function f always has a well defined integral with
respect to p. It is denoted by [, f(w)u(dw). The integral may be finite
or infinite. A real valued B measurable function f can be written as f =
f+ — f—, where, for each w € ),

er(w) = maX{Oa f(W)}, f*(w) = - min{ov f((U)}
If at least one of f, f_ has a finite integral, then we say that f has a well
defined integral with respect to p and write

[ i) = [ frwmtas) - [ @)
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Now note the simple fact from calculus. The function ¢(z) = x—1—logx
on (0, 00) has a unique minimum at = 1 and ¢(1) = 0. Thus for all z > 0,
logx < x — 1 with equality holding if and only if x = 1. So if f; and fs are
two probability density functions on (€, B, i), then for all w,

fi(w)log fa(w) = fi(w)log fi1(w) < fa(w) — f1(w), (2)

with equality holding if and only if fi(w) = fa(w). Assume now that
fi(w)log f1(w), f1(w)log fa(w) have definite integrals with respect to p and
that one of them is finite. On integrating the two sides of (2) we get

/ﬁmm%ﬁWM@w—/hwmgMMMW>
Q Q

gAhMWM—AhMMW

=1-1=0.

The middle inequality becomes an equality if and only if equality holds
in (2) a.e. with respect to u. We have proved:

Proposition 2.1. Let (Q,B,u) be a measure space and let f1, fa be
two probability density functions on (Q, B, ). Assume that the functions
f1log f1, f1log fo have definite integrals with respect to j and that one of
them is finite. Then

H(f1,p) /fl ) log fi(w /fl ) log fa(w)p(dw), (3)
with equality holding if and only if f1(w) = fa(w), a.e. u.

Note that if p(£2) is finite and positive and if we set fa(w) = (u(22))71,
for all w, then the right hand side of (3) becomes log 1(£2) and we conclude
that relative entropy of H(f1, 1) is well defined and at most log ().

Let fo be a probability density function on (9,5, ) such that A =
H(fo, ) is finite and let

Fr={f:fapdf wrt pand — /Q f(w)log fo(w)u(dw) = A} (4)
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From Proposition 2.1 it follows that for any f € Fj,

H(fop) = - /f )log f(w /f ) log fow)(dw) = A

- /Q fo@) log fo(w)p(dw),

with equality holding if and only if f = fo, a.e. . We summarize this as:

Theorem 2.1. Let fo, A\, Fa, be as in (4) above. Then

sup{H (f,p) : f € Fx} = H(fo, 1)

and fo 1s the unique mazximiser.

Theorem 2.1. says that any probability density function f with respect
to p with finite entropy relative to p appears as the unique solution to an
entropy maximizing problem in an appropriate class of probability density
functions. Of course, this assertion has some meaning only if Fy does not
consist of fy alone. A useful reformulation of this result is as follows:

Theorem 2.2. Let h: ) — R be a B measurable function. Let ¢ and \ be
real numbers such that

(o) = / €M) () < oo, / | h(w) | e pu(dw) < o0, and

Jip P(0)e ") ()

A= (c)

ch

Let fo = 12( ) and let

Fr={f:fapd.f wrt p, and /Qf(w)h(w)u(dw) = A}
Then
sup{H (f,p) : f € Fa} = H(fo, 1),

and fo 1s the unique mazximiser.

Here are some sample examples of the above considerations.
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Example 1. Let Q = {1,2,--- ,N}, N < o0, y counting measure on {2,
h=1,A=1. Then Fx = {(p)X,,pi > 0,3, pi = 1}. Then
. 1.
fO(]) = Na] = 1725"' aNa
the uniform distribution on {1,2,---, N}, maximizes the relative entropy

of the class F, with respect to u.

Example 2. Let Q2 = N, the natural numbers {1,2,---}, u = the counting
measure on §2, A(j) = j,7 € N. Fix \; 1 <\ < oo and let

o0 o0
Fa={pj); Vi pi =0, pj=1,> jpj =}
j=1 j=1
Then fo(j) = (1 —p)p’~',j = 1,2,---, where p = 1 — §, maximizes the
relative entropy of the class F, with respect to u.

Example 3. Let Q = R, y = Lebesgue measure on R, h(z) = 22, 0 < A <
00. Set Fx={f:f>0,[; f(x)de =1, [ 2*f(x)dx = A\}. Then

fo(z) = —=—=e" 2%,

i.e., the Gaussian distribution with mean zero and variance A, maximizes
the relative entropy of the class F) with respect to the Lebesgue measure.

These examples are well known (see [5]) and the usual method is by the
use of Lagrange’s multipliers. The present method extends to the case of
arbitrary number of constraints (see [1], [8]).

Definition 2.1. Let (2, B, ) be a measure space. Let h: Q@ — R be B
measurable and let ¢ be a real number. Let ¢(c) = [, e i(dw) be finite.
Let

Ja e p(dw)
- ¥(c)
The probability measure v, . ») is called the Gibbs-Boltzmann measure cor-
responding to (u, ¢, h).

Vpe,h) (A) ,AeB.

Example 4. (Spin system on N states.) Let Q = {—1,1}¥, N a positive
integer, and let V' : @ — R, 0 < Oy < oo be given. Let u denote the
counting measure on {2. The measure

ZweA eiﬂTV(W)

Y(p,pr,v)(A) = S e V@) Acq, (5)
we
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is called the Gibbs distribution with potential function V' and temperature
constant Gp for the spin system of IV states. The denominator on the right
side of (5) is known as the partition function.

1.2.2. Weak Convergence of Gibbs-Boltzmann Distribution

Let © be a Polish space, i.e., a complete separable metric space and let B
denote its Borel o-algebra. Recall that a sequence ()52 ; of probability
measures on (€2, B) converges weakly to a probability measure p on (€, B),
if

[ @t = [ )

for every continuous bounded function f : Q@ — R. Now let ()52, be a
sequence of probability measures on (€2, B), (h,)22 ; a sequence of B measur-
able functions from 2 to R and (¢, )52 ; a sequence of real numbers. Assume
that for each n > 1, [, e"»()y(dw) < co. For each n > 1, let v(,,, ¢, hn)
be the Gibbs-Boltzmann measure corresponding (i, ¢y, hy) as in definition
2.1. An important problem is to find conditions on (fin, hn,cn)52; so that
(V(tinsenshn) )z converges weakly. We address this question in a somewhat
special context. We start with some preliminaries.

Let C' C R be a compact subset and p a probability measure on Borel
subsets of R with support contained in C'. For ¢ € R, let

v = [ eutan)

Since C' is bounded and p is a probability measure, the function 1 is well
defined and infinitely differentiable on R. For any k& > 1,

090 = [ eatu(da)

Note that the function f.(x) = e(: is a probability density function with
— ¥

respect to g with mean ¢(c) = ﬁ(f) :

=

Proposition 2.2.

(i) ¢ is infinitely differentiable and ¢'(c) > 0 for all ¢ € R, provided u
is not supported on a single point. If p is a Dirac measure, i.e., if
w is supported on a single point, then ¢'(c) =0 for all c.
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(ii) lime— oo ¢(¢) = inf{z : p(—o00,z) > 0} = a,
(iil) lime—too @(c) = sup{x : plx,00) > 0} =0,
(iv) for any o, a < a < b, there is a unique ¢ such that ¢(c) = a.

Proof: If p is a Dirac measure then the claims are trivially true, so we
assume that g is not a Dirac measure. Since v is infinitely differentiable
and 1 (c) > 0 for all ¢, ¢ is also infinitely differentiable. Moreover,

(Jo w*epu(dz))v(c) — (¢'(c))?

¢'(c) =

can be seen as the variance of a non-constant random variable X, whose
distribution is absolutely continuous with respect to u with probability den-
sity function f.(z) = % (Note that X, is non-constant since p is not
concentrated at a single point and f, is positive on the support of u.) Thus
¢'(¢) = variance of X, > 0, for all ¢. This proves (i).

Although a direct verification of (ii) is possible we will give a slightly
different proof. We will show that as ¢ — —oo, the random variable X,
converges in distribution to the constant function a so that ¢(c¢) which is
the expected value of X, converges to a. Note that by definition of a, for all
€ >0, p([a,a + €)) > 0 while p((—o0,a)) = 0. Also pu((b,00)) = 0, whence

Siarein 1) ooy € nlde)
(a+6.b) _ Jatep)
e Sy ()

P(X.>a+¢)=

Forc<0,and0<6<b77“,

‘u((a+€b])
ez p([a,a+ %))
s lla+ e,b)

=e2——= —0 as Cc — —0OQ.

p(la,a +3))

P(Xc>a+e)§

Also, since p((—o00,a)) =0, P(X. < a)=0. So, X, — a in distribution
as ¢ — —oo, whence ¢(c) — a as ¢ — —oo. This proves (ii). Proof of (iii)
is similar. Finally (iv) follows from the intermediate value theorem since ¢
is strictly increasing and continuous with range (a,b). This completes the
proof of Proposition 2.2.

Proposition 2.2 also appears at the beginning of the theory of large
deviations (see [10]) thus giving a glimpse of the natural connection between

PERSPECTIVES IN MATHEMATICAL SCIENCES I - Probability and Statistics
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7308.html



8 K. B. Athreya and M. G. Nadkarni

large deviation theory and entropy theory. (See Varadhan’s interview, p31,
11].)

The requirement that p have compact support can be relaxed in the
above proposition. The following is a result under a relaxed condition.

Let pu be a measure on R. Let I = {c¢: [, e“u(dr) < co}. It can be
shown that I is a connected subset of R which can be empty, a singleton,
or an interval that is half open, open, closed, finite, semi-finite or all of R
(See [2]). Suppose I has a non-empty interior I°. Then in I the function

= [p e u(dx) is infinitely differentiable with »*) (c) = [peatp
Further o(c) = ﬁ/(( )) satisfies
&) = P"(c) = (¥'(c))?

O

which is positive, being equal to the variance of a random variable with
probability density function % with respect to pu. Thus, for any « satis-
fying inf.co ¢(c) < o < sup,cjo ¢(c), there is a unique co in I° such that
P(co) = a.

Let p be a probability measure on R. Note that a real number A is
the mean fR zv(dz) of a probability measure v absolutely continuous with
respect to p if and only if p({z : < A}), u({z : @ > A}) are both positive.

As a corollary of Proposition 2.2 we have:

Corollary 2.1. Let the closed support of i be a compact set C'. Let o be
such that p{z : x < a}, p{x : & > a} are both positive. Let

Fo=1{f:f apd. /C 2 (2)u(dz) = a}.

Then there exists a unique probability density function g with respect to
such that

H(gvﬂ) :maX{H(f,/J,)ZfEfa}.

If a = inf C or if a =sup C, then p necessarily assigns positive mass to «
and g = m X 1{ay. Let infC < a <supC. Then there is a unique c

such that with g = f. = % one has a = [, xf.(x)u(dr) and
JC

H(Qvﬂ):H(vaM) :maX{H(fvﬂ):fEfa}'

PERSPECTIVES IN MATHEMATICAL SCIENCES I - Probability and Statistics
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7308.html



Entropy and Martingale 9

Keeping in mind the notation of the above corollary, and the fact that
a uniquely determines ¢, we write v, to denote the probability measure
fedp, i.e., the measure with probability density function f. with respect to
w. It is also the Gibbs-Boltzmann measure v, . with h(z) = . We are
now ready to state the result on the weak convergence of Gibbs-Boltzmann
measures.

Theorem 2.3. Let C' be a compact subset of R. Let (1un)5%, be a sequence
of probability measures such that (i) support of each wy, is contained in C,
(i) wn — p weakly. Let

a = inf{z : p((—o0,z)) > 0},b = sup{x : pu((x,00)) > 0}.

Let a < o < b. Then for all large n, vy, s well defined and vy, — Vo,
weakly.

Proof: Since u, — p weakly, and a < « < b, for n large, pu,(—o0,a) > 0,
tin(a,00) > 0. So, by Proposition 2.2 it follows that there is a unique ¢,

such that with an = m,
Je n

/C & fen (@)pin(d2) = @

Thus vq,,, is well defined for all large n. Next we claim that ¢,’s are
bounded. If ¢,’s are not bounded, then there is a subsequence of (¢,,)22
which diverges to —oo or to +00. Suppose a subsequence of (¢, )22 diverges
to —oo. Note that for all ¢ > 0, and ¢,, < 0,

cpT

f[aJrE,oo) e iy (d) ey ([a+ €,00)
Je e @) @ E el a+ 5)

Since p, — p weakly, for each e > 0, liminf, o pn([a,a + €)) > 0.
Therefore, over the subsequence in question, v, ,, ([a + €,00)) — 0 by (6),
and since v, ,,, ((—00,a)) = 0 we see that (vq,,, )02, converges weakly to
Dirac measure at a. Since C' is compact, this implies that [, 2y, (dz) —
a as n — oo, contradicting the fact that [ zva,, (dr) = a > a, for all
n. Similarly, (¢,,)22; is bounded above. So (¢,)52 is a bounded sequence,
which in fact converges as we see below. Let a subsequence (¢, )72, con-
verge to a real number c. Then, since p,, — p weakly, and since all u,, have
support contained in C', a compact set, we see that

[ e dn) — [ eutan),
C C

(6)

Vav/"/n [a’ + € OO) =
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and
/xec"k”:unk(dx)—»/ xe“ p(dx),
c c

as k — oo, whence, a = ¢(cn,,) — ¢(c), so that ¢(c) = a. Again, by
Proposition 2.2., ¢ is uniquely determined by «, so that all subsequential
limits of (¢, )52, are the same. So ¢, — ¢ as n — oo. Clearly then, since
C'is compact, f., — f. uniformly on C, so that v, ,, — v, weakly, thus
proving Theorem 2.3.

This theorem allows us to answer a question raised in [6]. Let C be a
compact subset of R. For each ¢ > 0 let Cc = {zc1 < T2 - < Teg, } be
a enet in C, ie., for all x € C, there is a z.; such that | z — z.; |< €.
Fix « such that inf C < o < supC. Then for small enough ¢ it must hold
that .1 < o <z . Let pu be the uniform distribution on Ce. Let v, o
be the Gibbs-Boltzmann distribution on C. corresponding to p. and o.
The problem raised in [6] was whether v, ,, converges to a unique limit as
€ — 0. Theorem 2.3. above answers this in the negative. Take C' = [0, 1],
and let (z,)52, be a sequence of points in C' which become dense in C
and such that if p,, denotes the uniform distribution on the first n points
of the sequence, then the sequence (1) ; has no unique weak limit. By
Theorem 2.3, the associated Gibbs-Boltzmann distributions (v ,, )ne, will
also not have a unique weak limit.

(Here is a way of constructing such a sequence (z,)52 ;. Let pq1 and uo
be two different probability measures on [0, 1] both equivalent to Lebesgue
measure. Let (X,,)5 1, (¥,,)52; be two sequences of points in [0, 1] such that
the sequence of empirical distributions based on (X,,)22; converges weakly
to uq and that based on (Y,,)22, converges weakly to ua. Let (Z;)2; be
defined as follows:

Zi:XivlgiSnlazi:E)nl<7;Sn27Zi:Xivn2<iSn3)""

One can choose n; < ne < ng < --- in such a way that the empirical
distribution of (Z;)52, converges to p1 over the sequence (nog11)5>, and to
o over the sequence (nag)p2 . Since u1, po are equivalent to the Lebesgue
measure on [0, 1], the sequence (Z,,)22  is dense in [0, 1]. )

Remarks. See [1] for some further applications of the above discussion.
The quantity H(f, 1) or its negative has been known in statistical literature
as Kullback-Leibler information. In financial mathematics, the quantity
—H(f, ) is called the relative entropy with respect to p, so then one deals

with f minimizing the relative entropy.
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1.2.3. Relative Entropy and Conditioning

Let (Q, B, 1) be a probability space, where (€, B) is a standard Borel space
(see [7], [9]). For a given countable collection {B,}2%; in B let Q, C, be
the partition and the o-algebra generated by it. (By partition generated
by {B,}52; we mean the collection:

Q={q:q=0nZ,B"},

where ¢, =0 or 1, and BY = B;, B} =Q — B;.)

For any subset A of €2, by saturation of A with respect to Q we mean
the the union of elements of Q which have non-empty intersection with A.

It is known that C = {C' € B: C' a union of elements in Q}. We regard
C also as a o-algebra on Q. Note that C-measurable functions are the
functions which are B measurable and which are constant on elements of
Q. A C-measurable function on €2 is therefore also a C-measurable function
on Q, and if f is such a function, we regard it both as a function on 2 and
on Q. We write f(¢) to denote the constant value of such a function on
q,q € Q. In addition to C, we also need a larger o-algebra, denoted by A,
generated by analytic subsets Q (see [9]).

Since (2, B) is a standard Borel space for any probability measure p on
(©2, B) there exists a regular conditional probability given C (equivalently
disintegration of p with respect to Q). This means that there is a function
wu(+,+) on B x Q, such that

1) p(-,q) is a probability measure B,

2) p(q,q) =1,

3) for each A € B, j1(A,-) is measurable with respect to A and

H(A) = /Q H(A N g(w), w)pu(dw) = /@ (A Q) e (da),

where ¢(w) is the element of Q containing w,

4) if (-, ) is another such function then p(-,w) = p'(-,w) for a.e. w
(with respect to p).
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Note that sets in A are measurable with respect to every probability
measure on B. Further, we can say that there is a p-null set N which is
a union of elements of Q and such that (i) C |o_n is a standard Borel
structure on 2 — N, (ii) for each 4 € C |qa—n, u(A,-) is measurable with
respect to this Borel structure.

The function p(-,-) is called conditional probability distribution of p with
respect to Q, or, the disintegration of . with respect to the partition Q. If
fis a B measurable function with finite integral with respect to i, then the
Junction h(w) = fq FWuldy,q),w € q is called the conditional expectation
of f with respect to Q (or with respect to C) and denoted by E,(f | Q)
or E,(f | C). If Q is the partition induced by a measurable function g,
E.(f | Q) is called the conditional expectation of f given g and written

Eu(f19). (See [9], p- 209)

The measure p is completely determined by pu(-,-) together with the
restriction of pu to C, denoted by u |c. We note also that if v/ is any
probability measure on C then v = f@ w(-, @) (dq) is a measure on B having
the same conditional distribution (or disintegration) with respect to Q as
that of u.

Let p and v be two probability measures on B, with v absolutely con-
tinuous with respect to u. Let u(-, q),v(+, q),q € Q be the disintegration of
1 and v with respect to the partition Q. Then, for a.e. w with respect to

s

%(w) _dv(q) dvle
dp du(,q) dule

A calculation using this identity shows that

(w),if w € q.

dv B dv(-,q) dv |¢
1 = | S it e )+ HEGE ). ()

Assume now that f is a real valued function having finite expectation
with respect to p, and let g be a real valued function on Q for which there
is a probability measure v, absolutely continuous with respect to p, such
that for all ¢ € Q,

/ f(@)(dw, ) = g(q). (8)

q
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(Note that g is necessarily C measurable.).

Theorem 2.4. If vy is a probability measure which mazimizes H( H,,u)
among all probability measure v, absolutely continuous with respect to u and
satisfying (8), then for a.e. q (with respect to u |c), vo(-,q) mazimizes the
relative entropy H(%, w(+,q)) as X ranges over all probability measures
on q absolutely continuous with respect to (-, q) and satisfying

(/ﬂ@M@OZMQﬂGQ

Proof: Assume in order to arrive at a contradiction, that the theorem is
false. Then there is a set E C Q of positive u |¢ measure and a transition
probability A(+,-) on B x E such that for each g € E,

(i) Mg,q) =1,

(id)

(iii) H HM”MA q)) < H(LL4a (. q)), and
(iv)

w(-,q)
J, F@)A(dw, ) = g(a).

The existence of such an F and the transition probability A(-,-) is easy
to see if the partition Q is finite or countable. In the general case the
proof relies on some non-trivial measure theory. Define a new transition
probability on B x Q as follows: For all A € B,

A(+, q) is absolutely continuous with respect to u(-, q),

T(A,q) =w(A,q)if qeQ—E,T(A q)=XA4,q)if g€ E.

The measure T' defined on B by
7(4) = [ T4 e (do)
A

is absolutely continuous with respect to p, T'(-,-) is its disintegration with
respect to Q, T |¢= v |¢ and for each ¢ € Q

/f T(dw,q) = 9(a)-

Finally, by formula (7), and in view of the values of T' on E,

ar dT'(q) , dvy e
H(Gem = [ B e e (o) + HOGEE,

1 le)
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14 K. B. Athreya and M. G. Nadkarni

is strictly bigger than H (%v 1) which is equal to

dvy / dvo(-, q) dvy |c
H(—,p) = | H(———,u(-,q))vo |c (dq) + H i e)-
(G = [ HCGE 1w le (o) + HGRE o)
This contradicts the maximality of H (Cfi—’;f, ), and proves the theorem.

Note that the measures (-, ¢),q € Q, remain unchanged even if vy
maximizes H (Z—Z, 1) under the additional constraint that [, f(w)v(dw) = a
for some fixed «. However, 1y |¢ need not maximize H (di%’ i |c) among

all probability measures m on C satisfying fQ g(q@)m(dq) = .

1.3. Measure Free Martingales, Weak Martingales,
Martingales

1.3.1. Finite Range Case

In this section we will discuss the notion of measure free martingales, and
and its relation to the usual martingale. In [6] the simpler case of measure
free martingale, where functions assume only finitely many values, was
introduced and we recall it below.

Let © be a non-empty set. Let (f,)22; be a sequence of real valued
functions such that each f,, has finite range, say (zn1, Zn2, -, Tnk, ), and
these values are assumed on subsets 2,1, Qp2, -, Ok, . These sets form
a partition of Q which we denote by P,,. We denote by Q,, the partition
generated by P1,Ps, - P, and the algebra generated by Q,, is denoted by
A,,. Let Ay denote the algebra US2 . A,.

Define A,, measurable functions m,,, M,, as follows: for Q € Q, and

weEQ,

mﬂ(w) = glelg fn-i-l(x)v

M, (w) = n .
(@) = max fsa ()
Definition 3.1. The sequence (f,An);Z; is said to be a measure free
martingale or probability free martingale if
My (w) < fr(w) < My (w),Yw € 2, n> 1.

Clearly, for each @ € Q,, the function f,, is constant on Q. We de-
note this constant by f,(Q). With this notation, it is easy to see that
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Entropy and Martingale 15

(fnsAn)22, is a measure free martingale or probability free martingale if
and only if for each n and for each @ € Q,, f(Q) lies between the mini-
mum and the maximum values of f,,+1(Q’) as Q' runs over Q@ N Q,41. It
is easy to see that if there is a probability measure on A, with respect to
which (f,, A4,)%2, is a martingale then (f,,4,)52, is also a measure free
martingale. Indeed let P be such a measure. Then, for any @ in Q,,, f,(Q),
is equal to

% S ha@)P@),
{Q'€Qn+1,Q'CQ}

so that f,,(Q) lies between the minimum and the maximum values f,+1(Q"),
Q' € QN Qp41. In [6], the following converse is proved.

Theorem 3.1. Given a measure free martingale (fn, An)S 1, there exists
for each n >0, a measure P, on A, such that

P, |An: Py, En+1(fn+1 | -An) = fm

where E,, 41 denotes the conditional expectation with respect to the proba-
bility measure Pyy1. There is a finitely additive probability measure P on
the algebra Ao such that, for each n, P |4,= P,. Moreover such a P is
unique if certain naturally occurring entropies are mazimized.

1.3.2. The General Case

In the rest of this section we will dispense with the requirement that the
functions f, assume only finitely many values.

Let (Q, B) be a standard Borel space, and let (f,)22; be a sequence of
real valued Borel functions on . For each n, let P, = {f 1({w}) : w € R}
denote the partition of 2 generated by f,, and let QQ,, denote the partition
generated f1, fo, -, fn, i.e., Q, is the superposition of Py, Ps,--- ,P,. Let
B,, be the o-algebra generated by f1, fo, -, fn. Since (2, B) is a standard
Borel space, for each n, B, is the collection of sets in B which can be written
as a union of elements in Q,,. For ¢ € Q,,, f, is constant on ¢ and we denote
this value by f,,(¢). The algebra U2 B, will be denoted by B, and we
will assume that it generates B. Note that we have changed the notation
slightly. In section 1.3.1 above we denoted an element in Q,, by @, while
from now we will use the lower case q.

Definition 3.2. Let (f,)72 be a sequence 5 measurable real valued func-
tions on .
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16 K. B. Athreya and M. G. Nadkarni

(i) Say that sequence (f,)%2 is a measure free martingale if for each n
and for each ¢ € Q,,, fn(q) is in the convex hull of the values assumed
by fn+1 on ¢ (note that f,41 need not be constant on ¢ € Q,,.)

(ii) Let voo be a finitely additive probability measure on B such that for
each n < oo, its restriction to B,, is countably additive. The sequence
(fn)S2, is called a weak martingale with respect to v if for each n,
Eun+1(fn+1 | fn) = fao a.e. vpy1.

(iii) A weak martingale ()52, with respect to v is a martingale if v
is countably additive, in which case the countably additive extension
of v to B is denoted by v, and we call (f,)52; a martingale with
respect to v.

Clearly every martingale is a weak martingale, and if (f,)5; is a weak
martingale with respect to v, then for each n we can modify f, on a v,
null set so that the resulting new sequence of functions is a measure free
martingale. Indeed if v, (-,-) is the conditional probability distribution of
Up41 given @, then

£al0) = [ Fra(@lra(de,) v 0. g € Q.. )
q

At those ¢’s where the equality in (9) holds f,,(¢q) lies between the infimum
and the supremum of the values assumed by f,+1 on g. On the other ¢’s
we modify f,41 by simply setting fr+1(w) = fn(¢),w € ¢. The modified
sequence (f,,)5 is the required measure free martingale. In the converse
direction we show that every measure free martingale admits a finitely ad-
ditive measure on B, under which it is a weak martingale.

Proposition 3.1. Let (2, B) be a standard Borel space and let Q, C be the
partition and the o-algebra generated by a countable collection of sets in B.
Let A be the o-algebra generated by analytic subsets of Q0 which are unions
of elements of Q. Let f and g be respectively B and C measurable real valued
functions on Q such that for each q € Q, g(q) is in the convex hull of the
values assumed by f on q. Then there exists a transition probability v(-,-)
on B x Q such that for each A € B, the function v(A,-) is A measurable,
while v(+,q) is a probability measure on B supported on at most two points

of q satisfying

/f v(dw, g),¥q € Q.
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Entropy and Martingale 17

Proof: The sets
S1={we: f(w) <gw)},S={we:gw) < fw)}

are in B. For each ¢ € Q, since g(g) is in the convex hull of the values
assumed by f on ¢, both S; and S; have non-empty intersection with q.
By von-Neumann selection theorem (see [9], p 199) there exist coanalytic
sets Cp C S1,Co C Sy which intersect each g € QQ in exactly one point. For
each g € Q, let

wi(q) = S1Nq,wa(q) = S2Ngq.
Then

fwi(q) < 9(q) < flwa(q)),

so that the middle real number ¢(g) is a unique convex combination of

Fw1(q)), f(w2(q)). If f(wi(q)) = flwa(q)) = g(q) write p1(q) = 1,p2(q) =

0, otherwise write

Then

p1(q) f(w1(q)) + p2(q) f(w2(q)) = 9(q)-

For each ¢ € Q, let v(-,q) be the probability measure on ¢ with masses
p1(q),p2(q) at w1(q),w2(q) respectively. The sets Cp,Cy are co-analytic
and functions f |¢,, f |c, are B |¢,, B |c, measurable respectively, whence
p1(-), p2(-) are A measurable. For any A € B, and ¢ € Q,

v(A,q) = p1(g)1a(wi(q)) + p2(q)la(wa(q)),

whence, for each A € B, v(A,-) is A measurable. The proposition is proved.

Theorem 3.2. A measure free martingale admits a finitely additive mea-
sure under which it is weak martingale.

Proof: Let (f,)22; be a measure free martingale. Let Q1,Q2, By, B2 be
the partition and the o-algebra generated by f1, fo respectively. Let 14
be a probability measure on B;. Since, for each ¢ € Qy, f1(g) is in the
convex hull of the values assumed by f2 on ¢, by the Proposition 3.1, there
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18 K. B. Athreya and M. G. Nadkarni

is a transition probability v1(-,-) on B x @Q; such that for each ¢ € Qq,
Vl(an) = 1) and

/h@M@%@=ﬁ@-
q
For any A € By, define

mm:/uwmmuw

1

Then v5 is a countably additive measure on Bs,

V2 |51:V17 EVz(f2|f1):f1~

Having defined 1», it is now clear how to construct vs, vy, -+, vy, -+ such
that for each n,

Vn+41 |Bn: Un

and

El/n+1 (fn+1 | fn) = fn

The finitely additive measure v, defined on By by
Voo(A) = vy (A), A € B,
satisfies, for each n,
Voo |B,=Vn

and (f)22; is thus a a weak martingale with respect to vo. This proves
the theorem.

It is natural to ask the question as to when is v, countably additive.
There is an answer to this. The refining system of partitions (Q,,)52, as
well as the associated o-algebras (B,,)52; is called a filtration. It is said
to be complete if for every decreasing sequence (g,)52;, of non-empty ele-

ments, ¢, € Qy, their intersection N9, ¢, is non-empty. We have:

Theorem 3.3. If the filtration (Q,)5%, associated with the measure free
martingale is complete, then v s countably additive.
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Entropy and Martingale 19

This is indeed a consequence of the Kolmogorov consistency theorem
formulated in terms of filtrations which is as follows. Let the filtration
(Q)22, arise from a sequence of Borel functions (f,)52, not necessarily
a measure free martingale. For 1 < ¢ < j, we define the natural projection

map I;; : Q; — Q; by
IL(g)=r, ifqgCr,qgeQ;reqQ,.
For each i let II; : © — Q; be defined by
I (w) = ¢ € Q;,if weq.

If g € Q, and i < n, then f; is constant on ¢, and we write f;(q) to
denote this constant value. For each n let 7, be the smallest topology on
Q,, which makes the map ¢ — (f1(q), f2(q), -, fn(q)),q € Q,, continuous.
We note that maps I1;;,4 < j are continuous. The topology 7,, generates the
o-algebra B,. Any probability measure p on B, is compact approximable
with respect to this topology, i.e., given B € B, and ¢ > 0, there is a
set C' C B, C' compact w.r.t. 7,, such that u(B — C) < e. For each n,
let P, be a countably additive probability measure on B,. Assume that
Pot1 |,= Pn. Define P, on US2 B, by P(A) = P,(A),if A€ B,. Pis
obviously finitely additive.

We have the Kolmogorov consistency theorem in our setting, arrived
at after a discussion with B. V. Rao, and as pointed out by Rajeeva
Karandikar, it is proved also in [7].

Theorem 3.4. If the the filtration (Q,)5% is complete, then Pa is count-
ably additive.

Proof: For simplicity, write P for P,,. If P is not countably additive, then
there exists a decreasing sequence (A,)%2; in U B, with N%2, A, =0,
such that for all n, P(A4,) > a > 0 for some positive real a. Without loss
of generality we can assume that for each n, A, is in B,. We can choose a
set Cp C Ay, Cy € By, C1 compact with respect to the topology 71, such
that

P(A1 — Cl) = Pl(Al — Cl) <

= Q

Note that

Ay N Cy € B, P(As N (Ay — Cy) < P(A; — Cy) < %
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20 K. B. Athreya and M. G. Nadkarni

whence
P(A2 n Cl) > Za.

We next choose Cy C Ay N Cy, Co € By, Cy compact in the topology 7a,
such that P(A; N Cy — C2) < §5. Then P(Ay — C2) < § + {&. Note that

AsNCy € By, P(A3NCo) >a— (%+4%).
Proceeding thus we get a decreasing sequence (C,)2 ; such that for all n,

C, € B,, C, C A,, C,, compact in the topology on 7,, and
P(Ay=Co) < T+ 5+ + 1o

Clearly each C), is non-empty. For each n choose an element ¢, in C,,. Since
Cy, is compact the sequence (Il,,;¢;)72,, has a subsequence converging to a
point in C,,. By Cantor’s diagonal procedure it is possible to choose the
sequence (¢n);2 in such a way that for each 4, (Il;;¢;)52; is convergent in
the topology 7; to an element p; in ;. By continuity of the map II;; we
have Il;jp; = p; if 1 < j, i.e., if ¢ < j then p; C p;. By completeness of the
filtration we conclude that N2, p; # 0. But

NiZyps C N2 Ci C N2y A = 0.

The contradiction proves the theorem.

Remark. (i) The requirement that the filtration be complete has been
crucial in the above discussion. Here is an example due to S. M. Srivas-
tava of a filtration on the real line which is not complete, but the quotient
topologies are locally compact second countable. Let 2 = R, and let, for
n>1,Q, = {{r},r <n,[n,00)}, ie., the nth partition Q,, consists of all
singletons less than n together with the interval [n, c0)). Clearly (Q,,)22,
is a filtration. For each n, the quotient topology on @Q,, is isomorphic to
the usual topology on R. The set C,, = [n,00) is compact in the quotient
topology, Cpnt+1 C Cp, but N2, C), is empty, so the filtration is not com-
plete.

(ii) S. Bochner ([3]) has formulated and proved the Kolmogorov consistency
theorem for projective families. One can derive the above version by proper
identification of our sets and maps as a projective system, once topologies
T, are described.

(iii) The totality of finitely additive measure on B, which render the mea-
sure free martingale f,,,n = 1,2,3,--- into a weak martingale is a convex
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set whose extreme points are precisely those v, for which v is a point
mass, and for which, for each n, the disintegration v,(-,-) of v,4; with
respect to @Q,, has the property that for each ¢ € Q,,, v(-,q) is supported
on at most two points.

(iv) We note that measure free martingales have some nice properties not
shared by the usual martingales. If f,,n = 1,2,3,--- is a measure free
martingale, then [f,],n = 1,2,3,---, where [z] means the integral part
of z, and min{fn, K},k = 1,2,3,---, where K is fixed real number are
also measure free martingale. In other words, measure free martingales are
closed under discretization and truncation.

1.4. Equivalent Martingale Measures

Let (2,B) be a standard Borel space and let p be a probability measure
on B. Let (fn)22; be a sequence of Borel measurable real valued functions
on €2, not necessarily a measure free martingale. In this section we discuss
conditions, necessary as well as sufficient, for there to exist a measure v,
having the same null sets as u, and which renders the sequence (f,)52 a
martingale. Clearly, if such v exists then we can modify (f,,)52; on a v-null
set, which is therefore also p-null, so that the new sequence of functions is
a measure free martingale. Thus a necessary condition for the existence of
a v, equivalent to u, under which (f,,)22; is a martingale is that (f,)>2,
admit a modification on a p-null set so that the resulting sequence is a
measure free martingale.

Again assume that such a v exists. For each n, let u,, v, respectively be
the restriction of w,v to By,. Let u,(-,-),vn(:, ) denote the disintegration
of fy41, V41 With respect to the partition Q,,. Since 41 and v, 41 have
the same null sets, for u,, almost every ¢ € Q,, un(-,q) and v, (-, q) have
the same null sets, and since

[ im0 = 1.(0)
q
it follows that for u, a.e. g

pn({w € ¢ ¢ fat1(w) < fa(@)}, @) > Opn({w € ¢ 1 fo1(w) = fu(@)}, @) > 0.
(11)

Thus, if a v equivalent to p under which (f,,)$2 is a martingale exists,
then for each n, for pu, a.e. ¢ € Q,, (11) holds.
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22 K. B. Athreya and M. G. Nadkarni

Fix n, fix a ¢ € Q,, and write m = p,(-,¢). Assume that

/ | fusr (@) | m(dw) < oo,
q
and that

m({w € q: far1(w) < ful@)}) > 0,m({w € ¢: fas1(w) > fulg)}) > 0.
Write

E= {W €q: fn+1(w) < fn(Q)}aF = {W €q: fn+1(w) > fn(Q)}a

m(E) = a,m(F) = 0,

_ Jpfrn@m(dw) | fp o1 (@)m(dw)
o ’ B

Note that ¢ < f,(¢) < d and with a = d_dfjc(q) b= fnugqj;c, we have

c

a+b=1ac+bd = f,(q).
Define v/ (-, ) as follows:

dy;z('a Q)
dm

= (glE + %117)-

Note here that ¢ ranges over Q,, so that m will vary with it. Further,
a,a,b,B,m = un(-,q) are measurable functions of ¢, so that v/ (-,-) is a
transition probability. If m({w € ¢ : foy1(w) = fu(q)}) = 0, then v/ (-, q)

and m are equivalent, and

/ fuir @)L (dw, g) = ac -+ bd = fo(q).

In any case, if we set s = {w € ¢ : fuy1(w) = fn(q@)}, then s € Quy1, so
that we can speak of Dirac measure d;4y at s, and consider the measure

Vn(+,q) defined by:

va(q) = (1= m(s))v, (-, q) + dsymes)

The measure v, (-, ¢) and m have the same null sets, v, (-, ¢) is measurable

in ¢, and

/ Fuir (@) dw, ) = fulg)
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We define inductively,

m=u1,u2:/Qm(-,q)ul(dq),--- ,unH(-):/Qun(-,q)un(dq).

Then for each n, v, is a probability measure on B,,, equivalent to i,

Vn+41 |Bn: Un, En(fn+1 | Bn) = fnv

where F,, is the conditional expectation operator in (Q, B,41, Vpt1)-

If the filtration (Q,)22, is complete, the naturally defined measure vo,
on By has a countably additive extension, say v, to all of 5. However, in
general, v need not be equivalent to p (see example 4.1. below). If there
are positive constants A and B such that for all n, A < CLL: < B, then
clearly the v, defined on B,, has an extension to B which has the same
null sets as . We have proved:

Theorem 4.1.

(a) Let (fn)2, be a sequence of Borel measurable functions on (£, B, i)
and let Qy,, By, tn, tin (-, ) be as above. If there is a probability mea-
sure v equivalent to p with respect to which (f,)$2, is a martingale,
then (f,)52, can be modified on a p-null set so that the resulting se-
quence of functions is a measure free martingale. Further, for each
n, for almost every q € Qy, the sets {w € q : fni1(w) < fn(@)},{w €
q: fn(q) > fny1(w)} have positive uy (-, q)- measure.

(b) If for every n, and for almost every q € Q,, the sets {w € q :
fn+1(w) < fn(Q)}a{w €q: fn(Q) < fn+1(w)} have positive Un('7Q)'
measure, then for each n we have a v, equivalent to , such that
Vn+1 |B,= Vn, Ent1(fnt1 | Bn) = fn, where E, 1 stands for the
conditional expectation operator on (2, B,y1,Vnt+1) with respect to

B

(¢) Finally, if there are positive constants A and B such that for all
n, A< % < B, then the naturally defined voo on Bs has an

extension v to B which has the same null sets as p and (fn)22 is
a martingale with respect to v.
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The equivalent martingale measure v in the above theorem is obtained
by a rather naive modification of u. Indeed, (-, ¢q) is only rescaled over
the sets {w € ¢ : fot1(w) < fu(@},{w € q 1 fu(q) > fot1(w)}, so that
if pn (-, q) is not 'well distributed * on these sets, then this persists with
Vn(+, q). This circumstance can be changed if we assume that for each n and
for each g € Q,,, fr+1 is bounded on ¢, in addition to the requirement that
sets {w € ¢ for1(w) < (@} {w € ¢ : fn(q@) > fug1(w)} have positive
tin (-, q) measure. We know from entropy considerations of section 1.1 that
there exists a unique ¢,, = ¢,(q) such that

J, a1 (w)een @Iy, (dw, q)
fq ecn(q)fn+1(w)l1/n (dw7 q)

The function ¢ — ¢,(q) is B, measurable. We set, for each n and for
each g € Q,,
ecn(q)fn+1(w)

dvn(-,q) = fq eon (@ fri1(@) py, (dw, q

) : dﬂn(',Q)a

V1 = U1, Vn+1 = / Vn(',Q)Vn(dQ)-
Q

We change notation and write v, = B,. The natural finitely additive
measure By, on By renders (f,,)5 ; into a weak martingale. If we assume
that there are positive constants A, C' such that for all n, A < ‘;ﬁ: < C,
then B, extends to a countably additive measure B on B, B equivalent to
w, and, (f,)22, is a martingale with respect to B.

We may summarise this as

Theorem 4.2. If for each n, for u, a.e. ¢ € Qy,

(i) fnt1 is bounded on g,

(i) p{w € q: far1(w) < ful@)}, @) > 0, p({w € ¢ & far1(w) > ful@)} @) >
Oa

then there exists a unique finitely additive measure By, on Bo, such that
for each n,

(a) the restriction B, of Boo to B, is countably additive and equivalent to
Hon s

(b) Bi41 mazimizes the relative entropy H(gizii , Un+1) among all finitely
additive probability measures X on Bs which render (f,)52, into a
weak martingale and such that \y = p1, A, equivalent to p, for all n,
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(¢) if there exist constants A, B such that for each n, A < Zﬁ: < B, then

By extends to a countably additive measure measure B on B, B and

v are equivalent, and (f,)S, is a martingale under B.

Remarks. 1) The measure B, however, need not maximize the relative
dA
e
which (f,)52, is a martingale.

2) One may call B a Boltzmann measure equivalent to p and the associated
sequence ()5 ; a Boltzmann martingale.

We now give a more general condition for the existence of a martingale
measure equivalent to a given u than the one given in Theorem 4.1. (¢). Let

entropy H (%, 1) among all measures A on B equivalent to p and under

(fn)22; be a sequence of measurable functions on (2, B, i) for which there
exists a measure Vo, on By such that (i) (f)o2, is a weak martingale with
respect to v, (ii) for each n, u, and v, are equivalent, (iii) p1 = v1.

Vn

Now the Radon-Nikodym derivative jT is computed as follows:

dvn g1 W) = an('aqn)
dptni1 d/‘n('a qn)

(w)—(w),w €qn € Qn

So, on iteration, we have:

dl/n+1 dl/i(-, Ch) dVl .
— (W)= ———=(w)) x —,weq eQ;,i=1,2,-- ,n.
Pnt1 () =( 1dﬂi('a(h’)( ) dpuy

Since we have chosen vy = py, j—;i(w) =1 for all w, so that

dvy, dv; (-, q; .
Q(w)_ﬂn M(w),weqi €Q;i=1,2---n.

Hont1 T @)
Further,
an+1 dl/n
FE B,)(w) = —(w
WG| B)w) = (@)

where E,, denotes the conditional expectation operator with respect to p.
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Indeed for any set A € B,

[
=Ly
= Gt e
- [ ()
- [ S,
The sequence of functions (g, = %);’;1 is therefore a martingale of

non-negative functions on the probability space (2,8, 1), so converges p
a.e. to a function g. If [, g(w)u(dw) = 1, or if the sequence (gn)n>;
is uniformly integrable, then, by martingale convergence theorem (see [4],
p. 319), for each n, g, = E,(g | Bn), equivalently, for each n, gdp |5, = dv,
and so Vs is countably additive and extends to a measure v on B, with
g—z = g. Further (f,)52 is a martingale with respect to it. If, in addition,
g > 0 a.e. p, then v is equivalent to p and (f,,)22; is a martingale with
respect to it.
We have proved:

Theorem 4.3.

(a) The sequence (gn = 2%1)%0:1 of Radon-Nikodym derivatives is a
martingale of non-negative functions and converges p a.e. to a
function g.

(b) If fQ g(w)u(dw) = 1 or if the g,’s are uniformly integrable with
respect to p, then (f,)5% is a martingale with respect to v given
by dv = gdp. If in addition g > 0 a.e. p, v is equivalent to pu.

(¢) If > | 1— Z}Zz—m |< oo as. pthen g >0 ae. p.

an+1

Write
o an('aQ)
H(d,un—i-l’unJrl) | Qn) B /n H(d,un('aQ)

We know from formula (7) of section 1.2.3 that

an+1
n =H
) b +1) (dﬂn+1

s Hn (5 q))vn(dg).

dv,,

a,un+1) | @n) + H(W;Hﬂ)-

an+1

H
( dint1
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Iterating we get
n+1

aMnJrl ZH 'alffz |Qz 1)

anJrl

H(—————
(d,un+1

(Here, when ¢ = 1, Q;—1 = Qp which we take to be the trivial partition
{0,9}.)

Since (g, = jl’j” )o°, is a martingale with respect to u, the sequence
(gnlogtg,)22, is a submartingale provided, for each n, F (gnlog gn) 1s
finite ([4], p. 296). We assume that this is the case. Then

Eﬂ(gn 10g+ gn) < Eu(9n+1 10g+ Gnt1),n=1,2,---,

so that lim, o E,(gn log™ g,,) exists, which may be finite or infinite. We
assume that this limit is finite, say c. Since (g, log™ ¢,,)5%, is a submartin-
gale of non-negative functions it has a limit which is indeed glog™ g, since
(9n)$%; has limit g, p a.e. Moreover by Fatou’s lemma, E,(glogt g) < c.
Assume that the sequence (g,)22; is uniformly integrable so that this se-
quence together with g forms a martingale. From martingale theory ([4],
p. 296) the sequence (g, log™ g,,)2%, together with the function glog™ g is a
submartingale of non-negative functions, so, again from martingale theory
([4], p- 325) we conclude that

lim By, (gnloggl) = Ey(glog” g).
Since g, log™ g, remains bounded independent of n (which is the case at w
where g, (w) < 1), we also have

im [ gn)log” n(hin(de) = [ glog” @)n(a)
Q Q

n—oo

Thus we have
tim H(2 ) = (2

i H(G - du,u)-

We have proved:

Theorem 4.4.

dvy,
dpn
and that [ gn log™® gnpin(dw) < ¢, for some real number c. Then

lim,, H((‘ii%,,un) ezists and we have:

(a) Assume that the martingale (g, = )2 is uniformly integrable

dv
lim H ,Mn ZH '7M1 |Q1 1) (d'uvﬂ)
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(b) In addition to the hypothesis and notations of Theorem 4.2, assume
that the martingale (fo:)o"_ s uniformly integrable and that the

n=1
sequence of relative entropies (H(flﬁ s Hn))o2y remains bounded.
Then lim,, s H(%, ln) exists and we have:
- dB
T}LHQOH ,un Z ,Mn | Qn-1) = H(@,M)

Among all v absolutely continuous with respect to p under which
()2 is a martingale and v1 = 1, B is the umque one which
maximizes, for each n, the relative entropy entropy H ( dis L)

Example 4.1. Consider R? together with the measure ;4 = o x o where
o is the normal distribution with mean zero and variance one. Let Q; be
the partition {z} x R,z € R. Let f;,i = 1,2 be the co-ordinate maps. The
partition of R? given by f; is Q;. The distribution v on R? equivalent to
u, satisfying E,(fo | f1) = Eu(f2 | Q1) = f1, and maximizing the relative
entropy with respect to u is the bivariate distribution of (f1, f1+ f2), where
f1, fo are independent with normal distribution of mean zero and variance
one.

More generally, let R™ be given the measure y = ¢, the n-fold product
of o. Let fi1, fa, -+, fn be the co-ordinate random variables. Then

Qi = {{wi,wa, -+ ,wi} x R"™ 2 (wy.wa, - -+ ,w;) € R}

is the partition of R™ given by the functions fi, fa,-- -, f;. Let v, be the
measure induced on R™ by the vector random variable (f1, f1+ fo, -+, f1+
fa+---+4 fn) where (f1, fa,- - .fn) has distribution g = ¢™. Then, among
all probability measures A on R™ equivalent to u and satisfying Ey(fiy1 |
fi) = fi,1 <i < n—1, v, is the unique one which simultaneously maximizes
the relative entropies

dN; d\;
w) log
Ri dui( ) e

- (W) (dw),

1 <4 < n, where u;, \; are respectively the measures p and A restricted to
the the o-algebra B; generated f1, fa, -+, fi.

Finally, let (i) @ = RY, where N is the set of natural numbers, (ii) pu =
countable product of o with itself, (iii) for each n, f,, = projection on the
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nth co-ordinate space. The partition Q,, of 2 generated by fi, fo, -+, fn
is the collection

{(wr,wa, -+ wn)} x RUFLH20 s () w0y v wy) € R™Y

For each n, let v,, denote the measure on B, induced by the martingale
Ji. fitfaro oo iy fi), where f1, fo,- -, fn are independent random vari-
able, each with distribution o. Let v be the measure on the algebra
U By, whose restriction to each B, is v,,. Then among all probability
measures Ao, on By, which satisfies (a) for each n, p, and A, are equiv-
alent, (b) for each n, Ex, (fat1 | fn) = fn, (¢) M1 = o, the measure vy,
is the unique one which maximizes simultaneously the relative entropies
H(%, fn), n=1,2,---. The extension v of v to the Borel o-algebra of
RN is, however, singular to .
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