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4 Differential Geometry Applied to Dynamical Systems

of time provided that amplitude of motion kept small.

bl

Fig. 1.1 Galileo’s pendulum

Newton’s second law of motion enables a Mathematical description of

this phenomenon and leads, in the small-amplitude approximation, to the
2

d-0
following equation: Iz + %9 = 0 which is a 2"? order ordinary differential
equation of the 1% degree.

Ordinary differential equations (O.D.E.) express a relation between the
derivatives of a dependent variable with respect to a single independent
variable while partial differential equations (P.D.E.) express a relation be-
tween the derivatives of a dependent variable with respect to two or more
independent variables. The order of a differential equation is the highest
order of differentiation appearing in the equation and the degree of a differ-
ential equation written as a polynomial of all the derivatives is the power
to which the highest derivative appearing in the equation is raised.

Example 1.1. Order and degree of differential equations
o*T

Fourier’s law of heat diffusion: o = HF is a 2" order partial dif-
i
ferential equation of 15 degree.

Blasius equation which arises in the theory of fluid boundary layers:

& d? dy\?
—y—l—ay—y =0 YY) 1] isa3 order ordinary differential equation
dx3 dzx? dx

of 1%t degree.
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Differential Equations 5

1.2 D’Alembert transformation

In the middle of the seventieth century D’Alembert transformation enabled
to transform any single n'” order differential equation into a system of n
simultaneous first-order equations, and conversely.

Let’s consider the n'" order differential equation:

a"x _ ( dx d’x ﬂt)
din DO T g g1

By posing: x(t) = #1(t), X'(t) = 25(t), .., X"~ (t) = 2, () this equa-
tion is equivalent to a system of n simultaneous equations of the first order:

e _
a
dwn,1 (11)
= xn
dt
dx,
% = F(21,Z2, ..., T, 1)

Proof.

Cf. D’Alembert (1748) ; Coddington and Levinson (1955, p. 21) ;
Ince (1926, p. 14) ; Petrovski (1966, p. 89) ; Arnold (1963, p. 100).

O

Since t only appears as an intrinsic variable, it can be eliminated, and
system (1.1) may be written in the so-called symmetric form (Poincaré
(1886, p. 168) ; Nemytskii and Stepanov (1960, p. 35) ; Petrovski (1966,
p. 91) ; Davis (1962, p. 17)):

dxq . dxo i dzy,

Remark. The transformation of a n** order differential equation into a
system of n simultaneous equations of the first order is not unique.

Notation. In the following the dot () will represent the time derivative.
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6 Differential Geometry Applied to Dynamical Systems

Example 1.2. System of differential equations

&Pz
Hooke’s law of elastic restoration: mﬁ + kx = 0 which is a 2% order

O.D.E. of the 1%t degree may be transformed into the following system of

two simultaneous equations of the first order while posing w? = k/m:

dxq dxy 2

d2x+k 0 o = T2 a T W2
m—s xr = =4 =4
dt? % = —wln % =12

1.3 From differential equations to dynamical systems

According to D’Alembert’s transformation and following the definition pro-
posed by G. D. Birkhoff (1912, p. 306) of his memoir originally presented
in 1909 at a meeting of the American Mathematical Society and entitled:
Quelques Théorémes sur le mouvement des systémes dynamiques.

“A dynamical system in a very large meaning may be considered as being
defined by any system of differential equations of the first order:

dey _dvy | dv

X1 X2 Xn
where Xi,...,X, are given functions, real and uniform depending on
Z1,...,%n, analytical with respect of these variables, and where t is the in-
dependent variable. Variables x1,...,z, are the coordinates of the motion
and t indicates the time.”

This is exactly the same definition as previously proposed by Henri

Poincaré (1886, p. 168) in one of his famous memoirs entitled:
Sur les courbes définies par une équation différentielle.

“... any differential equation can be written as:

dl’l dl‘z dl’n
=1 _x 2 X -
dt b > CTdt

= n

where X; are real polynomials. If ¢ is considered as the time, these equations
will define the motion of a variable point in a space of dimension n.”
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