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8 Chaos: From Sitmple Models to Complex Systems

the period of the depicted trajectory, one can use the following strategy. Imagine
to look at the trajectory in a dark room, and to switch on the light only at times
to,t1,... chosen in such a way that ¢, = nTy + t* (with an arbitrary reference t*,
which is not important). As in a disco stroboscopic lights (whose basic functioning
principle is the same) give us static images of dancers, we do not see anymore
the temporal evolution of the trajectory as a continuum but only the sequence of
pendulum positions at times ¢, t2,...,¢, .... In Fig. 1.3c, we represent the states
of the pendulum as points in the (0, df/dt)-plane, when such a stroboscopic view is
used. We can recognize only four points, meaning that the period is 4T}, amounting
to four times the forcing period.

In the same way we can analyze the trajectories for larger and smaller (’s.
Doing so, one discovers that for 8 > 0.55 the orbits are all periodic but with
increasing period 27Ty, 47, (as for the examined case), 87Tp, ...,2"Ty. This period-
doubling sequence stops at a critical value 83 = 0.64018 above which no regular-
ities can be observed. For § > (4, any portion of the time evolution 6(t) (see,
e.g., Fig. 1.3d) displays an aperiodic irregular behavior similar to the transient
one of the previous case. Correspondingly, the (6,df#/dt)-plane representation of
it (Fig. 1.3e) becomes very complicated and inter-winded. Most importantly, no
evidences of periodicity can be found, as the stroboscopic map depicted in Fig. 1.3f
demonstrates.

We have thus to accept that even an “innocent” (deterministic) pendulum may
give rise to an irregular and aperiodic motion. The fact that Huygens could use
the pendulum for building a clock now appears even more striking. Notice that if
the driving would have been added to an harmonic damped oscillator, the resulting
dynamical behavior would have been much simpler than the one here observed
(giving rise to the well known resonance phenomenon). Therefore, nonlinearity is
necessary to have the complicated features of Fig. 1.3d-f.

1.5 What about the predictability of pendulum evolution?

Figure 1.3d may give the impression that the pendulum rotates and oscillates in
a random and unpredictable way, questioning about the possibility to predict the
motions originating from a deterministic system, like the pendulum. However, we
can think that it is only our inability to describe the trajectory in terms of known
functions to cause such a difficulty to predict. Following this point of view, the
unpredictability would be only apparent and not substantial.

In order to make concrete the above line of reasoning, we can reformulate the
problem of predicting the trajectory of Figure 1.3d in the following way. Suppose
that two students, say Sally and Adrian, are both studying Eq. (1.5). If Sally
produced on her computer Fig. 1.3d, then Adrian, knowing the initial condition,
should be able to reproduce the same figure. Thanks to the theorem of existence
and uniqueness, holding for Eq. (1.5), Adrian is of course able to reproduce Sally’s
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First Encounter with Chaos 9

result. However, let’s suppose, for the moment, that they do not know such a
theorem and let’s ask Sally and Adrian to play the game.

They start considering the periodic trajectory of Fig. 1.3b which, looking pre-
dictable, will constitute the benchmark case. Sally, discarding the initial behav-
ior, tells to Adrian as a starting point of the trajectory the values of the angle
and angular velocity at tg = 6000, where the transient dynamics died out, i.e.
0(to)=—68.342110 and df/d¢t=1.111171. By mistake, she sends an email to Adrian
typing —68.342100 and 1.111181, committing an error of @(10~?) in both the angle
and angular velocity. Adrian takes the values and, using his code, generates a new
trajectory starting from this initial condition. Afterwords, they compare the results
and find that, despite the small error, the two trajectories are indistinguishable.

Later, they realize that two slightly different initial conditions were used. As
the prediction was anyway possible, they learned an important lesson: at practical
level a prediction is so if it works even with an imperfect knowledge of the initial
condition. Indeed, while working with a real system, the knowledge of the initial
state will always be limited by unavoidable measurements errors. In this respect
the pendulum behavior of Fig. 1.3b is a good example of predictable system.

Next they repeat the prediction experiment for the trajectory reported in
Fig. 1.3d. Sally decides to follow exactly the same procedure as above. There-
fore, she opts, also in this case, for choosing the initial state of the pendulum after

a certain time lapse, in particular at time ¢, = 6000 where 6(tg) = —74.686836
and df/dt = —0.234944. Encouraged by the test case, bravely but confidently, she
intentionally transmits to Adrian a wrong initial state: 0(tg) = —74.686826 and

df/dt = —0.234934: differing again of O(107°) in both angle and velocity. Adrian
computes the new trajectory, and goes to Sally for the comparison, which looks as
in Fig. 1.4. The trajectories now almost coincide at the beginning but then become
completely different (eventually coming close and far again and again).

Surprised Sally tries again by giving an initial condition with a smaller error to
Adrian: nothing changes but the time at which the two trajectories depart from
each other. At last, Sally decides to check whether Adrian has a bug in his code
and gives him the true initial condition, hoping that the trajectory will be different.
But Adrian is as good as Sally in programming and their trajectories now coincide.?

Sally and Adrian made no error, they were just too confident about the possi-
bility to predict a deterministic evolution. They did not know about chaos, which
can momentarily defined as: a property of motion characterized by an aperiodic
evolution, often appearing so irregular to resemble a random phenomenon, with a
strong dependence on initial conditions.

We conclude by noticing that also the simple nonlinear pendulum (1.1) may
display sensitivity to initial conditions, but only for very special ones. For instance,

3We will learn later that even giving the same initial condition does not guarantee that the
results coincide. If, for example, the time step for the integration is different, the computer or the
compiler are different, or other conditions that we will see are not fulfilled.
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Fig. 1.4 0 versus ¢ for Sally’s reference trajectory and Adrian’s “predicted” one, see text.

if the pendulum of Fig. 1.1 is prepared in two different initial conditions such that it
is slightly displaced on the left /right from the vertical but at the opposite of the rest
position, in other words 6(0) = 7 + € with € a small as wanted but positive value.
The bead will go on the left (+) or on the right (—). This is because the point
(7,0) is an unstable equilibrium point.* Thus chaos can be regarded as a situation
in which all the possible states of a system are, in a still vague sense, “unstable”.

1.6 Epilogue

The nonlinear pendulum example practically exemplifies the abstract meaning of
determinism and predictability discussed in the Introduction. On the one side,
quoting Laplace, if we were the intelligence that knows all forces acting on the
pendulum (the equations of motion) and the respective situation of all its elements
(perfect knowledge of the initial conditions) then nothing would be uncertain: at
least with the computer, we can perfectly predict the pendulum evolution. On the
other hand, again quoting Laplace, the problem may come from our ignorance (on
the initial conditions). More precisely, in the simple pendulum a small error on the
initial conditions remains small, so that the prediction is not (too severely) spoiled
by our ignorance. On the contrary, the imperfect knowledge on the present state
of the nonlinear driven pendulum amplifies to a point that the future state cannot
be predicted beyond a finite time horizon. This sensitive dependence on the initial
state constitutes, at least for the moment, our working definition of chaos. The
quantitative meaning of this definition together with the other aspects of chaos will
become clearer in the next Chapters of the first part of this book.

4We will learn in the next Chapter that this is an unstable hyperbolic fixed point.
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