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Chapter 1

Manifolds, Flows, Lie Groups
and Lie Algebras

In geometrical theory of dynamical systems, fundamental
notions and tools are manifolds, diffeomorphisms, flows,
exterior algebras and Lie algebras.

1.1. Dynamical Systems

In mechanics, we deal with physical systems whose state at a time t is
specified by the values of n real variables,

x1, x2, . . . , xn,

and furthermore the system is such that its time evolution is completely
determined by the values of the n variables. In other words, the rate of
change of these variables, i.e. dx1/dt, . . . ,dxn/dt, depends on the values of
the variables themselves, so that the equations of motion can be expressed
by means of n differential equations of the first order,

dxi

dt
= Xi(x1, x2, . . . , xn), (i = 1, 2, . . . , n). (1.1)

A system of time evolution of variables, such as (x1(t), . . . , xn(t)) described
by (1.1), is termed a dynamical system [Birk27]. A simplest example would
be the rectilinear motion of a point mass m located at x under a restoring
force −kx of a spring:

dx/dt = y, dy/dt = −kx,

where k is a spring constant. A system of N point masses under self-
interaction governed by Newton’s equations of motion is another example.
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4 Geometrical Theory of Dynamical Systems and Fluid Flows

However, the notion of the dynamical system is more general, and not
restricted to such Newtonian dynamical system.

The space where the n-tuple of real numbers (x1, . . . , xn) reside is called
a n-dimensional manifold Mn which will be detailed in the following sec-
tions. The space is also called the configuration space of the system, while
the physical state of the system is determined by the 2n variables: the coor-
dinates (x1, . . . , xn) and the velocities (ẋ1, . . . , ẋn) where ẋi = dxi/dt. Such
a system is said to have n degrees of freedom. The space of 2n variables of
(xi) and (ẋi) is called the phase-space in mechanics. It is of fundamen-
tal importance how the differential equations are determined from basic
principles, and in fact this is the subject of the present monograph.

Study of dynamical systems may be said to have started with the work
of Henri Poincaré at the turn of the 19th to 20th century. Existence of
very complicated orbits was disclosed in the problem of interacting three
celestial bodies. After Poincaré, Birkhoff studied an exceedingly complex
structure of orbits arising when an integrable system is perturbed [Birk27;
Ott93]. Later, the basic question of how prevalent the integrability is, was
given a mathematical answer by Kolmogorov (1954), Arnold (1963) and
Moser (1973), which is now called the KAM theorem and regarded as a
fundamental theorem of chaos in Hamiltonian systems (e.g. [Ott93]).

The present approach to the dynamical systems is based on a geo-
metrical point of view.1 The geometrical frameworks concerned here were
founded earlier in the 19th century by Gauss, Riemann, Jacobi and others.
However in the 20th century, stimulated by the success of the theory of gen-
eral relativity, the gauge theory (a geometrical theory) has been developed
in theoretical physics. It has now become possible to formulate a geometri-
cal theory of dynamical systems, mainly due to the work of Arnold [Arn66].

1.2. Manifolds and Diffeomorphisms

A fundamental object in the theory of dynamical systems is a manifold.
A manifold Mn is an n-dimensional space that is locally an n-dimensional
euclidean space R

n in the sense described just below, but is not necessar-
ily R

n itself.2 A unit n-sphere Sn in (n + 1)-dimensional euclidean space

1In this context, the following textbooks may be useful: [Fra97; AK98; AM78].
2The euclidean space R

n is endowed with a global coordinate system (x1, . . . , xn) and
is basically an important manifold. Henceforth the lower case e is used as “euclidean”
because of its frequent occurrence.
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Fig. 1.1. Two-sphere S2 and local coordinates.

R
n+1 is a typical example of the n-dimensional manifold Mn. Consider

a unit two-sphere S2 which is a two-dimensional object imbedded in three-
dimensional space R

3 (Fig. 1.1). Denoting a point in R
3 by p = (x, y, z), the

two-sphere S2 is defined by all points p satisfying ‖p‖2 = x2 + y2 + z2 = 1,
where ‖ · ‖ is the euclidean norm. The two-sphere S2 is not a part of the
euclidean space R

2. However, an observer on S2 would see that the imme-
diate neighborhood is described by two coordinates and cannot be distin-
guished from a small domain of R

2. A point p′ in a patch U (an open subset
of S2) is represented by (u1, u2).

In general, an n-dimensional manifold Mn is a topological space
(Appendix A.1), which is covered with a collection of open subsets
U1, U2, . . . such that each point of Mn lies in at least one of them (Fig. 1.2).
Using a map FU , called a homeomorphism (Appendix A.2), each open

U1

U4

U5

U2

U3

Mn

Fig. 1.2. Atlas.
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6 Geometrical Theory of Dynamical Systems and Fluid Flows

subset U is in one-to-one correspondence with an open subset FU (U) of
R

n. Each pair (U, FU ), called a chart, defines a coordinate patch on M . To
each point p (∈ U ⊂ M), we may assign the n coordinates of the point
FU (p) in R

n. For this reason, we call FU a coordinate map with the jth
component written as xj

U . This is often described in the following way. On
the patch U , a point p is represented by a local coordinate, p = (x1

p, . . . , x
n
p ).

The whole system of charts is called an atlas.
The unit circle in the plane R

2 is a manifold of one-sphere S1. The S1

has a local coordinate θ ∈ [0, 1] (with the ends 0 and 1 identified) ⊂ R
1.

Consider a map by a complex function f(θ),

f(θ) = ei2πθ, f : θ ∈ [0, 1] ⊂ R
1 → p(x, y) ∈ S1 ⊂ R

2 (1.2)

where ei2πθ = x + iy (i =
√

−1, x2 + y2 = 1). The map is one-to-one and
onto if we identify the endpoints by f(0) = f(1) → (1, 0) ∈ R

2 (Fig. 1.3).
Choosing a patch (open subset) U ⊂ S1, a homeomorphism map FU is
given by f−1(U).

It is readily seen that the unit circle S1 (a connected space3) is covered
by the real axis R

1 (another connected space) an infinite number of times
by the map f : R

1 → S1. Corresponding to an open subset U ⊂ S1, the
preimage f−1(U) consists of infinite number of disjoint open subsets {Uα}
of R

1, each Uα being diffeomorphic with U under f : Uα → U . It is said
that the R

1 is an infinite-fold cover of S1.
Suppose that a patch U with its local coordinates p = x = (x1, . . . , xn)

overlap with another patch V with local coordinates p = y = (y1, . . . , yn).

y

x2��

0 1
–1
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U

U0
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U1 U2 �1

�2
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�

FU (U )

f (U0)S1

Fig. 1.3. Manifold S1.

3A manifold M is said to be (path-)connected if any two points in M can be joined by a
(piecewise smooth) curve belonging to M .
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Then, a point p lying in the overlapping domain can be represented by both
systems of x and y (Fig. 1.4). In particular, yi is expressed in terms of x as

yi = yi(x1, . . . , xn), (i = 1, . . . , n). (1.3)

We require that these functions are smooth and differentiable, and that the
Jacobian determinant

|J | =
∂(y)
∂(x)

=
∂(y1, . . . , yn)
∂(x1, . . . , xn)

. (1.4)

does not vanish at any point p ∈ U ∩ V [Fla63, Ch. V].
Let F : Mn → W r be a smooth map from a manifold Mn to another

W r. In local coordinates x = (x1, . . . , xn) in the neighborhood of the point
p ∈ Mn and z = (z1, . . . , zr) in the neighborhood of F (p) on W r, the
map F is described by r functions F i(x), (i = 1, . . . , r) of n variables,
abbreviated to z = F (x) or z = z(x), where F i are differentiable functions
of xj (j = 1, . . . , n).

When n = r, we say that the map F is a diffeomorphism, provided
F is differentiable (thus continuous), one-to-one, onto, and in addition
F−1 is differentiable (Fig. 1.5). Such an F is a differentiable homeomor-
phism. If the inverse F−1 does exist and the Jacobian determinant does
not vanish, then the inverse function theorem would assure us that the
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Fig. 1.5. Diffeomorphism.

inverse is differentiable. In the next section, the fluid flow is described to be
a smooth sequence of diffeomorphisms of particle configuration (of infinite
dimension).

1.3. Flows and Vector Fields

The vector field we are going to consider is not an object residing in
a flat euclidean space and is different from a field of simple n-tuple
of real numbers.

1.3.1. A steady flow and its velocity field

Given a steady flow4 of a fluid in R
3, one can construct a one-parameter

family of differentiable maps: φt : R
3 → R

3, where φt takes a fluid particle
located at p when t = 0 to the position φt(p) of the same particle at a
later time t > 0 (Fig. 1.6). The family of maps are the so-called Lagrangian
representation of motion of fluid particles. In terms of local coordinates,
the jth coordinate of the particle is written as xj ◦ φt(p) = xj

t (p), where
“xj◦” denotes a projection map to take the jth component.

Associated with any such flow, we have a velocity at p,

v(p) :=
d
dt

φt(p)
∣∣∣∣
t=0

.

In terms of the coordinates, we have vj(p) = (dxj
t (p)/dt)|t=0. Taking a

smooth function f(x) = f(x1, x2, x3), i.e. f : R
3 → R and differentiating

4Steady velocity field does not depend on time t by definition.
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Fig. 1.6. Map φt.

f(φt(p)) with respect to t, we have5

d
dt

f(φt(p))
∣∣∣∣
t=0

=
∑

j

dxj
t (p)
dt

∂f

∂xj
=

∑
j

vj(p)
∂

∂xj
f (1.5)

=: X(p)f, X(p) :=
∑

j

vj(p)
∂

∂xj
. (1.6)

This is also written in the following way by bearing in mind that f is a
map, f : R

3 → R:

Xf =
d
dt

f(φt) :=
d
dt

f ◦ φt. (1.7)

The differential operator X is written also as v by the reason described in
the next subsection.

Conversely, to each vector field v(x) = (vj) in R
3, one may associate a

flow {φt} having v as its velocity field. The map φt(p) with t as an integra-
tion parameter can be found by solving the system of ordinary differential
equations,

dxj

dt
= vj(x1(t), x2(t), x3(t))

with the initial condition, x(0) = p. Thus one finds an integral curve (called
a stream line) in a neighborhood of t = 0, which is a one-parameter family
of maps φt(p) for any p ∈ R

3, called a flow generated by the vector field
v, where v = φ̇t (Fig. 1.7). The map φt is a diffeomorphism, because φt(p)
is differentiable, one-to-one, onto and φ−1

t is differentiable, with respect
to every point p ∈ R

3.6 This is assured in flows of a fluid by its physical
property that each fluid particle is a physical entity which keeps its identity

5We use the symbol := to define the left side by the right side, and =: to define the right
side by the left side.
6The flow {φt} is considered to be diffeomorphisms of Sobolev class Hs in Chapter 8
(s > n/2 + 1 in R

n, Appendix F).
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(a) (b)
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Fig. 1.7. (a) An integral curve and (b) a flow φt.

during the motion, as long as two particles do not come to occupying an
identical point simultaneously.7

Remark. Continuous distribution of fluid particles in a three-dimensional
euclidean space has infinite degrees of freedom. Therefore, the velocity field
of all the particles as a whole is regarded to be of infinite dimensions. In
this context, the set of diffeomorphisms φt forms an infinite dimensional
manifold D(∞) and a point η = φt ∈ D(∞) represents a configuration (as a
whole) of all particles composing the fluid at a given time t.

1.3.2. Tangent vector and differential operator

The vector fields we are going to consider on Mn are not an object residing
in a flat euclidean space. We need a sophisticated means to represent vectors
which are different from a simple n-tuple of real numbers. In general, on a
manifold Mn, one can define a vector v tangent to the parameterized curve
φt at any point x on the curve. We motivate the definition of vector as
follows.

A flow φt(p) = (xj
t (p)) on an n-dimensional manifold Mn is described

by the system of ordinary differential equations,

dxj
t

dt
= vj(x1

t , . . . , x
n
t ), (j = 1, . . . , n), (1.8)

with the initial condition, φ0 = p. The one-to-one correspondence between
the tangent vector v = (vj) to Mn at x and the first order differential

7The present formulation is relevant to the time before a spontaneous formation of
singularity (if any).
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operator
∑

j vj(x)∂/∂xj , mediated by (1.8) and the n-dimensional version
of (1.6), implies the following representation,

v(x) :=
∑

j

vj(x)
∂

∂xj
, (1.9)

which defines the vector field v(x) as a differential operator vj(x)∂/∂xj .
In fact, with a local coordinate patch (U, xU ) in the neighbor-

hood of a point p, a curve will be described by n differentiable func-
tions (x1

U (t), . . . , xn
U (t)). The tangent vector at p is described by vU =

(ẋ1
U (0), . . . , ẋn

U (0)) where ẋ(0) = dx/dt|t=0. If p also lies in the coordinate
patch (V, xV ), then the same tangent vector is described by another n-tuple
vV = (ẋ1

V (0), . . . , ẋn
V (0)). In terms of the transformation function (1.3) on

the overlapping domain which is now represented by xi
V = xi

V (xj
U ), the two

sets of tangent vectors are related by the chain rule,

vi
V =

dxi
V

dt

∣∣∣∣
t=0

=
∑

j

(
∂xi

V

∂xj
U

)
dxj

U

dt

∣∣∣∣
t=0

=
∑

j

(
∂xi

V

∂xj
U

)
vj

U . (1.10)

This suggests a transformation law of a tangent vector. Owing to this
transformation, the definition (1.9) of a vector v is frame-independent,
i.e. independent of local coordinate basis. In fact, by the transformation
xi

V = xi
V (xj

U ), we obtain

∑
j

vj
U

∂

∂xj
U

=
∑

j

vj
U (x)

∑
i

(
∂xi

V

∂xj
U

)
∂

∂xi
V

=
∑

i

vi
V

∂

∂xi
V

. (1.11)

It is not difficult to see that the properties of the linear vector space are
satisfied by the representation (1.9).8 Usually, in the differential geometry,
no distinction is made between a vector and its associated differential oper-
ator. The vector v(x) thus defined at a point x ∈ Mn is called a tangent
vector.

1.3.3. Tangent space

Each one of the n operators ∂/∂xα (α = 1, . . . , n) defines a vector. The
αth vector ∂/∂xα (vα = 1 and vi = 0 for i �= α) is the tangent vector to
the αth coordinate curve parameterized by xα. This curve is described by

8It is evident from (1.9) that the sum of two vectors at a point is again a vector at that
point, and that the product of a vector by a real number is a vector.
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∂α

∂3

∂2

∂1

x α
= s

(a) (b)

R3

Fig. 1.8. (a) αth coordinate curve, (b) coordinate basis in R
3.

xα = s and xi = const for i �= α. Then the tangent vector ∂/∂xα for the αth
curve has components dxα/ds = 1 and dxi/ds = 0 for i �= α (Fig. 1.8(a)).
The n vectors ∂/∂x1, . . . , ∂/∂xn form a basis of a vector space, and this
base is called a coordinate basis (Fig. 1.8(b)). The basis vector ∂/∂xα is
simply written as ∂α. A tangent vector X is written in general as9

X = Xj∂j , or Xx = Xj(x)∂j .

If r = (r1, . . . , rN ) is a position vector in the euclidean space R
N and

Mn is a submanifold of R
N : Mn ⊂ R

N (n ≤ N), the vector ∂/∂xα is
understood as ∂α ≡ ∂/∂xα = ∂r/∂xα = (∂/∂xα) (r1, . . . , rN ), where ri =
ri(x1, . . . , xn).10

The tangent space is defined by a vector space consisting of all tangent
vectors to Mn at x and is written as TxMn.11 When the coefficients Xj

are smooth functions Xj(x) for x ∈ Mn, the X(x) is called a vector field.

1.3.4. Time-dependent (unsteady) velocity field

In most dynamical systems, a parameter t called the time plays a special
role, and the tangent vector v = (vj) is called the velocity. A velocity field is
said to be time-dependent, or unsteady, when vj depends on t (an integration
parameter) as well as space coordinates (Fig. 1.9). In the unsteady problem,
an additional coordinate x0 is introduced, and the n equations of (1.8) for

9The summation convention is used hereafter, i.e. the summation with respect to j is
understood for the pair of double indices like j without the summation symbol

∑
.

10The parameters (x1, . . . , xn) form a curvilinear coordinate system.
11It is useful in later sections to keep in mind that the tangent space TxMn is the usual
n-dimensional affine subspace of R

N .
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Fig. 1.9. Time-dependent velocity field.

vj ∈ R
n are replaced by the following (n + 1) equations,

dxj

dt
= vj(x0(t), x1(t), . . . , xn(t)), with v0 = 1, (1.12)

for j = 0, 1, . . . , n. It is readily seen that the newly added equation reduces
to x0 = t. Correspondingly, the tangent vector in the time-dependent case
is written as, using the tilde symbol,

ṽ := ṽi∂i = v0∂0 + vα∂α = ∂t + vα∂α, (1.13)

where the index α denotes the spatial components 1, . . . , n.12

1.4. Dynamical Trajectory

A fundamental space of the theory of dynamical systems is a fiber
bundle. How is the phase space of Hamiltonian associated with it?

1.4.1. Fiber bundle (tangent bundle)

In mechanics, a Lagrangian function L of a dynamical system of n degrees
of freedom is usually defined in terms of generalized coordinates q =
(q1, . . . , qn) and generalized velocities q̇ = (q̇1, . . . , q̇n) such as L(q, q̇),
while a Hamiltonian function is usually represented as H(q, p), where

12Nonvelocity tangent vector such as the Jacobi vector J̃ is written simply as J̃ = Jα∂α

(see the paragraph including (8.52) of §8.4).
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M1 fib
er

TqM 1= R 1q

Fig. 1.10. A tangent bundle TM1 for M1 (a curve).

p = (p1, . . . , pn) are generalized momenta. Is there any significant differ-
ence between the pairs of independent variables?

Suppose that q = (q1, . . . , qn) is a point in an n-dimensional manifold
Un, which is a coordinate patch of a manifold Mn and a portion of R

n,
and that q̇ = (q̇1, . . . , q̇n) is a tangent vector to Mn at q. The pair (q, q̇) is
an element of a tangent bundle, TMn. Namely, a tangent bundle TMn is
defined as the collection of all tangent vectors at all points of Mn (called a
base manifold).13 A schematic diagram of a tangent bundle TM is drawn
in Fig. 1.10 (see also Fig. 1.23 for a tangent bundle TS1).

Associated with any bundle space TM , a projection map π : TM → M

is defined by π(Q) = q, where Q ∈ TM, q ∈ M . On the other hand, the
inverse map π−1(q) represents all vectors v tangent to M = Mn (base
manifold) at q, i.e. a vector space TqM = R

n. It is called the fiber over q.
In this regard, the tangent bundle is also called a fiber bundle, or a vector
bundle14 (Fig. 1.11). Since π−1(Un) is topologically Un ⊗ R

n, the tangent
bundle is locally a product. However, this is not so in general (see [Fla63,
Ch. 2; Sch80, Ch. 2; NS83, Ch. 7]).

1.4.2. Lagrangian and Hamiltonian

The space of generalized coordinates q = (q1, . . . , qn) is called the config-
uration space in mechanics (also called a base space), whereas the space
(q, q̇) is called the tangent bundle, a mathematical term. The Lagrangian
L(q, q̇) is a function on the tangent bundle to Mn, namely L : TMn → R.
If we consider a specific trajectory q(t) in the configuration space with t as

13If a point of TMn is represented globally as (q, q̇), i.e. a global product bundle q⊗q̇, the
tangent bundle is called a trivial bundle. Note that the first n coordinates (q1, . . . , qn)
take their values in a portion Un ∈ R

n, whereas the second set (q̇1, . . . , q̇n) take any
value in R

n. Thus, the patch is of the form, Un ⊗ R
n.

14A fiber is not necessarily a simple vector. It takes, for example, even an element of Lie
algebra. See Chapter 9.
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Fig. 1.11. A fiber bundle TMn.

t0

t1

f (t)
f (t1)

Mn

Fig. 1.12. Dynamical trajectories.

the time parameter, then we have q̇ = dq/dt. Thus, the pair (q, q̇) has a
certain geometrical significance (Fig. 1.12).

Dynamical trajectory of the point q(t) is determined by the following
Lagrange’s equation of motion (see §7.1.1):

d
dt

(
∂L

∂q̇i

)
− ∂L

∂qi
= 0. (1.14)

The Hamiltonian function H(q, p) is defined by

H(q, p) =
∑

i

piq̇
i − L(q, q̇), (1.15)
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16 Geometrical Theory of Dynamical Systems and Fluid Flows

where pi is an ith component of the generalized momentum defined by

pi(q, q̇) :=
∂

∂q̇i
L(q, q̇). (1.16)

Change of variables from (q, q̇) for the Lagrangian L(q, q̇) to (q, p) for the
Hamiltonian H(q, p) has a certain significance more than a mere change of
coordinates. Consider a coordinate transformation from qU to qV by qV =
qV (qU ). Correspondingly, the change of velocity, q̇U → q̇V , is represented by

q̇i
V =

∑
k

∂qi
V

∂qk
U

q̇k
U . (1.17)

On the other hand, the generalized momentum is transformed as follows,

(pV )i =
∂

∂q̇i
V

L(qU , q̇U ) =
∑

k

∂q̇k
U

∂q̇i
V

∂L

∂q̇k
U

=
∑

k

∂q̇k
U

∂q̇i
V

(pU )k =
∑

k

∂qk
U

∂qi
V

(pU )k, (1.18)

since qU = qU (qV ) and therefore ∂qk
U/∂q̇i

V = 0 in the second equality, and
(1.17) is used to obtain the last equality since ∂q̇k

U/∂q̇i
V = ∂qi

U/∂qk
V . Thus,

it is found that the transformation matrix for p is the inverse of that of q̇.
The expression (1.17) represents the transformation law of vectors and

characterizes the tangent bundle, while the expression (1.18) characterizes
the transformation law of covectors (see §1.5.2). The two transformation
laws imply that the product

∑
i piq̇

i would be a scalar, an invariant under
a coordinate transformation, since

∑
i(pV )iq̇

i
V =

∑
i(pU )iq̇

i
U can be shown.

A covector and a vector are associated with each other by means of a metric
tensor (see §1.5.2).

1.4.3. Legendre transformation

Mathematically, the change q̇ → p is interpreted as a Legendre transfor-
mation (e.g. [Arn78, §14]). Consider a function l(x) of a single variable x,
where l′′(x) > 0, i.e. l(x) is convex. Let p be a given real number and define
the function h(x, p) = px − l(x). The function h(x, p) has a maximum with
respect to x at a point x∗(p). The point x∗ is determined uniquely by the
condition, ∂h/∂x = p − l′(x∗) = 0, since l′(x) is a monotonically increasing
function by the convexity (Fig. 1.13). Thus, p = l′(x∗). If we write x = q̇, the
relation p = l′(x) is equivalent to (1.16) as far as the variable q̇ is concerned.
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l(
x)

px

x
x*(p)

h (x*, p) = px* – l (x*)

Fig. 1.13. Legendre transformation.

By the Legendre transformation, the Lagrangian L(q, q̇) on a vector
space is transformed to the Hamiltonian H(q, p) on the dual space, defined
by (1.15) and (1.16). In mechanics, the space (q, p) is called the phase space.
The equations of motion in the phase space are derived as follows:

dH(q, p) =
∑

i

(
∂H

∂qi
dqi +

∂H

∂pi
dpi

)
. (1.19)

On the other hand, taking the differential of the right-hand side of (1.15)
and using (1.16), we obtain

d

(∑
i

piq̇
i − L(q, q̇)

)
=

∑
i

(
pidq̇i + q̇idpi − ∂L

∂qi
dqi − ∂L

∂q̇i
dq̇i

)

=
∑

i

(
− ∂L

∂qi
dqi + q̇idpi

)
. (1.20)

Equating the right sides of the above two equations, we obtain the following
Hamilton’s equations of motion,

dqi

dt
=

∂H

∂pi
,

dpi

dt
= −∂H

∂qi
, (1.21)

since dpi/dt = ∂L/∂qi by using (1.16) and Lagrange’s equation
of motion (1.14). By using (1.21), one can show that H(q, p) is
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18 Geometrical Theory of Dynamical Systems and Fluid Flows

invariant:

d
dt

H =
∂H

∂qi
q̇i +

∂H

∂pi
ṗi =

∂H

∂qi

∂H

∂pi
− ∂H

∂pi

∂H

∂qi
= 0,

where ∂H/∂t is assumed.

1.5. Differential and Inner Product

A basic tool of a dynamical system is a metric. How are vectors and
covectors related to it?

1.5.1. Covector (1-form)

Differential df of a function f on Mn is defined by df [v] := vf and is
regarded as a linear functional TxMn → R for any vector v ∈ E = TxMn.
In local coordinates, we have v = vj∂j . Using (1.9), we obtain

df [v] = df [vj∂j ] = vf =
∑

j

vj(x)
∂f

∂xj
. (1.22)

This is a basis-independent definition (see (1.11)). The differential df [vj∂j ]
is linear with respect to the scalar coefficient vj . In particular, if f is the
coordinate function xi, we obtain

dxi[v] = dxi[vj∂j ] = vj dxi

[
∂

∂xj

]
= vj ∂xi

∂xj
= vjδi

j = vi (1.23)

by replacing f with xi. Namely the operator dxi reads off the ith component
of any vector v (Fig. 1.14). It is seen that15

dxi[∂j ] = δi
j .

v = (v1, ···, v
n) dxi v i

v = (v1, ···, v
n) � �[v] = aiv

i

Fig. 1.14. 1-forms: dxi and α = aidxi.

15The symbols δij , δij and δi
j are identity tensors of rank 2, i.e. second order covariant,

second order contravariant and mixed (first order covariant and first order contravariant)
unit tensor, respectively (see §1.10).
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Thus, the n functionals dxi (i = 1, . . . , n) yield the dual bases correspond-
ing to the coordinate bases (∂1, . . . , ∂n) of a vector space TxMn, in the
sense described below. The dual bases (dx1, . . . ,dxn) form a dual space
(TxMn)∗. The most general linear functional, α : TxMn → R, is expressed
in coordinates as

α := a1dx1 + · · · + andxn. (1.24)

The α is called a covector, or a covariant vector, or a differential one-form
(1-form),16 and is an element of the cotangent space E∗ = (TxMn)∗. Corre-
sponding to the covariant vector α, the vector v is also called a contravari-
ant vector. Given a contravariant vector v = vj∂j , the 1-form α ∈ E∗ takes
the value,

α[v] =
∑

i

ai dxi[vj∂j ] = aiv
i. (1.25)

Correspondingly, a contravariant vector v ∈ E can be considered as a linear
functional on the covariant vectors with the definition of the same value
as (1.25)17:

v[α] ≡ α[v] = aiv
i. (1.26)

When the coefficients ai are smooth functions ai(x), the α is a 1-form field
and an element of the cotangent bundle (TMn)∗.

Appendix B describes exterior forms, products and differentials in some
detail. A function f(x) on x ∈ Mn is a zero-form. Differential of a function
f(x) is a typical example of the covector (1-form):

df =
∂f

∂xi
dxi = ∂if dxi, ∂if =

∂f

∂xi
, (1.27)

where dxi is a basis covector and ∂f/∂xi is its component. This form holds
in any manifold. In the next subsection, a vector grad f is defined as one
corresponding to the covector df .

16The differential one-form is called also Pfaff form, and the equation a1dx1 + · · · +
andxn = 0 is called Pfaffian equation on Mn. See Appendix K.
17In Eqs. (1.25) and (1.26), the Einstein’s summation convention is used, i.e. a summa-
tion is implied over a pair of double indices (i in the above cases) appearing in a lower
(covariant) and an upper (contravariant) index in a single term, and is used henceforth.
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1.5.2. Inner (scalar) product

Let the vector space TxMn be endowed with an inner (scalar) product
〈·, ·〉. For each pair of vectors X, Y ∈ TxMn, the inner product 〈X, Y 〉 is
a real number, and it is bilinear and symmetric with respect to X and Y .
Furthermore, the 〈X, Y 〉 is nondegenerate in the sense that

〈X, Y 〉 = 0 for ∀Y ∈ TxMn, only if X = 0.

Writing X = Xi∂i and Y = Y j∂j , the inner product is given by

〈X, Y 〉 := gijX
iY j , (1.28)

where

gij := 〈∂i, ∂j〉 = gji (1.29)

is the metric tensor. If it happens that the tensor is the unit matrix,

gij = δij , i.e. g = (δij) = I, (1.30)

we say that the metric tensor is the euclidean metric, where δij is the
Kronecker’s delta: δij = 1 (if i = j), 0 (if i �= j).

By definition, the inner product 〈A, X〉 is linear with respect to X

when the vector A is fixed. Then the following α-operation on X, α[X] =
〈A, X〉, is a linear functional: α = 〈A, ·〉. In other words, to each vector
A = Aj∂j , one may associate a covector α. By definition, α[X] = gijA

jXi =
(gijA

j)Xi. On the other hand, for a covector of the form (1.24), one has
α[X] = ai dxi[X] = aiX

i, in terms of the basis dxi. Thus one obtains

ai = gijA
j = gjiA

j =: Ai, (1.31)

which defines a covector Ai, and the component ai is given by gijA
j and

written as Ai using the same letter A. The covector α = Aidxi = (gijA
j)dxi

is called the covariant version of the vector A = Aj∂j . In tensor analysis,
Eq. (1.31) is understood as indicating that the upper index j is lowered by
means of the metric tensor gij . In other words, a covector Ai is obtained by
lowering the upper index of a vector Aj by means of gij . In summary, the
inner product is represented as

〈X, Y 〉 = gijX
iY j = XiYi = XjY

j . (1.32)



GEOMETRICAL THEORY OF DYNAMICAL SYSTEMS AND FLUID FLOWS - Revised Edition
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7418.html

November 11, 2009 14:41 WSPC/Book Trim Size for 9in x 6in b832-ch01

Manifolds, Flows, Lie Groups and Lie Algebras 21

On the other hand, a vector Aj is obtained by raising the lower index
of the covector Ai as

Aj = gjiAi, (1.33)

which is equivalent to solving Eq. (1.31) to obtain Aj . This is verified by
the property that the metric tensor g = (gij) is assumed nondegenerate,
therefore the inverse matrix g−1 must exist and is symmetric. The inverse is
written as g−1 =: (gji) in Eq. (1.33) using the same letter g. As an example,
we obtain the expression of the vector grad f as

(grad f)j = gji ∂f

∂xi
. (1.34)

1.6. Mapping of Vectors and Covectors

Dynamical development is a smooth sequence of maps from one state
to another with respect to a parameter “time”. Here we consider
general rules of mappings (transformations).

1.6.1. Push-forward transformation

Let φ : Mn → V r be a smooth map. In addition, let us define the differential
of the map φ by φ∗ : TxMn → TyV r. In local coordinates, the map φ is
represented by a function F (x) as y = φ(x) = F (x), where x ∈ Mn and
y ∈ V r. Let p(t) be a curve on Mn with p(0) = p and ṗ(0) = X (a tangent
vector), where X ∈ TpM

n. The differential map φ∗ at p is defined by

Y = φ∗X(= F∗X) :=
d
dt

(F (p(t))|t=0. (1.35)

This is called a push-forward transformation (Fig. 1.15) of the velocity
vector X to the vector Y (the velocity vector of the image curve at F (p)).

X

�

x y

p p (t)
F(p)

Mn Vr

Y =�* X

F (p (t ))

Fig. 1.15. Push-forward transformation φ by a function y = F (x).
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(a) Let us consider the case n = r. Suppose that the transformation is given
by x �→ y = (F k(x)) within the same reference frame ∂k, and that the
tangent vector X = Xj∂j is mapped to Y = Y k∂k. Then the components
are transformed as (see §4.2.1)

Y k = (φ∗X)k =
(

∂F k

∂xj

)
Xj . (1.36)

(b) Next, consider a transformation between two basis vectors for n = r

again. The transformation φ∗ applies to the basis vectors ∂/∂xj , and we
have

Y = φ∗X = φ∗

[
Xj ∂

∂xj

]
= Xjφ∗

[
∂

∂xj

]
= Xj ∂yk

∂xj

∂

∂yk
= Y k ∂

∂yk
. (1.37)

The components of Y are given by

Y k =
∂yk

∂xj
Xj = Jk

j Xj , Jk
j :=

∂yk

∂xj
. (1.38)

This is also written as Y = JX, where J = (Jk
j ).

In particular, setting Xi = 1 (for an integer i) and others as zero in
(1.37), it is found that the bases (∂/∂xi) are transformed as

φ∗

[
∂

∂xi

]
=

∂yk

∂xi

∂

∂yk
. (1.39)

If we write this in the form,

∂

∂yk
= Bi

k

∂

∂xi
, (1.40)

the matrix Bi
k = ∂xi/∂yk is the inverse of J since

BJ =
∂xi

∂yk

∂yk

∂xj
=

∂xi

∂xj
= δi

j = I. (1.41)

A physical example of the transformations (a) and (b) is seen in §4.2.1 for
rotations of a rigid body. Equation (1.39) is also written as

φ∗

[
∂

∂xi

]
f =

∂yk

∂xi

∂f

∂yk
=

∂

∂xi
f(φ(x)) ≡ ∂

∂xi
f ◦ φ(x). (1.42)

Writing as X = Xj(x)∂/∂xj ,

φ∗X[f ] = X[f ◦ φ]. (1.43)

(c) A manifold Mn is called a submanifold of a manifold V r (where n < r)
provided that there is a one-to-one smooth mapping φ : Mn → V r in
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which the matrix J has (maximal) rank n at each point. We refer to φ as
an imbedding or an injection. This appears often when V = R

r so that we
consider submanifolds of an euclidean space R

r.

1.6.2. Pull-back transformation

Corresponding to the push-forward φ∗, one can define the pull-back φ∗,
which is the linear transformation taking a covector at y back to a covector
at x, i.e. φ∗ : (TyV )∗ → (TxM)∗. Suppose that a vector X at x ∈ M is
transformed to Y = φ∗(X) at y = φ(x) ∈ V , then the pull-back φ∗ of a
covector α (one-form) is defined, using the push-forward φ∗(X), by

(φ∗α)[X] := α[φ∗(X)], (1.44)

for any one-form α = Aidyi. This defines an invariance of the pull-back
transformation. Namely, the value of the covector α = Aidyi at the vector
Y = φ∗X (in V ) is equal to the value of the pull-back covector φ∗α at the
original vector X (in M).

Note that, owing to dxi[∂j ] = δi
j , one has

α

[
∂

∂yk

]
= Aidyi

[
∂

∂yk

]
= Ak. (1.45)

Writing

φ∗α = ai dxi, (1.46)

one obtains ai = φ∗α[∂/∂xi], and furthermore one can derive the following
transformation of the components of covectors by using (1.39) and (1.45):

ai = φ∗α

[
∂

∂xi

]
= α

[
φ∗

∂

∂xi

]
= α

[
∂yk

∂xi

∂

∂yk

]

=
∂yk

∂xi
α

[
∂

∂yk

]
= Ak

∂yk

∂xi
. (1.47)

Thus, using Jk
i of (1.38), we have the transformation law,

ai = AkJk
i . (1.48)

Substituting the expression Akdyk for α in (1.46) and using (1.47), we have

φ∗(Akdyk) = Ak
∂yk

∂xj
dxj . (1.49)
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�

�*

Mn Vr

x

�* f (x)
f ( y)

y = �(x)

Fig. 1.16. Pull-back of a function f(y) to (φ∗f)(x).

Setting Ai (only) = 1 (the other components being zero) as before (for an
integer k), it is found that the bases (dyi) are transformed as

φ∗[dyi] =
∂yi

∂xj
dxj . (1.50)

The pull-back of a function f(y) (Fig. 1.16) is given by

(φ∗f)(x) = f(φ(x)),

where a scalar function f(y) is a zero-form. If one sets Ai = ∂f/∂yi in
(1.49), Eq. (1.49) expresses invariance of the differential:

φ∗(df)y = φ∗
[(

∂f

∂yi

)
dyi

]
=

(
∂f

∂yi

) (
∂yi

∂xj

)
dxj

=
(

∂f

∂xj

)
dxj = (df)x.

Based on this invariance, the general pull-back formula is defined for the
integral of a form (covector) α over a curve φ(σ) as∫

φ(σ)
α =

∫
σ

φ∗α, (1.51)

where φ : σ ⊂ M → φ(σ) ⊂ V . Namely, the integral of a form α over the
image φ(σ) is the integral of the pull-back φ∗α over the original σ. See the
next section 1.6.3 for M = V , and Appendix B.7 for an integral of a general
form α.

1.6.3. Coordinate transformation

Change of coordinate frame can be regarded as a mapping y = y(x) : x ∈
Un → y ∈ V n, where (Un, x) and (V n, y) are two identical coordinate
patches. A same vector is denoted by X = (Xj) in Un and by Y = (Y k)
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in V n. Transformation of the components of the same vector X = Y is
described by Eq. (1.38) (using W in place of J):

Y k = W k
j Xj , W k

j =
∂yk

∂xj
, (1.52)

which is equivalent to (1.17). Correspondingly, transformation of bases is
described by (1.39):

∂

∂xj
= W k

j

∂

∂yk
, or

∂

∂yk
= (W−1)j

k

∂

∂xj
, (1.53)

where W = (W k
j ). It is easy to see the identity: Y k∂/∂yk = Xj∂/∂xj .

The transformation (1.18) corresponds to Eq. (1.48) which describes the
transformation of components of a covector. Solving (1.48) for Ak, we obtain

Ak = ai (W−1)i
k. (1.54)

Thus, we find the invariance of inner product:

AkY k = ai(W−1)i
kW k

j Xj = aiδ
i
jX

j = aiX
i. (1.55)

1.7. Lie Group and Invariant Vector Fields

Dynamical evolution of a physical system is described by a trajectory
over a manifold, which is often represented by a space of Lie group,
a symmetry group of the system. This and the following section are a
concise account of some aspects of the theory of Lie group and Lie
algebra related to the present subject.

We consider various Lie groups associated with various physical systems
below. In abstract terms, a set G of smooth transformations (maps) of a
manifold M into itself is called a group, provided that (i) with two maps
g, h ∈ G, the product gh = g ◦ h belongs to G : G × G → G, (ii) for every
g ∈ G, there is an inverse map g−1 ∈ G. From (i) and (ii), it follows that
the group contains an identity map id, which is often called unity denoted
by e. Thus, gg−1 = g−1g = e.

A Lie group is a group which is a differentiable manifold, for which the
operations (i) and (ii) are differentiable. Some lists of typical Lie groups
are given in Appendix C. A Lie group always has two families of diffeomor-
phisms, the left and right translations. Namely, with a fixed element h ∈ G,

Lh(g) = hg (or Rh(g) = gh), for any g ∈ G,
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where Lh (or Rh) denotes the left- (or right-) translation of the group onto
itself, respectively. Note that Lg(h) = Rh(g) = gh. The operation inverse
to Lh (or Rh) is simply Lh−1 (or Rh−1), respectively.

Suppose that gt is a curve on G described in terms of a parameter t.
The left translation of gt by g∆t for an infinitesimal ∆t is given by g∆t ◦ gt.
Hence the t-derivative is expressed as

ġt = lim
∆t→0

gt+∆t − gt

∆t
= X ◦ gt, X = lim

∆t→0

g∆t − id

∆t
, (1.56)

where id denotes the identity map. Thus, the left-translation leads to the
right-invariant vector field [AzIz95] in the sense defined just below. Simi-
larly, the right-translation leads to the left-invariant vector field. The ġt is
said to be a tangent vector at a point gt.

A vector field XL, or XR on G is left-invariant, or right-invariant, if
it is invariant under all left-translations, or right-translations respectively,
namely for all g, h ∈ G, if

(Lh)∗X
L
g = XL

hg, or (Rh)∗X
R
g = XR

gh, (1.57)

respectively. Given a tangent vector X to G at e, one may left-translate or
right-translate X to every point g ∈ G as

XL
g = (Lg)∗X = g ◦ X = gX, (1.58)

XR
g = (Rg)∗X = X ◦ g = Xg, (1.59)

respectively. It is readily seen from (1.59) that (Rh)∗X
R
g = XR

gh, hence the
transformation (1.59) gives a right-invariant field generated by X. Similarly,
the transformation (1.58) gives a left-invariant field.

Consider a curve ξt : t ∈ R → G with the tangent ξ̇0 = X at t = 0.
The left-invariant field is given by XL

s = (d/dt)(gs ◦ ξt)|t=0 for gs ∈ G

(s: a parameter), whereas the right-invariant vector field is represented by
XR

s = (d/dt)(ξt ◦ gs)|t=0. Examples of such invariant fields are given by
(3.86) and (3.87) in §3.7.3.

The left-translation (Lg)∗X is understood as a transformation of a vec-
tor X located at x under the push-forward to gX at g(x) (Fig. 1.17(a)).
On the other hand, the right-translation (Rg)∗X = X ◦ g (x) is understood
as follows: first let the map g act on the point x and then the vector X is
taken at the point g(x) (Fig. 1.17(b)). This is something like a change of
variables when g is an element of a transformation group.
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a

x

x
b

X

X

ga
g

g

g*X

gb

g · �t

�t · g

X · g

�t

�t

(a) (b)

Fig. 1.17. (a) Left- and (b) Right-translation of a vector field X.

For two right-invariant tangent vectors XR
g and Y R

g , the metric (1.28)
is called right-invariant if

〈XR
g , Y R

g 〉 = 〈Xe, Ye〉.

Similarly, the metric is left-invariant if 〈XL
g , Y L

g 〉 = 〈Xe, Ye〉 for left-
invariant vectors, XL

g , Y L
g . Examples of the left-invariant field are given

in Chapters 4 and 9.

1.8. Lie Algebra and Lie Derivative

1.8.1. Lie algebra, adjoint operator and Lie bracket

Every pair of vector fields defines a new vector field called the Lie bracket
[·, ·]. More precisely, the tangent space TeG at the identity e of a Lie group
G is called the Lie algebra g of the group G. The Lie algebra g (= TeG) is
equipped with the bracket operation [·, ·] of bilinear skew-symmetric pair-
ing, [·, ·] : g×g → g, defined below. The bracket satisfies the Jacobi identity,

[[X, Y ], Z] + [[Y, Z], X] + [[Z, X], Y ] = 0, (1.60)

for any triplet of X, Y, Z ∈ g.
Any element of the Lie algebra X ∈ g defines a one-parameter subgroup

(Appendix C.2, Eq. (C.4)):

ξt = exp[tX] = e + tX +
1
2!

t2X2 + O(t3), X ∈ g (1.61)

where ξt is a curve t → G with the tangent ξ̇0 = X ∈ g at t = 0. In this
sense, the element X is called an (infinitesimal) generator of the subgroup.
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A Lie group G acts as a group of linear transformations on its own Lie
algebra g. Namely for ∀g ∈ G, there is an operator Adg, such that

AdgY := (Lg)∗ ◦ (Rg−1)∗Y = gY g−1, (1.62)

for ∀Y ∈ g.18 The operator Adg transforms Y ∈ g into AdgY ∈ g linearly
(Fig. 1.18). The set of all such Adg, i.e. Ad(G), is called the adjoint repre-
sentation of G, an adjoint group. Setting g with the inverse ξ−1

t := (ξt)−1,
the adjoint transformation Adξ−1

t
Y is a function of t. Its derivative with

respect to t is a linear transformation from Y to adXY defined by

d
dt

(Adξ−1
t

Y ) = adXY =
d
dt

ξ−1
t Y ξt

∣∣∣∣
t=0

:= [X, Y ]. (1.63)

This defines the Lie bracket [X, Y ].19 Its explicit expression depends on
each group or each dynamical system considered. It can be shown that the
bracket [X, Y ] thus introduced satisfies all the properties required for the
Lie bracket in each example considered below. The bracket operation is
usually called the commutator. The adX is a linear transformation, g → g,

e

AdgY
Y

g

g*Y

g · �s�s

g · �s· g–1

Fig. 1.18. Adjoint transformation AdgY , where Y = dηs/ds|s=0 and AdgY =
(d/ds)(g ◦ ηs ◦ g−1)|s=0.

18g is the Lie algebra and g is an element of the group G. The operator gY g−1 may be
better written as the push-forward notation, g∗Y g−1.
19Most textbooks in mathematics adopt this definition. Arnold [Arn66; Arn78] uses the
definition of its opposite sign which is convenient for physical systems related to rotation
group (see (1.64)) in Chapters 4 and 9, characterized with the left-invariant metric. In
fact, the difference between the left-invariant and right-invariant field, (1.58) and (1.59),
results in different signs of the Lie bracket of right- and left-invariant fields (see [AzIz95]).
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by the representation, Y → adXY = [X, Y ]. The operator adX stands for
the image of an element X under the linear ad-action.

1.8.2. An example of the rotation group SO(3)

Consider the rotation group G = SO(3). Any element A ∈ SO(3) is repre-
sented by a 3×3 orthogonal matrix (AAT = I) of det A = 1 (Appendix C),
where AT denotes transpose of A, i.e. (AT )i

k = Ak
i . Let K = (∂x, ∂y, ∂z)

be a cartesian right-handed frame. By the element A, the coordinate frame
K is transformed to another frame K ′ = (∂x′ , ∂y′ , ∂z′) = AK, and a point
X = (x, y, z) in K is transformed to X ′ = (x′, y′, z′) = WX by the rules in
§1.6.3, where W = (A−1)T . Then, we have the invariance X ′K ′ = XK:

X ′K ′ := (X ′)T K ′ = (WX)T AK = XT WT AK = XT A−1AK = XK.

Consider successive transformations A′ = A2A1, i.e. A1 followed by A2.
Then we have (X ′)T = XT (A2A1)−1 = XT A−1

1 A−1
2 , that is, the compo-

nents X evolve by the right-translation, resulting in the left-invariant vector
field (§1.6).20

Let ξ(t) be a curve (one-parameter subgroup) issuing from e = ξ(0) with
a tangent vector a = ξ̇(0) on the manifold of Lie group SO(3) (Fig. 1.19).
Then one has ξ(t) = exp[ta] = e+ ta+O(t2) for an infinitesimal parameter
(time) t, where a is an element of the algebra g (usually written as so(3))
and a skew-symmetric matrix due to the orthogonality of ξ(t) (App. C.3).

∂x�

∂z�

∂y�

a

∂x

∂z

∂y

Fig. 1.19. K = (∂x, ∂y , ∂z), K′ = ξ(t)K with e = ξ(0),a = ξ̇(0).

20The length of vector is also invariant by this transformation, i.e. isometry, since
〈X′, X′〉 = 〈X, (W T W )X〉 = 〈X, X〉, where W T W = (A−1)T A−1 = (AAT )−1 = I.
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Then, for a,∀b ∈ so(3), the operation ada : g → g is represented by

adab = [a,b] = −(ab − ba), (1.64)

where the minus sign in front of (ab − ba) is due to the definition (1.63).
This is verified as follows. Since ξ(t)−1 = exp[−ta] = (e− ta+ · · · ), we have

ξ(t)−1bξ(t) = (e − ta + · · · )b(e + ta + · · · )
= b − t(ab − ba) + O(t2). (1.65)

Its differentiation with respect to t results in Eq. (1.64).
In Chapter 4, we consider time trajectories over the rotation group

SO(3) such as ξ(t) with time t. In such a case, it is convenient to define the
bracket [a,b](L) for the left-invariant field defined as

[a,b](L) := −[a,b] = ab − ba = c. (1.66)

In Appendix C.4, it is shown that, for a,b ∈ so(3), c is also skew-symmetric,
and that the matrix equation ab−ba = c is equivalent to the cross-product
equation (C.14),

ĉ = â × b̂, (1.67)

where â, b̂ and ĉ are three-component (axial) vectors associated with the
skew-symmetric matrices a, b and c, respectively.

1.8.3. Lie derivative and Lagrange derivative

(a) Derivative of a scalar function f(x)
Suppose that a vector field X = Xi∂i is given on a manifold Mn. As
described in §1.2, with every such vector field, one can associate a flow, or
one-parameter group of diffeomorphisms ξt : Mn → Mn, for which ξ0 = id21

and (d/dt)ξtx|t=0 = X(x). A first order differential operator LX on a scalar
function f(x) on M (a function of coordinates x only) is defined as

LXf(x) :=
d
dt

(ξt)∗f(x)
∣∣∣∣
t=0

=
d
dt

f(ξtx)
∣∣∣∣
t=0

= Xi ∂

∂xi
f(x), (1.68)

(see (1.44) and below, and (1.5)). This defines the derivative LXf of a
function f (a zero-form) by the time derivative of its pull-back ξ∗

t f at
t = 0, where the point ξtx moves forward in accordance with the flow of

21The id is used here in order to emphasize that this is an identity map.
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sitting
fisherman

flow

x
x

�∆t x

�x
∆t f (x)    ⇐     f (x)

pull-back

∆ f (�∆t x)∆ (�x
∆t f )

Fig. 1.20. Fisherman’s derivative.

velocity X. Relatively observing, the pull-back ξ∗
t f is evaluated at x, and

its time derivative is defined by the Lie derivative. This is sometimes called
as a derivative of a fisherman [AK98] sitting at a fixed place x (Fig. 1.20).22

In fluid dynamics however, the same derivative is called the Lagrange
derivative, which refers to the third and fourth expressions,

Df

Dt
:=

d
dt

f(ξtx) = Xi ∂

∂xi
f(x).

Therefore we obtain that (D/Dt)f = LXf , which is valid for scalar func-
tions. But this does not hold for vectors, as shown in the next subsection.

In the unsteady problem, the right-hand side is written as (∂t +
Xi∂i)f(x, t). The Lagrange derivative is understood as denoting the time
derivative, with respect to the fluid particle ξtx moving with the flow, of
the function f(x, t).

(b) Derivatives of a vector field Y (x)
Now, suppose that we are given a second vector field Y (x) = Y i∂i, and
consider its time derivative along the X-flow generated by X(x). To that
end, let us denote the second Y -flow generated by Y (x) as ηs with η0 =
e = id. The first flow ξt transports the vector Y (x) in front of a fisherman
sitting at a point x. After an infinitesimal time t, the fluid particle at x

22The Lie derivative LX also acts on any form field α in the same way, (d/dt)(ξt)∗α as
(1.68). On the contrary, to a vector field Y , the Lie derivative is defined by (1.69) in terms
of the push-forward (ξt)∗. This definition is different from that of Arnold [1978, 1966]
by the sign, but consistent with the present definition of (1.63).
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will arrive at ξtx. We take the vector Y at this point ξtx and translate it
backwards to the original point x by the inverse map of the push-forward,
that is (ξt)−1Y (ξtx), in precise (ξt)−1

∗ Y (ξtx). Its time derivative is the Lie
derivative of a vector Y , given by

LXY := lim
t→0

ξ−1
t∗ Y (ξtx) − Y (x)

t
= lim

t→0
ξ−1
t∗

Y ξt − ξt∗Y

t

∣∣∣∣
x

= lim
t→0

1
t
(Y ξt − ξt∗Y ). (1.69)

The first expression is nothing but that of adXY (x) according to (1.63).
Thus we have

LXY =
d
dt

ξ−1
t∗ Y ξt

∣∣∣∣
t=0

= adXY = [X, Y ], (1.70)

where [X, Y ] is the Lie bracket (see (1.63)).
The last expression of (1.69) suggests another useful expression of [X, Y ],

which is given by

LXY = [X, Y ]:= lim
t→0,s→0

1
st

(ηsξt − ξtηs)

=
∂

∂t

∂

∂s
(ηsξt − ξtηs)

∣∣∣∣
t=0,s=0

. (1.71)

According to Appendix C, the two flows ξt and ηs generated by X and Y

can be written in the form [AK98, §2]:

ξt : x �→ x + tX(x) + O(t2), t → 0, (1.72)

ηs : x �→ x + sY (x) + O(s2), s → 0. (1.73)

Recalling that ηsξt(x) for diffeomorphisms is given by ηs(ξt(x)), i.e. the
composition rule, we have

ηsξt = e + tX + O(t2) + sY (ξt) + O(s2)

= e + tX + sY + stXj∂jY + O(t2, s2), (1.74)

where ξt = e+tX +O(t2). The expression of ξtηs is obtained by exchanging
the pairs (t, X) and (s, Y ). Thus finally, we have

ηsξt − ξtηs = st

(
Xj ∂Y

∂xj
− Y j ∂X

∂xj

)
+ O(st2, s2t). (1.75)
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The first term may be written as st[X, Y ] according to (1.71). Thus the
non-commutativity of two diffeomorphisms ξt and ηs is proportional
to [X, Y ], where

[X, Y ] = {X, Y } := {X, Y }k∂k, (1.76)

{X, Y }k := Xj ∂Y k

∂xj
− Y j ∂Xk

∂xj
(1.77)

and {X, Y } is the Poisson bracket. The degree of non-commutativity of
ξt and ηs is interpreted graphically in Fig. 1.21. According to the defini-
tion (1.70), by using the expression LX := Xi∂i, the Lie derivative of the
vector field Y with respect to X is given by

LXY = [X, Y ] = LXLY − LY LX = [LX , LY ] = L{X,Y }. (1.78)

If they commute, i.e. ξtηs = ηsξt, then obviously we have [X, Y ] = 0.
This suggests that the coordinate bases commute since the coordinate
curves are defined to intersect. In fact, for X = ∂α, Y = ∂β , we obtain
from (1.78)

[∂α, ∂β ] = ∂α∂β − ∂β∂α = 0. (1.79)

In general, we have

ξtηs − ηsξt = [X, Y ]st + O(st2, s2t).

If [X, Y ] = 0, then we obtain ξtηs − ηsξt = O(st2, s2t).

x

X

[ X, Y ]st + O (st2, s2t )

Y

�t x

�t�s x

�s�t x
�s x

t

s

Fig. 1.21. Graphic interpretation of [X, Y ] for infinitesimal s and t.
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In unsteady problem of fluid dynamics, the Lagrange derivative of the
vector Y = Y k(x, t)∂k is defined by

D
Dt

Y =
D
Dt

Y k(ξtx)∂k :=
∂Y k

∂t
∂k + Xj ∂Y k

∂xj
∂k. (1.80)

This derivative makes sense in the gauge-theoretical formulation described
in §7.5 and denotes the derivative following a fluid particle moving with the
velocity Xj∂j , whereas the Lie derivative characterizes a frozen field (see
the remark just below).

Remark. A vector field Y defined along the integral curve ξt generated
by the tangent field X is said to be invariant if Y (ξtx) = (ξt)∗Y (x). Sub-
stituting this in the previous expression of (1.69), it is readily seen that
LXY = 0, or rewriting it,

LXY =
(

Xj ∂Y i

∂xj
− Y j ∂Xi

∂xj

)
∂i = 0. (1.81)

In unsteady problem, Xj∂jY
i is also written as DY i/Dt given by the right-

hand side of (1.80). Then, using the operator D/Dt = ∂t +Xj∂j , the above
equation (1.81) becomes

D
Dt

Y = (Y j∂j)X. (1.82)

In fluid dynamics, the equation LXY = 0 is called the equation of frozen
field (Fig. 1.22).23 If we set φ = ξt in (1.37) together with X = Y (x) and
Y = Y (ξtx), then the equation Y (ξtx) = (ξt)∗Y (x), given by (1.69) and

flow

XY

x = �ox y = �t x

(�t)*Y Y ( y )

Fig. 1.22. Frozen field (ξt)∗Y (push-forward of Y ) coincides with Y (y) at y = ξtx.

23The Jacobi field Y (= J below) satisfies this equation (see §8.4).
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LXY = 0, represents the push-forward transformation. Therefore, writing
ξtx = yt(x), the solution of (1.82) is given by Eq. (1.38),

Y α(t) = Y j(0)
∂yα

t

∂xj
, (1.83)

which is called the Cauchy’s solution [Cau1816] in the fluid dynamics.

1.9. Diffeomorphisms of a Circle S1

A smooth sequence of diffeomorphisms is a mathematical concept of
a flow and the unit circle S1 is one of the simplest base manifolds
for physical fields.

Diffeomorphism of the manifold S1 (a unit circle in R
2, see Fig. 1.3) is

represented by a map g : x ∈ R
1 → g(x) ∈ R

1 (where g ∈ C∞) where
every point of x or g(x) is identified with x + 1 or g(x) + 1 respectively.24

Collection of all such maps constitutes a group D(S1) of diffeomorphisms
with the composition law:

h = g ◦ f, i.e. h(x) = g(f(x)) ∈ D(S1),

for f, g ∈ D(S1). The diffeomorphism is a map of infinite degrees of freedom
(i.e. having pointwise degrees of freedom). In Chapter 5, the diffeomorphism
is assumed to be orientation-preserving in the sense that g′(x) > 0, where
the prime denotes ∂/∂x.

Consider a flow ξt(x) which is a smooth sequence of diffeomorphisms
with the time parameter as t (see (1.72)). Its tangent field at ξt is defined by

ξ̇t(x) :=
d
dt

ξt(x)
∣∣∣∣
t

= lim
τ→0

ξτ (x) − id

τ
◦ ξt(x) = u(x) ◦ ξt(x),

in a right-invariant form. The tangent field X(x) at the identity (id) is given
by u(x) = dξt(x)/dt|t=0.

Alternatively, with the language of differentiable manifolds, the tangent
field X(x) is represented as

X(x) = u(x)∂x ∈ TS1, (1.84)

where TS1 is a tangent bundle (§1.3.1) over the manifold S1. The tan-
gent bundle TS1 allows a global product structure S1 × R

1 as shown in
Fig. 1.23(a). The figure (b) is obtained from (a) by cutting it along one

24By the map φ(x) = ei2πx, there is a perioditity φ(x + 1) = φ(x) for x ∈ R
1.
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a

R1( fiber)

R1( fiber)

R1

b

(a) (b)

a

b

0

a�

b�

1x

u (x)

S1

Fig. 1.23. Tangent bundle S1 × R
1 with the circle S1 and the fiber R

1.

fiber ab and developing it flat, where a′b′ is identified with ab. The solid
curve in the figure (b) describes a particular vector field u(x) on S1, which
is called a cross-section of the tangent bundle TS1.

If a′b′ is identified with ba by twisting the strip, then a Möbius band is
formed. The resulting fiber bundle is not trivial, i.e. not a product space
(see, e.g. [Sch80]). The Möbius band is a double-fold cover, i.e. two-sheeted
cover of the circle S1.

For two diffeomorphisms ξt and ηt corresponding to the vector fields
X and Y respectively, the Lie bracket (commutator) is given by (1.76)
and (1.77):

[X, Y ] = (uv′ − vu′)∂x, (1.85)

where X = u(x)∂x, Y = v(x)∂x ∈ TS1. This is sometimes called Witt
algebra [AzIz95].

1.10. Transformation of Tensors and Invariance

1.10.1. Transformations of vectors and metric tensors

We considered the transformations of vectors and covectors in §1.4 (see
also (1.10)) together with the invariance of the value of covectors based
on (1.44).
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Here, we consider a transformation and an invariant property of ten-
sors.25 Let M be an n-manifold with a Riemannian metric and covered
with a family of local (curvilinear) coordinate systems, {U : x1, . . . , xn},
{V : y1, . . . , yn}, . . . , where U, V, . . . are open sets (called patches) with
coordinates x, y, . . . . A point p ∈ U ∩ V , lying in two overlapping patches
U and V , has two sets of coordinates x(p) and y(p) which are related differ-
entiably by the functions yk(x):

yk
(p) = yk(x1

(p), . . . , x
n
(p)), k = 1, . . . , n.

In the corresponding tangent spaces, the vectors are represented as X =
Xi∂/∂xi ∈ TpU and Y = Y k∂/∂yk ∈ TpV . The coordinate bases are
transformed according to

∂

∂xi
=

∂yk

∂xi

∂

∂yk
= W k

i

∂

∂yk
, where W k

i =
∂yk

∂xi
, (1.86)

by the chain rule (in an analogous way to (1.39)), W k
i being the transfor-

mation matrix. Suppose that the components of the vectors are related by

Y k = W k
i Xi, (written as Y = WX), (1.87)

as is the case of the push-forward transformation (1.38), then the vectors
are invariant in the sense:

X = Xi ∂

∂xi
= XiW k

i

∂

∂yk
= Y k ∂

∂yk
= Y.

Equation (1.87) is the rule of transformation of vector components. In phys-
ical problems, the logic is reversed. The vector, like the velocity vector of a
particle, should be the same (may be written as X = Y ) in both coordinate
frames. Then the components must be transformed according to the rule
(1.87).

The metric tensor is defined by (1.29). According to the basis transfor-
mation (1.86), we obtain

gij(x) =
〈

∂

∂xi
,

∂

∂xj

〉
=

〈
W k

i

∂

∂yk
, W l

j

∂

∂yl

〉

= W k
i W l

j

〈
∂

∂yk
,

∂

∂yl

〉
= W k

i W l
jgkl(y). (1.88)

25See §3.11 for differentiation of tensors.
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This is the transformation rule of the tensor gij . Using (1.87) for the
transformation of two pairs (X, Y ) and (ξ, η) of tangent vectors, where
X, ξ ∈ TpU and Y, η ∈ TpV , we have the invariance of the inner product
G(ξ, X) with the transformation (1.88):

G(ξ, X) = 〈ξ, X〉(x) = gij(x)ξiXj = W k
i W l

jgkl(y)ξiXj

= gkl(y)ηkY l = 〈η, Y 〉(y), (1.89)

where Y k = W k
i Xi and ηl = W l

jξ
j .

1.10.2. Covariant tensors

The inner product G(ξ, X) in the previous section is an example of covariant
tensor of rank 2. In general, a covariant tensor of rank n is defined by

Q(n) : E1 × E2 × · · · × En → R,

a multilinear real-valued function of n-tuple vectors, written as
Q(n)(v1, . . . ,vn) which is linear in each entry vi (i = 1, . . . , n), where Ek is
the tangent vector space for the kth entry.

A covector α = aidxi on a vector v = vj∂j = vj∂/∂xj is an example of
Q(1), a covariant tensor of rank 1. In fact, we have α(v) = aiv

jdxi(∂j) =
aiv

i. An example of Q(2) is G(A, X) = gijA
iXj . Both were shown to be

invariant with the coordinate transformation (see §1.6.3 for α(v)).
In general, the values of Q(n) must be independent of the basis with

respect to which components of the vectors are expressed. In components,
we have

Q̄(n)(x) := Q(n)(v1(x), . . . ,vn(x)) = Q(n)(vk1
1 ∂k1 , . . . , v

kn
n ∂kn)

= Q
(n)
k1,...,kn

(x)vk1
1 · · · vkn

n

at x ∈ U , where

Q
(n)
k1,...,kn

(x) = Q(n)(∂/∂xk1 , . . . , ∂/∂xkn).

Considering that the bases are transformed according to (1.86) and Q(n) is
multilinear, we have the transformation rule,

Q
(n)
k1,...,kn

(x) = W l1
k1

· · ·W ln
kn

Q
(n)
l1,...,ln

(y). (1.90)

Owing to the transformation (1.87), it is obvious that we have the invari-
ance, Q̄(n)(x) = Q̄(n)(y), analogously to that below (1.87).
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From two covectors α = aidxi and β = bjdxj , one can form a covariant
tensor of rank 2 by the tensor product ⊗ as follows: α ⊗ β : E × E → R,
defined by

α ⊗ β(v,w) := α(v)β(w) = aidxi ⊗ bjdxj(v,w)

= Qklv
kwl, (1.91)

Qkl = Q(2)(∂k, ∂l) = aibjdxi ⊗ dxj(∂k, ∂l)

(see App. B.2) where v = vk∂k,w = wl∂l ∈ E.

1.10.3. Mixed tensors

A mixed tensor of rank 2 is defined by

M i
j(x) = M (2)

(
dxi,

∂

∂xj

)
,

which is a first order covariant and first order contravariant tensor.
According to (1.50), a 1-form base dxi is transformed as

dxi =
∂xi

∂yj
dyj = Ŵ i

j dyj , where Ŵ i
j := ∂xi/∂yj . (1.92)

Thus, using (1.86) and (1.92), we obtain the transformation rule of the
mixed tensor M :

M i
j(x) = W β

j Ŵ i
αMα

β (y). (1.93)

The transformation matrix Ŵ = ∂x/∂y is the inverse of W = ∂y/∂x, i.e.
Ŵ = W−1, since one can verify WŴ = I, i.e.

(WŴ )k
j =

∂yk

∂xβ

∂xβ

∂yj
=

∂yk

∂yj
= δk

j .

Let us consider such mixed tensors through several examples.

(i) Transformation: A mixed tensor M (2) of rank 2 arises from the matrix
of a linear transformation W = (W k

i ). In the coordinate patch V , taking a
covariant vector α = Aidyi ∈ E∗ (cotangent space, §1.5.1) and a contravari-
ant vector Y = Y k∂k ∈ E, the mixed tensor M (2) : E∗ × E → R is defined
by M (2)(α, Y ) ≡ α[Y ] = AiY

i. Next, consider the transformation φ and
its matrix W (= φ∗) : E(U) → E(V ), i.e. Y = WX defined by (1.86) and
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(1.87). The corresponding pull-back is given by φ∗α = aidxi (see (1.46)),
and the component ai is expressed by (1.47):

ai = Aj
∂yj

∂xi
= AjW

j
i . (1.94)

Thus, we have the invariance of the value of the mixed tensor as follows
(using Y j = W j

i Xi):

M
(2)
W (α, Y ) := α[Y ] = AjW

j
i Xi = aiX

i = φ∗α[X]. (1.95)

According to (1.93), the transformation of the tensor W = (Wα
β ) is

(W β
j Ŵ i

α) Wα
β = W i

j . Namely, the transformation of W is an identity:
W → W .

(ii) Vector-valued one-form: Next example of the mixed tensor is the tensor
product, M (2) = v⊗α : E∗ ×E → R, of a vector and a covector, defined by

M
(2)
V (β,w) := v ⊗ α(β,w) = vj∂j ⊗ aidxi(β,w)

= ∂j(β)vjaidxi(w) = bjM
j
i wi, (1.96)

where w = wi∂i, β = bidxi and M j
i = vjai. The value of the tensor v ⊗ α

on a vector X = Xi∂i takes the value of a vector (rather than a scalar) as
follows:

M
(2)
V (X) = v ⊗ α(X) = v ⊗ aidxi(X) = vaiX

i. (1.97)

In this sense, M
(2)
V = v ⊗ α is interpreted also as a vector-valued 1-form.

In particular, the following I is the identity mixed-tensor:

I := ∂i ⊗ dxi. (1.98)

In fact, we have

I(X) = I(Xα∂α) = ∂i ⊗ dxi(Xα∂α) = Xαδi
α∂i = X.

(iii) Covariant derivative: The third example is the covariant differentiation
∇, which is an essential building block in the differential geometry and also
in Physics, and investigated in the subsequent chapters as well.

Consider a vector X = Xk∂k and the transformation X = ŴY with
Ŵ k

i = ∂xk/∂yi. It may appear that, just like the tensor W k
i = ∂yk/∂xi,
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the derivative ∂Xk/∂xj is also a mixed tensor. But this is not the case. In
fact, we have

∂Xk

∂xj
=

∂

∂xj
Y αŴ k

α =
∂

∂xj

(
Y α ∂xk

∂yα

)

=
∂Y α

∂yβ

∂yβ

∂xj

∂xk

∂yα
+ Y α ∂2xk

∂yα∂yβ

∂yβ

∂xj
= W β

j Ŵ k
α

∂Y α

∂yβ
+ W β

j

∂2xk

∂yα∂yβ
Y α.

(1.99)

Only the first term follows the transformation rule (1.93), while the sec-
ond does not. In order to overcome this difficulty, the differential geometry
introduces the following linear operator ∇∂j

on the product of a scalar Xk

and a vector ∂k, defined by

∇∂j
(Xk∂k) = (∇∂j

Xk)∂k + Xα(∇∂j
∂α)

:=
∂Xk

∂xj
∂k + XαΓk

jα∂k, (1.100)

where Γk
ij is the Christoffel symbol, which can be represented in terms of

the derivatives of the metric tensors gαβ (see §2.4 and 3.3.2). From (1.100),
the following mixed tensor is defined:

Xk
;j :=

∂Xk

∂xj
+ Γk

jαXα. (1.101)

In fact, it can be verified that this tensor is transformed like a mixed tensor
according to Xk

;j(x) = Xα
;β(y)W β

j Ŵ k
α (see e.g. [Eis47]).

In order to write it in the form of a vector-valued 1-form just as (1.97),
it is useful to define

∇X = ∂k ⊗ (∇Xk), (1.102)

∇Xk = dXk + Γk
iαXαdxi =

∂Xk

∂xi
dxi + Γk

iαXαdxi = Xk
;idxi.

Then the value of ∇X on a vector v = vj∂j is found to be a vector, which
is given by

∇X(v) = ∂k ⊗ ∇Xk(vj∂j) = vj∇Xk(∂j)∂k

=
(

vj ∂Xk

∂xj
+ Γk

jαXαvj

)
∂k = vjXk

;j∂k. (1.103)

The operator ∇Xk is called a connection 1-form (see §3.5), and ∇X(v) is
called the covariant derivative of X with respect to the vector v.
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(iv) Riemann tensors: In the differential geometry, a fourth order tensor
called the Riemann’s curvature tensor plays a central role. This is defined
as Rl

ijk = ∂jΓl
ik − ∂kΓl

jl + Γl
jmΓm

ki − Γl
kmΓm

ji (see §2.4 and 3.9.2). It can be
verified (e.g. [Eis47]) that this tensor is transformed according to

Rl
ijk(x) = Rδ

αβγ(y)Ŵ l
δW

α
i W β

j W γ
k , (1.104)

showing that Rl
ijk is a mixed tensor of rank 4, the third order covariant

and the first order contravariant tensor.

(v) General mixed tensor: In general, a mixed tensor of rank n is defined by

M (n) : E∗
1 × · · · × E∗

q × E1 × · · · × Ep → R.

This is a p times covariant and q times contravariant tensor (p + q = n)
and a multilinear real-valued function of p-tuple vectors and q-tuple covec-
tors, written as M (n)(α1, . . . , αq, v1, . . . ,vp), which is linear in each entry
αi (i = 1, . . . , q) and vi (i = 1, . . . , p). The values of M (n) is indepen-
dent of the basis by which the components of the vectors are expressed. In
components, we have

M̂ (n)(x) = M (n)(α1, . . . , αq,v1, . . . ,vp) = a1k1 · · · aqkq
M

k1···kq

l1···lp vl1
1 · · · vlp

p ,

where αi = aikidxki , and vi = vli
i ∂li , and

M
k1···kq

l1···lp = M (n)(dxk1 , . . . ,dxkq , ∂l1 , . . . , ∂lp).

1.10.4. Contravariant tensors

In the second example (ii) of the mixed tensor, we obtained the expression,
M (2) = bjM

j
i wi. According to the rule (1.31) of §1.5.2, the lower-index

component bj is related to the upper-index component Bk (the vector coun-
terpart of bj) by means of the metric tensor gjk as bj = gjkBk. Similarly,
according to (1.33), the upper-index component wi is related with its cov-
ector counter part W = Wldxl as wi = gilWl by means of the inverse of
the metric tensor gil = (g−1)il. Hence, we have

M (2) = bjM
j
i wi = (gjkM j

i )Bkwi = (gilM j
i )bjWl. (1.105)

Thus it is found that a covariant tensor Mki of rank 2 is obtained by lowering
the upper index of the mixed tensor of rank 2:

Mki = gjkM j
i .
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Similarly, a contravariant tensor M jl of rank 2 is obtained by raising the
lower index:

M jl = gilM j
i .

In this way, we have found the equivalence:

M jlbjWl = M j
i bjw

i = MkiB
kwi.

In tensor analysis, one can use the same letter M for the derived tensors
by lowering or raising the indices by means of the metric tensor.

In general, a contravariant tensor of rank n is defined by

P (n) : E∗
1 × E∗

2 × · · · × E∗
n → R,

a multilinear real-valued function of n-tuple covectors, written as
P (n)(α1, . . . , αn) which is linear in each entry αi (i = 1, . . . , n). The values
of P (n) is independent of the basis. In components, we have

P̄ (n) = P (α1, . . . , αn) = a1k1 · · · ankn
P k1,...,kn ,

where

P k1,...,kn = P (dxk1 , . . . ,dxkn).

From the two vectors v = vi∂i and w = wj∂j , one can form a contravariant
tensor of rank 2 by the tensor product: v ⊗ w, defined by

v ⊗ w (dxi, dxj) := dxi(v) dxj(w) = viwj . (1.106)




