
GEOMETRICAL THEORY OF DYNAMICAL SYSTEMS AND FLUID FLOWS - Revised Edition
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7418.html

November 12, 2009 9:30 WSPC/Book Trim Size for 9in x 6in b832-fm

Contents

Preface to Revised Edition v

Preface to First Edition vii

I. Mathematical Bases

1. Manifolds, Flows, Lie Groups and Lie Algebras 3

1.1 Dynamical Systems . . . . . . . . . . . . . . . . . . . . . 3
1.2 Manifolds and Diffeomorphisms . . . . . . . . . . . . . . 4
1.3 Flows and Vector Fields . . . . . . . . . . . . . . . . . . . 8

1.3.1 A steady flow and its velocity field . . . . . . . . . 8
1.3.2 Tangent vector and differential operator . . . . . . 10
1.3.3 Tangent space . . . . . . . . . . . . . . . . . . . . 11
1.3.4 Time-dependent (unsteady) velocity field . . . . . 12

1.4 Dynamical Trajectory . . . . . . . . . . . . . . . . . . . . 13
1.4.1 Fiber bundle (tangent bundle) . . . . . . . . . . . 13
1.4.2 Lagrangian and Hamiltonian . . . . . . . . . . . . 14
1.4.3 Legendre transformation . . . . . . . . . . . . . . 16

1.5 Differential and Inner Product . . . . . . . . . . . . . . . 18
1.5.1 Covector (1-form) . . . . . . . . . . . . . . . . . . 18
1.5.2 Inner (scalar) product . . . . . . . . . . . . . . . . 20

1.6 Mapping of Vectors and Covectors . . . . . . . . . . . . . 21
1.6.1 Push-forward transformation . . . . . . . . . . . . 21

xi



GEOMETRICAL THEORY OF DYNAMICAL SYSTEMS AND FLUID FLOWS - Revised Edition
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7418.html

November 12, 2009 9:30 WSPC/Book Trim Size for 9in x 6in b832-fm

xii Geometrical Theory of Dynamical Systems and Fluid Flows

1.6.2 Pull-back transformation . . . . . . . . . . . . . . 23
1.6.3 Coordinate transformation . . . . . . . . . . . . . 24

1.7 Lie Group and Invariant Vector Fields . . . . . . . . . . . 25
1.8 Lie Algebra and Lie Derivative . . . . . . . . . . . . . . . 27

1.8.1 Lie algebra, adjoint operator and Lie bracket . . . 27
1.8.2 An example of the rotation group SO(3) . . . . . 29
1.8.3 Lie derivative and Lagrange derivative . . . . . . . 30

1.9 Diffeomorphisms of a Circle S1 . . . . . . . . . . . . . . . 35
1.10 Transformation of Tensors and Invariance . . . . . . . . . 36

1.10.1 Transformations of vectors and metric tensors . . 36
1.10.2 Covariant tensors . . . . . . . . . . . . . . . . . . 38
1.10.3 Mixed tensors . . . . . . . . . . . . . . . . . . . . 39
1.10.4 Contravariant tensors . . . . . . . . . . . . . . . . 42

2. Geometry of Surfaces in R
3 44

2.1 First Fundamental Form . . . . . . . . . . . . . . . . . . 44
2.2 Second Fundamental Form . . . . . . . . . . . . . . . . . 49
2.3 Gauss’s Surface Equation and an Induced Connection . . 51
2.4 Gauss–Mainardi–Codazzi Equation and Integrability . . . 53
2.5 Gaussian Curvature of a Surface . . . . . . . . . . . . . . 55

2.5.1 Riemann tensors . . . . . . . . . . . . . . . . . . . 55
2.5.2 Gaussian curvature . . . . . . . . . . . . . . . . . 57
2.5.3 Geodesic curvature and normal curvature . . . . . 58
2.5.4 Principal curvatures . . . . . . . . . . . . . . . . . 59

2.6 Geodesic Equation . . . . . . . . . . . . . . . . . . . . . 62
2.7 Structure Equations in Differential Forms . . . . . . . . . 63

2.7.1 Smooth surfaces in R
3 and integrability . . . . . . 63

2.7.2 Structure equations . . . . . . . . . . . . . . . . . 65
2.7.3 Geodesic equation . . . . . . . . . . . . . . . . . . 67

2.8 Gauss Spherical Map . . . . . . . . . . . . . . . . . . . . 68
2.9 Gauss–Bonnet Theorem I . . . . . . . . . . . . . . . . . . 69
2.10 Gauss–Bonnet Theorem II . . . . . . . . . . . . . . . . . 71
2.11 Uniqueness: First and Second Fundamental Tensors . . . 73

3. Riemannian Geometry 76

3.1 Tangent Space . . . . . . . . . . . . . . . . . . . . . . . . 76
3.1.1 Tangent vectors and inner product . . . . . . . . . 76
3.1.2 Riemannian metric . . . . . . . . . . . . . . . . . . 77



GEOMETRICAL THEORY OF DYNAMICAL SYSTEMS AND FLUID FLOWS - Revised Edition
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7418.html

November 12, 2009 9:30 WSPC/Book Trim Size for 9in x 6in b832-fm

Contents xiii

3.1.3 Examples of metric tensor . . . . . . . . . . . . . . 78
3.2 Covariant Derivative (Connection) . . . . . . . . . . . . . 79

3.2.1 Definition . . . . . . . . . . . . . . . . . . . . . . . 79
3.2.2 Time-dependent case . . . . . . . . . . . . . . . . 80

3.3 Riemannian Connection . . . . . . . . . . . . . . . . . . . 81
3.3.1 Definition . . . . . . . . . . . . . . . . . . . . . . . 81
3.3.2 Christoffel symbol . . . . . . . . . . . . . . . . . . 82

3.4 Covariant Derivative along a Curve . . . . . . . . . . . . 82
3.4.1 Derivative along a parameterized curve . . . . . . 82
3.4.2 Parallel translation . . . . . . . . . . . . . . . . . . 83
3.4.3 Dynamical system of an invariant metric . . . . . 83

3.5 Structure Equations . . . . . . . . . . . . . . . . . . . . . 84
3.5.1 Structure equations and connection forms . . . . . 84
3.5.2 Two-dimensional surface M2 . . . . . . . . . . . . 87
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