Chapter 1

Bernstein-Type Operators of One
Complex Variable

In the Sections 1.1-1.4 first we obtain the exact degrees in approximation of analytic
functions in compact disks by complex Bernstein polynomials and their Butzer’s lin-
ear combination and in generalized Voronovskaja’s results. These sections include
approximation results on compact sets in C for the so-called Bernstein-Faber poly-
nomials and their Butzer’s linear combination in compact Faber sets. Convergence
results on compact disks for the iterates of B, (f)(z) connected with the theory of
the semigroups of operators and shape preserving properties of these iterates (in the
sense that beginning with an index they preserve some properties of f in Geometric
Function Theory, like the starlikeness, convexity and spirallikeness) also are proved.

Then in the next Sections 1.5-1.10 some similar properties for the complex
g-Bernstein polynomials, Bernstein-Stancu polynomials, Bernstein-Kantorovich
polynomials, Favard-Szasz-Mirakjan operators, Baskakov operators and Baldzs-
Szabados operators are obtained.

For all kinds of Bernstein operators, the exact degrees of approximation mainly
are obtained by three steps : 1) upper estimates ; 2) quantitative Voronovskaja-type
formula ; 3) lower estimates by using step 2.

1.0 Auxiliary Results in Complex Analysis

In order to make the book more self-contained, in this section we briefly present
the main known results and methods in Complex Analysis we use in our study.
The first one is called Vitali’s theorem and can be stated as follows.

Theorem 1.0.1. (Vitali, see e.g. Kohr-Mocanu [118], p. 112, Theorem 3.2.10) Let
Q be a domain in C and F C Q) a set having at least one accumulation point in Q.
If the sequence (fn)nen of analytic functions in Q is bounded in each compact in
and (fn(2))n is convergent for any z € F, then (fn)nen s uniformly convergent in
any compact of §2.

In our applications, in general Q@ = D = {z € C;|z] < R} with R > 1, F is
a segment included in Dg and the compact subsets considered will be the closed
disks D, = {z € C;|2| <r} with 1 <r < R.

1

APPROXIMATION BY COMPLEX BERNSTEIN AND CONVOLUTION TYPE OPERATORS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7426.html



2 Approxzimation by Complex Bernstein and Convolution Type Operators

The second important result in Complex Analysis we use is the Cauchy’s formula
for disks.

Theorem 1.0.2. (Cauchy, see e.g. Kohr-Mocanu [118], p. 28, Theorem 1.2.20)
Letr >0 and f : D, — C be analytic in D, and continuous in D,. Then, for any
p€{0,1,2,...,} and all |z| < r we have

|
(p) _ b ﬂd
F7G) 271 /F (u — z)ptt *
where T' = {2 € C;|z| =7} and i® = —1.
An immediate consequence of the Cauchy’s formula is the so-called Weierstrass’s
theorem used in the proofs of shape preserving properties.

Theorem 1.0.3. (Weierstrass, see e.g. Kohr-Mocanu [118], p. 18, Theorem 1.1.6)
Let G C C be an open set. If the sequence (fn)nen of analytic functions on G
converges to the analytic function f, uniformly in each compact in G, then for any
p € N, the sequence of pth derivatives (fép))neN converges to fP) uniformly on
compacts in G.

Indeed, note that by the above Cauchy’s formula we can write

P ) = S

2wt Jp (u— z)Pt!

FP(2) = fP(z) =

)

from which by passing to modulus the theorem easily follows. In our applications,
G = Dpg with R > 1 and the compact subsets in G are D, with 1 <r < R.

Another well-known result used in the proof of shape preserving properties is
the following.

Theorem 1.0.4. (see e.g. Graham-Kohr [105], Theorem 6.1.18) If f,, f: Q — C,
n € N are analytic in the domain 2, f is univalent in Q and f, — f uniformly
in the compact K C Q, then there exists no(K) such that for all n > ng, fy is
univalent in K.

The classical so called Maximum Principle (or Maximum Modulus Theorem)
will be frequently used in the proofs of error estimates.

Theorem 1.0.5. (see e.g. Kohr-Mocanu [118], p. 2, Corollary 1.1.20) If @ c C
is a bounded domain and f : Q — C is analytic in Q and continuous in S, then
denoting by T' the boundary of € we have

max{|f(z)]: > € 0} = max{|f(=)]; 2 € T}.

For our applications again 2 will be an open disk centered at origin.

Useful in some of our proofs will be the well-known so called theorem on the
zeroes of analytic functions, which in essence says that the zeroes of an analytic
function (non-identical null) necessarily are isolated points. More exactly we can
state the following.
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Bernstein-Type Operators of One Complex Variable 3

Theorem 1.0.6. (see e.g. Kohr-Mocanu [118], p. 20, Theorem 1.1.12) Suppose
that f is analytic in the domain Q and that f is not identical null in Q. If a is a zero
for f then there exists r = r(a) > 0 such that D(a,r) = {z € C;|z —a| <r} C Q
and f(z) # 0, for all z € D(a,r) \ {a}.

Also, we will use the classical so called theorem on the identity of analytic
functions.

Theorem 1.0.7. (see e.g. Kohr-Mocanu [118], p. 21, Theorem 1.1.14) Let Q C C
be a domain. If f,g: Q2 — C are analytic in Q then f = g on ) is equivalent with
the fact that the set {z € Q; f(z) = g(2)} has at least one accumulation point in .

Finally, we state a basic result very useful in the proofs of the approximation
results and called Bernstein’s inequality for complex polynomials in compact disks.

Theorem 1.0.8. (Bernstein [43], p. 45, relation (80) for general r > 0, see also e.g.
Lorentz [126], p. 40, Theorem 4, for r = 1) Let P(z) = Y oheo apz® be with ay, € C,
for all k €{0,1,2,..., } and for r > 0 denote | Py ||, = max{|P,(2)]; |z| < r}.

(i) For all |z| <1 we have |P.(2)] < n|| Pl ;

(i) If 7 > 0 then for all |z| < r we have |P),(2)| < 2| Py ||,

One observes that (ii) immediately follows from (i). Indeed, denoting @, (z) =
P, (rz), |z| <1, by (i) applied to Q,(z) it easily follows r| P/ (rz)| < n||By,||,, for all
|z| < 1, which proves (ii).

Concerning the approximation of analytic functions by sequences of complex
polynomials, as it will be seen in the next sections of this chapter and in the next
chapters, the main results one refer to approximation in compact disks centered
at origin (in particular in the compact unit disk). The advantage consists in the
fact that in these kinds of disks constructive methods can be indicated. But of
course that it is very important to obtain approximation results in more general
domains in the complex plane. In what follows we briefly present the standard
method based on the so-called Faber polynomials introduced by Faber [70], which
allows to extend all the constructive methods from the closed unit disk to more
general domains. The method is less constructive because a generally unknown
mapping function (generated from the Riemann’s mapping theorem) enters into
considerations. For all the details below on this method see e.g. the book of Gaier
[76], pp. 42-54. Also, for other important contributions to the topic of constructive
complex approximation see the book of Dzjadyk [69)].

Definition 1.0.9. (i) v : [a,b] — C is called Jordan curve if it is closed (i.e.
~v(a) = v(b)) and simple (i.e. injective). The length of the curve v is defined by

L(vy) = Sup{z Iv(t:) —v(ti—);n e Nya=tg < ... < t, =b}.
i=1

v is called rectifiable if L < +oc0.
The interior of a Jordan curve is called Jordan domain and the curve is called
boundary curve of that domain.
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4 Approxzimation by Complex Bernstein and Convolution Type Operators

(ii) (Radon [158]) Suppose that v : [a,b] — C is a rectifiable Jordan curve.
Because L < +00, it is known that v has a tangent " almost everywhere. Then + is
called of bounded rotation if 4’ can be extended to a function of bounded variation
on the whole curve.

Remark. Simple examples of Jordan curve of bounded rotation can be made up
of finitely many convex arcs (where corners are permitted).

Now, if G is a Jordan domain, then (by the Riemann’s mapping theorem) let us
denote by ¥ the conformal mapping of C \ D; onto C \ G, normalized at oo, that
is 0 < limy— 00 % < 00. Also, denote by ® the inverse function of . Obviously
that U and ® depend on G, but for the simplicity of notation we will not write
them as U= and P, considering in our presentation that G is arbitrary but fixed.

For a Jordan domain G, denote by A(G) the class of all functions continuous in
G and analytic in G. In what follows we sketch a method by which any f € A(G)
can be approximated by polynomials. For our considerations, it is sufficient to
suppose that the boundary curve of G is rectifiable and of bounded rotation.

First, one considers the Laurent expansion of [®(z)]", n € N U {0}, valid for

large z

[@(2)]" = Clén) + ...+ CLSZ")Z" + Za(fnlz/zk
k=1

Definition 1.0.10. (Faber [70]) (i) The polynomial F,(z) = aé”) T+ aem,
n € NU {0} is called the Faber polynomial of degree n attached to the domain G.
(Note that for z € Dg, R > 1 we can write

i sy,
F,(2) /u|—R du.)

211 uU—z

(ii) If f € A(G) then

1 Sl (u 1/ ity],—int
an(f) = — /u|_1 Lnil)]du =5 /_ﬂf[\I/(e Ve~ dt,n e NU {0}

T om

are called the Faber coefficients of f and Y.~ an(f)Fn(z) is called the Faber
series attached to f on G. (Here i> = 1.) The Faber series represent a natural
generalization of Taylor series when the unit disk is replaced by an arbitrary simply
connected domain bounded by a ”nice” curve.

(iii) The mapping T defined by T[P,](z) = > p_qckFi(z), where P,(w) =
ZZ:O cxw” is called the Faber mapping.

Remark. By Definition 1.0.10, (iii), the Faber mapping T is linear and defined on
the set of all polynomials P defined on ID; and with values in the set of polynomials
P defined on G. In some cases it can be extended as a linear and bounded mapping
between the Banach spaces A(D;) and A(G) (both endowed with the corresponding
uniform norms). Below we briefly point out this extension (for full details see e.g.
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Bernstein-Type Operators of One Complex Variable 5

the book of Gaier [76], pp. 48-49) under the hypothesis that the boundary of G is
a rectifiable Jordan curve of bounded rotation. In this case for G, first it follows
that ||T(P)|] < C||PJ for each P € P, where C > 0 depends only on G. Then
T can be extended to the closure of P and since P = A(D;), T' can be extended
as a linear and bounded operator from A(D;) into A(G), with the property that
IT()Il < ClIf]] for each f € A(Dy).
Now, since the Faber mapping has the integral representation
1 P, [®
TP () = —— [ Dol
2m Jo u—=z

valid for each polynomial P,, by passing to limits we obtain the formula

1 [ F[®(u)]

TIF)(2) = 5 —
T Jo u—z

du, z € G, F € A(D,).

Also, the converse formula

_ TF](¥(u))
F(w /u|—1

= du, w e Dy
211 uU—w

holds.
The following two known results are of great importance for approximation.

Theorem 1.0.11. (more precisely see e.g. Gaier [76], p. 50, Theorem 3) If
F e ADy), F(w) =Y 0" cow™ then the Faber coefficients of T[F] are c,.

Theorem 1.0.12. (more precisely see e.g. Theorem 4 in Gaier [76], p. 51) Suppose
that the boundary of G is a rectifiable Jordan curve of bounded rotation and let
f € A(G). There exists F € A(Dy) with f = T[F] if and only if as function of
w € Dy, the Cauchy integral f\u|:1 @] gy, belongs to A(Dy) and in this case we

u—w

F(w) = ! /| Mdu,weﬁl,

27 -1 u—w

have

(F' is extended by continuity on 0D ).

Remark. Theorem 1.0.12 allows to reduce the approximation of f € A(G)
to the approximation of F' € A(D;). Indeed, let (S, (F)(w))nen, Sn(F)(w) =

oo ap(F)w”, be an approximation sequence for F. Then T[S, (F)|(z) =
Yoy ak(F)Fr(z), n € N will represent an approximation sequence for f in the
set G (here Fy(z),k € N denote the Faber polynomials attached to G). Indeed,
denoting the uniform norms by || - ||, this follows from the relation (6.19), p. 51 in
Gaier [76],

1f = an(F)Fellg = IT(F = ax(Fex)llg < TN 1F = ar(Fexls,,
where e, (w) = w”* and |||T||| < M < oo, because of the hypothesis on the boundary
of G.
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6 Approxzimation by Complex Bernstein and Convolution Type Operators

1.1 Bernstein Polynomials

In this section, we find the exact orders in simultaneous uniform approxima-
tion of analytic functions by complex Bernstein polynomials in closed disks, an
upper estimate in Voronovskaja’s result and we prove that the complex Bernstein
polynomials attached to an analytic function, preserve the univalence, starlikeness,
convexity and spirallikeness. Also, to Jordan domains Bernstein-type polynomials
are attached and approximation results on connected compact sets with estimates
are obtained.

1.1.1 Bernstein Polynomials on Compact Disks

Concerning the approximation properties (uniform convergence), the results in
Wright [199], Kantorovich [113], Bernstein [39; 40; 41], Lorentz [125] and Tonne
[190] are well-known. It is worth nothing that an entire Chapter 4 of 38 pages
is dedicated to this topic in the book of Lorentz [125]. In that book interesting
convergence properties of B,,(f)(z) and of its so-called degenerate form, in various
domains in C, like compact disks, ellipses, loops, autonomous sets are presented.

For example, the following three approximation results due to Bernstein, Tonne
and Kantorovich concerning the uniform approximation of Bernstein polynomials
in the unit disk and in an ellipse hold.

Theorem 1.1.1. (i) (Bernstein, see e.g. Lorentz [125], p. 88) For the open
G C C, such that Dy C G and f : G — C is analytic in G, the complex Bernstein
polynomials By (f)(z) = > p_o (1)2%(1 — 2)" 7k f(k/n), uniformly converge to f in
Dy. Here Dy denotes the open unit disk.

(it) (Tonne [190]) If f(2) = > pey k2" is analytic in the open unit disk Dy, f(1)
is a complex number and there exist M > 0 and m € N such that |cx| < M(k+1)™,
forallk=0,1,2,...., then B,(f)(z) converges uniformly (as n — oo) to f on each
closed subset of D1.

(iii) (Kantorovich, see e.g. Lorentz [125], p. 90) If f is analytic in the interior
of an ellipse of foci 0 and 1, then B,(f)(z) converges uniformly to f(z) in any
closed set contained in the interior of ellipse.

But in all the previous mentioned work no quantitative estimates of these con-
vergence results were obtained. In what follows, first we obtain upper quantitative
estimates on compact disks. For this purpose, denote Dr = {z € C;|z| < R}.

Theorem 1.1.2. (Gal [77], p. 264, Theorem 3.4.1, (iii)-(v)) Suppose that R > 1
and f : Dr — C is analytic in Dg, that is f(z) = > poy ckz®, for all z € Dp.
(i) Let 1 < r < R be arbitrary fized. For all |z| <r and n € N, we have
Cr(f)
1Bn(f)(2) = f(2)] < ;

n

where 0 < Cp(f) = G 332, (5 = Dleglr =2 < 0.
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Bernstein-Type Operators of One Complex Variable 7

(ii) For the simultaneous approzimation by complex Bernstein polynomials, we
have : if 1 <r <1y < R are arbitrary fized, then for all |z] <r and n,p € N,

CTl (f)plrl

n(ry —r)ptt’

B (f)(2) = P (2)] <

where Cr, (f) is given as at the above point (i).

Proof. (i) Denoting ex(z) = 2* and Thn(2) = Buler)(z), we evidently have
Bo(f)(2) = Y ity ckTrn(2) and we get

1Bu(f)(2) = F <D lew] - [mrn(2) = en(2)],
k=0

so that we need an estimate for |mx,,(2) — ex(2)].

For this purpose we use the recurrence proved for the real variable case in An-
drica [24]

z(1—=z
men() = L2 () 4 ama(a),

foralln € N, 2 € Cand k = 0,1, .... Since the relationship in Andrica [24] proved
for the real case is a simple algebraic manipulation, it is valid for complex variable
as well. Taking into account that the paper Andrica [24] is less accessible, let us
reproduce here the idea of proof. It consists of the simple algebraic relationship

’ _ Sk+1n(2) _ Sk, (2)
Skan(2) = 2(1-2) T

which is divided by n*, where

Sin(z) = jﬁ_;jk ()a-ar

(Note that the cases z = 0 and z = 1 are trivial in the recurrence for mj ,(2).)
From this recurrence, we easily obtain that degree (7, (2)) = min{n, k} < k.

Also, it easily implies the next recurrence
T (2) — 2F

(k—1)zF1(1—2)

z(1—2)

=S [man() =2+ =1

+ z[mp—10(2) — 277

Denoting with || - ||,- the norm in C(D,.), where D,. = {z € C;|z| < r}, one observes
that by a linear transformation the Bernstein’s inequality in the closed unit disk
becomes |P/(z)| < §||Pk||r, for all |z| <7, r > 1, where Py represents an algebraic
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8 Approxzimation by Complex Bernstein and Convolution Type Operators

polynomial of degree < k. Therefore, from the above recurrence we get

T (2) = er(2)] < (k — 1)M

kal r —
LAk 1)+r|7rk_1,n(z)—ek_1(z)|

(k—l)(l—;r)

rP 14+ 7) (k- 1)

||7Tk717n —er—1(2)|lr

IN

me—v.nllr + llex—1ll-]

+

+rmE—1,0(2) — ex—1(2)]

IN

r|mh-1n(2) — €x-1(2)]
k—1
+2(1 + )t 4 (1 + r)rk_l]—n .
Above we used that for all k,n € N and |z| <7, r > 1, we have |7y, (2)] < r* (see
relation (4) in the proof of Theorem 4.1.1 in Lorentz[125], p. 88) and |ex(2)| < 7*.

Now, by taking k = 1,2, ..., in the inequality

k—1
Tkn(2) = en(2)] < rlmi—1n(2) = en—1(2)] + 3(L+r)r? —
by recurrence we easily obtain the required inequality
3(1+
|Thn (2) — er(2)] < %[rkil +2rF7 4 (k- 1)
_ 3(]‘:71) . k(k; 1)7,1971 S 3T(]2‘: 7’) . k(k _ 1),,”]@72.

This immediately implies the estimate in (i).

Note that since by hypothesis, f(z) = >.7° cxz" is absolutely and uniformly
convergent in |z| < r, for any 1 < r < R, it follows that the power series obtained by
differentiating twice, i.e. f”(z) =3 o, k(k—1)ckz"2, also is absolutely convergent
for |z| <, which implies > 32, k(k — 1)|eg|r¥ =2 < +oo0.

(ii) Denoting by ~y the circle of radius 7 > 1 and center 0, since for any |z| < r
and v € v, we have |v — z| > r; —r, by the Cauchy’s formulas it follows that for all
|z| <7 and n € N, we have

BO(f)(z) - fP(z) = 2

[ B0t

27 (v — z)ptl
< Cr, (/) P 2w _ Cr, (f) plry
- n 27 (rp —r)ptt n  (r;—r)ptl’
which proves the theorem. O

Remarks. 1) An analogue to Theorem 1.1.2, (i), case r = 1, has been obtained by
a different method in Ostrovska [146].

2) Let us give a proof of the relationship B, (f)(z) = Y 1o ckBn(ex)(z) used
at the beginning of the proof of Theorem 1.1.2, (i). Denoting fim(2) = 372 ¢;27,
|z| < r, m € N, since from the linearity of B,, we obviously have B, (f)(z) =
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Bernstein-Type Operators of One Complex Variable 9

Y it ckBr(ex)(2), it suffices to prove that for any fixed n € N and |z| < r with
r > 1, we have lim,, oo Bn(fm)(2) = Bn(f)(z). But this is immediate from
limy,— oo || fm — fll- = 0 and from the inequality

Bulfn)(2) = BalE € 3 ()10 =271 Ui = Sl < Ml 11
k=0

valid for all |z] < 7.
In what follows we present the Voronovskaja-type formula with a quantitative
upper estimate.

Theorem 1.1.3. (Gal [78]) Let R > 1 and suppose that f : Dp — C is analytic in
Dr, that is we can write f(z) =Y peqcxz®, for all z € Dg.
(i) The following Voronovskaja-type result in the closed unit disk holds
z(l_z) " |Z(1_Z)| 10M(f)
_ A= e) < )
BN () - 22 | < L TOMU),
for alln € N,z € Dy, where 0 < M(f) =Y posk(k —1)(k — 2)2|ci| < 0.
(ii) Let r € [1,R). Then for alln € N,|z| <r, we have
z(1—2) ., 5(L+71)% M.(f)
B, - - < : ;
(D)~ () - 2L iy < SLETE A
F) =320 lewlk(k = 1)(k — 2)*r72 < co.

where M,.(
(

Proof. (i) Denoting ey(z) = z*, k = 0,1,..., and 74 ,(2) = Bn(ex)(z), we can
write By, (f)(2) = > peo CkTk,n(2), which immediately implies
z(1—=z
B - 1) - L

2PN = 2)k(k—1)
2n ’

< ekl |mrn(z) —en(z) —
k=3
for all z € ﬁl, n € N.
In what follows, we will use the recurrence obtained in the proof of Theorem
1.1.2, (i)

Th+1,n(2) =

forallmeN, zeCand k=0,1,....
If we denote
k-1
z 1—2)k(k—1
Ein(2) = Trn(z) —er(z) — ( 5 Jk( ),
n
then it is clear that Ej ,(2) is a polynomial of degree < k and by a simple calculation
and the use of the above recurrence we obtain the following relationship
z(l—=z2
Epn(z) = %Ellc—l,n(z) + 2Ek—1,n(2)

2721 —2)(k—1)(k —2)

2n?

+

[(k=2) —2(k = 1)},
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10 Approxzimation by Complexr Bernstein and Convolution Type Operators

forallkEQ,nENandzeﬁl.
According to the Bernstein’s inequality [|£}_; || < (k — 1)[|Ex—1,,l, the above

relationship implies for all |z] < 1, kK > 2, n € N that
2] - [1 — 2|

()] < EE 220 B ]
2l L= 2] [aF5 0= Dk = 2)
Er_1n : 2k —
HBo1(2) + = (2% - 3)

zl- |1 -2 2k(k —1)(k —2
< Bian @+ ELL= oy 4 2E=DEZ2)
|z| - ]1 — 2| 2k(k — 1)(k —2)
<|Egx-1n —— 2(k—=D)||Ex_1n A —
< 1By i)+ EEL 2 ok — 1) By ] + 2
1
< |Ek 1n( ) M[Z(lﬁ—l)”ﬂ'k_l,n —€k_1||

2) [ex—2 — ex—1] n 2k(k —1)(k —2)
2n n ’
where || - || denotes the uniform norm in C(D1).
Also, taking » = 1 in the inequality obtained in the proof of Theorem 1.1.2, (i),
it follows
3
||7Tk,n —ekl| < =(k - 1)k.

n

As a consequence, we get

|Ekn(2)] < |Ep—1,n(2)] + |Z||272_Z| [2(k _ 1)%
| 2= 1)k —2)

+2(k—1) p

’ (k — 1)(k — 2)[61€,2 — ekfl]
2n

which by simple calculation implies
z|-|1 =2 10

B9 < 1B ()] 4+ 10 ey o)

Since Eyn(2) = E1n(z) = E2,(2) =0, for any z € C, it follows that the last
inequality is trivial for £ =0, 1, 2.

By writing the last inequality for k = 3,4, ..., we easily obtain, step by step the

following
k
Bl < EZ2L 10 DR j-2y< FELZA 10 gy a2
In conclusion,
B - 1) - L)
<3l e < B 05 s - e -2
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Bernstein-Type Operators of One Complex Variable 11

Note that since f®)(2) = 32%, erk(k — 1)(k — 2)(k — 3)2*~4, and the series is
absolutely convergent in D1, it easily follows that > pe . |cx|k(k — 1)(k — 2)?
(ii) We will use the relationship obtained in the proof of Theorem 1.1.2, (i)

3r(l+r)

_ _ )2
o™ k(k )r

[mn(2) — ex(2)] <

for all k,n € N, |z| <r, with 1 <.
Let us consider the relationship proved at the above point (i) given by
2(1—2)

Epn(2) = =——Ej1,0(2) + 2Ei—1.0(2)

2F=2(1 — )k — -
(1 )2(:2 DE=2) 9y~ e — 1)),

for all k > 2, n € N and z € C, and let us restrict it only for |z| < r. For all
k,neN, k>2and |z| <r, it implies

(1+r)

+

|Ekn(2)] <

| B 1,n(2)] + 7| Er—1n(2)]

+(1+7‘) 2(22— Dk —2) [(k —2) +r(k —1)].

Now we will estimate |Ej},_, ,,(2)], for k > 3. Taking into account that Ex_1,,(2) is
a polynomial of degree < (k — 1), we obtain

|- 1n( )| < ||Ek (D)l
—1 [m n—enll+ ’(k—l)(k—22)7gek1_ek2) }
,’,k—Q P o .
[ n)(k 2)rk n ( —|—1);]; 1)(k 2)]
< 2k(k — 1)(k —2)(1+ T)rk—B'
This implies
r(147) |El/c—1 (Z)| < 2r(1 +T)2/€(/€— (k- 2)7‘1’373’

and

|Ekn(2)] < r|Ek—1n(2)] + 2r(1 +r)2k(k — 1)(k — 2)rk—3

T — — Tk:72
Lk 21732(’“ D (k= 2) + 7k = 1)] = By (2)]
A D22 41 40y 4 (1= 2)+ (e — 1)
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12 Approxzimation by Complexr Bernstein and Convolution Type Operators

k—2
(14 r)(k 222(]“ 2" (5K — 2) 4+ r(5k — 1)]
(1+7)(k—1)(k —2)r*=25k(1 + )
2n?
5(1+7)2k(k —1)(k — 2)rk—2
2n2

But Ey n(2) = E1,n(2) = E2n(2) =0, for any z € C.

By writing the last inequality for k = 3,4, ..., we easily obtain, step by step the
following

= 7ﬂ|E‘k—1,n (Z)| +

< 7r|Ep—1n(2)| +

= 7ﬂ|E‘k—1,n (Z)| +

k

3G =10 =-2)
j=3

5(1 4 7)2rk—2

Eyn <
| k; (Z)l — 2”2

< 5042 R(k - 1)k~ 2)%’@*2.

- 2n2
As a conclusion, we obtain
z(1—=z >
‘an(z) - 1) - %f”@)} <3 feul- B ()
k=3
].+7'1 Z|Ck|k _1 )2k2

Note that since f™*(z) = >22°, cxk(k — 1)(k — 2)(k — 3)2*~*, and the series
is absolutely convergent in |z| < r, it easily follows that Y 7o 4 |cx|k(k — 1)(k —
2)2rk=2 < 0o. Therefore the theorem has been proved. (]

Remark. By Gonska-Pitul-Rasa [102], p. 68, Proposition 7.2, for the real Bernstein
polynomials

=5 () a0 -2 stz € 0.1
k=0

attached to a function f € C2[0,1], for all x € [0,1] and n € N it holds
z(l-=x) ., z(l—w) .,
_ <

2n fi@) = 2n (S 3\/_)

where @y denotes the least concave majorant of the modulus of continuity w; and

Bn(f)(x) - f(z) -

C?[0,1] = {f : [0,1] = R; f is twice continuously differentiable on [0, 1]}.

Now, if f € C3[0,1] then we immediately get that the best quantitative uniform
estimate in the real Voronovskaja’s result is of order O(1/n/2), which is essentially
worst that the order O(1/n?) in Theorem 1.1.3. This suggest that in the real case,
the order of approximation could be improved, for example that maybe w; could
be replaced by wa.
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Bernstein-Type Operators of One Complex Variable 13

In what follows we will prove that the orders of approximation in Theorem 1.1.2,
. .o 1
(i) and (ii) are exactly .

We present

Theorem 1.1.4. (Gal [79]) Let R > 1, Dg = {2 € C;|2| < R} and let us suppose
that f : Dr — C is analytic in Dg, that is we can write f(z) =Y pq cu2®, for all
z € Dg. If f is not a polynomial of degree < 1, then for any r € [1, R) we have

1B(H) = 7l = E e,

where || f||, = max{|f(2)|;|z| < r} and the constant C,(f) depends only on f and
r.

Proof. For all z € Di and n € N we have
Bn(f)(2) = f(2)
— D 4 2 | (Bt - 10 - L2 re) |

n

Since by hypothesis f”(z) is not identical zero in Dpg, there exists 0 < ro < 1
such that My = inf|.|—,, |f”(2)| > 0. Indeed, let us suppose the contrary. Then,
choosing a sequence 0 < r, < 1, n € N such that r, \, 0, the continuity of f” on
the compact set {z € C;|z| = r,}, implies that there exists z, with |z,| = r, and
f"(zn) = 0. It follows z, — 0 and by the continuity of f” in Dg we get f”(0) = 0.
The analyticity of f” implies that 0 is an isolated zero, therefore there exists 7/ > 0
such that f”(z) # 0 for all z € D,+, z # 0. But this is a contradiction because for
sufficiently large n we have z, € D,.

Now let r > 1 be arbitrary. We obviously have || By, (f) — fll» = |1Bn(f) — fllro
and by the Maximum Principle, there exists a point zo (depending on n, f and rg)
with |zo| = 70, such that || Bn(f) — fllre = |Bn(f)(20) — f(20)]. We get

1B7) = £l 2 1Bu()en) = el = |2 { 222 )

+ 2 (Bul)e) - 1) - 202 ) |

> |2 | |2 Bt ) = pan) - 2 g
But M»fﬁ(’zo)‘ > MMO > 0 and by Theorem 1.1.3 we have
2 Bt o) = 1(a0) — 202 )|
<) g - A0 gy,
B0 B () )2
- 2n? 2 .
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14 Approxzimation by Complexr Bernstein and Convolution Type Operators

Therefore, there exists an index ng depending only on f and r, such that for all
n > ng we have

20(l — 2 1 20(1 — 2
SO0 )| = [ ten) = ) 22 )|
> ro(l — rO)MO S0,
4
which immediately implies
1 ro(l—r
1Ba(5) = 7l > - "y >

For n € {1,2,...,n9 — 1} we obviously have || B,,(f) — f|l» > MTT"(f) with M, (f) =
n - ||Bn(f) = fll» > 0, which finally implies ||B,(f) — fll» > C7T(f) for all n € N,
where Cy.(f) = min{ My 1, Myo(f), s My ng—1(f), 2770 My ). O

Combining now Theorem 1.1.4 with Theorem 1.1.2, (i), we immediately get the
following.

Corollary 1.1.5. (Gal [79]) Let R > 1, Dg = {z € C;|2| < R} and let us suppose
that f : Dr — C is analytic in Dg. If f is not a polynomial of degree < 1, then for
any r € [1, R) we have

1

where the constants in the equivalence depend on f and r.
In the case of simultaneous approximation we present the following.

Theorem 1.1.6. (Gal [79]) Let D = {z € C;|z| < R} be with R > 1 and let us
suppose that f : Dg — C is analytic in Dg, i.e. f(z) = poyckz”, for all z € Dg.
Also, let 1 <r <7y < R and p € N be fizred. If f is not a polynomial of degree
< max{1l,p— 1}, then we have

1
IBY) - 7Ol ~ =,

where the constants in the equivalence depend on f, v, r1 and p.

Proof. Taking into account the upper estimate in Theorem 1.1.2, (ii), it remains
to prove the lower estimate for ||B,(Zp ) (f) = f®)]|,.. Firstly, denoting by I the circle of
radius 1 > and center 0 (where 71 > r > 1), we have the inequality |v—z| > r; —r
valid for all |z| < r and v € T

As in the proof of Theorem 1.1.4, for all v € I" and n € N we have

— {0 w | (B - £ - 2w |}
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Bernstein-Type Operators of One Complex Variable 15

which replaced in the Cauchy’s formula for derivatives implies

BYE) - 106 = {2 [

21

1 /n (B = £0) = 25225 (0)

(v — z)ptl dv

n 2w

{2

n? v) — f(v) — U(l v) g1
L (Balh)(@) = £(0) o)
n 2w Jp (v — z)ptl

Passing now to absolute value, for all |z] <r and n € N it follows

21— 2 (p)
BP()(2) — [P (2)] z%{ 2]

2

dv| »,

e [ n? (Ba(H)w) = f(0) = 2522 £ (0))
n | 2w (v — z)ptl
where by using Theorem 1.1.3, (ii), for all |z| < r and n € N we get

i n? (Ba(£)(0) = (0) = 52 1 (v))

2 (v — z)ptl dv
p! 2rin? ei(l—e1) ,,
< B2 2nTe _p_ R
e e LAOEY, 'l
_SKA () pln
- 2 (ry —r)pt1’

Denoting now Fy(z) = {@ f ”(2)} (p), by the hypothesis on f it follows that F),
is analytic and is not identically zero in Dgr. Reasoning exactly as in the proof
of Theorem 1.1.4, there exists 0 < 7o < 1 such that Cy = inf|, |, |Fp(2)] > 0.
Continuing exactly as in the proof of Theorem 1.1.4 (with ||B,(f) — f||» replaced
by ||B7(1p)(f) — f®)],.), finally there exists an index ng € N depending on f, r, 1
and p, such that for all n > ny we have

1
1BE )~ [, > -
The cases when n € {1,2,...,n9 — 1} are similar Wlth those in the proof of Theorem
1.1.4. O

Remark. Let us suppose that ) € C[0,1], p € N. By taking r = 1 and A = 1 in
Xie [203], Theorem 2, we immediately obtain the following upper estimate for the
derivatives of the real Bernstein polynomials attached to f, valid for all n > n,,

IBE () = fPN| < Aplwr (f @5 1/n) + w3 (fP1/v/m) + | f Pl /n],
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16 Approxzimation by Complexr Bernstein and Convolution Type Operators

where || - || denotes the uniform norm on CJ0,1], n, € N depends only on p, w;
denotes the uniform modulus of continuity, p(z) = y/z(1 — z) and wy denotes the
Ditzian-Totik second order modulus of smoothness defined in Ditzian-Totik [64].

Then, the above Theorem 1.1.6 suggests the following open question : for any
p € N, there exist the positive constants C, and n, depending only on p, such that
for all n > n,

Cplon(fP51/n) +wE (fP51/v/n) + |1 F P /n] < | BE(f) = fP).
The geometric properties of Bernstein polynomials are consequences of Theorem
1.1.2 and can be expressed by the following.

Theorem 1.1.7. (Gal [77], pp. 268-269, Theorem 3.4.2) Let us suppose that G C C
is open, such that D1 C G and f : G — C is analytic in G.

(i) If f is univalent in Dy, then there exists an index ng depending on f, such
that for all n > ng, the complex Bernstein polynomials By, (f)(z) = Y p_o (3)2F(1—
2)" "k f(k/n) are univalent in Dy.

(i) If £(0) = f'(0) — 1 =0 and f is starlike in Dy, that is

Re (i{;i?) >0, for all z € Dy,

then there exists an index ng depending on f, such that for all n > ng, the complex
Bernstein polynomials are starlike in D .

If f(0) = f'(0) —1 =0 and f is starlike only in Dy, then for any disk of radius
0 <7 <1 and center 0 denoted by D,., there exists an index ng = no(f,D,), such
that for all n > ng, the complex Bernstein polynomials B, (f)(z) are starlike in D,
that 1is,

2B, (f)(2)
e (Zrye
(iii) If £(0) = £'(0) — 1 =0 and f is conver in D1, that is

) >0, for all z € D,.

Re (zf”(z)) +1>0, for all z € Dy,
f'(2)

then there exists an index ng depending on [, such that for all n > ng, the complex
Bernstein polynomials are convez in Dy .

If f(0) = f'(0) =1 =0 and f is convezx only in D1, then for any disk of radius
0 <7 <1 and center 0 denoted by D,., there exists an index ng = no(f,D,), such
that for all n > ng, the complex Bernstein polynomials B, (f)(z) are convex in D,
that is,

BI(f)(:)
fre ( B (/)()

(i) If f(0) = f'(0) — 1 =0, f(2) #0, for all z € Dy \ {0} and f is spirallike of
type v € (—7/2,7/2) in Dy, that is

>—|-1>07 forallzeﬁr.

Re <ei7%> >0, for all z € Dy,
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Bernstein-Type Operators of One Complex Variable 17

then there exists an index ng depending on f and vy, such that for all n > ng we
have B,(f)(z) # 0, for all z € Dy \ {0}, and B,(f)(2) are spirallike of type v in
]Dl.

If f(0) = f/(0) =1 =0, f(z) # 0 for all z € Dy \ {0} and [ is spirallike of
type v only in D1, then for any disk of radius 0 < r < 1 and center 0 denoted by
D,., there exists an index no = no(f,Dy,7y), such that for all n > ng, the Bernstein
polynomials B, (f)(z) # 0 for all z € D, \ {0} and they are spirallike of type v in

D,, that is,
Re (e”%) >0, for all z € D,.

Proof. (i) It is immediate from the uniform convergence in Theorem 1.1.2 and
a well-known result concerning sequences of analytic functions converging locally
uniformly to an univalent function (see e.g. Kohr-Mocanu [118], p. 130, Theorem
4.1.17 or Graham-Kohr [105], Theorem 6.1.18).

For the proof of next points (ii), (iii) and (iv), let us observe that by The-
orem 1.1.2, (i) and (ii) we get that for n — oo, we have B,(f)(z) — f(2),
B! (f)(z) — f'(2) and B"(f)(z) — f"(2), uniformly in D;. In all what follows,
denote P,(f)(z) = %.

By f(0) = f/(0)—1 = 0 and the univalence of f, we get nf(1/n) # 0, P,(f)(0) =
- ((0/) 5 =0, P'(f)(0) = %}E{}g =1,n>2nf(l/n) = w converges to
f'(0) =1 as n — oo, which means that for n — oo, we have P,(f)(z) — f(z),
PL(f)(z) = /() and PL(f)(2) — f(2), wniformly in Dy,

(ii) By hypothesis we get |f(z)| > 0 for all z € D; with z # 0, which from the
univalence of f in Dy, implies that we can write f(z) = zg(z), with g(z) # 0, for all
z € Dy, where ¢ is analytic in ID; and continuous in D;.

Writing P, (f)(z) in the form P,(f)(z) = 2Q.(f)(z), obviously @, (f)(2) is a
polynomial of degree < n — 1.

Let |z| = 1. We have

1f(2) = Pu(£)(2)| = lz] - 19(2) = @u(f)(2)] = 9(2) — @u(f)(2)];
which by the uniform convergence in D; of P,,(f) to f and by the maximum modulus
principle, implies the uniform convergence in Dy of Q,,(f)(z) to g(2).

Since g is continuous in D; and |g(z)| > 0 for all z € Dy, there exist an index
n1 € N and a > 0 depending on g, such that |Q,.(f)(2)| > a > 0, for all z € D; and
all n > ng.

Also, for all |z| =1, we have

11'(z) = PL(N)(2)] = |2lg'(2) = @n(N)(2)] + [9(2) = @u()(2)]]
| el 19’z ) QN @) = 19(z) = Qu(N)(2)] |
= 19'(2) = Qu(NE) = lg(z) = Qu(NH() |,

which from the maximum modulus principle, the uniform convergence of P/ (f) to
f/ and of Q,(f) to g, evidently implies the uniform convergence of Q' (f) to ¢'.
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18 Approxzimation by Complexr Bernstein and Convolution Type Operators

Then, for |z| = 1, we get
2P (f)(z) _ z[2QL(f)(2) + @Qn(f)(2)]
(

Po(f) 2Qn

Qn(f)
_ ) _ )
PERNION

which again from the maximum modulus principle, implies

2B,(N)(z)  2f'(2)
Pu(f) f(2)

Since Re (M) is continuous in Dy, there exists a € (0,1), such that

f(2)
Re (i{é;)) > a, forall z € D;.

, uniformly in D;.

Therefore

e RV ER R

uniformly on Dy, i.e. for any 0 < 8 < a, there is ng such that for all n > ng we
have

2P (f )(Z)] =
Re | === > 6>0, for all z € D;.
[ Pu(f)(2)
Since P, (f)(z) differs from B, (f)(z) only by a constant, this proves the first part

in (ii).

For the second part, the proof is identical with the first part, with the only
difference that instead of D;, we reason for D).

(iv) Obviously we have

el R - )

uniformly in ;. We also note that since f is univalent in Dy, by the above point
(i), there exists ny such that B, (f)(z) is univalent in D; for all n > ny, which by
B,.(£)(0) = 0 implies B, (f)(z) # 0, for all z € D; \ {0}, n > ny. For the rest, the
proof is identical with that from the above point (ii).

(iii) For the first part, by hypothesis there is « € (0, 1), such that

2 ”(Z):|

Re +1>a>0,
{ f'(z)

uniformly in D;. It is not difficult to show that this is equivalent with the fact

that for any 8 € (0,a), the function zf’(z) is starlike of order 3 in D; (see e.g.

Mocanu-Bulboaca-Salagean [138], p. 77), which implies f’(z) # 0, for all z € Dy,
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Bernstein-Type Operators of One Complex Variable 19

ie. |f'(2)| >0, for all z € D;. Also, by the same type of reasonings as those from
the above point (ii), we get

Re [%] +1— Re {Z}[’ZS)} f1>a>0,

uniformly in D;. As a conclusion, for any 0 < 8 < «, there is ng depending on f,
such that for all n > ng we have

PI(f)(z)
fre [ G

The proof of second part in (iii) is similar, which proves the theorem. O

}—|—1>ﬂ>07 for all z € D;.

1.1.2 Bernstein-Faber Polynomials on Compact Sets

In this subsection G C C will be considered a compact set such that C\ G is
connected. In this case, according to the Riemann Mapping Theorem, a unique
conformal mapping ¥ of C\D; onto C\ G exists so that ¥(co) = oo and ¥/ (c0) > 0.

By using the Faber polynomials F},(z) attached to G (see Definition 1.0.10), for
f € A(G) we can introduce the Bernstein-Faber polynomials given by the formula

nfG Z() l/n )'FP(Z)7ZGGan€N7
where

p
1 f(¥(w))
A?F(0 kh), F(w) = — ) gy, w e Dy.

kzo <>() (w) 27Ti/u|1u—wuw !
Here, since F(1) is involved in AV F (0) and therefore in the definition of
B,.(f; G)(2) too, in addition we will suppose that F' can be extended by continuity
on the boundary 0D;.

Remarks. 1) For G = D; it is easy to see that the above Bernstein-Faber polyno-
mials one reduce to the classical complex Bernstein polynomials given by

Bu(f)2) =3 (1)t 00 - 3 (1) =2 to/m)

p=0 p=0

1w oW;u . .
Mdu < oo is a sufficient condi-

2) It is known that, for example, f
tion for the continuity on dD; of F' in the above definition of the Bernstein-Faber
polynomials (see e.g. Gaier [76], p. 52, Theorem 6). Here p € N is arbitrary fixed.

The first main result one refers to approximation on compact sets without any

restriction on their boundaries and can be stated as follows.

Theorem 1.1.8. Let G be a continuum (that is a connected compact subset of C)
and suppose that f is analytic in G, that is there exists R > 1 such that f is analytic
in Gr. Here recall that Gr denotes the interior of the closed level curve I'g given
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20 Approxzimation by Complexr Bernstein and Convolution Type Operators

by T = {2;|®(2)| = R} = {¥(w); |w| = R} (and that G C G,. for all1 <r < R).
Also, we suppose that F given in the definition of Bernstein-Faber polynomials can
be extended by continuity on OD;.

For any 1 < r < R the following estimate

slQ

, 2€ Gy, n €N,

B (f:G)(2) — f(2)] <
holds, where C > 0 depends on f, r and G, but it is independent of n.

Proof. First we note that since G is a continuum then it follows that C\ G is
simply connected. By the proof of Theorem 2, p. 52 in Suetin [186], for any fixed
1 < B < R we have f(2) = Y g ar(f)Fi(z) uniformly in Gg, where ay(f) are

the Faber coefficients and are given by ay(f) = 55 f\ul -5 u\l’k(ﬁ Ldu. Note here that

GCéﬁ.

First we will prove that

Zak n(Fi; G)(2),

for all z € G. (Note here that by hypothesis we have G = G). For this purpose,
denote fm(z) = > g ar(f)Fr(z), m € N.

Since by the linearity of B,, we easily get

By (fm; G)(2) = Zak(f)Bn(Fk;a)(z), for all z € G,
k=0

it suffices to prove that lim,, .oc Bn(fm;G)(2) = Bu(f;G)(2), for all z € G and
n € N.

First we have

Bn<fm;6><z>=§nj(p)A€/nG O0)Fi(2),

p=0

where G (w) = 55 [, _y 2228 dy and F(w) = 55 FOw) g

27t J|u|=1 u—w

Note here that since by Gaier [76], p. 48, first relation before (6.17), we have

1 Fi (¥
Fr(w) = —/ Mdu =w", for all |w| < 1,
2mi Jjy=1 u—w

evidently that Fj(w) can be extended by continuity on dD;. This also immediately
implies that Gy, (w) = 5= fom (f(“))du can be extended by continuity on 9Dy,

2mi Ju|l=1  wu

which means that B, (Fj; G)(z) and B, (fm; G)(2) are well defined.
Now, taking into account the Cauchy’s theorem we also can write

Gm(w) = i/ Mdu and F(w) = L/I _f(qj(“))du'

21 ul=g U—W 21 ul=g U—W
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Bernstein-Type Operators of One Complex Variable 21

For all n,m € N and z € G it follows

BulfmiG)(z) = BulF:T)(2)
( 1AL (G = PO 1)

( )i( ) EY((p = 3)/n)] - |Fi(2)]

p=0 3=0

<Z( )Zp:(]) Cipsllfm = fllg, - [Fi(2)]

7=0
< M"’L7P7B;G,8||fm - f”éﬁﬂ
which by limy, o0 || frn — f||§ﬁ = 0 (see e.g. the proof of Theorem 2, p. 52 in Suetin

—~

IN

M: HM:

[186]) implies the desired conclusion. Here ||f,, — fllg, denotes the uniform norm
of fun — f on G,
Consequently we obtain

1Ba(f5G)(2) — f(2) S

+ Z |ak(f)] -+ 1Bn(Fi; G)(2) — Fi(2)]-

Therefore it remains to estimate |ax(f)| - |Bn(Fk; G)(2) — Fi(2)], firstly for all 0 <
k < n and secondly for k > n + 1, where

n

570 = 3 (1) 0, A0 Fie)

p=0
First it is useful to observe that by Gaier [76], p. 48, combined with the Cauchy’s
theorem, for any fixed 1 < § < R we have

Fr(w) = L/ Mdu =w* = ep(w), for all |w| < f.
210 Jy=p u—w

Denote

Dok = (Z) A7, er(0) = (Z) [0,1/n, ..., p/n; ex] - (p1)/nP.

It follows

B.(Fy; G ZD ok ol

Since for the classical complex Bernsteln polynomials attached to a disk of center
in origin we can write By, (ex)(2) = >2,_o Dnpr2?, since each ey is convex of any
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22 Approxzimation by Complexr Bernstein and Convolution Type Operators

order and By (ex)(1) = ex(l) = 1 for all k, it follows that all D, > 0 and
S Dup = 1, for all k and n. Also, note that D, 5 = "r=tstn—ktl),

In the estimation of |ax(f)| - |Bn(Fy; G)(2) — Fi(2)| we distinguish two cases :
1)0<k<n;2)k>n.

Case 1. We have

B (Fi; G)(2) = Fi(2)] < |Fi(2)| - [ = Dogpl + Y Dupi - [Fp(2)]-
p=0

Fix now 1 < r < 3. By the inequality (13), p. 44 in Suetin [186] we have
|Fy(2)| < C(r)r?, for all z € G,,p >0,
which immediately implies
re K k(k—1) &
|By,(Fi; G)(2) — Fi(2)] < 2C(7)[1 — Dy g )" < C(T‘)TT ,
for all z € G,.. Here we used the inequality 1 — II¥_ z; < Z 1 (1 — ;) (valid if all
€ [0,1]) which implies the inequality
nn—1)..n—k+1)
nk

n—1

1= Dy =1- =1-1Z

E

—1 -1
<Y I-(Mm=-14)/n)= % 1=
1 %

?T‘

k(k — 1)
on

I\
=]

Also by the above formula for ay(f) we easily obtain |ag(f)| < %, for all k£ > 0.

Note that C(r),C(8, f) > 0 are constants independent of k.
For all z € G, and k =0,1, 2, ...n it follows

k
@) 1Ba(FsB)) ~ Fu2)l < SO T gy [5} |
that is

ka B (Fr; G)(2) — Fy(2)] < ’"ﬂ SGYE)) Zk 1)d*, for all z € Gy,
=2

where 0 < d =1/ < 1. Also, clearly we have Y ) _, k(k—1)d* < Y77, k(k—1)d* <
oo which finally implies that

> O 8 (0)) - e = L
Case 2. We have
> Jar(H)] - 1Ba(Fi; G)(2) = Fi(2)] < Y ak(f)] - |Bu(Fi; G)(2)]
k=n-+1 k—n+l
+ Z lar(f)] - [Fr(2)]
k=n+1
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Bernstein-Type Operators of One Complex Variable 23

By the estimates mentioned in the case 1), we immediately get

> lar(f) - [Fe(z)| < C(r, B, ) > dF, forall z € Gy,
k=n+1 k=n+1
with d = r/0.
Also,
> lar( A Ba(Fis G)(2) = Y law(f ik - Fp(
k=n-+1 k=n+1
< D la(I- ZDW | Fp(2)].
k=n+1 p=0

But for p < n < k and taking into account the estimates obtained in the Case 1)
we get

for all z € G,

()] - |Ey(2)] < O, 1) < ©

3 C(r.B. f)op

/3’“’

which implies

0o k
S (D] BalFs ) — () < O 6, F) S S D H

k=n-+1 k=n+1 p=0

o0 k

—ctran) 3 |3
k=n-+1
dn+1

B, flT—

with d =r/0.
In conclusion, collecting the estimates in the Cases 1) and 2) we obtain

IB,.(f;G)(2) — f(z)| < % + Cod™ < %, z2€G,, n€N.

This proves the theorem. O

Remarks. 1) Simultaneous upper and lower estimates in Theorem 1.1.8 (that is
a similar result to Corollary 1.1.5) can easily be obtained under some restrictions
on the boundaries. For that purpose firstly we recall some useful concepts and
results. The first important concept is that of Faber set. Thus, suppose that G C C
is compact. If the Faber mapping T (given by Definition 1.0.10, (ii) ) defined on
the set of all polynomials P(ID;) and with values in the set of polynomials P(G) is
continuous, then G is called a Faber set. In this case, T" admits a unique extension
to a linear and bounded mapping between the Banach spaces A(D;) and A(G) (see
the Remark after Definition 1.0.10, or for full details see e.g. the book of Gaier [76],
pp. 48-49). For example, if G is a compact set which is a Jordan domain whose
boundary T" is a rectifiable curve of bounded rotation, then G is a Faber set (see
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24 Approxzimation by Complexr Bernstein and Convolution Type Operators

e.g. Gaier [75], p. 51, Theorem 2). Also, Theorem 1 in Frerick-Miiller [74] gives
other sufficient conditions on the boundary of G which assures that the compact
set G is a Faber set. As a consequence, a compact set G whose boundary consists
of piecewise convex curves also is a Faber set (see Frerick-Miiller [74], p. 429). By
Lemma 1 in Frerick-Miiller [74], if G is a compact Faber set then the Faber mapping
T : A(Dy) — A(G) is injective.

2) Another important concept is that of inverse Faber set. Thus, according to
Anderson-Clunie [22], p. 546, a Faber set G is called inverse Faber set if the Faber
operator T is bijective, which implies that 7! : A(G) — A(D;) given by (see
Theorem 1.0.12 or e.g. Anderson-Clunie [22], relation (1.2) )

O = 5 [ L

27 w—§&

also is linear and bounded. An important result is Theorem 2 in Anderson-Clunie
[22], p. 548, which says that if G is the closure of a Jordan domain whose boundary
T" is rectifiable and of boundary rotation, and in addition I is free of cups, then G
is an inverse Faber set. Let us also recall that if the compact set GG is a Faber set,
then for any 1 < r, G, is an inverse Faber set, where G, denotes the closure of the
Jordan domain bounded by the analytic simple curve I', = {U(w); |w| = r} (see the
Remark on page 434 in Frerick-Miiller [74] or Anderson-Clunie [22]). Also, in this
case by Theorem 3 in Frerick-Miiller [74], for f € A(G,.) we have T~1(f) € A(D,.).

As a consequence of the considerations in the above two remarks, we can state
the following result.

Theorem 1.1.9. Let G be a compact Faber set such that @\G is simply connected.
If f is analytic on G, that is there exists R > 1 such that f is analytic in Gr and
if f is not a polynomial of degree < 1, then for any 1 < r < R we have

— 1
1Ba(£5G) = fllz, ~ . n €N,

where the constants in the equivalence depend on f, r and G, but are independent
of n. Here ||fllg, = sup.cq, |f(2)]-

Proof. According to the above considerations, there exists ¢ analytic in I, such
that f = T(g), that is g = T~1(f) (therefore F can be extended by continuity on
0D1. By hypothesis on f it follows that f cannot be of the form f(z) = coFp(z) +
c1F1(z) where Fy and F; are the Faber polynomials of degree 0 and 1 respectively
and cg, c; € C. This immediately implies that g is not a polynomial of degree < 1.
First we have B,,(T~1(f)) = T7'[B,.(f; G)]. Indeed,
()t

B (6 =3 (1) 8, 1 (0 =3

p=0 p=0
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since T (/)(€) = g7 fiujr T ghdw = F(€), and
g T L[ BaOw)]
Bl = g [ R
(N e g L [ BRI
_z;(P)A”” ()27Ti/w Cw—z
-3 () atnr02

since according to Gaier [76], p. 48, first relation before (6.17), we have

L Fp[\IJ(’u))] w = 2P
[ R

271 w— z

Then by Corollary 1.1.5 and by the linearity and continuity of 7! we get

% < 1Bn(g) = gll- = 1Bulg) = T~ (Nl = 1T Bul(£: G = T (S)llr

< NT=H-1Ba(f: G) = flig, < MIIBu(f:G) — flz,

which proves the lower estimate.
On the other hand we have T[B,(g)] = B,(T(g); G). Indeed,

Z AT, 9(0)F(2),
and
Y

where according to Gaier [76], p. 49. relation (6.17’) we have

1 TR,
H(w) = /u| O = gl

211 U —w

Therefore by the same Corollary 1.1.5 and by the linearity and continuity of T we
obtain

1Bn(f:G) = flig, = 1Bn(T(9);G) = T(9)llg, = IT[Bn(9)] = T(9)llz,

< T 1Bnlg) = gllr < —,

1

which proves the upper estimate and the theorem. (I
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26 Approxzimation by Complexr Bernstein and Convolution Type Operators

1.2 TIterates of Bernstein Polynomials

First we deal with the approximation properties of the iterates of complex Bernstein
polynomials and their relationship with the theory of the semigroups of operators.

For R > 1, let us define by Ar the space of all functions defined and analytic
in the open disk of center 0 and radius R denoted by Dg. Denoting r; = R — B 1,
j € Nand for f € Ag, ||f|l; = max{|f(2)|;|z| < r;j}, since r; =1 and r; /‘ R,
it is well-known that {|| - ||;,7 € N} is a countable family of increasing semi-norms
on Ag and that Ag becomes a metrizable complete locally convex space (Fréchet

space), with respect to the metric

— 1 |f—gl;
W9 = 25 T gl 0 € A

It is well-known that lim,,_,« d(fn, f) = 0 is equivalent to the fact that the sequence

(fn)nen converges to f uniformly on compacts in Dg. Details about the space Agr

and the metric d can be found in e.g. Kohr-Mocanu [118], pp. 104-107.

Now, for f € Ag, that is of the form f(z) = Y ;o cx2", for all z € Dg, let
us define the iterates of complex Bernstein polynomial B, (f)(z), by B,(ll)( Niz) =
Ba(f)(2) and B{™(f)(z) = Ba[BY" V(f))(2), for any m € N, m > 2. Since
we have (see e.g. Lorentz [125], p. 88, proof of Theorem 4.1.1 ), B, (f)(z) =
> re o ckBnlex)(z), by recurrence for all m > 1, we easily get that B(m) (N(z) =
5% 5 ek B (ex)(2), with e (2) = 2F.

The first main result of this section is the following.

Theorem 1.2.1. (Gal [78]) Let f € Ag with R > 1, that is f(z) = Y peq ek, for
all z € Dpg.

(i) For any n € N, we have

lim d[B™ (f), B.(f)] = 0;

m—0o0

(ii) If lim, .o == = 0, then
lim_ d[B"™)(f), f] = 0.

n—oo

Moreover, for any fized q € N, the following estimates hold
m o0
1B (F) = Fllg < D lexlk(k = 1)rg
k=2
and

1
dBM(f), f] < = Z|ck|k Y
n

where Y32, |exlk(k — 1)rk < oco.
(i) If lim,, oo ™2 = o0, then

lim d[B{")(f), B1(f)] = 0;

n—oo
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Bernstein-Type Operators of One Complex Variable 27

(iv) If lim, o == =t € (0,00), then
lim d[B{™)(f),T(t)(f)] =0,

n—oo

where L(f)(z) = (1 — 2)f(0) + 2f(1), z € Dp,
T()(f)(z) = L(f)(z) + (1 = 2)/0 Gi(z,9)[f(y) = L(f)(y)ldy, = € D,

— k(2k — 1
Gz = 3 MO btz D 0 1R 2y ),
k=2

z € Dr,y € [0,1], and P,gl_’;)(z), |z] < R, are the Jacobi polynomials normalized to
be k—1 at z=1.

Proof. (i) Since from Karlin-Ziegler [114] it is known that if m — oo, then
Bflm)( (@) — Bi(f)(z), uniformly on the interval [0, 1], according to the classical
Vitali’s result (see e.g. Kohr-Mocanu [118], p. 112, Theorem 3.2.10], it suffices
to show that for any fixed n € N, the iterate sequence of polynomials Bflm)( (z),
m = 1,2, ..., is uniformly bounded with respect to m € N in each D, with 1 < r < R.

Let n € N be fixed. According to He [107], p. 580, relationship (7), we can write

k .
Bu(er)(z) = 380, 2zl 2 G = Dl

nk

j=1
where S(k, j) are the Stirling numbers of second kind. It is well-known that these
numbers satisfy S(k,j) > 0, for all 5,k € N and

k
ZS(k,j)n(n —1)..[n—(—1)]=n" for k,neN.
j=1
Let |z| <7 with » > 1. Since S(k,j)n(n —1)..[n — (j —1)] > 0, for all k,n,j € N
with 1 < j <k, it follows

k .
Bulen) )] < 30 80k, ) M=Vl Z U=l )
j=1
k .
<X S(k, )M 1)'"752 Vi) Y

j=1
k .
=D =G -]
< =
< S(hk.j) o rk =k,
j=1
Applying now B,, to the above equality, we obtain
nn—1)...[n— (G —1)]
nk

k

B (ex)(z) = Y _ S(k, j)

J=1

Bn(ej)(z)a
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28 Approxzimation by Complexr Bernstein and Convolution Type Operators

which from the last inequality implies

k

B () (2)] = D 80k, ) ]

n

n= U= (o))l

j=1
k .

Reasoning by recurrence, we easily get
|BY™ (ex)(2)] < 7,

for all k,n,m € N and z € D,..
This implies

IBE ()] <Y lexlr® < +oo,
k=0

for all m,n € N and z € D,., which proves (i).

(i) Since from the last inequality in (i), for each r € [1,R) the sequence
B,(Abm)(f)(z)7 m,n = 1,2,..., is in fact uniformly bounded in D, with respect to
both m,n € N, and since by Kelisky-Rivlin [115], we have BY™) (£)(z) — f(z) as
n — oo, uniformly for z € [0,1], it follows that the Vitali’s convergence theorem
implies the first convergence in (ii).

Since B (f)(2) = 3200, ek BY™ (ex)(2), with ex(2) = 2¥, we get

IBEM(f)(2) = F() < Y lewl - 1B (ex)(2) — ex(2)].
k=2

But according to He [107], we have

k .
Bulen)() —en(2) = Y05k ) " U Dy )

Therefore,

k—1
Bulen) ) — en(z) = 3 ()M el Z U=

j=1
=1L = (k= 1/m) ~ e (2),

which immediately implies
k—1

BYBA(en):) —exlz)] = 3 Sk ) " =0 W gy

j=1

+[Q=1/n)...(1 = (k—1)/n) — 1]BP (ex)(2).
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Taking into account that by the proof of the above point (i), we have |B,(1p )(ej)(z)| <
rJ, for all p,n,j € N and |z| < r, it follows

k—1 .
B Ba(er) — edl(a)] < 350k, 5) M0l Z U=l g
j=1
HL= (U= 101~ Gk~ /) B (e0) )
k—1 .
< S(k, )M 1)'"752_ U=,

+1—(1=1/n)..(1 = (k—1)/n))r*

<21 —(1—1/n)..(1 = (k—1)/n)r*
But
B{™ (ex)(2) — en(z) = ﬂg B [By(ex)(2) — er(2)];
which implies for all [2| < r that :
B (ex) — x| < 721 | B [Bu(er) — ex]()]

<2m[l —(1-1/n)..(1 = (k= 1)/n)]r*

and finally

IBE(N)(z) = f(2)] < 2m ) el - [L= (1= 1/n)..(1 = (k= 1)/n)]r*
k=0
Since [1 = (1—=1/n)..(1—(k—=1)/n)] < i[1+..+(k—1)] = k(k U for all k € N,
k > 2, by choosing r = ry, we get the first required mequahty in the statement.
Note that Y77, |cx|k(k—1)r*=2 < oo, since we have f”(z) = > po, cpk(k—1)2%"2
for all |z| <.
The second estimate in (ii) is a direct consequence of the inequality

oo

q
Lo f—gls Lo lf—gls
df,g) =S = 1 9l L =gl
;W Lrllf=gll; 57,2 1+ —gll
If=gle §~1, 5~ 1
<A NS Y S
L+[1f =gl Z Y

If—9llq 1 1
<—————+ - <|f—gllg + 5
T+ f—glly 29 1 2

(iii) Since B,(lm“)(f)(a:) — Bi1(f)(z), as n — oo, uniformly for z € [0,1] (see
Kelisky-Rivlin [115]) the proof is similar with that of (ii).
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30 Approxzimation by Complexr Bernstein and Convolution Type Operators

(iv) First we prove that for any ¢ > 0, the complex series G¢(z, y) is uniformly and
absolutely convergent for |z|, |y| < 7, with » > 1. Indeed, from the representation

formula
1 < /n+1 n+1
(11) _ ki, __1\n—k
)= }02( YTt <

3

we get

s () £ (5 ()
<T;1) (2 22 ) 5<T;1)n(4e>”§[6(r+1)r.

We used above the Vandermond’s equality E{V:O ) (ka) = ("tm) and the in-

o (m ne K
equality (k) < (7) .
Now, since for |z], |y| < r we get |22 — 1|, |2y — 1] < 2r + 1, denoting p = 2r + 1,
it follows

IN

oo

1Gi(2,y)] < Z ) o=r=012 pD (9, )| [PAD 2y — 1)

oo

< Z Qk—l ¢ Hk=1)t/2[g p2k—4,
k=2

By applying the ratio test, the last series (of positive numbers) is convergent.
This shows that T'(t)(f)(z) is well defined for any ¢ > 0 and all |z| < R.
In what follows, it suffices to prove that for any fixed r € [1, R) we have

Tim || B (f) = T(#)(H)]- = 0.

Since from Karlin-Ziegler [114], for ¢ > 0 we have

n—oo

1
lim B (f)(x) = L(f)(x) + (1 — 2) / Gl ) (9) — L) W)y,

uniformly with respect to z € [0, 1], according to the Vitali’s theorem, it suffices
to prove that the sequence (B(m") (f)(2))nen is uniformly bounded in D,.. However
this fact was proved by the last inequality at the above point (i) (see also the remark
at the beginning of point (ii)). Therefore the theorem has been proved. O

Remarks. 1) The property (iv) in Theorem 1.2.1 suggests that for f € Ag, the
limit of the iterates B,(lm")( f)(z) represents the semigroup of operators T'(¢)(f)(z)
defined on the locally convex space (Fréchet) Ag.
2) The results in Theorem 1.2.1 extend some related results in the case of iterates
of real Bernstein polynomials on [0, 1] (see Karlin-Ziegler [114], Kelisky-Rivlin [115]).
In what follows we prove that the shape preserving properties for complex Bern-
stein polynomials in Theorem 1.1.7 hold for their iterates too.
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Bernstein-Type Operators of One Complex Variable 31

In the proofs of these properties we need the following two auxiliary lemmas.

Lemma 1.2.2. (Gal [78]) Let f € Ag with R > 1, that is f(2) = Y g k2", for
all z € Dg. For any m € N, we have

lim d[B{™(f), f] =0,

n—oo

that is the sequence (Bflm)(f))neN uniformly converges to [ on compacts disks in
Dg.

Proof. Note that Lemma 1.2.2 is a particular case of Theorem 1.2.1, (ii), for the
constant sequence m,, = m. O

Lemma 1.2.3. (Gal [78]) Let f € Ar, R > 1, be satisfying f(0) = 0. For allm,n €
N we have [BY™ (f)]'(0) = nBY" ™V (f)(1/n) and lim,, —oo[n- B (f ><1/n>} = 1(0),
for any fized j, where by convention, Bflo)(f) = f and [ )(f)] (0) denotes the
first deriwative of B,(lm)(f)(z) at 0.

Proof. We have

B (f)(2) = BalBI" D (f)](2),
which by B/, (f)(0) = nf(1/n) implies

[BE () (0) = nBI"V(f)(1/n).

For the second part of lemma, let us observe that it suffices to prove it for real
functions f(z),z € [0,1],in C?[0, 1]. Indeed, by f(z) = U(x,y)+iV (z,y), z = z+iy,
where U and V have partial derivatives of any order, we get f(x) = U(x,0) +
iV (x,0) := g(x) + ih(z), for all z € [0, 1], where g, h are continuously differentiable
of any order. Also, we take into account that B{™ (+) is a linear operator on C0, 1],
for any n,m € N.

We obviously have nf(1/n) = W 17(0), as n — oo.

In what follows, we will use the well-known pointwise estimate for Bernstein
polynomials when f € C?[0,1], given by

Bal)) ~ 1)l < U1 dor aila € fo,1),m e N,

where || - || denotes the uniform norm in C10, 1].
We get

nB,(f)(1/n) = B, (f)(1/n) — B,(f)(0)

(1/n)
_ Bu(N/n) = f(A/n)  f(/n) = f(O)
- ) + ) f(0),

as n — 00, since by the above estimate we have

Ba(H)A/n) — f(/n) | _ CII"|
(1/n) )

— 0, for n — oo.
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Then, we get
nB (f)(1/n)
_ BulBu(HIA/n) = Bu(£)(A/n) | Ba(H)A/n) = Ba(HO) £10),
(1/n) (1/n)
as n — oo. Indeed, by applying again the above pointwise estimate for f replaced
by B,(f) and taking into account the inequality ||BZ(f)|| < ||f”] (which easily
follows from e.g. Lorentz [125], p. 12, relation (2)), we obtain

Bn[Bn(H)I(1/n) = Ba(H)(A/n)| _ CIBLNI _ CIF"I

(1/n) - n - n ’
as n — o0o. .
But limy, o012 - B,(f)(f)(l/n)] = f'(0), for any j, easily follows by mathematical
induction, which proves the lemma. O

The main result is the following.

Theorem 1.2.4. (Gal [78]) Let us suppose that G C C is open, so that D; C G
and f: G — C be analytic in G. Also, let m € N be fized.

(i) If f is univalent in Dy, then there exists an index ng depending on f and m,
so that the mth iterates B(m)(f)( ), be univalent in Dy, for all n > ng.

(i) If f(0) = f'(0) —1 =0 and f is starlike in Dy, that is

Re (:J:(S)) >0, for all z € Dy,

then there exists an indexr ng depending on f and m, so that the mth iterates
Bflm)(f)(z), be starlike in Dy, for all n > ny.

If f(0) = f'(0) —1 =0 and f is starlike only in Dy, then for any disk of radius
0 < r <1 and center 0 denoted by D,., there exists an index ng = no(f, m,D,.), so
that the mth iterates B(m)(f) (), be starlike in D, for all n > ng, that is,

(BT () E) . cD
< 5 () e) >>0, for all z € Dy.

(Here |B m)]’(f (z) denotes the first derivative of B(m)(f)(z).)
(i) If £(0) = £'(0) — 1 =0 and f is conver in D1, that is

Re <zf”(z)> +1>0, for all z € Dy,
f'(2)
then there exists an indexr ng depending on f and m, so that the mth iterates
B,(«Lm)(f)(z), be convex in Dy, for all n > ng.
If f(0) = f'(0) =1 =0 and f is convex only in D1, then for any disk of radius
0 < r <1 and center 0 denoted by D,., there erxists an index ng = no(f, m,D,.), so
that for all n > ng, the mth iterates B;lm)(f) (2) be conver in D,., that is,

. (z[B£m>1"<f><z>

[Bém)]’(f)(z) ) +1>0, for all z €D,.
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Bernstein-Type Operators of One Complex Variable 33

(i) If f(0) = f'(0) =1 =0, f(2) #0, for all z € Dy \ {0} and f is spirallike of
type v € (—7/2,7/2) in Dy, that is

Re <ew%> >0, for all z € Dy,

then there exists an index ng depending on f,m and 7y, so that the mth iterates
Bflm)(f)(z) #0, for all z € Dy \ {0}, and B,(Zm)(f)(z) be spirallike of type v in Dy,
for alln > nyg.

If f(0) = f'(0) =1 =0, f(2) #0 for all z € D1 \ {0} and f is spirallike of type
~v only in D1, then for any disk of radius 0 < r < 1 and center 0 denoted by D,.,
there exists an index ng = no(f,m,Dy,7), so that for all n > ng, the mth iterates
B;’n)(f) (2) # 0 for all z € D, \ {0} be spirallike of type v in D,, that is,

(m)7,
Re (e”W) >0, for all z € D,.
By (f)(2)

Proof. (i) It is immediate from the uniform convergence in Lemma 1.2.2 and
a well-known result concerning sequences of analytic functions converging locally
uniformly to an univalent function (see e.g. Kohr-Mocanu [118], p. 130, Theorem
4.1.17).

For the proofs of the next points (ii), (iii) and (iv), let us make some general
useful considerations. According to Lemma 1.2.2, combined with the Weierstrass’s
well-known result, it follows that as n — oo, uniformly in I; we have

BUM(f)(2) = £(2), BV (£)(2) = f/(2) and [BI™]"(f)(2) — f(2).
In what follows we denote Cy, = [BS™ (f)]'(0) and P{™ (f)(z) = 2L DG

Note here that f/(0) = 1 combined with Lemma 1.2.3, implies that “for any
m € N, there exists n(m, f) so that C,, ,, > 0, for all n > n(m, f), (in fact we have
lim, 00 Cppom = 1).

From f(0) = 0 we get B{™ (£)(0) = 0 and P{™(f)(0) = 0, while from the
definition of P™ we obtain [P{™)(f)(0) = 1.

By combining all of these facts with Lemma 1.2.2, we obtain that for n — oo,
we have P\ (£)(2) — f(2), [PY™V(£)(z) — ['(2) and [PY™]"(f)(2) — f"(2),
uniformly in D;.

(ii) By hypothesis we get |f(z)| > 0 for all z € D; with z # 0, which from the
univalence of f in Dy, implies that we can write f(z) = zg(z), with g(z) # 0, for all
z € Dy, where ¢ is analytic in ID; and continuous in D;.

By writing P\"™ (f)(2) in the form P{"™ (f)(z) = 2Qn.m(f)(2), it is obvious that
Qn,m(f)(2) is a polynomial of degree < n — 1.

Let |z| = 1. We have

1f(z) = P ()(2)] = [2] - 19(2) = Quan(f)(2)] = 9(2) = Qun(f)(2)];

which by the uniform convergence in D; of P,ﬁ’”)( f) to f and by the maximum
modulus principle implies the uniform convergence in Dy of Q. (f)(2) to g(2).
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34 Approxzimation by Complexr Bernstein and Convolution Type Operators

Since g is continuous in D; and |g(z)| > 0 for all z € Dy, there exist an index
n1 € N and a > 0 depending on g, so that |Q,,..m(f)(2)| > a > 0, for all z € D; and
all n > ng.

Also, for all |z] = 1, we have

/() = [PI™T () ()] = |219'(2) = Q ( )@ +19(2) = Qum(H(Z)]|
=1 lallg'(= ) m(H @) =19(2) = Qum(f)(2)] |
=| lg'(z) - ( )(2) = 19(2) = @nm(f)(2)] |

which from the maximum modulus principle, the uniform convergence of [Pﬁm)]' f)
to f" and of @y m(f) to g, evidently implies the uniform convergence of Q7, ,,,(f) to
g
Then, for |z| = 1, we get
APV ()(2)  2[2Qh () (2) + Qo (£)(2)]

Pém)(f) 2Qn,m(f)(2)
_ 2@ m(F)2) + @um(f)(2)  29'(2) +9(2)
B Qnm(f)(2) 9(2)
_f'(z) _2f'(2)
C9(z)  f(e)

which again from the maximum modulus principle, implies

BN ()E) | 2f(E)
™ (f) f2)
"(2)

Since Re (%) is continuous in Dy, there exists a € (0,1), so that

i
Re <zf (Z)) > a, for all z e Dy.

, uniformly in D;.

f(2)
Therefore,
i (m)yr ] /
P

e [APUDEN g [0

- P (f)(2) f(2)
uniformly on Dy, i.e. for any 0 < 8 < «, there is ng so that for all n > ny we have

I (m)y 1

Re M > (>0, for all z € D;.

(1))
Since P,gm)(f)(z) differs from BY™ (f)(z) only by a constant, this proves the first
part in (ii).

For the second part, the proof is identical with the first part, with the only
difference that instead of D;, we reason for D).

(iv) Obviously we have
U
— Re [e”—zf (2)} ,

f(2)
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uniformly in D;.

We also note that since f is univalent in Dy, according to Lemma 1.2.2, there
exists nq(m, f) so that B(m)(f)gz) be univalent in Dy for all n > ni(m, f). There-
fore, B,(Zm)(f)(O) = 0 implies Bnm)(f)(z) # 0, for all z € Dy \ {0}, n > ni1(m, f).
For the rest, the proof is identical with that from the above point (ii).

(iii) For the first part, by hypothesis there is a € (0, 1), so that

f'(z)
uniformly in D;. It is not difficult to show that this is equivalent with the fact that
for any 8 € (0, ), the function zf/(z) is starlike of order 3 in D; (see e.g. Mocanu-
Bulboaca-Salagean [138], p. 77), which implies that f/(z) # 0, for all z € Dy, i.e.
|f(z)| > 0, for all z € D;. Also, by using the same type of reasonings as those
mentioned in the above point (ii), we get

APV DG L s [21G)
ERIGE 1 B [ )

uniformly in D;. As a conclusion, for any 0 < 3 < «, there is ng depending on f,
so that for all n > ng we have

Re {zf”(z)} +1>a>0,

]—F1>04>07

(m)ym
Re % +1>3>0, forall z € Dj.
(P71 (f)(2)
The proof of second part in (iii) is similar, which proves the theorem. O

1.3 Generalized Voronovskaja Theorems for Bernstein Polynomi-
als

It is well-known the fact that the classical Voronovskaja’s theorem for real variable
was generalized by Bernstein [42] as follows.

Theorem 1.3.1. (see e.g. Lorentz [125], p. 22-23) If f is defined and bounded on
[0,1] and the derivative fPP)(x) exists at x, then we can write

20 () (g
B, (f)(x) = f(x) +Z ! j!( ) T () + ;—Z,

where By(f)(z) = Y p_o (1)a"(1 — 2)* f(k/n) denotes the Bernstein polynomials,
Ty (@) =30 (i — na)? (D)2 (1 — 2)" " and &, — 0 as n — oo.

Remark. The classical Voronovskaja’s theorem is recaptured for k = 1.

The goal of this section is to obtain a similar result to Theorem 1.3.1 for the
complex Bernstein polynomials attached to analytic functions in compact disks with
the centers in origin and radii > 1. For the particular case p = 1 one recapture The-
orem 1.1.3. Moreover, the analyticity of f will imply exact orders of approximation
in the generalized Voronovskaja’s theorems.
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36 Approxzimation by Complexr Bernstein and Convolution Type Operators

The first main result of this section is the following.

Theorem 1.3.2. (Gal [89]) Let R > 1 and let f : Dr — C be an analytic function,
that is f (2) = > pey cxz®. Then for any 1 <r < R and any natural number p there
exists a constant Cp, > 0 such that the following estimate

_ Cor )

g (2)| < v

holds for all z € C with |z| <r and for all n € N, where

> k' (k—2p
Cor (N=Cp- D ol mk =
k=2p+1 p ’

Remark. Theorem 1.3.2 is the complex analogue of the Bernstein’s result, with
the quantitative estimate €, <1 / n.

Proof of Theorem 1.3.2. Let e; be the function defined by ey, (2) = 2*. Let us
put 7, = By, (ex) . By Lemma 2.2 in Pop [155] one has

k

T () = 3 =T (2) - (9 (1.1)

jinJ
=07

where (zk)(j) is the j-th derivative of the function ey, () = z*. Note that

(MY =k —1) .. (k—j+1) 2", (1.2)
Let us introduce the polynomial Fy, , ), by defining
2 )
J
Brnyp (2) = Thn (2) — ek (2) = Y WTn,j (2)- (%) (1.3)
j=17"

Since T}, 0 (z) = 1 we see by (1.1) and (1.2) that for k¥ > 2p + 1 we have

k . k
B = > 5T (97 = 3 S e, 0

i\nJd
j=2p+1 J-m Jj=2p+1 J
First we need the following auxiliary result.

Lemma 1.3.3. (Gal [89]) For given p € N and r > 1 there exists a constant Cp>0
such that for all k > 2p+1, |z| <r and n € N the following estimate

k!

2
nPt+1 (k — 2p)! (k= 2p)

| Brnp (2)] < Cpr®

holds.

Proof of Lemma 1.3.3. We shall use mathematical induction over p. For p = 1
this inequality has been proved in the proof of Theorem 1.1.3, (ii). Now suppose
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Bernstein-Type Operators of One Complex Variable 37

that the inequality is valid for p, and we want to prove it for p + 1. At first we
observe from (1.4) that Ej ,, p+1 (2) is equal to

k ) »k—(2p+1)

T,
2p+1 n2r+1 2p+1 (2) <2p +2

k »k—(2p+2)
) — e Inzpr2(2). (L5)

Eynp (2) <

Let us define
z(1—2)
TEllcq,mpH (2). (1.6)

Using (1.4), a simple computation shows that Ry ., (2) is equal to

Xk: % (I;) T (2) - = ki:l % (k ; 1) AT, () (L)

Jj=2p+3

Rinp (2) = Egnpt1 (2) = 2Bk—1n,p11 (2) —

k—1
2 Y ()R ws)

T
i=2p+3 J

Now let us rewrite (1.1) in the following trivial way

o1k , P2k L
> i <]->ZkJTn,j (2) =mhn(2) = Y i (j)zk]Tw‘ (2)  (L9)
j=2p+3 =0

and replace the summands in (1.7) and (1.8) by the corresponding expressions
induced by (1.9). Then

2p+2

1 [k ,_,
Rinp (2) = T (2) — j;) ni (j)zk T, (2) = 2mk-1,n (2)
2p+2
1 (k—-1\ ,_ z(1-2)
+ 3 (" e - e
7=0
2p+2
z(1—=2) L (k=1\d [ 1, /
LA Z ni ( J >dz [ Tni ()]
7=0
1—
= Sl - ZSQ - us:g
n
Note that D. Andrica [24] has proved (see also the proof of Theorem 1.1.2, (i)) that
z(1—2
R (2) = #me1 () + 28Dt o),

which simplifies the above expression for Ry, , (2) in an obvious way.
We want to deduce from the above formula that

1
npt+2

|Rinp (2)] < Cp rfE(k—1) .. (k—2p—2), (1.10)

for all |z] <r,n € Nand k > 2p+ 3.
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38 Approxzimation by Complexr Bernstein and Convolution Type Operators

For this purpose, we observe that in the above expression of Ry, ,(z) (with
respect to S1,S2,53), the expression S is equal to the left-hand side in (1.9), S5 is
equal to the left-hand side in (1.9) written for k — 1 and S3 is equal to the derivative
with respect to z of the left-hand side in (1.9) written for k — 1.

But since by Lorentz [125], p. 14, Theorem 1.5.1, T, j(2) is a polynomial of
degree [j/2] with respect to n, it is clear from its form that the left-hand side in
(1.9) contains only terms having at denominator n/~17/2l| j > 2p + 3, that is only
terms having at the denominator n/ with j > p 4 2. This immediately implies that
Ry n.p(2) contains only terms having at denominator n/ with j > p+ 2. Now, since
by the same Lorentz [125], p. 14, Theorem 1.5.1, T, ;(2) is a polynomial of degree j
with respect to z, (by using again (1.9)) this immediately implies that for all |z| < r
we have an estimate of the form |Ry, ., (2)] < Cppr® =L

Therefore it remains to find out the form of the constant C), . By the recurrence
formula for T}, j(z) in Lorentz [125], p. 14, relation (3), it follows that T}, ;(z) is a
polynomial in n of degree < [j/2] with at most [j/2] terms containing the powers of
n (where j < 2p + 2), satisfying the estimate |T}, ;(2)| < r7A;nl/2, for all |z] < r.
Combining with the estimates (];) <k(k—1)..(k—2p+2)+1)<k(k—-1)..(k—
2p-2), (") < (h=1)(k=2)..(k—(2p+2)) < k(k—1)..(k=2p—2), j = 1,,,2p+2,
it easily follows that the modulus of all the nominators of the terms having at the
denominators n? with j > p + 2, can be bounded by Cpr*k(k —1)...(k — 2p — 2),
with a suitable chosen constant C), depending only on p.

Now we shall estimate Ej, , p+1 (2) by using (1.10). Indeed, by (1.6) we have

z2(1—2z
0B (@) 4 Reny (2).

Let us denote || f[|, = sup,|<, |f (2)| and let us recall Bernstein’s inequality

Bk npt1(2) = 2Ep—1,np+1 (2) +

120, < T1A,

valid for any polynomial P; of degree < j. Since |z (1 —2)| < r(1+47) < 2r? for
all |z] < (recall that 1 < r) and Ex_1,n p+1 (2) is a polynomial of degree < k we
conclude that for |z| <r

2r
| Brnpr1 (2)] S 71 EBktmpt1 ()] + — k[ Be1npir ()] + [Benp ()] (1.11)

By equation (1.5) (applied to k — 1 instead of k) one obtains

k—1 1 11—
|Ek—1,np+1 (2)| < |Ek—1n,p (2)| + <2p+ 1) 21 ‘Zk L@, 0py1 (2)

k—1 1 _q_
- (Zp + 2) n2pt2 ‘Zk T a4 (Z)‘ '

We use the last inequality in order to estimate the middle term in (1.11) in the
following way:

2r 2rk
n

E—1)...(k—2p)(k—2p—1)2
ngk—lvn,pH (2) < rk_l( )---( p)( p—1)

|:Op npt+1
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Bernstein-Type Operators of One Complex Variable 39

1 (k=1)..(k—(2p+1))
npt1

k=1 (k- (2p+2)

k
+ Agp’/’ np+2

+ A2p+17‘k
From this we conclude that
1
|Eknpt1 (2)] < 7[Eg—1,npt+1 (2)] + Cprkmk (k=1)...(k—=2p—2).

Since by Lemma 2.2 in Pop [155] we have Eapi2,pt+1(2) = 0, from the above
inequality by an inductive argument applied for & = 2p + 3, ... we finally obtain

|Epnpi1 (2)] < Cpr® k(k—1)..(k—2p—1)(k—2p—2),

npt+2
which proves the lemma. O
Now we are in position to prove Theorem 1.3.2. Indeed, taking into account that
by the estimate in Lemma 1.3.3 we have Eg 1, p(2) = E1 np(2) = ... = Egp n p(2) =0,

it follows

(J) )
B(f)(= Z EEhnoim, 50

< Y lerl [Brnp(2)]
k=2p+1
G Yieapr lerlk(k = 1)..(k = 2p+ 1)(k — 2p)*r"
= np+l ’
which proves the theorem. O

Remark. Analysing the proof of Lemma 1.3.3 and the reasonings for the proof
of Theorem 1.3.2, in a similar way we can prove that in the case when r = 1 the
pointwise estimate

_ 2| |1 = 2|Cpa(f
Bu(f)z) ~ f(z) -3 I Tg(2) < L] np+|1 (/)

Yzl <1,

holds, where C,1(f) = Cp - 32325, 1 lexlk(k —1)...(k = 2p +1)(k — 2p)?

Unlike the real case, for complex analytic functions the order of approximation
in Theorem 1.3.2 is exactly —=r. More exactly, the second main result of this paper
is the following.

Corollary 1.3.4. (Gal [89]) Let R > 1 and let f : Dg — C be an analytic
function, say f(z) = >, cuz®. If f is not a polynomial of degree < 2p then
for any 1 <r < R and any natural number p we have

2p :
f@ 1
— E —]' n JT’n,j ~ —np+l’ n e N’
j=1 .

where the constants in the equivalence depend only on f, r and p and are independent
of n. Here ||f||, = sup|, <, [f (2)].
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40 Approxzimation by Complexr Bernstein and Convolution Type Operators

Proof. Taking into account Theorem 1.3.2, it remains to obtain the lower estimate
for the quantity in the statement of Corollary 1.3.4. Thus, suppose that f is not
a polynomial of degree < 2p. Keeping the notations in the previous section, since
FO2) =302, erk(k —1)...(k — s+ 1)zF~*, by using (1.4) and simple calculations
we easily obtain the identity

j=1 %

= Z kEnp(2)

k=2p+1

1 > "k

s i
—md S al 2 (G)erome
k=2p+1 J=2p+1

_ 11 T 2p+1(2) f(2p+l)(z)_|_ Tn£2p+2(z) f(2p+2)(z)
nPtl | nP(2p + 1)! nP+1(2p + 2)!

1] ,h «

+E n Z ckErnpi1(2)

k=2p+3

By the recurrence formula for T}, j(z) in Lorentz [125], p. 14, relation (3), it fol-
lows that T}, j(z) is a polynomial in n of degree < [j/2] with at most [j/2] terms
containing the powers of n (where j < 2p + 2). Also, by Lorentz [125], p. 14, The-
orem 1.5.1, the coefficient of nP*1 in T}, 2p42(2) is % - [x(1 — )P, while
from the recurrence formula in Lorentz [125], p. 14, relation (3), it easily follows
that the coefficient of n? in T, 2p41(2) is of the form a,(1 — 22)[z(1 — 2)]P with the
constant a, > 0 (a, depends only on p). Therefore, it is easy to see that the sum

77;’;(22";{%,) FEPED(2) + - 7T’E‘Qif_t22)(f)f(2p+2)(z) can be written in the form

T 2p+1(2) £t () 4 1 _Tn,2p+2(2)f(2p+2)(2)

e ) nPtt o (2p+2)!
- (2]97-11-71)!(1 —22)[2(1 = 2)]P f@PHD(2)
Z(l — z) p+1 -
L e

FF(E) O () + - G() f ()

where the polynomials F(z) := Pi(z) + 1 P2(2) 4+ ... + =1 Pp(2) and G(z) :=
Q1(2)+1Q2(2)+...+ 5 Qp+1(2) are bounded in any closed disk |z| < r by constants
depending on r and p but independent of n.

Replacing this form in the above identity and taking into account the inequalities

7+ gllr = [l = llglle | = Il = llgll-,
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Bernstein-Type Operators of One Complex Variable 41

we obtain

2P £(j)
Db
=1 7 .

— p+1
(1 2e1)[er (1 — )P FHD) 4 [621 ﬁl(pei)]l)! 0p+2)

> e (|t

T

npt2 Z kErppi1 + Ff(2p+1) + Gf(2p+2)
k=2p+3

1 1 1 1
= {IIUllr - [IIVIIT]} > — 5V

for all n > ng (no depends on f, p and r), under the conditions that ||U||, > 0 and
if |V]|,- is bounded by a constant depending only on f, p and r. But this is exactly
what happens, because from Theorem 1.3.2 (written for p + 1) and from the above
considerations on F' and G it is immediate that |V, is bounded by a constant
depending only on f, p and r while by the fact that f is not a polynomial of degree
< 2p it follows ||U||, > 0. Indeed, for the last fact let us suppose the contrary. It
follows that f must satisfy the differential equation (here recall that a, > 0)

ap p £(2p+1 [2(1 — 2)P*!
m(l —22)[2(1 — 2)]Pf PP (2) + (4 1)

Making the substitution f(2P+1)(z) := y(z) it follows that y(z) necessarily is analytic
in D (since f is supposed analytic there) and is solution of the first order differential
equation

n
T

f(2p+2)(z) =0,]z| <.

o py(z) 4 A
After simplification with [z(1 — 2)]?, we get that y(z) is an analytic function in Dp
satisfying the differential equation
ap 2(1—2)
_ % 1_9 _PA T
i Rt e
Writing y(z) in the form y(z) = >"p2 bz, by comparison of coefficients, we easily
obtain that by = 0, for all kK = 0,1,..., which implies that y(z) is identical zero in
D, \ {0,1}. Since y is analytic, it is continuous and therefore y(0) = y(1) = 0,
which implies that y(z) = 0, for all |z| < r. But from the identity’s theorem of
analytic functions, it necessarily follows that y(z) = 0 for all |z| < R, obviously in
contradiction with the hypothesis that f is not a polynomial of degree < 2p in Dg.
For n € {1,...,ng — 1} we obviously have

Z f(J) ] > MT,’"«(f)

- pptl

y'(2) =0,]z <7z #0,2#1.

3

T

APPROXIMATION BY COMPLEX BERNSTEIN AND CONVOLUTION TYPE OPERATORS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7426.html



42 Approxzimation by Complexr Bernstein and Convolution Type Operators

with My (F) = 00t || Ba(f) = f = X3, Lin 9T,

‘ > 0, which finally implies

j=1 41
2p .
SO Cor(f)
Bn(f)_f_le’n JT’n,j Z np+1 y for allnEN,
J:

T

where Cp, - (f) = min{ M, 1(f), ..., Myno—1(f), 3||U|l+}. This completes the proof.C]

1.4 Butzer’s Linear Combination of Bernstein Polynomials

In the paper of Butzer [51], were inductively introduced the operators L (z) of
real variable z € [0, 1] by setting L (f) (z) := B,(f)(x) and

(29— 1) L9 (f) (2) = 29L5772) (f) () — L2973 (f) (2),
for ¢ € N. For example, for ¢ = 1 one obtains
LE(f) (x) == 2L (f) (2) — L9 (f) (2) = 2Ba2u(f)(x) — Bu(f) ().

In the same paper of Butzer [51], by using the generalized Voronovskaja’s theo-
rem of Bernstein [42] (that is Theorem 1.3.1), he proved that

L2 () (@) — f(x)| = O(n~9).
The first main result of this section is the extension of Butzer’s result to the
case of complex variable and can be stated as follows.

Theorem 1.4.1. (Gal [89]) For any analytic function f : Dr — C with R > 1, for
each 1 <1 < R and given natural number g there exists a constant dg . (f) > 0 such
that the following estimate

L2921 (f) (2) - f(2)| <

is valid for all |z| <7 and n € N.

dq,T (f)

nd

)

Proof. The proof of Theorem 1.4.1 is simple. Indeed, let us consider Butzer’s
linear combination of complex Bernstein polynomials defined by the recurrence

LINF)(=) = Ba(£)(2), (2 = DLRN(f)(=) = 27L57 (1) (2) = LRI (=),
where z € C,q=1,2,....

Analysing the proofs of Lemma 1, Lemma 2 and Theorem 1 in Butzer [51] and
taking into account Theorem 1.3.2, it is easy to see that their reasonings can analo-

gously be used for the above linear combinations of complex Bernstein polynomials,
so that finally we get the statement of Theorem 1.4.1. a

Remarks. 1) By the Remark after the proof of Lemma 1.3.3, it easily follows that
in a similar way we get the pointwise estimate

L))~ £ < dga(r) - L o an oy <1
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Bernstein-Type Operators of One Complex Variable 43

2) For ¢ = 2, the estimate in Theorem 1.4.1 can easily be obtained with an
explicit constant dg -(f), by using the following estimate in Theorem 1.1.3, (ii) :

z(l—=2 r r)?
(D) - ) - 2L E ey < %

where M, (f) = Yoo |exlk(k — 1)(k — 2)r*

Indeed, taking into account that Ll ]( iz ) Ba,(f)(2) — B, (f)(2) and that we
can write the identity

LA(F)(=) — f() = 2 [Bgnm(z) ) - Mf’w]

,r> 12| <rneN,

4n

10 - B+ 252w

+

we immediately obtain
ILE()(2) = £(2)]
_ _Z(l_z) 1" _ _Z(l—Z) 1"
< 2|Ban(f)(2) — f(2) 1 L @)+ [Balf)(z) = £(2) 51 ()
o SM(f)(1 +1)? n SM,(f)(L+7)* _ 15(1+7)*M,(f)
8n? 2n? 4n? '

3) For ¢ = 3, in Theorem 1.4.1 similar reasonings can be applied. Indeed, first

it easily follows that Lk (f)(2) = £Bun(f)(2) — 2Ban(f)(2) + $Ba(f)(2) and that
we can write the identity

LI()(z) = f(2)

j=1 7t

4G (4 _
43 B - 10 - 3 B w0
WLICIET ER EEE)

4!-8-n3
This identity follows from the identities T}, 1(2) = 0 and

f"(z) [_§ Tana(2) o Tona(2) 1 Tn,z(z)] _0

2! 3 16n2 " 4n2 3 2 ’
f’”(z) 8 T4n73 (Z) 9 Tgmg(z) 1 Tn73(2) - 0
st |73 Teand T sd 3 s |0
fODE) [ 8 Tuna(z) | o Tona(z) 1 Tha(z)
4! 3 256n4 16m4 3 n4
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44 Approxzimation by Complexr Bernstein and Convolution Type Operators

FHB()nz(1 - 2)[1 - 62(1 - 2)]
T 4!-8-nt

As a conclusion, an estimate with explicit constant in Theorem 1.3.2 for p = 2
(which can be obtained by following the reasonings in the proof of Lemma 1.3.3 for
p = 2, but with explicit constants), will immediately give an explicit constant d for
the estimate \L%](f)(z) — f(2)] < d/nd.

4) A nice consequence of Corollary 1.3.4 and of Theorem 1.4.1 is that if f is not
a polynomial of degree < ¢ then the order of approximation in Theorem 1.4.1 is
exactly # For simplicity first we illustrate the particular cases ¢ = 1,2, 3. Indeed,
the case ¢ = 1 is contained in Corollary 1.1.5. In the ¢ = 2 case, taking into account
the identity from the above Remark 2 and applying the reasonings in the proof of
Corollary 1.3.4 for the case p = 1, it follows that L (f)(z) — f(z) can be written
in the form

L()(z) = f(2)

2 o A1)+ T 0y 4 Tt oo
~ o [2Aen((e) + T ) o T2t oy
— | A~ Lann (Dl + - )
by il 0y Tl ) - Tl peoy
- L [La - USROG 1 0],

where for alln € N

||A1,n(f)||ra ”A?m(f)”rv ||A3,n(f)||r < Cr(f)7
(C(f) is independent of n) and we used the formulas in Lorentz [125], p. 14,
Ths3(z) =n(l—22)2(1 — z), T a(z) =nz(l — 2)[3nz(1 — 2) + (1 — 62(1 — 2))].

By using for
(1—22)2(1 = 2)f®)(z) n 2(1—2)°fW(2)
12 32

similar reasonings with those in the proof of Corollary 1.3.4, case p = 1, finally we
easily obtain

ILE(F)(2) — F()]lr ~ —. nEN,

n2’

where the constants in the equivalence depend only on f and r.
5) For the ¢ = 3 case we can apply similar reasonings. Indeed, applying to the
three expressions between the brackets in the formula for L} (/) (z) = f(2) from the
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above Remark 3, the reasonings in the proof of Corollary 1.3.4, the case p = 2, we
obtain

~ [+ 5 O o )

_ .%.%ch)(z) - .%.%J[@@

+ % ‘ Q%?f@(z) + % : %Jc(ﬁ)@} AL —4?:221' ;Bz)}zu —2)
B e o e

+

2(1—2)(1 —62(1 — 2)) fW(2)
i |
where || A1, ()]s |An(Hl» < Cr(f) for all n € N (Cr-(f) is independent of n) and
we used the formula in Lorentz [125], p. 14, T, 5(z) = (1 — 22)[10n%22(1 — 2)% +
n(z(1 — z) — 122%(1 — 2)?)] and the Theorem 1.5.1 in Lorentz [125], p. 14, for the
formula of n? in the polynomial T}, ¢(2).

Now, by using for

1022(1 — 2)2(1 — 22) f©O)(2) N 1523(1 — 2)3£)(2)

Gz) = 85! 8- 6!
+Z(1 —2)(1—62(1—2))fW(2)
8- 4l

similar reasonings with those for U(z) in the proof of Corollary 1.3.4, finally we
easily obtain
1
ILE () () = £ ~ pet

where the constants in the equivalence depend only on f and r.

In what follows we present a proof of the equivalence result in approximation
by qu—ﬂ (f)(z) for general ¢ > 3. Taking into account Theorem 1.4.1, therefore it
suffices to prove the following lower estimate for general g.

Theorem 1.4.2. Let D = {z € C; |z2| < R} be with R > 1, f : Dr — C analytic
in Dg, ie. f(z)= Z?io cxz¥, z€Dp, 1<r <R andq> 3.
If f is not a polynomial of degree < q then for all n € N we have
C
L2 = flle = =
where the constant C' is independent of n and depends on f, r and q.
The proof of Theorem 1.4.2 requires the following two auxiliary results.

Lemma 1.4.3. Let D = {z € C;|z| < R} be with R > 1, f : Dr — C analytic in
Dg, and 1 <r < R. Also, let LY (f)(z) be the Butzer’s polynomials defined by the
recurrence in the previous section, q > 2.
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46 Approxzimation by Complexr Bernstein and Convolution Type Operators

(i) We have the representation formula
qg—1

LYT2(F)(2) = Y ig-1Bain(f)(2);
i=0

where a; g1 = (—1)971718; 1 /TII_1(2F — 1), Sp.q—1 = 1 by convention and
Sig-1 = > 291292 23 for alli € {1,...,q — 1}.
J1,J25-0i=1, j1<...<Ji

(i) The sums S; 4 satisfy the recurrence formula
Siq = Siq—1 +295;_1,4-1, foralli=1,..,¢—1.

. 1
(1ii) The numbers a; q—1 satisfy 23:0 a; g—1 = 1 and the recurrence

24 1

Qg = 5oy Qi1 T 57 Va1 foralli=1,q—1,

(=n7t
iy (=1
(iv) For alli=0,...,q we have

where o g—1 =

9i(i+1)/219(%) _ 1
ai,q — (_1)q—l [ ]

[ -1

Proof. The proofs of (i) and (ii) can easily be done by mathematical induction
after ¢. Also, (iii) is an immediate consequence of (ii) and (iv) is an immediate

consequence of (iii). O

Lemma 1.4.4. Let ¢ > 3.
(i) For allj=1,...,q, 2 € C and n € N we have

q—1
D ig1(2) I Ty (2) = 0.
i=0
(ii) For allj=q+1,....2¢g—2, 2 € C and n € N we have
q—1
Z ai,q—l(Qi)_jTQin,j (2) =nBg-1,(2),
i=0

where By_1,;(2) is a polynomial of degree < j in z.

Proof. By using the recurrence formulas in Lemma 1.4.3, (iii), the proofs of (i)
and (ii) are immediate by mathematical induction with respect to g. The degree
of the polynomials B,_1 j(z) with respect to z follows from Lorentz [125], p. 14,
Theorem 1.5.1. O
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Bernstein-Type Operators of One Complex Variable 47

Proof of Theorem 1.4.2. Taking into account the representation formula in
Lemma 1.4.3 (i), we can write

qg—1
LETA(f)(2) = f(2) = Y @ig-1[Bain(£)(2) = f(2)] =
i=0

! 2O () ,
D dig1 |Ban()(2) = f(2) = 7 (2") I Tainj(2) | + Rng-1(f)(2),
i=0 j=1 ’
where
- 26
Rn,q 1 Zai,q—l fj TQ'TL]( )
=0 Jj=1

l\’)

[Zaz,ql Ty, <>].

Taking into account Lemma 1.4.4, (1) we have

2q—2 f
qu 1 Z [Zaz,q l TQ’“n]( )‘| )
J=q+1 :
which combined with Lemma 1.4.4, (ii) immediately implies
2q—2
1 f nBg-1,(2)
qufl(f)(z) = E Z le_;
Jj=q+1
1 f(q+1)(z) 1
= {WB(I_MH(,Z) + - Mo(f)(2)]

where ||My(f)|l» < C, with C independent of n.

Also, since from Theorem 1.5.1, p. 14 in Lorentz [125] we have that each Thi,, i(2)
is a polynomial in z(1—z), this implies that Bq_1 ¢+1(2) is of the form Bg_1 q11(2) =
z2(1 — 2)Py(z), with degree (P,(z)) < ¢ — 1 and P,(0) # 0.

On the other hand, reasoning exactly as in the proof of Corollary 1.3.4, case
qg=1p—1, we get

2(q—1) (j) )
Byu(F)(z Z I y0(2)
1 T2in,2q—1(z) (24-1)(, Tyin24(2) 429 .
= @y {w‘n)ql(zq—lﬂf B+ = 0

1, -
Pt S B,
k=2q+1
Clearly hat the expressions (2'n)9t! 377 ) | cxEj 2in ¢(2) are bounded in D, with
bounds independent of n (see Corollary 1.3.4).
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48 Approxzimation by Complexr Bernstein and Convolution Type Operators

Also, since by Theorem 1.5.1, p. 14 in Lorentz [125] the coefficient of (2¢n)? in
Tyip, 0q(2) is g%q;: [2(1 — 2)]?, while from the recurrence formula in Lorentz [125], p.
14, relation (3), it easily follows that the coefficient of (2'n)?~" in Thiy, 94—1(2) is of
the form aq—1(1 — 22)[z(1 — 2)]97! with a;,—; > 0. Therefore, reasoning exactly as
in the proof of Corollary 1.3.4 we can write

s t) (e 4 Trad o
= (121 - 2t e () 4 EO I pen

(2¢-1)
+%Fi(z)f(2"‘”(Z) + %Gi(z)f”") (2),

24(q)!

where F;(z) and G;(z) are polynomials bounded in I, by constants independent of
n.
Collecting all the above considerations in conclusion we obtain

L272(f)(2) = f(2)

1 [flatD(z) 2¢ _ 1

= = | T (L= 2)Pe(2) + ag-1(1 = 22)[z(1 = 2)]1 7 fP D (z)

nd (q + 1)' 2g—1
21 (=2 g ]
M= AR OB SIGIO]
where || K,(f)|l- < C with C independent of n.
Denoting
(¢+1)
Hy(f)(2) = f(qfl(;)z(l — 2)Py(2)
+Ea (1—22)[2(1 — 2)]9" 1 f2aD ()
9q—1 "4t
29 — 1 1— 2)]¢
+ 9¢-1 [Z(Qqq!Z)] f(zq)(Z)a

if ||Hy(f)]l» > 0 then the expected lower estimate follows from the inequalities

IL2=2(f) — £,
1

1
2 — |Ha(Hllr = ~lKa (N

! L Hy (£)]]
> [IIHq(f)IIT - E||Kq(f)||r] > L

for all n > ng. From the reasonings in the same Corollary 1.3.4 we get the lower
estimate of the same order for all n € N.

Now, to finish the proof it will be enough to show that if f is not a polynomial
of degree < ¢ then we have ||Hy(f)||» > 0. For this purpose, it will be enough
to prove that the differential equation Hy(f)(z) = 0 for z € D, implies that f is
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Bernstein-Type Operators of One Complex Variable 49

a polynomial of degree < q. Making the substitution f(+1(z) = y(z) it will be
enough to prove that the differential equation in z € D,

y(2)2(1 = 2)Py(2) + Ag(1 = 22)[2(1 = )]y 172 (2) + By[z(1 - 2)] %17V (2) = 0,

has as analytic solution only y(z) = 0. Here A4, B; > 0 and F,(0) # 0.
Simplifying with z(1 — z) supposed to be # 0, it follows the differential equation
inzeD,, \{0}

Y(2)Py(2) + Ag(1 = 22)[2(1 = 2))17 %9172 (2) + By[z(1 — 2)] 1y V(2) = 0,

with 71 < 1. Passing now with z — 0 in this equation we immediately obtain
y(0) = 0. This means that we can write y(z) = zh(z), with h analytic in D,,.
Calculating y'(z) = h(z)+2zh/(2) and y”’(2) = 2h/(2)+2zh" (z), replacing in the above
differential equation, simplifying with 22 and then passing to limit in the simplified
differential equation with z — 0, we immediately obtain h(0) = 0. Therefore we
can write h(z) = zu(z) and y(z) = z2u(z), that is y’(0) = 0. Repeating the same
reasonings for y(z) written in this form, we arrive at the form y(z) = z3v(2), that
is 4”/(0) = 0. Step by step by this kind of reasoning we will obtain y*)(0) = 0 for
all k =0,1,2,...,. In conclusion we obtain y(z) = 0 for all z € D,,, which proves
the Theorem 1.4.2. (]

Remarks. 1) Let us suppose that f € C[0,1]. By taking A = 1 in Guo-Li-Liu
[106], Theorem 2, we immediately obtain the following upper estimate valid for all
n €N

12823~ pi < ¢ MLy v

where || - || denotes the uniform norm on C[0,1], C' > 0 is an absolute constant
and w3, (f;1/6) denotes the Ditzian-Totik modulus of smoothness of order 2¢ with
respect to the weight p(z) = /2(1 — z).

Then, the equivalence results in the above Remarks 4 and 5 and Theorem 1.4.1
and 1.4.2 suggest the following open question : there exists an absolute constant
C’ > 0 such that for all n € N we have

||f|| +w 2q(f 1/vn)| < ||L,[12q72](f)_f||-

2) Analogously, Corollary 1.3.4 suggests equivalence result with respect to some
suitable expressions involving Ditzian-Totik moduli of smoothness for the general-
ized Voronovskaja’s theorem in the case of functions of real variable.

For G C C a compact set and ¢ € N, define Jutl (2), z € G by setting
L (£:G) () = Bu(£3G)(2) and

(20— 1) LD (£;C) (2) =257 (£, C) (2) — L2972 (£,C) (2).

Taking into account that these Butzer kind polynomials are linear combinations
of Bernstein polynomials attached to G, by the above Theorems 1.4.1 and 1.4.2 and
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50 Approxzimation by Complexr Bernstein and Convolution Type Operators

by similar reasonings with those in the proof of Theorem 1.1.9 (since 7" and 7!
are linear), we immediately obtain the following result.

Theorem 1.4.5. Let G be a compact Faber set such that @\G is stmply connected.
If f is analytic on G, that is there exists R > 1 such that f is analytic in Gr and
if is not a polynomial of degree < q then for any 1 < r < R we have

— C
Ra=21r. ) _ fll= ~ —
||an (faG) f”GT ’qu, fO’f’ a'll n,q € Na

where the constants in the equivalence depend on f, q, v and G, but are independent
of n. Here ||f|z, =sup.cg, [f(2)].

1.5 g-Bernstein Polynomials

In this section we present the approximation and shape preserving properties of
the complex ¢-Bernstein polynomials. First we present upper estimates in approx-
imation and we prove the Voronovskaja’s convergence theorem in compact disks
in C, centered at origin, with quantitative estimate of this convergence. These re-
sults alow us to obtain the exact degrees in simultaneous approximation by complex
g-Bernstein polynomials and their derivatives. Then we study the approximation
properties of their iterates and finally we prove that the complex ¢g-Bernstein polyno-
mials preserve in the unit disk (beginning with an index) the starlikeness, convexity
and spirallikeness. For ¢ = 1, all these results become those proved for complex
Bernstein polynomials in Sections 1.1 and 1.2.

Let ¢ > 0. For any n = 1,2, ..., define the g-integer [n], := 1+ ¢+ ... + ¢" 1,
[0], := 0 and the g-factorial [n],! := [1]4[2]4-..[n]q, [0]4! := 1. For ¢ = 1 we obviously
get [n], = n.

For integers 0 < k < n, define

(), = m

Evidently, for ¢ = 1 we get [n]; = n, [n]:! = n!and (}), = (}).
Now, for f :[0,1] — C, the complex g-Bernstein polynomials are defined simply
replacing z by z in the Phillips definition in [149], that is

n [k‘] n n—1—k

By q¢(f)(2) = Z f (ﬁ) <k> P H (1-¢°2),neN,zeC.
k=0 q q s=0

Here conventionally, the empty product is equal to 1. Also, note that for ¢ = 1 we

recapture the classical complex Bernstein polynomials.

First let us briefly expose the present situation of the main approximation results
for the complex g-Bernstein polynomials. Thus, concerning the estimates in the
convergence of complex g-Bernstein polynomials attached to analytic functions, by
the next theorem and remarks we mention the following known results.
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Bernstein-Type Operators of One Complex Variable 51

Theorem 1.5.1. (Ostrovska [146], Gal [87]) Let ¢ >0, R > 1, D = {2 € C;|2| <
R} and let us suppose that f : Dr — C is analytic in Dg, that is we can write
f(z)=Yp ckz®, for all z € Dg.

Then for the complex q-Bernstein polynomials we have the estimate

|Bna()(z) = f(2)] < M%if)

valid for alln € N and |z| <r, with 1 <r < R, where

, for allm € N,

0< M, q(f —22 — D[k — 1g|cx|r".

Moreover, M, ,(f) < 2572 ,(k — Dkleg|r* := M,(f) < oo, for all r € [1,R) and
€ (0,1], while if ¢ > 1, then M, 4(f) < oo, for all ¢ < R and r € [1, %),

Proof. Since only the case ¢ > 1 (and |z| < 1) was stated explicitly in Ostrovska
[146], let us indicate below the proof in its full generality by using some results
already proved in Ostrovska [146]. Indeed, first one easily observe that Lemma 3
in Ostrovska [146] is valid for all ¢ > 0. Also, analysing the proof of Theorem 5
in Ostrovska [146] (which use Lemma 3), again it easily follows that its estimate
is valid for any ¢ > 0, and not only for ¢ > 1. That is, for any ¢ > 0, denoting
en(z) = 2%, k = 1,2..., 2 € C, for all k,n € N and |z| < r, we get the kind of
estimate in Theorem 5 in Ostrovska [146], i.e
k (k — 1)[k — 1]q
[n]q

which by By o(f)(2) — f(2) = > peg ck(Bngler)(z) — ex(z)), immediately implies
the estimate.

Now, if 0 < ¢ < 1, since [k—1], < k, it is immediate that M, ,(f) = 2> pe,(k—
D[k = gler|r* <2377, (k — 1)k|cgr* < oo.

If ¢ > 1, then by the estimates [k — 1], < [k]; < q—l and

)

|Bug(er)(2) — ex(z)| < 2r

o0 2 o0
QZ k—1]g|cklr® < —IZ(k—1)|Ck|rqu
k=2 4 k=2
it follows that M, 4(f) < oo for rq < R, which proves the theorem. |

Remarks. 1) Let 0 < ¢ < 1 be fixed. Since we have ﬁ —1—qasn — oo,
by passing to limit with n — oo in the estimate in Theorem 1.5.1 we don’t obtain
convergence of B, (f)(z) to f(z). But this situation can be improved by choosing
0 < gqn, <1 with g, /' 1 as n — co. Indeed, since in this case [n]lqn —0asn— o0
(see Videnskii [194], formula (2.7)), from Theorem 1.5.1 we get that B, . (f)(z) —
f(2), uniformly for |z| < r, for any 1 <r < R.

2) If ¢ > 1, since [— < 1 , then by Theorem 1.5.1 it follows that for any r > 1
with rq¢ < R, we have Bnq(f)( ) — f(z) as n — oo, uniformly for |z] < r. In
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fact, in this case by Theorem 6 in Ostrovska [146] (for upper estimate) and by
Corollary 1 in Wang-Wu [198] we know much more : if f is not a linear function
then || Bp,q(f) = fll» ~ ¢~ ™, for any 0 < r < R/q. Here || f||, = sup{|f(2)]; |2| < r}.

3) It is worth mentioning other two interesting papers in the topic : approx-
imation by complex ¢-Bernstein polynomials of the Cauchy kernel 1/(z — a) (see
Ostrovska [147]) and of the logarithmic function (see Ostrovska [148]).

Now, concerning Voronovskaja-type results and approximation by iterates we
can mention the following known results.

If ¢ > 1 then qualitative Voronovskaja-type and saturation-type results for com-
plex ¢-Bernstein polynomials were obtained in Wang-Wu [198].

If 0 < g < 1 then for the real g-Bernstein polynomials, qualitative Voronovskaja-
type and saturation results (see Wang [197]) and quantitative Voronovskaja’s result
(see Videnskii [195]) were recently obtained.

In this section we fulfil this gap for the complex case and obtain a Voronovskaja-
type result with quantitative estimate for complex g-Bernstein polynomials with
0 < g < 1. Compared with the quantitative result proved for the real g-Bernstein
polynomials in Videnskii [195], our result is essentially better. Also, as an applica-
tion of our quantitative Voronovskaja’s result, the exact order in approximation by
complex ¢,,-Bernstein polynomials with 0 < ¢, < 1 and lim,,_, ¢, = 1 is obtained.

Taking into account that until present only iterates for real g-Bernstein polyno-
mial were studied (see Ostrovska [146], Xiang-He-Yang [202]), also we fulfil this gap
for the complex case, by obtaining approximation results for the iterates of complex
g-Bernstein polynomials with ¢ > 0.

Also, suggested by the fact that for n sufficiently large the classical complex
Bernstein polynomial B,,(f)(z) preserves in the unit disk the starlikeness, convexity
and spirallikeness, we will extend these kind of results to complex g¢,-Bernstein
polynomials, B, 4, (f)(2),n € N, with 0 < ¢,, < 1 and ¢,, — 1.

First we present the Voronovskaja-type formula.

Theorem 1.5.2. (Gal [87]) Let0 < ¢ < 1, R > 1,Dg = {2z € C; |2| < R} and let us
suppose that f : D — C is analytic in Dg, that is we can write f(z) = > 7, cpz”,
for all z € Dp.

(i) The following estimate holds :

z(1 —2)
2[n],

2(1—2) 9M()
2[n]q [n]q ’

for allm € N,z € Dy, where 0 < M(f) =Y pes |crlk(k — 1)(k — 2)? < oco.
(ii) Let r € [1,R). Then

Bl1)(:) = 1) - OE

B z(1—2)
2[nlq

)| <
for all n € N, |z| < r, where K, (f) =3 pe s |ex|k(k — 1)(k — 2)%r* < co.
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Bernstein-Type Operators of One Complex Variable 53

Proof. (i) Denoting ey (z) = 2%, k = 0,1, ..., and 7k n () = By4(ex)(2), we can
write By, ¢(f)(2) = Y reo CkThn,q(2), which immediately implies

BualF)() — 1(2) - Zgl[—;]ff’%z)
> k11— 2 —
<> el - a 2[n])k(k o) ;
k=2 q
forall zeDi,neN

Denote Dy(f)(z) = %gﬁ‘m, q # 1. In what follows, we prove the recurrence

Tk,n,q(2) = ex(2) =

formula

z(1 —2)
[nlq

forallneN,zeCand k=0,1,2,....
For z = 0 and z = 1, this recurrence is obviously satisfied. Therefore let us

suppose z # 0 and z # 1.

Th+1,n,q(2) = Dy[Trn,ql(2) + 2Tk n,q(2),

Denoting
n ) n . n—1— . s
Sunal) = 05 (1) ST - 002,
§=0 1/ q
and taking into account the formulas ¢’ % = [n]q — [j]q and

Dy[f - g)(2) = g(2)Dy(f)(2) + f(a2) Dy(9)(2), Dg(27)(2) = [ilg2"
we obtain

DylSinal(2)
=Zu]§(’;) (D)) T (- a2) + @2 D= (1~ ¢°2)))
7=0 q s=0
Skinna(z) k(MY L TT (1 gy & Lm0
== ;[J]q(j)q 11 A-¢a)1 T,

Sk+1.m,q(2) [n]q Skt1,n,q(2) _ Skr1ng(2) [nlq
= — - Sk,n — = — - Sk,n .

z 1—z7F alz) + 1—2z z(1 - 2) 1—27F al?)
Dividing now by [n]’;*l, the recurrence formula for 7wy, 4(2) is immediate. Note
that from this recurrence we easily obtain that degree (mx.n,4(2)) = k.
2P (1—2)k(k—1)

2[n]q ’

For all £ > 2, n € N and z € Dy, the above recurrence leads us to

Now, let us denote Ek , ¢(2) = Tnq(2) — €r(z) —

Fing(2) = %quﬂw]w T 2B 1 nq(2) + Chmal2),
where
221 —2) (k—1)(k—2)[k—2],
Grnal®) = =5, i,
AR i (k =Dk —1]4(k —2) o
3, ( o 2k =) =2l ”q) ’

APPROXIMATION BY COMPLEX BERNSTEIN AND CONVOLUTION TYPE OPERATORS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7426.html



54 Approxzimation by Complexr Bernstein and Convolution Type Operators

Taking into account that by the mean value theorem in complex analysis we
have |Dy(f)(2)| < ||f'|l1, where || - ||1 denotes the uniform norm in C(D;), and by
using the relationships 0 < 1 — ¢ < ﬁ and

k-1 —-k—-1,=01-¢ +..+(1—-¢"?
-l +0+q) +..+ A +qg+..¢"3)]
< ﬁ(1+2+...+k—2):7(k_22[)15]k_1),

we obtain, for all |2| <1,k > 2, neN,

z[-|1—2 2| |1 — 2| - |z|F3
|Ek7n,q(2)| < ||#i]q|[2||.E‘]/€_1,717q||1] + |Ek,1)n7q(z)| + | | |1 2[Tl]|q | ‘
D=2 (G )
< B g ()] + %
s s
< B g ()] + %
| [2(k B g 20 D0 2 1]y (= 2)(k 1)]
o [n]q [n]q
< Bin )]+ = 20 = i = encl
+ 2(/€ _ ].)2(]{5 _ 2) ||€k,2(2) - 6k71(2)||1 + 2(k - 1)(k - 2)[k - 1]11
Z[n]q [n]q
+ %} < (by the proof of Theorem 1.5.1)
< |Be 1 mgl2)] + % [2<k - 1)%{5‘%
L 20— B);(k ~2) |, 2k- 1)(% Dk~ 1y (k- ?T)L](k _1)
< |Bocr pgle)] + 22 Z2k[g]€3_ e

Therefore, we have obtained

9z - |1 — z|k(k —1)(k — 2).

2[nl

| Ekong(2)] < |Eg—1,n,q(2)] +

The last inequality is trivial for k = 1,2, since E1 p 4(2) = E2.5,4(2) = 0, for any
z € C.
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Bernstein-Type Operators of One Complex Variable 55

Writing now the last inequality for k = 3,4, ..., step by step we easily obtain

k
Bl < ELEZEL 2 56— 06 -2)
q R —
ERIEErY

=00, Tl

k(k—1)(k—2)2

In conclusion,

Bn,q(f)(Z)—f(Z)—Z(l[_] D 1) <3 el - [Bimg (2)
k=3

2] - 11— Z| 9 2
< cx|k(k —2)“.
2[n], [nlq ,g
Note that since 4 (z) = Y77, crk(k — 1)(k — 2)(k — 3)2*~* and the series is
absolutely convergent in Dy, it easily follows that > po 5 |ex|k(k — 1)(k — 2)?
which proves (i).
(ii) First we use the relationship in the proof of Theorem 1.5.1
k (k — 1)[k — 1]q

|7Tk,’ﬂ7q(z) - ek(z)l < 2r [Tl]q

)

for all k,n € N| |z| <r, with 1 <r < R.

Denoting with || - ||, the norm in C(D,), where D,, = {z € C;|z| < r}, one
observes that by a linear transformation, the Bernstein’s inequality in the closed
unit disk becomes |P},(z)| < §||Pk||r, for all |z| < r, r > 1, which combined with the
mean value theorem in complex analysis, implies [Dy(Py)(2)| < [|PLll» < || Pyllrs
for all |z| < r, where Py (z) is a complex polynomial of degree < k.

Now, taking into account the formula proved at the above point (i), given by

Eknq(2) = %Dq[Eklm,q](z) + 2Ek—1,n,(2)
1 =2) [(R=1)(k = 2)[k—2],
o, [ [l
it follows for all k,n € N, k > 2 and |z| < r,

r r)rk—2
B2 < LD Bt )]+ 1B 2]+ S5 —
(k-1k-2)k—-2  ((k-1(k-2)k-1, (k-2)(k-1)

i, i ( i, T ﬂ

r(147r)
[n]q

31+ 7)yrk=tk(k — 1)(k — 2)
2[nl '

< r[Ey—1,n,q(2)| + |Dg[Ek—1,n,q)(2)| +
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56 Approxzimation by Complexr Bernstein and Convolution Type Operators

Now, we will estimate |Dy[Ex_114](2)|, for k& > 3. Taking into account that
Ek_1,n,q(2z) is a polynomial of degree < (k — 1), we obtain

DB 1) < B 1 )
Eeifo (k= 1)(k = 2)(ex-1 — ex—2)
<522 It — il + T I
k—1T[2(k—2)k—2],% 2rF 1k —1)(k—2)
=7 { WL 2, }
- 3rF =1k (k —1)(k —2)
N [n]q
This implies
04 g () < SR D= 2)rk
[n]y T [n]3 ’

and

|Ekng(2)] < T|Ek—1,n,q(2)|
+3(1 +1)k(k —1)(k —2)r* N 3(1+7)k(k —1)(k — 2)rk—!

[n]2 2[n]3
9(1 +rk(k — 1)(k — 2)r*
SERRREIRCEL =

But Ey.n(2) = E1n(2) = Ean(2) = 0, for any z € C. Writing now the last inequality
for k = 3,4, ..., step by step we easily obtain

1+ r)r
|Ekng(2)] € —5r5— Z] )G —2)

_ 90+ r)k(k —1)(k — 2)%r*

= 2
As a conclusion, we obtain
Bual£):) = 1) = 2] < Xl i)
q k=3
< 20D S el — 1)k - 27"
4 k=3

Note that since f®)(2) = 3°7% , exk(k — 1)(k — 2)(k — 3)2