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Chapter 1

Bernstein-Type Operators of One

Complex Variable

In the Sections 1.1-1.4 first we obtain the exact degrees in approximation of analytic

functions in compact disks by complex Bernstein polynomials and their Butzer’s lin-

ear combination and in generalized Voronovskaja’s results. These sections include

approximation results on compact sets in C for the so-called Bernstein-Faber poly-

nomials and their Butzer’s linear combination in compact Faber sets. Convergence

results on compact disks for the iterates of Bn(f)(z) connected with the theory of

the semigroups of operators and shape preserving properties of these iterates (in the

sense that beginning with an index they preserve some properties of f in Geometric

Function Theory, like the starlikeness, convexity and spirallikeness) also are proved.

Then in the next Sections 1.5-1.10 some similar properties for the complex

q-Bernstein polynomials, Bernstein-Stancu polynomials, Bernstein-Kantorovich

polynomials, Favard-Szász-Mirakjan operators, Baskakov operators and Balázs-

Szabados operators are obtained.

For all kinds of Bernstein operators, the exact degrees of approximation mainly

are obtained by three steps : 1) upper estimates ; 2) quantitative Voronovskaja-type

formula ; 3) lower estimates by using step 2.

1.0 Auxiliary Results in Complex Analysis

In order to make the book more self-contained, in this section we briefly present

the main known results and methods in Complex Analysis we use in our study.

The first one is called Vitali’s theorem and can be stated as follows.

Theorem 1.0.1. (Vitali, see e.g. Kohr-Mocanu [118], p. 112, Theorem 3.2.10) Let

Ω be a domain in C and F ⊂ Ω a set having at least one accumulation point in Ω.

If the sequence (fn)n∈N of analytic functions in Ω is bounded in each compact in Ω

and (fn(z))n is convergent for any z ∈ F , then (fn)n∈N is uniformly convergent in

any compact of Ω.

In our applications, in general Ω = DR = {z ∈ C; |z| < R} with R > 1, F is

a segment included in DR and the compact subsets considered will be the closed

disks Dr = {z ∈ C; |z| ≤ r} with 1 ≤ r < R.
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2 Approximation by Complex Bernstein and Convolution Type Operators

The second important result in Complex Analysis we use is the Cauchy’s formula

for disks.

Theorem 1.0.2. (Cauchy, see e.g. Kohr-Mocanu [118], p. 28, Theorem 1.2.20)

Let r > 0 and f : Dr → C be analytic in Dr and continuous in Dr. Then, for any

p ∈ {0, 1, 2, ..., } and all |z| < r we have

f (p)(z) =
p!

2πi

∫

Γ

f(u)

(u− z)p+1
du,

where Γ = {z ∈ C; |z| = r} and i2 = −1.

An immediate consequence of the Cauchy’s formula is the so-called Weierstrass’s

theorem used in the proofs of shape preserving properties.

Theorem 1.0.3. (Weierstrass, see e.g. Kohr-Mocanu [118], p. 18, Theorem 1.1.6)

Let G ⊂ C be an open set. If the sequence (fn)n∈N of analytic functions on G

converges to the analytic function f , uniformly in each compact in G, then for any

p ∈ N, the sequence of pth derivatives (f
(p)
n )n∈N converges to f (p) uniformly on

compacts in G.

Indeed, note that by the above Cauchy’s formula we can write

f (p)
n (z) − f (p)(z) =

p!

2πi

∫

Γ

fn(u) − f(u)

(u− z)p+1
du,

from which by passing to modulus the theorem easily follows. In our applications,

G = DR with R > 1 and the compact subsets in G are Dr with 1 ≤ r < R.

Another well-known result used in the proof of shape preserving properties is

the following.

Theorem 1.0.4. (see e.g. Graham-Kohr [105], Theorem 6.1.18) If fn, f : Ω → C,

n ∈ N are analytic in the domain Ω, f is univalent in Ω and fn → f uniformly

in the compact K ⊂ Ω, then there exists n0(K) such that for all n ≥ n0, fn is

univalent in K.

The classical so called Maximum Principle (or Maximum Modulus Theorem)

will be frequently used in the proofs of error estimates.

Theorem 1.0.5. (see e.g. Kohr-Mocanu [118], p. 2, Corollary 1.1.20) If Ω ⊂ C

is a bounded domain and f : Ω → C is analytic in Ω and continuous in Ω, then

denoting by Γ the boundary of Ω we have

max{|f(z)|; z ∈ Ω} = max{|f(z)|; z ∈ Γ}.

For our applications again Ω will be an open disk centered at origin.

Useful in some of our proofs will be the well-known so called theorem on the

zeroes of analytic functions, which in essence says that the zeroes of an analytic

function (non-identical null) necessarily are isolated points. More exactly we can

state the following.
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Bernstein-Type Operators of One Complex Variable 3

Theorem 1.0.6. (see e.g. Kohr-Mocanu [118], p. 20, Theorem 1.1.12) Suppose

that f is analytic in the domain Ω and that f is not identical null in Ω. If a is a zero

for f then there exists r = r(a) > 0 such that D(a, r) = {z ∈ C; |z − a| < r} ⊂ Ω

and f(z) 6= 0, for all z ∈ D(a, r) \ {a}.
Also, we will use the classical so called theorem on the identity of analytic

functions.

Theorem 1.0.7. (see e.g. Kohr-Mocanu [118], p. 21, Theorem 1.1.14) Let Ω ⊂ C

be a domain. If f, g : Ω → C are analytic in Ω then f ≡ g on Ω is equivalent with

the fact that the set {z ∈ Ω; f(z) = g(z)} has at least one accumulation point in Ω.

Finally, we state a basic result very useful in the proofs of the approximation

results and called Bernstein’s inequality for complex polynomials in compact disks.

Theorem 1.0.8. (Bernstein [43], p. 45, relation (80) for general r > 0, see also e.g.

Lorentz [126], p. 40, Theorem 4, for r = 1) Let P (z) =
∑n

k=0 akz
k be with ak ∈ C,

for all k ∈ {0, 1, 2, ..., } and for r > 0 denote ‖Pn‖r = max{|Pn(z)|; |z| ≤ r}.
(i) For all |z| ≤ 1 we have |P ′

n(z)| ≤ n‖Pn‖1 ;

(ii) If r > 0 then for all |z| ≤ r we have |P ′
n(z)| ≤ n

r ‖Pn‖r.

One observes that (ii) immediately follows from (i). Indeed, denoting Qn(z) =

Pn(rz), |z| ≤ 1, by (i) applied to Qn(z) it easily follows r|P ′
n(rz)| ≤ n‖Pn‖r, for all

|z| ≤ 1, which proves (ii).

Concerning the approximation of analytic functions by sequences of complex

polynomials, as it will be seen in the next sections of this chapter and in the next

chapters, the main results one refer to approximation in compact disks centered

at origin (in particular in the compact unit disk). The advantage consists in the

fact that in these kinds of disks constructive methods can be indicated. But of

course that it is very important to obtain approximation results in more general

domains in the complex plane. In what follows we briefly present the standard

method based on the so-called Faber polynomials introduced by Faber [70], which

allows to extend all the constructive methods from the closed unit disk to more

general domains. The method is less constructive because a generally unknown

mapping function (generated from the Riemann’s mapping theorem) enters into

considerations. For all the details below on this method see e.g. the book of Gaier
[76], pp. 42-54. Also, for other important contributions to the topic of constructive

complex approximation see the book of Dzjadyk [69].

Definition 1.0.9. (i) γ : [a, b] → C is called Jordan curve if it is closed (i.e.

γ(a) = γ(b)) and simple (i.e. injective). The length of the curve γ is defined by

L(γ) = sup{
n∑

i=1

|γ(ti) − γ(ti−1)|;n ∈ N, a = t0 < ... < tn = b}.

γ is called rectifiable if L < +∞.

The interior of a Jordan curve is called Jordan domain and the curve is called

boundary curve of that domain.
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4 Approximation by Complex Bernstein and Convolution Type Operators

(ii) (Radon [158]) Suppose that γ : [a, b] → C is a rectifiable Jordan curve.

Because L < +∞, it is known that γ has a tangent γ ′ almost everywhere. Then γ is

called of bounded rotation if γ ′ can be extended to a function of bounded variation

on the whole curve.

Remark. Simple examples of Jordan curve of bounded rotation can be made up

of finitely many convex arcs (where corners are permitted).

Now, if G is a Jordan domain, then (by the Riemann’s mapping theorem) let us

denote by Ψ the conformal mapping of C \ D1 onto C \ G, normalized at ∞, that

is 0 < limw→∞
Ψ(w)

w < ∞. Also, denote by Φ the inverse function of Ψ. Obviously

that Ψ and Φ depend on G, but for the simplicity of notation we will not write

them as ΨG and ΦG, considering in our presentation that G is arbitrary but fixed.

For a Jordan domain G, denote by A(G) the class of all functions continuous in

G and analytic in G. In what follows we sketch a method by which any f ∈ A(G)

can be approximated by polynomials. For our considerations, it is sufficient to

suppose that the boundary curve of G is rectifiable and of bounded rotation.

First, one considers the Laurent expansion of [Φ(z)]n, n ∈ N ∪ {0}, valid for

large z

[Φ(z)]n = a
(n)
0 + ...+ a(n)

n zn +
∞∑

k=1

a
(n)
−k/z

k.

Definition 1.0.10. (Faber [70]) (i) The polynomial Fn(z) = a
(n)
0 + ... + a

(n)
n zn,

n ∈ N ∪ {0} is called the Faber polynomial of degree n attached to the domain G.

(Note that for z ∈ DR, R > 1 we can write

Fn(z) =
1

2πi

∫

|u|=R

[Φ(u)]n

u− z
du.)

(ii) If f ∈ A(G) then

an(f) =
1

2πi

∫

|u|=1

f [Ψ(u)]

un+1
du =

1

2πi

∫ π

−π

f [Ψ(eit)]e−intdt, n ∈ N ∪ {0}

are called the Faber coefficients of f and
∑∞

n=0 an(f)Fn(z) is called the Faber

series attached to f on G. (Here i2 = 1.) The Faber series represent a natural

generalization of Taylor series when the unit disk is replaced by an arbitrary simply

connected domain bounded by a ”nice” curve.

(iii) The mapping T defined by T [Pn](z) =
∑n

k=0 ckFk(z), where Pn(w) =∑n
k=0 ckw

k is called the Faber mapping.

Remark. By Definition 1.0.10, (iii), the Faber mapping T is linear and defined on

the set of all polynomials P defined on D1 and with values in the set of polynomials

P defined on G. In some cases it can be extended as a linear and bounded mapping

between the Banach spaces A(D1) and A(G) (both endowed with the corresponding

uniform norms). Below we briefly point out this extension (for full details see e.g.
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the book of Gaier [76], pp. 48-49) under the hypothesis that the boundary of G is

a rectifiable Jordan curve of bounded rotation. In this case for G, first it follows

that ‖T (P )‖ ≤ C‖P‖ for each P ∈ P , where C > 0 depends only on G. Then

T can be extended to the closure of P and since P = A(D1), T can be extended

as a linear and bounded operator from A(D1) into A(G), with the property that

‖T (f)‖ ≤ C‖f‖ for each f ∈ A(D1).

Now, since the Faber mapping has the integral representation

T [Pn](z) =
1

2πi

∫

C

Pn[Φ(u)]

u− z
du,

valid for each polynomial Pn, by passing to limits we obtain the formula

T [F ](z) =
1

2πi

∫

C

F [Φ(u)]

u− z
du, z ∈ G, F ∈ A(D1).

Also, the converse formula

F (w) =
1

2πi

∫

|u|=1

T [F ](Ψ(u))

u− w
du, w ∈ D1

holds.

The following two known results are of great importance for approximation.

Theorem 1.0.11. (more precisely see e.g. Gaier [76], p. 50, Theorem 3) If

F ∈ A(D1), F (w) =
∑∞

n=0 cnw
n then the Faber coefficients of T [F ] are cn.

Theorem 1.0.12. (more precisely see e.g. Theorem 4 in Gaier [76], p. 51) Suppose

that the boundary of G is a rectifiable Jordan curve of bounded rotation and let

f ∈ A(G). There exists F ∈ A(D1) with f = T [F ] if and only if as function of

w ∈ D1, the Cauchy integral
∫
|u|=1

f [Ψ(u)]
u−w du belongs to A(D1) and in this case we

have

F (w) =
1

2πi

∫

|u|=1

f [Ψ(u)]

u− w
du, w ∈ D1,

(F is extended by continuity on ∂D1).

Remark. Theorem 1.0.12 allows to reduce the approximation of f ∈ A(G)

to the approximation of F ∈ A(D1). Indeed, let (Sn(F )(w))n∈N, Sn(F )(w) =∑mn

k=0 ak(F )wk , be an approximation sequence for F . Then T [Sn(F )](z) =∑mn

k=0 ak(F )Fk(z), n ∈ N will represent an approximation sequence for f in the

set G (here Fk(z), k ∈ N denote the Faber polynomials attached to G). Indeed,

denoting the uniform norms by ‖ · ‖, this follows from the relation (6.19), p. 51 in

Gaier [76],

‖f −
mn∑

k=0

ak(F )Fk‖G = ‖T (F −
mn∑

k=0

ak(F )ek)‖G ≤ ‖|T‖| · ‖F −
mn∑

k=0

ak(F )ek‖D1
,

where ek(w) = wk and ‖|T‖| ≤M <∞, because of the hypothesis on the boundary

of G.
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1.1 Bernstein Polynomials

In this section, we find the exact orders in simultaneous uniform approxima-

tion of analytic functions by complex Bernstein polynomials in closed disks, an

upper estimate in Voronovskaja’s result and we prove that the complex Bernstein

polynomials attached to an analytic function, preserve the univalence, starlikeness,

convexity and spirallikeness. Also, to Jordan domains Bernstein-type polynomials

are attached and approximation results on connected compact sets with estimates

are obtained.

1.1.1 Bernstein Polynomials on Compact Disks

Concerning the approximation properties (uniform convergence), the results in

Wright [199], Kantorovich [113], Bernstein [39; 40; 41], Lorentz [125] and Tonne
[190] are well-known. It is worth nothing that an entire Chapter 4 of 38 pages

is dedicated to this topic in the book of Lorentz [125]. In that book interesting

convergence properties of Bn(f)(z) and of its so-called degenerate form, in various

domains in C, like compact disks, ellipses, loops, autonomous sets are presented.

For example, the following three approximation results due to Bernstein, Tonne

and Kantorovich concerning the uniform approximation of Bernstein polynomials

in the unit disk and in an ellipse hold.

Theorem 1.1.1. (i) (Bernstein, see e.g. Lorentz [125], p. 88) For the open

G ⊂ C, such that D1 ⊂ G and f : G → C is analytic in G, the complex Bernstein

polynomials Bn(f)(z) =
∑n

k=0

(
n
k

)
zk(1 − z)n−kf(k/n), uniformly converge to f in

D1. Here D1 denotes the open unit disk.

(ii) (Tonne [190]) If f(z) =
∑∞

k=0 ckz
k is analytic in the open unit disk D1, f(1)

is a complex number and there exist M > 0 and m ∈ N such that |ck| ≤M(k+1)m,

for all k = 0, 1, 2, ...., then Bn(f)(z) converges uniformly (as n→ ∞) to f on each

closed subset of D1.

(iii) (Kantorovich, see e.g. Lorentz [125], p. 90) If f is analytic in the interior

of an ellipse of foci 0 and 1, then Bn(f)(z) converges uniformly to f(z) in any

closed set contained in the interior of ellipse.

But in all the previous mentioned work no quantitative estimates of these con-

vergence results were obtained. In what follows, first we obtain upper quantitative

estimates on compact disks. For this purpose, denote DR = {z ∈ C; |z| < R}.

Theorem 1.1.2. (Gal [77], p. 264, Theorem 3.4.1, (iii)-(v)) Suppose that R > 1

and f : DR → C is analytic in DR, that is f(z) =
∑∞

k=0 ckz
k, for all z ∈ DR.

(i) Let 1 ≤ r < R be arbitrary fixed. For all |z| ≤ r and n ∈ N, we have

|Bn(f)(z) − f(z)| ≤ Cr(f)

n
,

where 0 < Cr(f) = 3r(1+r)
2

∑∞
j=2 j(j − 1)|cj |rj−2 <∞.
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(ii) For the simultaneous approximation by complex Bernstein polynomials, we

have : if 1 ≤ r < r1 < R are arbitrary fixed, then for all |z| ≤ r and n, p ∈ N,

|B(p)
n (f)(z) − f (p)(z)| ≤ Cr1(f)p!r1

n(r1 − r)p+1
,

where Cr1(f) is given as at the above point (i).

Proof. (i) Denoting ek(z) = zk and πk,n(z) = Bn(ek)(z), we evidently have

Bn(f)(z) =
∑∞

k=0 ckπk,n(z) and we get

|Bn(f)(z) − f(z)| ≤
∞∑

k=0

|ck| · |πk,n(z) − ek(z)|,

so that we need an estimate for |πk,n(z) − ek(z)|.
For this purpose we use the recurrence proved for the real variable case in An-

drica [24]

πk+1,n(z) =
z(1 − z)

n
π′

k,n(z) + zπk,n(z),

for all n ∈ N, z ∈ C and k = 0, 1, .... Since the relationship in Andrica [24] proved

for the real case is a simple algebraic manipulation, it is valid for complex variable

as well. Taking into account that the paper Andrica [24] is less accessible, let us

reproduce here the idea of proof. It consists of the simple algebraic relationship

S′
k,n(z) =

Sk+1,n(z)

z(1 − z)
− n

Sk,n(z)

1 − z
,

which is divided by nk, where

Sk,n(z) =

n∑

j=0

jk

(
n

j

)
zj(1 − z)n−j .

(Note that the cases z = 0 and z = 1 are trivial in the recurrence for πk,n(z).)

From this recurrence, we easily obtain that degree (πk,n(z)) = min{n, k} ≤ k.

Also, it easily implies the next recurrence

πk,n(z) − zk

=
z(1− z)

n
[πk−1,n(z) − zk−1]′ +

(k − 1)zk−1(1 − z)

n
+ z[πk−1,n(z) − zk−1].

Denoting with ‖ · ‖r the norm in C(Dr), where Dr = {z ∈ C; |z| ≤ r}, one observes

that by a linear transformation the Bernstein’s inequality in the closed unit disk

becomes |P ′
k(z)| ≤ k

r ‖Pk‖r, for all |z| ≤ r, r ≥ 1, where Pk represents an algebraic
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8 Approximation by Complex Bernstein and Convolution Type Operators

polynomial of degree ≤ k. Therefore, from the above recurrence we get

|πk,n(z) − ek(z)| ≤ (k − 1)
r(1 + r)

rn
‖πk−1,n − ek−1(z)‖r

+
rk−1(1 + r)(k − 1)

n
+ r|πk−1,n(z) − ek−1(z)|

≤ (k − 1)
(1 + r)

n
· [‖πk−1,n‖r + ‖ek−1‖r]

+
rk−1(1 + r)(k − 1)

n
+ r|πk−1,n(z) − ek−1(z)|

≤ r|πk−1,n(z) − ek−1(z)|

+[2(1 + r)rk−1 + (1 + r)rk−1 ]
k − 1

n
.

Above we used that for all k, n ∈ N and |z| ≤ r, r ≥ 1, we have |πk,n(z)| ≤ rk (see

relation (4) in the proof of Theorem 4.1.1 in Lorentz[125], p. 88) and |ek(z)| ≤ rk.

Now, by taking k = 1, 2, ..., in the inequality

|πk,n(z) − ek(z)| ≤ r|πk−1,n(z) − ek−1(z)| + 3(1 + r)rk−1 k − 1

n
,

by recurrence we easily obtain the required inequality

|πk,n(z) − ek(z)| ≤ 3(1 + r)

n
[rk−1 + 2rk−1 + ...+ (k − 1)rk−1]

=
3(1 + r)

n
· k(k − 1)

2
rk−1 ≤ 3r(1 + r)

2n
· k(k − 1)rk−2.

This immediately implies the estimate in (i).

Note that since by hypothesis, f(z) =
∑∞

k ckz
k is absolutely and uniformly

convergent in |z| ≤ r, for any 1 ≤ r < R, it follows that the power series obtained by

differentiating twice, i.e. f ′′(z) =
∑∞

k=2 k(k−1)ckz
k−2, also is absolutely convergent

for |z| ≤ r, which implies
∑∞

k=2 k(k − 1)|ck|rk−2 < +∞.

(ii) Denoting by γ the circle of radius r1 > 1 and center 0, since for any |z| ≤ r

and v ∈ γ, we have |v− z| ≥ r1 − r, by the Cauchy’s formulas it follows that for all

|z| ≤ r and n ∈ N, we have

|B(p)
n (f)(z) − f (p)(z)| =

p!

2π

∣∣∣∣
∫

γ

Bn(f)(v) − f(v)

(v − z)p+1
dv

∣∣∣∣

≤ Cr1(f)

n

p!

2π

2πr1
(r1 − r)p+1

=
Cr1(f)

n

p!r1
(r1 − r)p+1

,

which proves the theorem. �

Remarks. 1) An analogue to Theorem 1.1.2, (i), case r = 1, has been obtained by

a different method in Ostrovska [146].

2) Let us give a proof of the relationship Bn(f)(z) =
∑∞

k=0 ckBn(ek)(z) used

at the beginning of the proof of Theorem 1.1.2, (i). Denoting fm(z) =
∑m

j=0 cjz
j ,

|z| ≤ r, m ∈ N, since from the linearity of Bn we obviously have Bn(fm)(z) =
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∑m
k=0 ckBn(ek)(z), it suffices to prove that for any fixed n ∈ N and |z| ≤ r with

r ≥ 1, we have limm→∞ Bn(fm)(z) = Bn(f)(z). But this is immediate from

limm→∞ ‖fm − f‖r = 0 and from the inequality

|Bn(fm)(z) −Bn(f)(z)| ≤
n∑

k=0

(
n

k

)
|zk(1 − z)n−k| · ‖fm − f‖r ≤Mr,n‖fm − f‖r,

valid for all |z| ≤ r.

In what follows we present the Voronovskaja-type formula with a quantitative

upper estimate.

Theorem 1.1.3. (Gal [78]) Let R > 1 and suppose that f : DR → C is analytic in

DR, that is we can write f(z) =
∑∞

k=0 ckz
k, for all z ∈ DR.

(i) The following Voronovskaja-type result in the closed unit disk holds∣∣∣∣Bn(f)(z) − f(z) − z(1− z)

2n
f ′′(z)

∣∣∣∣ ≤
|z(1− z)|

2n
· 10M(f)

n
,

for all n ∈ N, z ∈ D1, where 0 < M(f) =
∑∞

k=3 k(k − 1)(k − 2)2|ck| <∞.

(ii) Let r ∈ [1, R). Then for all n ∈ N, |z| ≤ r, we have
∣∣∣∣Bn(f)(z) − f(z) − z(1 − z)

2n
f ′′(z)

∣∣∣∣ ≤
5(1 + r)2

2n
· Mr(f)

n
,

where Mr(f) =
∑∞

k=3 |ck|k(k − 1)(k − 2)2rk−2 <∞.

Proof. (i) Denoting ek(z) = zk, k = 0, 1, ..., and πk,n(z) = Bn(ek)(z), we can

write Bn(f)(z) =
∑∞

k=0 ckπk,n(z), which immediately implies
∣∣∣∣Bn(f)(z) − f(z) − z(1− z)

2n
f ′′(z)

∣∣∣∣

≤
∞∑

k=3

|ck| ·
∣∣∣∣πk,n(z) − ek(z) − zk−1(1 − z)k(k − 1)

2n

∣∣∣∣ ,

for all z ∈ D1, n ∈ N.

In what follows, we will use the recurrence obtained in the proof of Theorem

1.1.2, (i)

πk+1,n(z) =
z(1 − z)

n
π′

k,n(z) + zπk,n(z),

for all n ∈ N, z ∈ C and k = 0, 1, ....

If we denote

Ek,n(z) = πk,n(z) − ek(z) − zk−1(1 − z)k(k − 1)

2n
,

then it is clear that Ek,n(z) is a polynomial of degree ≤ k and by a simple calculation

and the use of the above recurrence we obtain the following relationship

Ek,n(z) =
z(1− z)

n
E′

k−1,n(z) + zEk−1,n(z)

+
zk−2(1 − z)(k − 1)(k − 2)

2n2
[(k − 2) − z(k − 1)],
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for all k ≥ 2, n ∈ N and z ∈ D1.

According to the Bernstein’s inequality ‖E ′
k−1,n‖ ≤ (k − 1)‖Ek−1,n‖, the above

relationship implies for all |z| ≤ 1, k ≥ 2, n ∈ N that

|Ek,n(z)| ≤ |z| · |1 − z|
2n

[2‖E′
k−1,n‖]

+|Ek−1,n(z)| + |z| · |1 − z|
2n

· |z|
k−3(k − 1)(k − 2)

n
(2k − 3)

≤ |Ek−1,n(z)| + |z| · |1 − z|
2n

[
2‖E′

k−1,n‖ +
2k(k − 1)(k − 2)

n

]

≤ |Ek−1,n(z)| + |z| · |1 − z|
2n

[
2(k − 1)‖Ek−1,n‖ +

2k(k − 1)(k − 2)

n

]

≤ |Ek−1,n(z)| + |z| · |1 − z|
2n

[2(k − 1)‖πk−1,n − ek−1‖

+ 2(k − 1)

∥∥∥∥
(k − 1)(k − 2) [ek−2 − ek−1]

2n

∥∥∥∥+
2k(k − 1)(k − 2)

n

]
,

where ‖ · ‖ denotes the uniform norm in C(D1).

Also, taking r = 1 in the inequality obtained in the proof of Theorem 1.1.2, (i),

it follows

‖πk,n − ek‖ ≤ 3

n
(k − 1)k.

As a consequence, we get

|Ek,n(z)| ≤ |Ek−1,n(z)| + |z| · |1 − z|
2n

[
2(k − 1)

3(k − 1)(k − 2)

n

+ 2(k − 1)

∥∥∥∥
(k − 1)(k − 2)[ek−2 − ek−1]

2n

∥∥∥∥+
2k(k − 1)(k − 2)

n

]
,

which by simple calculation implies

|Ek,n(z)| ≤ |Ek−1,n(z)| + |z| · |1 − z|
2n

· 10

n
· k(k − 1)(k − 2).

Since E0,n(z) = E1,n(z) = E2,n(z) = 0, for any z ∈ C, it follows that the last

inequality is trivial for k = 0, 1, 2.

By writing the last inequality for k = 3, 4, ..., we easily obtain, step by step the

following

|Ek,n(z)| ≤ |z| · |1 − z|
2n

· 10

n
·

k∑

j=3

j(j− 1)(j− 2) ≤ |z| · |1 − z|
2n

· 10

n
· k(k− 1)(k− 2)2.

In conclusion,
∣∣∣∣Bn(f)(z) − f(z) − z(1 − z)

2n
f ′′(z)

∣∣∣∣

≤
∞∑

k=3

|ck| · |Ek,n(z)| ≤ |z| · |1 − z|
2n

· 10

n
·

∞∑

k=3

|ck|k(k − 1)(k − 2)2.
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Note that since f (4)(z) =
∑∞

k=4 ckk(k − 1)(k − 2)(k − 3)zk−4, and the series is

absolutely convergent in D1, it easily follows that
∑∞

k=3 |ck|k(k − 1)(k − 2)2 <∞.

(ii) We will use the relationship obtained in the proof of Theorem 1.1.2, (i)

|πk,n(z) − ek(z)| ≤ 3r(1 + r)

2n
· k(k − 1)rk−2,

for all k, n ∈ N, |z| ≤ r, with 1 ≤ r.

Let us consider the relationship proved at the above point (i) given by

Ek,n(z) =
z(1− z)

n
E′

k−1,n(z) + zEk−1,n(z)

+
zk−2(1 − z)(k − 1)(k − 2)

2n2
[(k − 2) − z(k − 1)],

for all k ≥ 2, n ∈ N and z ∈ C, and let us restrict it only for |z| ≤ r. For all

k, n ∈ N, k ≥ 2 and |z| ≤ r, it implies

|Ek,n(z)| ≤ r(1 + r)

n
|E′

k−1,n(z)| + r|Ek−1,n(z)|

+
(1 + r)rk−2(k − 1)(k − 2)

2n2
[(k − 2) + r(k − 1)].

Now we will estimate |E ′
k−1,n(z)|, for k ≥ 3. Taking into account that Ek−1,n(z) is

a polynomial of degree ≤ (k − 1), we obtain

|E′
k−1,n(z)| ≤ k − 1

r
‖Ek−1,n(z)‖r

≤ k − 1

r

[
‖πk−1,n − ek−1‖r +

∥∥∥∥
(k − 1)(k − 2)(ek−1 − ek−2)

2n

∥∥∥∥
r

]

≤ k − 1

r

[
3r(1 + r)(k − 1)(k − 2)rk−3

2n
+
rk−2(r + 1)(k − 1)(k − 2)

2n

]

≤ k(k − 1)(k − 2)

2n

[
3(1 + r)rk−3 + rk−3(r + 1)

]

≤ 2k(k − 1)(k − 2)(1 + r)rk−3

n
.

This implies

r(1 + r)

n
|E′

k−1,n(z)| ≤ 2r(1 + r)2k(k − 1)(k − 2)rk−3

n2
,

and

|Ek,n(z)| ≤ r|Ek−1,n(z)| + 2r(1 + r)2k(k − 1)(k − 2)rk−3

n2

+
(1 + r)(k − 1)(k − 2)rk−2

2n2
[(k − 2) + r(k − 1)] = r|Ek−1,n(z)|

+
(1 + r)(k − 1)(k − 2)rk−2

2n2
[4k(1 + r) + (k − 2) + r(k − 1)]
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= r|Ek−1,n(z)| + (1 + r)(k − 1)(k − 2)rk−2

2n2
[(5k − 2) + r(5k − 1)]

≤ r|Ek−1,n(z)| + (1 + r)(k − 1)(k − 2)rk−25k(1 + r)

2n2

= r|Ek−1,n(z)| + 5(1 + r)2k(k − 1)(k − 2)rk−2

2n2
.

But E0,n(z) = E1,n(z) = E2,n(z) = 0, for any z ∈ C.

By writing the last inequality for k = 3, 4, ..., we easily obtain, step by step the

following

|Ek,n(z)| ≤ 5(1 + r)2rk−2

2n2




k∑

j=3

j(j − 1)(j − 2)




≤ 5(1 + r)2k(k − 1)(k − 2)2rk−2

2n2
.

As a conclusion, we obtain
∣∣∣∣Bn(f)(z) − f(z) − z(1− z)

2n
f ′′(z)

∣∣∣∣ ≤
∞∑

k=3

|ck| · |Ek,n(z)|

≤ 5(1 + r)2

2n2

∞∑

k=3

|ck|k(k − 1)(k − 2)2rk−2.

Note that since f (4)(z) =
∑∞

k=4 ckk(k − 1)(k − 2)(k − 3)zk−4, and the series

is absolutely convergent in |z| ≤ r, it easily follows that
∑∞

k=3 |ck|k(k − 1)(k −
2)2rk−2 <∞. Therefore the theorem has been proved. �

Remark. By Gonska-Piţul-Raşa [102], p. 68, Proposition 7.2, for the real Bernstein

polynomials

Bn(f)(x) =
n∑

k=0

(
n

k

)
xk(1 − x)n−kf(k/n), x ∈ [0, 1]

attached to a function f ∈ C2[0, 1], for all x ∈ [0, 1] and n ∈ N it holds
∣∣∣∣Bn(f)(x) − f(x) − x(1 − x)

2n
f ′′(x)

∣∣∣∣ ≤
x(1 − x)

2n
ω̃1(f

′′;
1

3
√
n

),

where ω̃1 denotes the least concave majorant of the modulus of continuity ω1 and

C2[0, 1] = {f : [0, 1] → R; f is twice continuously differentiable on [0, 1]}.

Now, if f ∈ C3[0, 1] then we immediately get that the best quantitative uniform

estimate in the real Voronovskaja’s result is of order O(1/n3/2), which is essentially

worst that the order O(1/n2) in Theorem 1.1.3. This suggest that in the real case,

the order of approximation could be improved, for example that maybe ω̃1 could

be replaced by ω2.
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In what follows we will prove that the orders of approximation in Theorem 1.1.2,

(i) and (ii) are exactly 1
n .

We present

Theorem 1.1.4. (Gal [79]) Let R > 1, DR = {z ∈ C; |z| < R} and let us suppose

that f : DR → C is analytic in DR, that is we can write f(z) =
∑∞

k=0 ckz
k, for all

z ∈ DR. If f is not a polynomial of degree ≤ 1, then for any r ∈ [1, R) we have

‖Bn(f) − f‖r ≥ Cr(f)

n
, n ∈ N,

where ‖f‖r = max{|f(z)|; |z| ≤ r} and the constant Cr(f) depends only on f and

r.

Proof. For all z ∈ DR and n ∈ N we have

Bn(f)(z) − f(z)

=
1

n

{
z(1− z)

2
f ′′(z) +

1

n

[
n2

(
Bn(f)(z) − f(z) − z(1− z)

2n
f ′′(z)

)]}
.

Since by hypothesis f ′′(z) is not identical zero in DR, there exists 0 < r0 < 1

such that M0 = inf |z|=r0
|f ′′(z)| > 0. Indeed, let us suppose the contrary. Then,

choosing a sequence 0 < rn < 1, n ∈ N such that rn ↘ 0, the continuity of f ′′ on

the compact set {z ∈ C; |z| = rn}, implies that there exists zn with |zn| = rn and

f ′′(zn) = 0. It follows zn → 0 and by the continuity of f ′′ in DR we get f ′′(0) = 0.

The analyticity of f ′′ implies that 0 is an isolated zero, therefore there exists r′ > 0

such that f ′′(z) 6= 0 for all z ∈ Dr′ , z 6= 0. But this is a contradiction because for

sufficiently large n we have zn ∈ Dr′ .

Now let r ≥ 1 be arbitrary. We obviously have ‖Bn(f) − f‖r ≥ ‖Bn(f) − f‖r0

and by the Maximum Principle, there exists a point z0 (depending on n, f and r0)

with |z0| = r0, such that ‖Bn(f) − f‖r0 = |Bn(f)(z0) − f(z0)|. We get

‖Bn(f) − f‖r ≥ |Bn(f)(z0) − f(z0)| =

∣∣∣∣
1

n

{
z0(1 − z0)

2
f ′′(z0)

+
1

n

[
n2

(
Bn(f)(z0) − f(z0) −

z0(1 − z0)

2n
f ′′(z0)

)]}∣∣∣∣

≥ 1

n

∣∣∣∣
∣∣∣∣
z0(1 − z0)

2
f ′′(z0)

∣∣∣∣−
1

n

[
n2

∣∣∣∣Bn(f)(z0) − f(z0) −
z0(1 − z0)

2n
f ′′(z0)

∣∣∣∣
]∣∣∣∣ .

But
∣∣∣ z0(1−z0)

2 f ′′(z0)
∣∣∣ ≥ r0(1−r0)

2 M0 > 0 and by Theorem 1.1.3 we have

n2

∣∣∣∣Bn(f)(z0) − f(z0) −
z0(1 − z0)

2n
f ′′(z0)

∣∣∣∣

≤ n2‖Bn(f) − f − e1(1 − e1)

2n
f ′′‖r

≤ n2 5Kr(f)(1 + r)2

2n2
=

5Kr(f)(1 + r)2

2
.
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14 Approximation by Complex Bernstein and Convolution Type Operators

Therefore, there exists an index n0 depending only on f and r, such that for all

n ≥ n0 we have
∣∣∣∣
z0(1 − z0)

2
f ′′(z0)

∣∣∣∣ −
1

n

[
n2

∣∣∣∣Bn(f)(z0) − f(z0) −
z0(1 − z0)

2n
f ′′(z0)

∣∣∣∣
]

≥ r0(1 − r0)

4
M0 > 0,

which immediately implies

‖Bn(f) − f‖r ≥ 1

n
· r0(1 − r0)

4
M0, ∀n ≥ n0.

For n ∈ {1, 2, ..., n0 − 1} we obviously have ‖Bn(f)− f‖r ≥ Mr,n(f)
n with Mr,n(f) =

n · ‖Bn(f) − f‖r > 0, which finally implies ‖Bn(f) − f‖r ≥ Cr(f)
n for all n ∈ N,

where Cr(f) = min{Mr,1,Mr,2(f), ...,Mr,n0−1(f), r0(1−r0)
4 M0}. �

Combining now Theorem 1.1.4 with Theorem 1.1.2, (i), we immediately get the

following.

Corollary 1.1.5. (Gal [79]) Let R > 1, DR = {z ∈ C; |z| < R} and let us suppose

that f : DR → C is analytic in DR. If f is not a polynomial of degree ≤ 1, then for

any r ∈ [1, R) we have

‖Bn(f) − f‖r ∼ 1

n
, n ∈ N,

where the constants in the equivalence depend on f and r.

In the case of simultaneous approximation we present the following.

Theorem 1.1.6. (Gal [79]) Let DR = {z ∈ C; |z| < R} be with R > 1 and let us

suppose that f : DR → C is analytic in DR, i.e. f(z) =
∑∞

k=0 ckz
k, for all z ∈ DR.

Also, let 1 ≤ r < r1 < R and p ∈ N be fixed. If f is not a polynomial of degree

≤ max{1, p− 1}, then we have

‖B(p)
n (f) − f (p)‖r ∼ 1

n
,

where the constants in the equivalence depend on f , r, r1 and p.

Proof. Taking into account the upper estimate in Theorem 1.1.2, (ii), it remains

to prove the lower estimate for ‖B(p)
n (f)−f (p)‖r. Firstly, denoting by Γ the circle of

radius r1 > and center 0 (where r1 > r ≥ 1), we have the inequality |v− z| ≥ r1 − r

valid for all |z| ≤ r and v ∈ Γ.

As in the proof of Theorem 1.1.4, for all v ∈ Γ and n ∈ N we have

Bn(f)(v) − f(v)

=
1

n

{
v(1 − v)

2
f ′′(v) +

1

n

[
n2

(
Bn(f)(v) − f(v) − v(1 − v)

2n
f ′′(v)

)]}
,
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which replaced in the Cauchy’s formula for derivatives implies

B(p)
n (f)(z) − f (p)(z) =

1

n

{
p!

2πi

∫

Γ

v(1 − v)f ′′(v)

2(v − z)p+1
dv

+
1

n
· p!

2πi

∫

Γ

n2
(
Bn(f)(v) − f(v) − v(1−v)

2n f ′′(v)
)

(v − z)p+1
dv





=
1

n

{[
z(1 − z)

2
f ′′(z)

](p)

+
1

n
· p!

2πi

∫

Γ

n2
(
Bn(f)(v) − f(v) − v(1−v)

2n f ′′(v)
)

(v − z)p+1
dv



 .

Passing now to absolute value, for all |z| ≤ r and n ∈ N it follows

|B(p)
n (f)(z) − f (p)(z)| ≥ 1

n

{∣∣∣∣∣

[
z(1 − z)

2
f ′′(z)

](p)
∣∣∣∣∣

− 1

n

∣∣∣∣∣∣
p!

2π

∫

Γ

n2
(
Bn(f)(v) − f(v) − v(1−v)

2n f ′′(v)
)

(v − z)p+1
dv

∣∣∣∣∣∣



 ,

where by using Theorem 1.1.3, (ii), for all |z| ≤ r and n ∈ N we get∣∣∣∣∣∣
p!

2π

∫

Γ

n2
(
Bn(f)(v) − f(v) − v(1−v)

2n f ′′(v)
)

(v − z)p+1
dv

∣∣∣∣∣∣

≤ p!

2π
· 2πr1n

2

(r1 − r)p+1
‖Bn(f) − f − e1(1 − e1)

2n
f ′′‖r1

≤ 5Kr1(f)(1 + r1)
2

2
· p!r1
(r1 − r)p+1

.

Denoting now Fp(z) =
[

z(1−z)
2 f ′′(z)

](p)

, by the hypothesis on f it follows that Fp

is analytic and is not identically zero in DR. Reasoning exactly as in the proof

of Theorem 1.1.4, there exists 0 < r0 < 1 such that C0 = inf |z|=r0
|Fp(z)| > 0.

Continuing exactly as in the proof of Theorem 1.1.4 (with ‖Bn(f) − f‖r replaced

by ‖B(p)
n (f) − f (p)‖r), finally there exists an index n0 ∈ N depending on f , r, r1

and p, such that for all n ≥ n0 we have

‖B(p)
n (f) − f (p)‖r ≥ 1

n
· C0

2
.

The cases when n ∈ {1, 2, ..., n0 − 1} are similar with those in the proof of Theorem

1.1.4. �

Remark. Let us suppose that f (p) ∈ C[0, 1], p ∈ N. By taking r = 1 and λ = 1 in

Xie [203], Theorem 2, we immediately obtain the following upper estimate for the

derivatives of the real Bernstein polynomials attached to f , valid for all n ≥ np

‖B(p)
n (f) − f (p)‖ ≤ Ap[ω1(f

(p); 1/n) + ωϕ
2 (f (p); 1/

√
n) + ‖f (p)‖/n],



APPROXIMATION BY COMPLEX BERNSTEIN AND CONVOLUTION TYPE OPERATORS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7426.html

June 20, 2009 0:7 World Scientific Book - 9.75in x 6.5in bernstein

16 Approximation by Complex Bernstein and Convolution Type Operators

where ‖ · ‖ denotes the uniform norm on C[0, 1], np ∈ N depends only on p, ω1

denotes the uniform modulus of continuity, ϕ(x) =
√
x(1 − x) and ωϕ

2 denotes the

Ditzian-Totik second order modulus of smoothness defined in Ditzian-Totik [64].

Then, the above Theorem 1.1.6 suggests the following open question : for any

p ∈ N, there exist the positive constants Cp and np depending only on p, such that

for all n ≥ np

Cp[ω1(f
(p); 1/n) + ωϕ

2 (f (p); 1/
√
n) + ‖f (p)‖/n] ≤ ‖B(p)

n (f) − f (p)‖.
The geometric properties of Bernstein polynomials are consequences of Theorem

1.1.2 and can be expressed by the following.

Theorem 1.1.7. (Gal [77], pp. 268-269, Theorem 3.4.2) Let us suppose that G ⊂ C

is open, such that D1 ⊂ G and f : G → C is analytic in G.

(i) If f is univalent in D1, then there exists an index n0 depending on f , such

that for all n ≥ n0, the complex Bernstein polynomials Bn(f)(z) =
∑n

k=0

(
n
k

)
zk(1−

z)n−kf(k/n) are univalent in D1.

(ii) If f(0) = f ′(0) − 1 = 0 and f is starlike in D1, that is

Re

(
zf ′(z)

f(z)

)
> 0, for all z ∈ D1,

then there exists an index n0 depending on f , such that for all n ≥ n0, the complex

Bernstein polynomials are starlike in D1.

If f(0) = f ′(0) − 1 = 0 and f is starlike only in D1, then for any disk of radius

0 < r < 1 and center 0 denoted by Dr, there exists an index n0 = n0(f,Dr), such

that for all n ≥ n0, the complex Bernstein polynomials Bn(f)(z) are starlike in Dr,

that is,

Re

(
zB′

n(f)(z)

Bn(f)(z)

)
> 0, for all z ∈ Dr.

(iii) If f(0) = f ′(0) − 1 = 0 and f is convex in D1, that is

Re

(
zf ′′(z)

f ′(z)

)
+ 1 > 0, for all z ∈ D1,

then there exists an index n0 depending on f , such that for all n ≥ n0, the complex

Bernstein polynomials are convex in D1.

If f(0) = f ′(0) − 1 = 0 and f is convex only in D1, then for any disk of radius

0 < r < 1 and center 0 denoted by Dr, there exists an index n0 = n0(f,Dr), such

that for all n ≥ n0, the complex Bernstein polynomials Bn(f)(z) are convex in Dr,

that is,

Re

(
zB′′

n(f)(z)

B′
n(f)(z)

)
+ 1 > 0, for all z ∈ Dr.

(iv) If f(0) = f ′(0) − 1 = 0, f(z) 6= 0, for all z ∈ D1 \ {0} and f is spirallike of

type γ ∈ (−π/2, π/2) in D1, that is

Re

(
eiγ zf

′(z)

f(z)

)
> 0, for all z ∈ D1,
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then there exists an index n0 depending on f and γ, such that for all n ≥ n0 we

have Bn(f)(z) 6= 0, for all z ∈ D1 \ {0}, and Bn(f)(z) are spirallike of type γ in

D1.

If f(0) = f ′(0) − 1 = 0, f(z) 6= 0 for all z ∈ D1 \ {0} and f is spirallike of

type γ only in D1, then for any disk of radius 0 < r < 1 and center 0 denoted by

Dr, there exists an index n0 = n0(f,Dr, γ), such that for all n ≥ n0, the Bernstein

polynomials Bn(f)(z) 6= 0 for all z ∈ Dr \ {0} and they are spirallike of type γ in

Dr, that is,

Re

(
eiγ zB

′
n(f)(z)

Bn(f)(z)

)
> 0, for all z ∈ Dr.

Proof. (i) It is immediate from the uniform convergence in Theorem 1.1.2 and

a well-known result concerning sequences of analytic functions converging locally

uniformly to an univalent function (see e.g. Kohr-Mocanu [118], p. 130, Theorem

4.1.17 or Graham-Kohr [105], Theorem 6.1.18).

For the proof of next points (ii), (iii) and (iv), let us observe that by The-

orem 1.1.2, (i) and (ii) we get that for n → ∞, we have Bn(f)(z) → f(z),

B′
n(f)(z) → f ′(z) and B′′

n(f)(z) → f ′′(z), uniformly in D1. In all what follows,

denote Pn(f)(z) = Bn(f)(z)
nf(1/n) .

By f(0) = f ′(0)−1 = 0 and the univalence of f , we get nf(1/n) 6= 0, Pn(f)(0) =
f(0)

nf(1/n) = 0, P ′(f)(0) =
B′

n(f)(0)
nf(1/n) = 1, n ≥ 2, nf(1/n) = f(1/n)−f(0)

1/n converges to

f ′(0) = 1 as n → ∞, which means that for n → ∞, we have Pn(f)(z) → f(z),

P ′
n(f)(z) → f ′(z) and P ′′

n (f)(z) → f ′′(z), uniformly in D1.

(ii) By hypothesis we get |f(z)| > 0 for all z ∈ D1 with z 6= 0, which from the

univalence of f in D1, implies that we can write f(z) = zg(z), with g(z) 6= 0, for all

z ∈ D1, where g is analytic in D1 and continuous in D1.

Writing Pn(f)(z) in the form Pn(f)(z) = zQn(f)(z), obviously Qn(f)(z) is a

polynomial of degree ≤ n− 1.

Let |z| = 1. We have

|f(z) − Pn(f)(z)| = |z| · |g(z)−Qn(f)(z)| = |g(z) −Qn(f)(z)|,
which by the uniform convergence in D1 of Pn(f) to f and by the maximum modulus

principle, implies the uniform convergence in D1 of Qn(f)(z) to g(z).

Since g is continuous in D1 and |g(z)| > 0 for all z ∈ D1, there exist an index

n1 ∈ N and a > 0 depending on g, such that |Qn(f)(z)| > a > 0, for all z ∈ D1 and

all n ≥ n0.

Also, for all |z| = 1, we have

|f ′(z) − P ′
n(f)(z)| = |z[g′(z) −Q′

n(f)(z)] + [g(z) −Qn(f)(z)]|
≥ | |z| · |g′(z) −Q′

n(f)(z)| − |g(z) −Qn(f)(z)| |
= | |g′(z) −Q′

n(f)(z)| − |g(z) −Qn(f)(z)| |,
which from the maximum modulus principle, the uniform convergence of P ′

n(f) to

f ′ and of Qn(f) to g, evidently implies the uniform convergence of Q′
n(f) to g′.
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Then, for |z| = 1, we get

zP ′
n(f)(z)

Pn(f)
=
z[zQ′

n(f)(z) +Qn(f)(z)]

zQn(f)(z)

=
zQ′

n(f)(z) +Qn(f)(z)

Qn(f)(z)
→ zg′(z) + g(z)

g(z)

=
f ′(z)

g(z)
=
zf ′(z)

f(z)
,

which again from the maximum modulus principle, implies

zP ′
n(f)(z)

Pn(f)
→ zf ′(z)

f(z)
, uniformly in D1.

Since Re
(

zf ′(z)
f(z)

)
is continuous in D1, there exists α ∈ (0, 1), such that

Re

(
zf ′(z)

f(z)

)
≥ α, for all z ∈ D1.

Therefore

Re

[
zP ′

n(f)(z)

Pn(f)(z)

]
→ Re

[
zf ′(z)

f(z)

]
≥ α > 0

uniformly on D1, i.e. for any 0 < β < α, there is n0 such that for all n ≥ n0 we

have

Re

[
zP ′

n(f)(z)

Pn(f)(z)

]
> β > 0, for all z ∈ D1.

Since Pn(f)(z) differs from Bn(f)(z) only by a constant, this proves the first part

in (ii).

For the second part, the proof is identical with the first part, with the only

difference that instead of D1, we reason for Dr.

(iv) Obviously we have

Re

[
eiγ zP

′
n(f)(z)

Pn(f)(z)

]
→ Re

[
eiγ zf

′(z)

f(z)

]
,

uniformly in D1. We also note that since f is univalent in D1, by the above point

(i), there exists n1 such that Bn(f)(z) is univalent in D1 for all n ≥ n1, which by

Bn(f)(0) = 0 implies Bn(f)(z) 6= 0, for all z ∈ D1 \ {0}, n ≥ n1. For the rest, the

proof is identical with that from the above point (ii).

(iii) For the first part, by hypothesis there is α ∈ (0, 1), such that

Re

[
zf ′′(z)

f ′(z)

]
+ 1 ≥ α > 0,

uniformly in D1. It is not difficult to show that this is equivalent with the fact

that for any β ∈ (0, α), the function zf ′(z) is starlike of order β in D1 (see e.g.

Mocanu-Bulboacă-Sălăgean [138], p. 77), which implies f ′(z) 6= 0, for all z ∈ D1,
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i.e. |f ′(z)| > 0, for all z ∈ D1. Also, by the same type of reasonings as those from

the above point (ii), we get

Re

[
zP ′′

n (f)(z)

P ′
n(f)(z)

]
+ 1 → Re

[
zf ′′(z)

f ′(z)

]
+ 1 ≥ α > 0,

uniformly in D1. As a conclusion, for any 0 < β < α, there is n0 depending on f ,

such that for all n ≥ n0 we have

Re

[
zP ′′

n (f)(z)

P ′
n(f)(z)

]
+ 1 > β > 0, for all z ∈ D1.

The proof of second part in (iii) is similar, which proves the theorem. �

1.1.2 Bernstein-Faber Polynomials on Compact Sets

In this subsection G ⊂ C will be considered a compact set such that C̃ \ G is

connected. In this case, according to the Riemann Mapping Theorem, a unique

conformal mapping Ψ of C̃\D1 onto C̃\G exists so that Ψ(∞) = ∞ and Ψ′(∞) > 0.

By using the Faber polynomials Fp(z) attached to G (see Definition 1.0.10), for

f ∈ A(G) we can introduce the Bernstein-Faber polynomials given by the formula

Bn(f ;G)(z) =
n∑

p=0

(
n

p

)
∆p

1/nF (0) · Fp(z), z ∈ G, n ∈ N,

where

∆p
hF (0) =

p∑

k=0

(−1)p−k

(
p

k

)
F (kh), F (w) =

1

2πi

∫

|u|=1

f(Ψ(u))

u− w
du, w ∈ D1.

Here, since F (1) is involved in ∆n
1/nF (0) and therefore in the definition of

Bn(f ;G)(z) too, in addition we will suppose that F can be extended by continuity

on the boundary ∂D1.

Remarks. 1) For G = D1 it is easy to see that the above Bernstein-Faber polyno-

mials one reduce to the classical complex Bernstein polynomials given by

Bn(f)(z) =

n∑

p=0

(
n

p

)
∆p

1/nf(0)zp =

n∑

p=0

(
n

p

)
zp(1 − z)n−pf(p/n).

2) It is known that, for example,
∫ 1

0

ωp(f◦Ψ;u)∂D1

u du < ∞ is a sufficient condi-

tion for the continuity on ∂D1 of F in the above definition of the Bernstein-Faber

polynomials (see e.g. Gaier [76], p. 52, Theorem 6). Here p ∈ N is arbitrary fixed.

The first main result one refers to approximation on compact sets without any

restriction on their boundaries and can be stated as follows.

Theorem 1.1.8. Let G be a continuum (that is a connected compact subset of C)

and suppose that f is analytic in G, that is there exists R > 1 such that f is analytic

in GR. Here recall that GR denotes the interior of the closed level curve ΓR given
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by ΓR = {z; |Φ(z)| = R} = {Ψ(w); |w| = R} (and that G ⊂ Gr for all 1 < r < R).

Also, we suppose that F given in the definition of Bernstein-Faber polynomials can

be extended by continuity on ∂D1.

For any 1 < r < R the following estimate

|Bn(f ;G)(z) − f(z)| ≤ C

n
, z ∈ Gr, n ∈ N,

holds, where C > 0 depends on f , r and Gr but it is independent of n.

Proof. First we note that since G is a continuum then it follows that C̃ \ G is

simply connected. By the proof of Theorem 2, p. 52 in Suetin [186], for any fixed

1 < β < R we have f(z) =
∑∞

k=0 ak(f)Fk(z) uniformly in Gβ , where ak(f) are

the Faber coefficients and are given by ak(f) = 1
2πi

∫
|u|=β

f [Ψ(u)]
uk+1 du. Note here that

G ⊂ Gβ .

First we will prove that

Bn(f ;G)(z) =

∞∑

k=0

ak(f)Bn(Fk;G)(z),

for all z ∈ G. (Note here that by hypothesis we have G = G). For this purpose,

denote fm(z) =
∑m

k=0 ak(f)Fk(z), m ∈ N.

Since by the linearity of Bn we easily get

Bn(fm;G)(z) =

m∑

k=0

ak(f)Bn(Fk ;G)(z), for all z ∈ G,

it suffices to prove that limm→∞ Bn(fm;G)(z) = Bn(f ;G)(z), for all z ∈ G and

n ∈ N.

First we have

Bn(fm;G)(z) =

n∑

p=0

(
n

p

)
∆p

1/nGm(0)Fk(z),

where Gm(w) = 1
2πi

∫
|u|=1

fm(Ψ(u))
u−w du and F (w) = 1

2πi

∫
|u|=1

f(Ψ(u))
u−w du.

Note here that since by Gaier [76], p. 48, first relation before (6.17), we have

Fk(w) =
1

2πi

∫

|u|=1

Fk(Ψ(u))

u− w
du = wk , for all |w| < 1,

evidently that Fk(w) can be extended by continuity on ∂D1. This also immediately

implies that Gm(w) = 1
2πi

∫
|u|=1

fm(Ψ(u))
u−w du can be extended by continuity on ∂D1,

which means that Bn(Fk ;G)(z) and Bn(fm;G)(z) are well defined.

Now, taking into account the Cauchy’s theorem we also can write

Gm(w) =
1

2πi

∫

|u|=β

fm(Ψ(u))

u− w
du and F (w) =

1

2πi

∫

|u|=β

f(Ψ(u))

u− w
du.
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For all n,m ∈ N and z ∈ G it follows

|Bn(fm;G)(z) − Bn(f ;G)(z)|

≤
n∑

p=0

(
n

p

)
|∆p

1/n(Gm − F )(0)| · |Fk(z)|

≤
n∑

p=0

(
n

p

) p∑

j=0

(
p

j

)
|(Gm − F )((p− j)/n)| · |Fk(z)|

≤
n∑

p=0

(
n

p

) p∑

j=0

(
p

j

)
Cj,p,β‖fm − f‖Gβ

· |Fk(z)|

≤Mn,p,β,Gβ
‖fm − f‖Gβ

,

which by limm→∞ ‖fm−f‖Gβ
= 0 (see e.g. the proof of Theorem 2, p. 52 in Suetin

[186]) implies the desired conclusion. Here ‖fm − f‖Gβ
denotes the uniform norm

of fm − f on Gβ.

Consequently we obtain

|Bn(f ;G)(z) − f(z)| ≤
∞∑

k=0

|ak(f)| · |Bn(Fk;G)(z) − Fk(z)|

=

n∑

k=0

|ak(f)| · |Bn(Fk;G)(z) − Fk(z)|

+

∞∑

k=n+1

|ak(f)| · |Bn(Fk ;G)(z) − Fk(z)|.

Therefore it remains to estimate |ak(f)| · |Bn(Fk;G)(z) − Fk(z)|, firstly for all 0 ≤
k ≤ n and secondly for k ≥ n+ 1, where

Bn(Fk;G)(z) =

n∑

p=0

(
n

p

)
[∆p

1/nFk(0)] · Fp(z).

First it is useful to observe that by Gaier [76], p. 48, combined with the Cauchy’s

theorem, for any fixed 1 < β < R we have

Fk(w) :=
1

2πi

∫

|u|=β

Fk[Ψ(u)]

u− w
du = wk = ek(w), for all |w| < β.

Denote

Dn,p,k =

(
n

p

)
∆p

1/nek(0) =

(
n

p

)
[0, 1/n, ..., p/n; ek] · (p!)/np.

It follows

Bn(Fk;G)(z) =

n∑

p=0

Dn,p,k · Fp(z).

Since for the classical complex Bernstein polynomials attached to a disk of center

in origin we can write Bn(ek)(z) =
∑n

p=0Dn,p,kz
p, since each ek is convex of any
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order and Bn(ek)(1) = ek(1) = 1 for all k, it follows that all Dn,p,k ≥ 0 and∑n
p=0Dn,p,k = 1, for all k and n. Also, note that Dn,k,k = n(n−1)...(n−k+1)

nk .

In the estimation of |ak(f)| · |Bn(Fk;G)(z) − Fk(z)| we distinguish two cases :

1) 0 ≤ k ≤ n ; 2) k > n.

Case 1. We have

|Bn(Fk ;G)(z) − Fk(z)| ≤ |Fk(z)| · |1 −Dn,k,k| +
k−1∑

p=0

Dn,p,k · |Fp(z)|.

Fix now 1 < r < β. By the inequality (13), p. 44 in Suetin [186] we have

|Fp(z)| ≤ C(r)rp, for all z ∈ Gr, p ≥ 0,

which immediately implies

|Bn(Fk;G)(z) − Fk(z)| ≤ 2C(r)[1 −Dn,k,k]rk ≤ C(r)
k(k − 1)

n
rk ,

for all z ∈ Gr. Here we used the inequality 1 − Πk
i=1xi ≤

∑k
i=1(1 − xi) (valid if all

xi ∈ [0, 1]) which implies the inequality

1 −Dn,k,k = 1 − n(n− 1)...(n− k + 1)

nk
= 1 − Πk−1

i=1

n− i

n

≤
k−1∑

i=1

(1 − (n− i)/n) =
1

n

k−1∑

i=0

i =
k(k − 1)

2n
.

Also by the above formula for ak(f) we easily obtain |ak(f)| ≤ C(β,f)
βk , for all k ≥ 0.

Note that C(r), C(β, f) > 0 are constants independent of k.

For all z ∈ Gr and k = 0, 1, 2, ...n it follows

|ak(f)| · |Bn(Fk ;G)(z) − Fk(z)| ≤ C(r, β, f)

n
k(k − 1)

[
r

β

]k

,

that is
n∑

k=0

|ak(f)| · |Bn(Fk;G)(z) − Fk(z)| ≤ C(r, β, f)

n

n∑

k=2

k(k − 1)dk, for all z ∈ Gr,

where 0 < d = r/β < 1. Also, clearly we have
∑n

k=2 k(k−1)dk ≤∑∞
k=2 k(k−1)dk <

∞ which finally implies that
n∑

k=0

|ak(f)| · |Bn(Fk;G)(z) − Fk(z)| ≤ C∗(r, β, f)

n
.

Case 2. We have
∞∑

k=n+1

|ak(f)| · |Bn(Fk ;G)(z) − Fk(z)| ≤
∞∑

k=n+1

|ak(f)| · |Bn(Fk ;G)(z)|

+

∞∑

k=n+1

|ak(f)| · |Fk(z)|.
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By the estimates mentioned in the case 1), we immediately get

∞∑

k=n+1

|ak(f)| · |Fk(z)| ≤ C(r, β, f)

∞∑

k=n+1

dk, for all z ∈ Gr,

with d = r/β.

Also,

∞∑

k=n+1

|ak(f)| · |Bn(Fk;G)(z)| =
∞∑

k=n+1

|ak(f)| ·
∣∣∣∣∣

n∑

p=0

Dn,p,k · Fp(z)

∣∣∣∣∣

≤
∞∑

k=n+1

|ak(f)| ·
n∑

p=0

Dn,p,k · |Fp(z)|.

But for p ≤ n < k and taking into account the estimates obtained in the Case 1)

we get

|ak(f)| · |Fp(z)| ≤ C(r, β, f)
rp

βk
≤ C(r, β, f)

rk

βk
, for all z ∈ Gr,

which implies

∞∑

k=n+1

|ak(f)| · |Bn(Fk ;G)(z) − Fk(z)| ≤ C(r, β, f)

∞∑

k=n+1

n∑

p=0

Dn,p,k

[
r

β

]k

= C(r, β, f)

∞∑

k=n+1

[
r

β

]k

= C(r, β, f)
dn+1

1 − d
,

with d = r/β.

In conclusion, collecting the estimates in the Cases 1) and 2) we obtain

|Bn(f ;G)(z) − f(z)| ≤ C1

n
+ C2d

n+1 ≤ C

n
, z ∈ Gr, n ∈ N.

This proves the theorem. �

Remarks. 1) Simultaneous upper and lower estimates in Theorem 1.1.8 (that is

a similar result to Corollary 1.1.5) can easily be obtained under some restrictions

on the boundaries. For that purpose firstly we recall some useful concepts and

results. The first important concept is that of Faber set. Thus, suppose that G ⊂ C

is compact. If the Faber mapping T (given by Definition 1.0.10, (ii) ) defined on

the set of all polynomials P(D1) and with values in the set of polynomials P(G) is

continuous, then G is called a Faber set. In this case, T admits a unique extension

to a linear and bounded mapping between the Banach spaces A(D1) and A(G) (see

the Remark after Definition 1.0.10, or for full details see e.g. the book of Gaier [76],

pp. 48-49). For example, if G is a compact set which is a Jordan domain whose

boundary Γ is a rectifiable curve of bounded rotation, then G is a Faber set (see
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e.g. Gaier [75], p. 51, Theorem 2). Also, Theorem 1 in Frerick-Müller [74] gives

other sufficient conditions on the boundary of G which assures that the compact

set G is a Faber set. As a consequence, a compact set G whose boundary consists

of piecewise convex curves also is a Faber set (see Frerick-Müller [74], p. 429). By

Lemma 1 in Frerick-Müller [74], if G is a compact Faber set then the Faber mapping

T : A(D1) → A(G) is injective.

2) Another important concept is that of inverse Faber set. Thus, according to

Anderson-Clunie [22], p. 546, a Faber set G is called inverse Faber set if the Faber

operator T is bijective, which implies that T−1 : A(G) → A(D1) given by (see

Theorem 1.0.12 or e.g. Anderson-Clunie [22], relation (1.2) )

T−1(f)(ξ) =
1

2πi

∫

|w|=1

f [Ψ(w)]

w − ξ
dw,

also is linear and bounded. An important result is Theorem 2 in Anderson-Clunie
[22], p. 548, which says that if G is the closure of a Jordan domain whose boundary

Γ is rectifiable and of boundary rotation, and in addition Γ is free of cups, then G

is an inverse Faber set. Let us also recall that if the compact set G is a Faber set,

then for any 1 < r, Gr is an inverse Faber set, where Gr denotes the closure of the

Jordan domain bounded by the analytic simple curve Γr = {Ψ(w); |w| = r} (see the

Remark on page 434 in Frerick-Müller [74] or Anderson-Clunie [22]). Also, in this

case by Theorem 3 in Frerick-Müller [74], for f ∈ A(Gr) we have T−1(f) ∈ A(Dr).

As a consequence of the considerations in the above two remarks, we can state

the following result.

Theorem 1.1.9. Let G be a compact Faber set such that C̃\G is simply connected.

If f is analytic on G, that is there exists R > 1 such that f is analytic in GR and

if f is not a polynomial of degree ≤ 1, then for any 1 < r < R we have

‖Bn(f ;G) − f‖Gr
∼ 1

n
, n ∈ N,

where the constants in the equivalence depend on f , r and Gr but are independent

of n. Here ‖f‖Gr
= supz∈Gr

|f(z)|.

Proof. According to the above considerations, there exists g analytic in Dr such

that f = T (g), that is g = T−1(f) (therefore F can be extended by continuity on

∂D1. By hypothesis on f it follows that f cannot be of the form f(z) = c0F0(z) +

c1F1(z) where F0 and F1 are the Faber polynomials of degree 0 and 1 respectively

and c0, c1 ∈ C. This immediately implies that g is not a polynomial of degree ≤ 1.

First we have Bn(T−1(f)) = T−1[Bn(f ;G)]. Indeed,

Bn(T−1(f))(z) =

n∑

p=0

(
n

p

)
∆p

1/nT
−1(f)(0)zp =

n∑

p=0

(
n

p

)
∆p

1/nF (0)zp,



APPROXIMATION BY COMPLEX BERNSTEIN AND CONVOLUTION TYPE OPERATORS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7426.html

June 20, 2009 0:7 World Scientific Book - 9.75in x 6.5in bernstein

Bernstein-Type Operators of One Complex Variable 25

since T−1(f)(ξ) = 1
2πi

∫
|w|=1

f [Ψ(w)]
w−ξ dw = F (ξ), and

T−1[Bn(f ;G)](z) =
1

2πi

∫

|w|=1

Bn(f ;G)[Ψ(w)]

w − z
dw

=

n∑

p=0

(
n

p

)
∆p

1/nF (0)
1

2πi

∫

|w|=1

Fp[Ψ(w)]

w − z
dw

=

n∑

p=0

(
n

p

)
∆p

1/nF (0)zp,

since according to Gaier [76], p. 48, first relation before (6.17), we have

1

2πi

∫

|w|=1

Fp[Ψ(w)]

w − z
dw = zp.

Then by Corollary 1.1.5 and by the linearity and continuity of T−1 we get

C

n
≤ ‖Bn(g) − g‖r = ‖Bn(g) − T−1(f)‖r = ‖T−1[Bn(f ;G)] − T−1(f)‖r

≤ ‖|T−1‖| · ‖Bn(f ;G) − f‖Gr
≤M‖Bn(f ;G) − f‖Gr

,

which proves the lower estimate.

On the other hand we have T [Bn(g)] = Bn(T (g);G). Indeed,

T [Bn(g)](z) =

n∑

p=0

∆p
1/ng(0)Fp(z),

and

Bn(T (g);G)(z) =

n∑

p=0

(
n

p

)
∆p

1/nH(0)Fp(z),

where according to Gaier [76], p. 49. relation (6.17’) we have

H(w) =
1

2πi

∫

|u|=1

T (g)[Ψ(u)]

u− w
du = g(w).

Therefore by the same Corollary 1.1.5 and by the linearity and continuity of T we

obtain

‖Bn(f ;G) − f‖Gr
= ‖Bn(T (g);G) − T (g)‖Gr

= ‖T [Bn(g)] − T (g)‖Gr

≤ ‖|T‖| · ‖Bn(g) − g‖r ≤ C

n
,

which proves the upper estimate and the theorem. �
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1.2 Iterates of Bernstein Polynomials

First we deal with the approximation properties of the iterates of complex Bernstein

polynomials and their relationship with the theory of the semigroups of operators.

For R > 1, let us define by AR the space of all functions defined and analytic

in the open disk of center 0 and radius R denoted by DR. Denoting rj = R− R−1
j ,

j ∈ N and for f ∈ AR, ‖f‖j = max{|f(z)|; |z| ≤ rj}, since r1 = 1 and rj ↗ R,

it is well-known that {‖ · ‖j , j ∈ N} is a countable family of increasing semi-norms

on AR and that AR becomes a metrizable complete locally convex space (Fréchet

space), with respect to the metric

d(f, g) =
∞∑

j=1

1

2j
· ‖f − g‖j

1 + ‖f − g‖j
, f, g ∈ AR.

It is well-known that limn→∞ d(fn, f) = 0 is equivalent to the fact that the sequence

(fn)n∈N converges to f uniformly on compacts in DR. Details about the space AR

and the metric d can be found in e.g. Kohr-Mocanu [118], pp. 104-107.

Now, for f ∈ AR, that is of the form f(z) =
∑∞

k=0 ckz
k, for all z ∈ DR, let

us define the iterates of complex Bernstein polynomial Bn(f)(z), by B
(1)
n (f)(z) =

Bn(f)(z) and B
(m)
n (f)(z) = Bn[B

(m−1)
n (f)](z), for any m ∈ N, m ≥ 2. Since

we have (see e.g. Lorentz [125], p. 88, proof of Theorem 4.1.1 ), Bn(f)(z) =∑∞
k=0 ckBn(ek)(z), by recurrence for all m ≥ 1, we easily get that B

(m)
n (f)(z) =∑∞

k=0 ckB
(m)
n (ek)(z), with ek(z) = zk.

The first main result of this section is the following.

Theorem 1.2.1. (Gal [78]) Let f ∈ AR with R > 1, that is f(z) =
∑∞

k=0 ckz
k, for

all z ∈ DR.

(i) For any n ∈ N, we have

lim
m→∞

d[B(m)
n (f), B1(f)] = 0;

(ii) If limn→∞
mn

n = 0, then

lim
n→∞

d[B(mn)
n (f), f ] = 0.

Moreover, for any fixed q ∈ N, the following estimates hold

‖B(m)
n (f) − f‖q ≤ m

n

∞∑

k=2

|ck|k(k − 1)rk
q ,

and

d[B(m)
n (f), f ] ≤ m

n

∞∑

k=2

|ck|k(k − 1)rk
q +

1

2q
,

where
∑∞

k=2 |ck|k(k − 1)rk
q <∞.

(iii) If limn→∞
mn

n = ∞, then

lim
n→∞

d[B(mn)
n (f), B1(f)] = 0;
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(iv) If limn→∞
mn

n = t ∈ (0,∞), then

lim
n→∞

d[B(mn)
n (f), T (t)(f)] = 0,

where L(f)(z) = (1 − z)f(0) + zf(1), z ∈ DR,

T (t)(f)(z) = L(f)(z) + z(1− z)

∫ 1

0

Gt(z, y)[f(y) − L(f)(y)]dy, z ∈ DR,

Gt(z, y) =

∞∑

k=2

k(2k − 1)

k − 1
e−k(k−1)t/2P

(1,1)
k−2 (2z − 1)P

(1,1)
k−2 (2y − 1),

z ∈ DR, y ∈ [0, 1], and P
(1,1)
k−2 (z), |z| < R, are the Jacobi polynomials normalized to

be k − 1 at z = 1.

Proof. (i) Since from Karlin-Ziegler [114] it is known that if m → ∞, then

B
(m)
n (f)(x) → B1(f)(x), uniformly on the interval [0, 1], according to the classical

Vitali’s result (see e.g. Kohr-Mocanu [118], p. 112, Theorem 3.2.10], it suffices

to show that for any fixed n ∈ N, the iterate sequence of polynomials B
(m)
n (f)(z),

m = 1, 2, ..., is uniformly bounded with respect to m ∈ N in each Dr with 1 ≤ r < R.

Let n ∈ N be fixed. According to He [107], p. 580, relationship (7), we can write

Bn(ek)(z) =

k∑

j=1

S(k, j)
n(n− 1)...[n− (j − 1)]

nk
zj ,

where S(k, j) are the Stirling numbers of second kind. It is well-known that these

numbers satisfy S(k, j) ≥ 0, for all j, k ∈ N and

k∑

j=1

S(k, j)n(n− 1)...[n− (j − 1)] = nk, for k, n ∈ N.

Let |z| ≤ r with r ≥ 1. Since S(k, j)n(n− 1)...[n − (j − 1)] ≥ 0, for all k, n, j ∈ N

with 1 ≤ j ≤ k, it follows

|Bn(ek)(z)| ≤
k∑

j=1

S(k, j)
n(n− 1)...[n− (j − 1)]

nk
|ej(z)|

≤
k∑

j=1

S(k, j)
n(n− 1)...[n− (j − 1)]

nk
rj

≤
k∑

j=1

S(k, j)
n(n− 1)...[n− (j − 1)]

nk
rk = rk.

Applying now Bn to the above equality, we obtain

B(2)
n (ek)(z) =

k∑

j=1

S(k, j)
n(n− 1)...[n− (j − 1)]

nk
Bn(ej)(z),
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which from the last inequality implies

|B(2)
n (ek)(z)| =

k∑

j=1

S(k, j)
n(n− 1)...[n− (j − 1)]

nk
|Bn(ej)(z)|

≤
k∑

j=1

S(k, j)
n(n− 1)...[n− (j − 1)]

nk
rj ≤ rk.

Reasoning by recurrence, we easily get

|B(m)
n (ek)(z)| ≤ rk ,

for all k, n,m ∈ N and z ∈ Dr.

This implies

|B(m)
n (f)(z)| ≤

∞∑

k=0

|ck|rk < +∞,

for all m,n ∈ N and z ∈ Dr, which proves (i).

(ii) Since from the last inequality in (i), for each r ∈ [1, R) the sequence

B
(m)
n (f)(z), m,n = 1, 2, ..., is in fact uniformly bounded in Dr with respect to

both m,n ∈ N, and since by Kelisky-Rivlin [115], we have B
(mn)
n (f)(x) → f(x) as

n → ∞, uniformly for x ∈ [0, 1], it follows that the Vitali’s convergence theorem

implies the first convergence in (ii).

Since B
(m)
n (f)(z) =

∑∞
k=0 ckB

(m)
n (ek)(z), with ek(z) = zk, we get

|B(m)
n (f)(z) − f(z)| ≤

∞∑

k=2

|ck| · |B(m)
n (ek)(z) − ek(z)|.

But according to He [107], we have

Bn(ek)(z) − ek(z) =

k∑

j=1

S(k, j)
n(n− 1)...[n− (j − 1)]

nk
ej(z) − ek(z).

Therefore,

Bn(ek)(z) − ek(z) =

k−1∑

j=1

S(k, j)
n(n− 1)...[n− (j − 1)]

nk
ej(z)

+[(1 − 1/n)...(1 − (k − 1)/n) − 1]ek(z),

which immediately implies

B(p)
n [Bn(ek)(z) − ek(z)] =

k−1∑

j=1

S(k, j)
n(n− 1)...[n− (j − 1)]

nk
B(p)

n (ej)(z)

+[(1 − 1/n)...(1 − (k − 1)/n) − 1]B(p)
n (ek)(z).
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Taking into account that by the proof of the above point (i), we have |B(p)
n (ej)(z)| ≤

rj , for all p, n, j ∈ N and |z| ≤ r, it follows

|B(p)
n [Bn(ek) − ek](z)| ≤

k−1∑

j=1

S(k, j)
n(n− 1)...[n− (j − 1)]

nk
|B(p)

n (ej)(z)|

+[1 − (1 − 1/n)...(1 − (k − 1)/n)]|B(p)
n (ek)(z)|

≤
k−1∑

j=1

S(k, j)
n(n− 1)...[n− (j − 1)]

nk
rj

+[1 − (1 − 1/n)...(1 − (k − 1)/n)]rk

≤ 2[1 − (1 − 1/n)...(1 − (k − 1)/n)]rk.

But

B(m)
n (ek)(z) − ek(z) =

m−1∑

p=0

B(p)
n [Bn(ek)(z) − ek(z)],

which implies for all |z| ≤ r that

|B(m)
n (ek) − ek| ≤

m−1∑

p=0

|B(p)
n [Bn(ek) − ek](z)|

≤ 2m[1 − (1 − 1/n)...(1 − (k − 1)/n)]rk,

and finally

|B(m)
n (f)(z) − f(z)| ≤ 2m

∞∑

k=0

|ck| · [1 − (1 − 1/n)...(1− (k − 1)/n)]rk.

Since [1− (1− 1/n)...(1− (k − 1)/n)] ≤ 1
n [1 + ...+ (k − 1)] = k(k−1)

2n , for all k ∈ N,

k ≥ 2, by choosing r = rq , we get the first required inequality in the statement.

Note that
∑∞

k=2 |ck|k(k−1)rk−2 <∞, since we have f ′′(z) =
∑∞

k=2 ckk(k−1)zk−2,

for all |z| ≤ r.

The second estimate in (ii) is a direct consequence of the inequality

d(f, g) =

q∑

j=1

1

2j
· ‖f − g‖j

1 + ‖f − g‖j
+

∞∑

j=q+1

1

2j
· ‖f − g‖j

1 + ‖f − g‖j

≤ ‖f − g‖q

1 + ‖f − g‖q

q∑

j=1

1

2j
+

∞∑

j=q+1

1

2j

≤ ‖f − g‖q

1 + ‖f − g‖q
+

1

2q
≤ ‖f − g‖q +

1

2q
.

(iii) Since B
(mn)
n (f)(x) → B1(f)(x), as n → ∞, uniformly for x ∈ [0, 1] (see

Kelisky-Rivlin [115]) the proof is similar with that of (ii).
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(iv) First we prove that for any t > 0, the complex seriesGt(z, y) is uniformly and

absolutely convergent for |z|, |y| ≤ r, with r ≥ 1. Indeed, from the representation

formula

P (1,1)
n (z) =

1

2n

n∑

k=0

(
n+ 1

k

)(
n+ 1

n− k

)
(z + 1)k(z − 1)n−k, |z| ≤ r,

we get

|P (1,1)
n (z)| ≤

(
r + 1

2

)n n∑

k=0

(
n+ 1

k

)(
n+ 1

n− k

)
=

(
r + 1

2

)n(
2n+ 2

n

)

≤
(
r + 1

2

)n(
(2n+ 2)e

n

)n

≤
(
r + 1

2

)n

(4e)n ≤ [6(r + 1)]n.

We used above the Vandermond’s equality
∑j

k=0

(
n
k

)(
m

j−k

)
=
(
n+m

j

)
and the in-

equality
(
n
k

)
≤
(

ne
k

)k
.

Now, since for |z|, |y| ≤ r we get |2z− 1|, |2y− 1| ≤ 2r+ 1, denoting ρ = 2r+ 1,

it follows

|Gt(z, y)| ≤
∞∑

k=2

k(2k − 1)

k − 1
e−k(k−1)t/2|P (1,1)

k−2 (2z − 1)| · |P (1,1)
k−2 (2y − 1)|

≤
∞∑

k=2

k(2k − 1)

k − 1
e−k(k−1)t/2[6ρ]2k−4.

By applying the ratio test, the last series (of positive numbers) is convergent.

This shows that T (t)(f)(z) is well defined for any t > 0 and all |z| < R.

In what follows, it suffices to prove that for any fixed r ∈ [1, R) we have

lim
n→∞

‖B(mn)
n (f) − T (t)(f)‖r = 0.

Since from Karlin-Ziegler [114], for t > 0 we have

lim
n→∞

B(mn)
n (f)(x) = L(f)(x) + x(1 − x)

∫ 1

0

Gt(x, y)[f(y) − L(f)(y)]dy,

uniformly with respect to x ∈ [0, 1], according to the Vitali’s theorem, it suffices

to prove that the sequence (B
(mn)
n (f)(z))n∈N is uniformly bounded in Dr. However

this fact was proved by the last inequality at the above point (i) (see also the remark

at the beginning of point (ii)). Therefore the theorem has been proved. �

Remarks. 1) The property (iv) in Theorem 1.2.1 suggests that for f ∈ AR, the

limit of the iterates B
(mn)
n (f)(z) represents the semigroup of operators T (t)(f)(z)

defined on the locally convex space (Fréchet) AR.

2) The results in Theorem 1.2.1 extend some related results in the case of iterates

of real Bernstein polynomials on [0, 1] (see Karlin-Ziegler [114], Kelisky-Rivlin [115]).

In what follows we prove that the shape preserving properties for complex Bern-

stein polynomials in Theorem 1.1.7 hold for their iterates too.
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In the proofs of these properties we need the following two auxiliary lemmas.

Lemma 1.2.2. (Gal [78]) Let f ∈ AR with R > 1, that is f(z) =
∑∞

k=0 ckz
k, for

all z ∈ DR. For any m ∈ N, we have

lim
n→∞

d[B(m)
n (f), f ] = 0,

that is the sequence (B
(m)
n (f))n∈N uniformly converges to f on compacts disks in

DR.

Proof. Note that Lemma 1.2.2 is a particular case of Theorem 1.2.1, (ii), for the

constant sequence mn ≡ m. �

Lemma 1.2.3. (Gal [78]) Let f ∈ AR, R > 1, be satisfying f(0) = 0. For all m,n ∈
N we have [B

(m)
n (f)]′(0) = nB

(m−1)
n (f)(1/n) and limn→∞[n ·B(j)

n (f)(1/n)] = f ′(0),

for any fixed j, where by convention, B
(0)
n (f) = f and [B

(m)
n (f)]′(0) denotes the

first derivative of B
(m)
n (f)(z) at 0.

Proof. We have

B(m)
n (f)(z) = Bn[B(m−1)

n (f)](z),

which by B′
n(f)(0) = nf(1/n) implies

[B(m)
n (f)]′(0) = nB(m−1)

n (f)(1/n).

For the second part of lemma, let us observe that it suffices to prove it for real

functions f(x), x ∈ [0, 1], in C2[0, 1]. Indeed, by f(z) = U(x, y)+iV (x, y), z = x+iy,

where U and V have partial derivatives of any order, we get f(x) = U(x, 0) +

iV (x, 0) := g(x) + ih(x), for all x ∈ [0, 1], where g, h are continuously differentiable

of any order. Also, we take into account that B
(m)
n (·) is a linear operator on C[0, 1],

for any n,m ∈ N.

We obviously have nf(1/n) = f(1/n)−f(0)
(1/n) → f ′(0), as n→ ∞.

In what follows, we will use the well-known pointwise estimate for Bernstein

polynomials when f ∈ C2[0, 1], given by

|Bn(f)(x) − f(x)| ≤ C‖f ′′‖x(1 − x)

n
, for all x ∈ [0, 1], n ∈ N,

where ‖ · ‖ denotes the uniform norm in C[0, 1].

We get

nBn(f)(1/n) =
Bn(f)(1/n) −Bn(f)(0)

(1/n)

=
Bn(f)(1/n) − f(1/n)

(1/n)
+
f(1/n) − f(0)

(1/n)
→ f ′(0),

as n→ ∞, since by the above estimate we have
∣∣∣∣
Bn(f)(1/n) − f(1/n)

(1/n)

∣∣∣∣ ≤
C‖f ′′‖
n

→ 0, for n→ ∞.
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Then, we get

nB(2)
n (f)(1/n)

=
Bn[Bn(f)](1/n) −Bn(f)(1/n)

(1/n)
+
Bn(f)(1/n) −Bn(f)(0)

(1/n)
→ f ′(0),

as n → ∞. Indeed, by applying again the above pointwise estimate for f replaced

by Bn(f) and taking into account the inequality ‖B′′
n(f)‖ ≤ ‖f ′′‖ (which easily

follows from e.g. Lorentz [125], p. 12, relation (2)), we obtain
∣∣∣∣
Bn[Bn(f)](1/n) −Bn(f)(1/n)

(1/n)

∣∣∣∣ ≤
C‖B′′

n(f)‖
n

≤ C‖f ′′‖
n

→ 0,

as n→ ∞.

But limn→∞[n ·B(j)
n (f)(1/n)] = f ′(0), for any j, easily follows by mathematical

induction, which proves the lemma. �

The main result is the following.

Theorem 1.2.4. (Gal [78]) Let us suppose that G ⊂ C is open, so that D1 ⊂ G

and f : G→ C be analytic in G. Also, let m ∈ N be fixed.

(i) If f is univalent in D1, then there exists an index n0 depending on f and m,

so that the mth iterates B
(m)
n (f)(z), be univalent in D1, for all n ≥ n0.

(ii) If f(0) = f ′(0) − 1 = 0 and f is starlike in D1, that is

Re

(
zf ′(z)

f(z)

)
> 0, for all z ∈ D1,

then there exists an index n0 depending on f and m, so that the mth iterates

B
(m)
n (f)(z), be starlike in D1, for all n ≥ n0.

If f(0) = f ′(0) − 1 = 0 and f is starlike only in D1, then for any disk of radius

0 < r < 1 and center 0 denoted by Dr, there exists an index n0 = n0(f,m,Dr), so

that the mth iterates B
(m)
n (f)(z), be starlike in Dr for all n ≥ n0, that is,

Re

(
z[B

(m)
n ]′(f)(z)

B
(m)
n (f)(z)

)
> 0, for all z ∈ Dr.

(Here [B
(m)
n ]′(f)(z) denotes the first derivative of B

(m)
n (f)(z).)

(iii) If f(0) = f ′(0) − 1 = 0 and f is convex in D1, that is

Re

(
zf ′′(z)

f ′(z)

)
+ 1 > 0, for all z ∈ D1,

then there exists an index n0 depending on f and m, so that the mth iterates

B
(m)
n (f)(z), be convex in D1, for all n ≥ n0.

If f(0) = f ′(0) − 1 = 0 and f is convex only in D1, then for any disk of radius

0 < r < 1 and center 0 denoted by Dr, there exists an index n0 = n0(f,m,Dr), so

that for all n ≥ n0, the mth iterates B
(m)
n (f)(z) be convex in Dr, that is,

Re

(
z[B

(m)
n ]′′(f)(z)

[B
(m)
n ]′(f)(z)

)
+ 1 > 0, for all z ∈ Dr.



APPROXIMATION BY COMPLEX BERNSTEIN AND CONVOLUTION TYPE OPERATORS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7426.html

June 20, 2009 0:7 World Scientific Book - 9.75in x 6.5in bernstein

Bernstein-Type Operators of One Complex Variable 33

(iv) If f(0) = f ′(0) − 1 = 0, f(z) 6= 0, for all z ∈ D1 \ {0} and f is spirallike of

type γ ∈ (−π/2, π/2) in D1, that is

Re

(
eiγ zf

′(z)

f(z)

)
> 0, for all z ∈ D1,

then there exists an index n0 depending on f,m and γ, so that the mth iterates

B
(m)
n (f)(z) 6= 0, for all z ∈ D1 \ {0}, and B

(m)
n (f)(z) be spirallike of type γ in D1,

for all n ≥ n0.

If f(0) = f ′(0) − 1 = 0, f(z) 6= 0 for all z ∈ D1 \ {0} and f is spirallike of type

γ only in D1, then for any disk of radius 0 < r < 1 and center 0 denoted by Dr,

there exists an index n0 = n0(f,m,Dr, γ), so that for all n ≥ n0, the mth iterates

B
(m)
n (f)(z) 6= 0 for all z ∈ Dr \ {0} be spirallike of type γ in Dr, that is,

Re

(
eiγ z[B

(m)
n ]′(f)(z)

B
(m)
n (f)(z)

)
> 0, for all z ∈ Dr.

Proof. (i) It is immediate from the uniform convergence in Lemma 1.2.2 and

a well-known result concerning sequences of analytic functions converging locally

uniformly to an univalent function (see e.g. Kohr-Mocanu [118], p. 130, Theorem

4.1.17).

For the proofs of the next points (ii), (iii) and (iv), let us make some general

useful considerations. According to Lemma 1.2.2, combined with the Weierstrass’s

well-known result, it follows that as n→ ∞, uniformly in D1 we have

B(m)
n (f)(z) → f(z), [B(m)

n ]′(f)(z) → f ′(z) and [B(m)
n ]′′(f)(z) → f ′′(z).

In what follows we denote Cn,m = [B
(m)
n (f)]′(0) and P

(m)
n (f)(z) =

B(m)
n (f)(z)
Cn,m

.

Note here that f ′(0) = 1 combined with Lemma 1.2.3, implies that for any

m ∈ N, there exists n(m, f) so that Cn,m > 0, for all n ≥ n(m, f), (in fact we have

limn→∞ Cn,m = 1).

From f(0) = 0 we get B
(m)
n (f)(0) = 0 and P

(m)
n (f)(0) = 0, while from the

definition of P
(m)
n we obtain [P

(m)
n ]′(f)(0) = 1.

By combining all of these facts with Lemma 1.2.2, we obtain that for n → ∞,

we have P
(m)
n (f)(z) → f(z), [P

(m)
n ]′(f)(z) → f ′(z) and [P

(m)
n ]′′(f)(z) → f ′′(z),

uniformly in D1.

(ii) By hypothesis we get |f(z)| > 0 for all z ∈ D1 with z 6= 0, which from the

univalence of f in D1, implies that we can write f(z) = zg(z), with g(z) 6= 0, for all

z ∈ D1, where g is analytic in D1 and continuous in D1.

By writing P
(m)
n (f)(z) in the form P

(m)
n (f)(z) = zQn,m(f)(z), it is obvious that

Qn,m(f)(z) is a polynomial of degree ≤ n− 1.

Let |z| = 1. We have

|f(z) − P (m)
n (f)(z)| = |z| · |g(z) −Qn,m(f)(z)| = |g(z) −Qn,m(f)(z)|,

which by the uniform convergence in D1 of P
(m)
n (f) to f and by the maximum

modulus principle implies the uniform convergence in D1 of Qn,m(f)(z) to g(z).
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Since g is continuous in D1 and |g(z)| > 0 for all z ∈ D1, there exist an index

n1 ∈ N and a > 0 depending on g, so that |Qn,m(f)(z)| > a > 0, for all z ∈ D1 and

all n ≥ n0.

Also, for all |z| = 1, we have

|f ′(z) − [P (m)
n ]′(f)(z)| = |z[g′(z) −Q′

n,m(f)(z)] + [g(z) −Qn,m(f)(z)]|
≥ | |z||g′(z) −Q′

n,m(f)(z)| − |g(z)−Qn,m(f)(z)| |
= | |g′(z) −Q′

n,m(f)(z)| − |g(z) −Qn,m(f)(z)| |
which from the maximum modulus principle, the uniform convergence of [P

(m)
n ]′(f)

to f ′ and of Qn,m(f) to g, evidently implies the uniform convergence of Q′
n,m(f) to

g′.
Then, for |z| = 1, we get

z[P
(m)
n ]′(f)(z)

P
(m)
n (f)

=
z[zQ′

n,m(f)(z) +Qn,m(f)(z)]

zQn,m(f)(z)

=
zQ′

n,m(f)(z) +Qn,m(f)(z)

Qn,m(f)(z)
→ zg′(z) + g(z)

g(z)

=
f ′(z)

g(z)
=
zf ′(z)

f(z)
,

which again from the maximum modulus principle, implies

z[P
(m)
n ]′(f)(z)

P
(m)
n (f)

→ zf ′(z)

f(z)
, uniformly in D1.

Since Re
(

zf ′(z)
f(z)

)
is continuous in D1, there exists α ∈ (0, 1), so that

Re

(
zf ′(z)

f(z)

)
≥ α, for all z ∈ D1.

Therefore,

Re

[
z[P

(m)
n ]′(f)(z)

P
(m)
n (f)(z)

]
→ Re

[
zf ′(z)

f(z)

]
≥ α > 0

uniformly on D1, i.e. for any 0 < β < α, there is n0 so that for all n ≥ n0 we have

Re

[
z[P

(m)
n ]′(f)(z)

P
(m)
n (f)(z)

]
> β > 0, for all z ∈ D1.

Since P
(m)
n (f)(z) differs from B

(m)
n (f)(z) only by a constant, this proves the first

part in (ii).

For the second part, the proof is identical with the first part, with the only

difference that instead of D1, we reason for Dr.

(iv) Obviously we have

Re

[
eiγ z[P

(m)
n ]′(f)(z)

P
(m)
n (f)(z)

]
→ Re

[
eiγ zf

′(z)

f(z)

]
,
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uniformly in D1.

We also note that since f is univalent in D1, according to Lemma 1.2.2, there

exists n1(m, f) so that B
(m)
n (f)(z) be univalent in D1 for all n ≥ n1(m, f). There-

fore, B
(m)
n (f)(0) = 0 implies B

(m)
n (f)(z) 6= 0, for all z ∈ D1 \ {0}, n ≥ n1(m, f).

For the rest, the proof is identical with that from the above point (ii).

(iii) For the first part, by hypothesis there is α ∈ (0, 1), so that

Re

[
zf ′′(z)

f ′(z)

]
+ 1 ≥ α > 0,

uniformly in D1. It is not difficult to show that this is equivalent with the fact that

for any β ∈ (0, α), the function zf ′(z) is starlike of order β in D1 (see e.g. Mocanu-

Bulboacă-Sălăgean [138], p. 77), which implies that f ′(z) 6= 0, for all z ∈ D1, i.e.

|f ′(z)| > 0, for all z ∈ D1. Also, by using the same type of reasonings as those

mentioned in the above point (ii), we get

Re

[
z[P

(m)
n ]′′(f)(z)

[P
(m)
n ]′(f)(z)

]
+ 1 → Re

[
zf ′′(z)

f ′(z)

]
+ 1 ≥ α > 0,

uniformly in D1. As a conclusion, for any 0 < β < α, there is n0 depending on f ,

so that for all n ≥ n0 we have

Re

[
z[P

(m)
n ]′′(f)(z)

[P
(m)
n ]′(f)(z)

]
+ 1 > β > 0, for all z ∈ D1.

The proof of second part in (iii) is similar, which proves the theorem. �

1.3 Generalized Voronovskaja Theorems for Bernstein Polynomi-

als

It is well-known the fact that the classical Voronovskaja’s theorem for real variable

was generalized by Bernstein [42] as follows.

Theorem 1.3.1. (see e.g. Lorentz [125], p. 22-23) If f is defined and bounded on

[0, 1] and the derivative f (2p)(x) exists at x, then we can write

Bn(f)(x) = f(x) +

2p∑

j=1

f (j)(x)

j!
n−jTn,j(x) +

εn

np
,

where Bn(f)(x) =
∑n

k=0

(
n
k

)
xk(1 − x)kf(k/n) denotes the Bernstein polynomials,

Tn,j(x) =
∑n

i=0(i− nx)j
(
n
i

)
xi(1 − x)n−i and εn → 0 as n→ ∞.

Remark. The classical Voronovskaja’s theorem is recaptured for k = 1.

The goal of this section is to obtain a similar result to Theorem 1.3.1 for the

complex Bernstein polynomials attached to analytic functions in compact disks with

the centers in origin and radii ≥ 1. For the particular case p = 1 one recapture The-

orem 1.1.3. Moreover, the analyticity of f will imply exact orders of approximation

in the generalized Voronovskaja’s theorems.
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The first main result of this section is the following.

Theorem 1.3.2. (Gal [89]) Let R > 1 and let f : DR → C be an analytic function,

that is f (z) =
∑∞

k=0 ckz
k. Then for any 1 ≤ r < R and any natural number p there

exists a constant Cp > 0 such that the following estimate
∣∣∣∣∣∣
Bn (f) (z) − f (z) −

2p∑

j=1

f (j) (z)

j!
n−jTn,j (z)

∣∣∣∣∣∣
≤ Cp,r (f)

np+1

holds for all z ∈ C with |z| ≤ r and for all n ∈ N, where

Cp,r (f) = Cp ·
∞∑

k=2p+1

|ck|
k! · (k − 2p)

(k − 2p− 1)!
rk <∞.

Remark. Theorem 1.3.2 is the complex analogue of the Bernstein’s result, with

the quantitative estimate εn ≤ 1/n.

Proof of Theorem 1.3.2. Let ek be the function defined by ek (z) = zk. Let us

put πk,n = Bn (ek) . By Lemma 2.2 in Pop [155] one has

πk,n (z) =

k∑

j=0

1

j!nj
Tn,j (z) ·

(
zk
)(j)

, (1.1)

where
(
zk
)(j)

is the j-th derivative of the function ek (z) = zk. Note that

(
zk
)(j)

= k (k − 1) ... (k − j + 1) zk−j . (1.2)

Let us introduce the polynomial Ek,n,p by defining

Ek,n,p (z) = πk,n (z) − ek (z) −
2p∑

j=1

1

j!nj
Tn,j (z) ·

(
zk
)(j)

. (1.3)

Since Tn,0 (z) = 1 we see by (1.1) and (1.2) that for k ≥ 2p+ 1 we have

Ek,n,p (z) =

k∑

j=2p+1

1

j!nj
Tn,j (z) ·

(
zk
)(j)

=

k∑

j=2p+1

1

nj

(
k

j

)
zk−jTn,j (z) . (1.4)

First we need the following auxiliary result.

Lemma 1.3.3. (Gal [89]) For given p ∈ N and r ≥ 1 there exists a constant Cp > 0

such that for all k ≥ 2p+ 1, |z| ≤ r and n ∈ N the following estimate

|Ek,n,p (z)| ≤ Cpr
k k!

np+1 (k − 2p)!
(k − 2p)

2

holds.

Proof of Lemma 1.3.3. We shall use mathematical induction over p. For p = 1

this inequality has been proved in the proof of Theorem 1.1.3, (ii). Now suppose
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that the inequality is valid for p, and we want to prove it for p + 1. At first we

observe from (1.4) that Ek,n,p+1 (z) is equal to

Ek,n,p (z)

(
k

2p+ 1

)
zk−(2p+1)

n2p+1
Tn,2p+1 (z)

(
k

2p+ 2

)
zk−(2p+2)

n2p+2
Tn,2p+2 (z) . (1.5)

Let us define

Rk,n,p (z) = Ek,n,p+1 (z) − zEk−1,n,p+1 (z) − z (1 − z)

n
E′

k−1,n,p+1 (z) . (1.6)

Using (1.4), a simple computation shows that Rk,n,p (z) is equal to

k∑

j=2p+3

1

nj

(
k

j

)
zk−jTn,j (z) − z

k−1∑

j=2p+3

1

nj

(
k − 1

j

)
zk−1−jTn,j (z) (1.7)

−z (1 − z)

n

k−1∑

j=2p+3

1

nj

(
k − 1

j

)
d

dz

[
zk−1−jTn,j (z)

]
. (1.8)

Now let us rewrite (1.1) in the following trivial way

k∑

j=2p+3

1

nj

(
k

j

)
zk−jTn,j (z) = πk,n (z) −

2p+2∑

j=0

1

nj

(
k

j

)
zk−jTn,j (z) (1.9)

and replace the summands in (1.7) and (1.8) by the corresponding expressions

induced by (1.9). Then

Rk,n,p (z) = πk,n (z) −
2p+2∑

j=0

1

nj

(
k

j

)
zk−jTn,j (z) − zπk−1,n (z)

+

2p+2∑

j=0

1

nj

(
k − 1

j

)
zk−jTn,j (z) − z (1 − z)

n
π′

k−1,n (z)

+
z (1 − z)

n

2p+2∑

j=0

1

nj

(
k − 1

j

)
d

dz

[
zk−1−jTn,j (z)

]′

:= S1 − zS2 −
z(1− z)

n
S3.

Note that D. Andrica [24] has proved (see also the proof of Theorem 1.1.2, (i)) that

πk,n (z) = zπk−1,n (z) +
z (1 − z)

n
π′

k−1,n (z) ,

which simplifies the above expression for Rk,n,p (z) in an obvious way.

We want to deduce from the above formula that

|Rk,n,p (z)| ≤ C∗
p

1

np+2
rkk (k − 1) ... (k − 2p− 2) , (1.10)

for all |z| ≤ r, n ∈ N and k ≥ 2p+ 3.
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For this purpose, we observe that in the above expression of Rk,n,p(z) (with

respect to S1, S2, S3), the expression S1 is equal to the left-hand side in (1.9), S2 is

equal to the left-hand side in (1.9) written for k−1 and S3 is equal to the derivative

with respect to z of the left-hand side in (1.9) written for k − 1.

But since by Lorentz [125], p. 14, Theorem 1.5.1, Tn,j(z) is a polynomial of

degree [j/2] with respect to n, it is clear from its form that the left-hand side in

(1.9) contains only terms having at denominator nj−[j/2], j ≥ 2p + 3, that is only

terms having at the denominator nj with j ≥ p+ 2. This immediately implies that

Rk,n,p(z) contains only terms having at denominator nj with j ≥ p+ 2. Now, since

by the same Lorentz [125], p. 14, Theorem 1.5.1, Tn,j(z) is a polynomial of degree j

with respect to z, (by using again (1.9)) this immediately implies that for all |z| ≤ r

we have an estimate of the form |Rn,k,p(z)| ≤ Cp,kr
k 1

np+2 .

Therefore it remains to find out the form of the constant Cp,k. By the recurrence

formula for Tn,j(z) in Lorentz [125], p. 14, relation (3), it follows that Tn,j(z) is a

polynomial in n of degree ≤ [j/2] with at most [j/2] terms containing the powers of

n (where j ≤ 2p+ 2), satisfying the estimate |Tn,j(z)| ≤ rjAjn
[j/2], for all |z| ≤ r.

Combining with the estimates
(
k
j

)
≤ k(k − 1)...(k − (2p+ 2) + 1) ≤ k(k − 1)...(k −

2p−2),
(
k−1

j

)
≤ (k−1)(k−2)...(k−(2p+2)) ≤ k(k−1)...(k−2p−2), j = 1, , , 2p+2,

it easily follows that the modulus of all the nominators of the terms having at the

denominators nj with j ≥ p + 2, can be bounded by Cpr
kk(k − 1)...(k − 2p − 2),

with a suitable chosen constant Cp depending only on p.

Now we shall estimate Ek,n,p+1 (z) by using (1.10). Indeed, by (1.6) we have

Ek,n,p+1 (z) = zEk−1,n,p+1 (z) +
z (1 − z)

n
E′

k−1,n,p+1 (z) +Rk,n,p (z) .

Let us denote ‖f‖r = sup|z|≤r |f (z)| and let us recall Bernstein’s inequality

∥∥P ′
j

∥∥
r
≤ j

r
‖Pj‖r ,

valid for any polynomial Pj of degree ≤ j. Since |z (1 − z)| ≤ r (1 + r) ≤ 2r2 for

all |z| ≤ r (recall that 1 ≤ r) and Ek−1,n,p+1 (z) is a polynomial of degree ≤ k we

conclude that for |z| ≤ r

|Ek,n,p+1 (z)| ≤ r |Ek−1,n,p+1 (z)| + 2r

n
k |Ek−1,n,p+1 (z)| + |Rk,n,p (z)| . (1.11)

By equation (1.5) (applied to k − 1 instead of k) one obtains

|Ek−1,n,p+1 (z)| ≤ |Ek−1,n,p (z)| +
(
k − 1

2p+ 1

)
1

n2p+1

∣∣∣zk−1−(2p+1)Tn,2p+1 (z)
∣∣∣

+

(
k − 1

2p+ 2

)
1

n2p+2

∣∣∣zk−1−(2p+2)Tn,2p+2 (z)
∣∣∣ .

We use the last inequality in order to estimate the middle term in (1.11) in the

following way:

2r

n
k |Ek−1,n,p+1 (z)| ≤ 2rk

n

[
Cpr

k−1 (k − 1)...(k − 2p)(k − 2p− 1)2

np+1
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+A2p+1r
k−1 (k − 1)...(k − (2p+ 1))

np+1
+A2pr

k−1 (k − 1)...(k − (2p+ 2))

np+2

]
.

From this we conclude that

|Ek,n,p+1 (z)| ≤ r |Ek−1,n,p+1 (z)| + Cpr
k 1

np+2
k (k − 1) ... (k − 2p− 2) .

Since by Lemma 2.2 in Pop [155] we have E2p+2,n,p+1(z) = 0, from the above

inequality by an inductive argument applied for k = 2p+ 3, ... we finally obtain

|Ek,n,p+1 (z)| ≤ Cpr
k 1

np+2
k (k − 1) ... (k − 2p− 1) (k − 2p− 2)

2
,

which proves the lemma. �

Now we are in position to prove Theorem 1.3.2. Indeed, taking into account that

by the estimate in Lemma 1.3.3 we haveE0,n,p(z) = E1,n,p(z) = ... = E2p,n,p(z) = 0,

it follows ∣∣∣∣∣∣
Bn(f)(z) − f(z) −

2p∑

j=1

f (j)(z)

j!
n−jTn,j(z)

∣∣∣∣∣∣

≤
∞∑

k=2p+1

|ck| · |Ek,n,p(z)|

≤
Cp ·∑∞

k=2p+1 |ck|k(k − 1)...(k − 2p+ 1)(k − 2p)2rk

np+1
,

which proves the theorem. �

Remark. Analysing the proof of Lemma 1.3.3 and the reasonings for the proof

of Theorem 1.3.2, in a similar way we can prove that in the case when r = 1 the

pointwise estimate
∣∣∣∣∣∣
Bn(f)(z) − f(z) −

2p∑

j=1

f (j)(z)

j!
n−jTn,j(z)

∣∣∣∣∣∣
≤ |z| · |1 − z|Cp,1(f)

np+1
, ∀|z| ≤ 1,

holds, where Cp,1(f) = Cp ·∑∞
k=2p+1 |ck|k(k − 1)...(k − 2p+ 1)(k − 2p)2 <∞.

Unlike the real case, for complex analytic functions the order of approximation

in Theorem 1.3.2 is exactly 1
np+1 . More exactly, the second main result of this paper

is the following.

Corollary 1.3.4. (Gal [89]) Let R > 1 and let f : DR → C be an analytic

function, say f (z) =
∑∞

k=0 ckz
k. If f is not a polynomial of degree ≤ 2p then

for any 1 ≤ r < R and any natural number p we have
∥∥∥∥∥∥
Bn(f) − f −

2p∑

j=1

f (j)

j!
n−jTn,j

∥∥∥∥∥∥
r

∼ 1

np+1
, n ∈ N,

where the constants in the equivalence depend only on f , r and p and are independent

of n. Here ‖f‖r = sup|z|≤r |f (z)|.
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Proof. Taking into account Theorem 1.3.2, it remains to obtain the lower estimate

for the quantity in the statement of Corollary 1.3.4. Thus, suppose that f is not

a polynomial of degree ≤ 2p. Keeping the notations in the previous section, since

f (s)(z) =
∑∞

k=s ckk(k − 1)...(k − s+ 1)zk−s, by using (1.4) and simple calculations

we easily obtain the identity

Bn(f)(z) − f(z)−
2p∑

j=1

f (j)(z)

j!
n−jTn,j(z)

=

∞∑

k=2p+1

ckEk,n,p(z)

=
1

np+1





∞∑

k=2p+1

ck




k∑

j=2p+1

(
k

j

)
zk−jnp+1−jTn,j(z)







=
1

np+1

{
Tn,2p+1(z)

np(2p+ 1)!
f (2p+1)(z) +

Tn,2p+2(z)

np+1(2p+ 2)!
f (2p+2)(z)

+
1

n


np+2

∞∑

k=2p+3

ckEk,n,p+1(z)





 .

By the recurrence formula for Tn,j(z) in Lorentz [125], p. 14, relation (3), it fol-

lows that Tn,j(z) is a polynomial in n of degree ≤ [j/2] with at most [j/2] terms

containing the powers of n (where j ≤ 2p+ 2). Also, by Lorentz [125], p. 14, The-

orem 1.5.1, the coefficient of np+1 in Tn,2p+2(z) is (2p+2)!
2p+1(p+1)! · [x(1 − x)]p+1, while

from the recurrence formula in Lorentz [125], p. 14, relation (3), it easily follows

that the coefficient of np in Tn,2p+1(z) is of the form ap(1− 2z)[z(1− z)]p with the

constant ap > 0 (ap depends only on p). Therefore, it is easy to see that the sum
Tn,2p+1(z)
np(2p+1)! f

(2p+1)(z) + 1
np+1 · Tn,2p+2(z)

(2p+2)! f (2p+2)(z) can be written in the form

Tn,2p+1(z)

np(2p+ 1)!
f (2p+1)(z) +

1

np+1
· Tn,2p+2(z)

(2p+ 2)!
f (2p+2)(z)

=
ap

(2p+ 1)!
(1 − 2z)[z(1− z)]pf (2p+1)(z)

+
[z(1− z)]p+1

2p+1(p+ 1)!
f (2p+2)(z)

+
1

n
F (z)f (2p+1)(z) +

1

n
G(z)f (2p+2)(z),

where the polynomials F (z) := P1(z) + 1
nP2(z) + ... + 1

np−1Pp(z) and G(z) :=

Q1(z)+
1
nQ2(z)+...+

1
npQp+1(z) are bounded in any closed disk |z| ≤ r by constants

depending on r and p but independent of n.

Replacing this form in the above identity and taking into account the inequalities

‖h+ g‖r ≥ | ‖h‖r − ‖g‖r | ≥ ‖h‖r − ‖g‖r,
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we obtain ∥∥∥∥∥∥
Bn(f) − f −

2p∑

j=1

f (j)

j!
n−jTn,j

∥∥∥∥∥∥
r

≥ 1

np+1

{∥∥∥∥
ap

(2p+ 1)!
(1 − 2e1)[e1(1 − e1)]

pf (2p+1) +
[e1(1 − e1)]

p+1

2p+1(p+ 1)!
f (2p+2)

∥∥∥∥
r

− 1

n



∥∥∥∥∥∥
np+2

∞∑

k=2p+3

ckEk,n,p+1 + Ff (2p+1) +Gf (2p+2)

∥∥∥∥∥∥
r







:=
1

np+1

{
‖U‖r −

1

n
[‖V ‖r]

}
≥ 1

np+1
· 1

2
‖U‖r,

for all n ≥ n0 (n0 depends on f , p and r), under the conditions that ‖U‖r > 0 and

if ‖V ‖r is bounded by a constant depending only on f , p and r. But this is exactly

what happens, because from Theorem 1.3.2 (written for p+ 1) and from the above

considerations on F and G it is immediate that ‖V ‖r is bounded by a constant

depending only on f , p and r while by the fact that f is not a polynomial of degree

≤ 2p it follows ‖U‖r > 0. Indeed, for the last fact let us suppose the contrary. It

follows that f must satisfy the differential equation (here recall that ap > 0)

ap

(2p+ 1)!
(1 − 2z)[z(1− z)]pf (2p+1)(z) +

[z(1 − z)]p+1

2p+1(p+ 1)!
f (2p+2)(z) = 0, |z| ≤ r.

Making the substitution f (2p+1)(z) := y(z) it follows that y(z) necessarily is analytic

in DR (since f is supposed analytic there) and is solution of the first order differential

equation

ap

(2p+ 1)!
(1 − 2z)[z(1− z)]py(z) +

[z(1 − z)]p+1

2p+1(p+ 1)!
y′(z) = 0, |z| ≤ r.

After simplification with [z(1− z)]p, we get that y(z) is an analytic function in DR

satisfying the differential equation

ap

(2p+ 1)!
(1 − 2z)y(z) +

z(1 − z)

2p+1(p+ 1)!
y′(z) = 0, |z| ≤ r, z 6= 0, z 6= 1.

Writing y(z) in the form y(z) =
∑∞

k=0 bkz
k, by comparison of coefficients, we easily

obtain that bk = 0, for all k = 0, 1, ..., which implies that y(z) is identical zero in

Dr \ {0, 1}. Since y is analytic, it is continuous and therefore y(0) = y(1) = 0,

which implies that y(z) = 0, for all |z| ≤ r. But from the identity’s theorem of

analytic functions, it necessarily follows that y(z) = 0 for all |z| < R, obviously in

contradiction with the hypothesis that f is not a polynomial of degree ≤ 2p in DR.

For n ∈ {1, ..., n0 − 1} we obviously have
∥∥∥∥∥∥
Bn(f) − f −

2p∑

j=1

f (j)

j!
n−jTn,j

∥∥∥∥∥∥
r

≥ Mr,n(f)

np+1
,
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with Mr,n(f) = np+1 ·
∥∥∥Bn(f) − f −∑2p

j=1
f (j)

j! n
−jTn,j

∥∥∥
r
> 0, which finally implies

∥∥∥∥∥∥
Bn(f) − f −

2p∑

j=1

f (j)

j!
n−jTn,j

∥∥∥∥∥∥
r

≥ Cp,r(f)

np+1
, for all n ∈ N,

where Cp,r(f) = min{Mr,1(f), ...,Mr,n0−1(f), 1
2‖U‖r}. This completes the proof.�

1.4 Butzer’s Linear Combination of Bernstein Polynomials

In the paper of Butzer [51], were inductively introduced the operators L
[q]
n (x) of

real variable x ∈ [0, 1] by setting L
[0]
n (f) (x) := Bn(f)(x) and

(2q − 1)L[2q]
n (f) (x) = 2qL

[2q−2]
2n (f) (x) − L[2q−2]

n (f) (x),

for q ∈ N. For example, for q = 1 one obtains

L[2]
n (f) (x) := 2L

[0]
2n (f) (x) − L[0]

n (f) (x) = 2B2n(f)(x) −Bn(f)(x).

In the same paper of Butzer [51], by using the generalized Voronovskaja’s theo-

rem of Bernstein [42] (that is Theorem 1.3.1), he proved that

|L[2q−2]
n (f)(x) − f(x)| = O(n−q).

The first main result of this section is the extension of Butzer’s result to the

case of complex variable and can be stated as follows.

Theorem 1.4.1. (Gal [89]) For any analytic function f : DR → C with R > 1, for

each 1 ≤ r < R and given natural number q there exists a constant dq,r(f) > 0 such

that the following estimate
∣∣∣L[2q−2]

n (f) (z) − f (z)
∣∣∣ ≤ dq,r (f)

nq
,

is valid for all |z| ≤ r and n ∈ N.

Proof. The proof of Theorem 1.4.1 is simple. Indeed, let us consider Butzer’s

linear combination of complex Bernstein polynomials defined by the recurrence

L[0]
n (f)(z) = Bn(f)(z), (2q − 1)L[2q]

n (f)(z) = 2qL
[2q−2]
2n (f)(z) − L[2q−2]

n (f)(z),

where z ∈ C, q = 1, 2, ....

Analysing the proofs of Lemma 1, Lemma 2 and Theorem 1 in Butzer [51] and

taking into account Theorem 1.3.2, it is easy to see that their reasonings can analo-

gously be used for the above linear combinations of complex Bernstein polynomials,

so that finally we get the statement of Theorem 1.4.1. �

Remarks. 1) By the Remark after the proof of Lemma 1.3.3, it easily follows that

in a similar way we get the pointwise estimate

|L[2q−2]
n (f)(z) − f(z)| ≤ dq,1(f) · |z| · |1 − z|

nq
, for all |z| ≤ 1.
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2) For q = 2, the estimate in Theorem 1.4.1 can easily be obtained with an

explicit constant dq,r(f), by using the following estimate in Theorem 1.1.3, (ii) :

|Bn(f)(z) − f(z) − z(1 − z)

2n
f ′′(z)| ≤ 5Mr(f)(1 + r)2

2n2
, r ≥ 1, |z| ≤ r, n ∈ N,

where Mr(f) =
∑∞

k=3 |ck|k(k − 1)(k − 2)rk−2.

Indeed, taking into account that L
[2]
n (f)(z) = B2n(f)(z)−Bn(f)(z) and that we

can write the identity

L[2]
n (f)(z) − f(z) = 2

[
B2n(f)(z) − f(z) − z(1 − z)

4n
f ′′(z)

]

+

[
f(z)−Bn(f)(z) +

z(1 − z)

2n
f ′′(z)

]
,

we immediately obtain

|L[2]
n (f)(z) − f(z)|

≤ 2

∣∣∣∣B2n(f)(z) − f(z) − z(1− z)

4n
f ′′(z)

∣∣∣∣+
∣∣∣∣Bn(f)(z) − f(z) − z(1− z)

2n
f ′′(z)

∣∣∣∣

≤ 2
5Mr(f)(1 + r)2

8n2
+

5Mr(f)(1 + r)2

2n2
=

15(1 + r)2Mr(f)

4n2
.

3) For q = 3, in Theorem 1.4.1 similar reasonings can be applied. Indeed, first

it easily follows that L
[4]
n (f)(z) = 8

3B4n(f)(z) − 2B2n(f)(z) + 1
3Bn(f)(z) and that

we can write the identity

L[4]
n (f)(z) − f(z)

=
8

3


B4n(f)(z) − f(z) −

4∑

j=1

f (j)(z)

j!
(4n)−jT4n,j(z)




−2


B2n(f)(z) − f(z) −

4∑

j=1

f (j)(z)

j!
(2n)−jT2n,j(z)




+
1

3


Bn(f)(z) − f(z) −

4∑

j=1

f (j)(z)

j!
(n)−jTn,j(z)




+
f (4)(z)[1 − 6z(1− z)]z(1− z)

4! · 8 · n3
.

This identity follows from the identities Tn,1(z) = 0 and

f ′′(z)

2!

[
−8

3
· T4n,2(z)

16n2
+ 2 · T2n,2(z)

4n2
− 1

3
· Tn,2(z)

n2

]
= 0,

f ′′′(z)

3!

[
−8

3
· T4n,3(z)

64n3
+ 2 · T2n,3(z)

8n3
− 1

3
· Tn,3(z)

n3

]
= 0,

f (4)(z)

4!

[
−8

3
· T4n,4(z)

256n4
+ 2 · T2n,4(z)

16n4
− 1

3
· Tn,4(z)

n4

]
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= −f
(4)(z)nz(1− z)[1 − 6z(1− z)]

4! · 8 · n4
.

As a conclusion, an estimate with explicit constant in Theorem 1.3.2 for p = 2

(which can be obtained by following the reasonings in the proof of Lemma 1.3.3 for

p = 2, but with explicit constants), will immediately give an explicit constant d for

the estimate |L[4]
n (f)(z) − f(z)| ≤ d/n3.

4) A nice consequence of Corollary 1.3.4 and of Theorem 1.4.1 is that if f is not

a polynomial of degree ≤ q then the order of approximation in Theorem 1.4.1 is

exactly 1
nq . For simplicity first we illustrate the particular cases q = 1, 2, 3. Indeed,

the case q = 1 is contained in Corollary 1.1.5. In the q = 2 case, taking into account

the identity from the above Remark 2 and applying the reasonings in the proof of

Corollary 1.3.4 for the case p = 1, it follows that L
[2]
n (f)(z) − f(z) can be written

in the form

L[2]
n (f)(z) − f(z)

= 2
1

(2n)2

[
1

2n
A1,n(f)(z) +

T2n,3(z)

3!(2n)
f (3)(z) +

T2n,4(z)

4!(2n)2
f (4)(z)

]

− 1

n2

[
1

n
A2,n(f)(z) +

Tn,3(z)

3!n
f (3)(z) +

Tn,4(z)

4!n2
f (4)(z)

]

=
1

n2

[
1

4n
A1,n(f)(z) − 1

n
A2,n(f)(z) +

1

2
· T2n,3(z)

3!(2n)
f (3)(z)

+
1

2
· T2n,4(z)

4!(2n)2
f (4)(z)− Tn,3(z)

3!n
f (3)(z) − Tn,4(z)

4!n2
f (4)(z)

]

=
1

n2

[
1

n
A3,n(f)(z) − (1 − 2z)z(1− z)f (3)(z)

2 · 3!
+

1

2
· 3z2(1 − z)2f (4)(z)

2 · 4!

]
,

where for all n ∈ N

‖A1,n(f)‖r, ‖A2,n(f)‖r, ‖A3,n(f)‖r ≤ Cr(f),

(Cr(f) is independent of n) and we used the formulas in Lorentz [125], p. 14,

Tn,3(z) = n(1 − 2z)z(1− z), Tn,4(z) = nz(1− z)[3nz(1− z) + (1 − 6z(1− z))].

By using for

− (1− 2z)z(1− z)f (3)(z)

12
+
z2(1 − z)2f (4)(z)

32

similar reasonings with those in the proof of Corollary 1.3.4, case p = 1, finally we

easily obtain

‖L[2]
n (f)(z) − f(z)‖r ∼ 1

n2
, n ∈ N,

where the constants in the equivalence depend only on f and r.

5) For the q = 3 case we can apply similar reasonings. Indeed, applying to the

three expressions between the brackets in the formula for L
[4]
n (f)(z)−f(z) from the
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above Remark 3, the reasonings in the proof of Corollary 1.3.4, the case p = 2, we

obtain

L[4]
n (f)(z) − f(z)

=
1

n3

[
1

n
A1,n(f)(z) +

8

3 · 43
· T4n,5(z)

5! · (4n)2
f (5)(z) +

8

3 · 43
· T4n,6(z)

6! · (4n)3
f (6)(z)

− 2 · 1

23
· T2n,5(z)

5! · (2n)2
f (5)(z) − 2 · 1

23
· T2n,6(z)

6! · (2n)3
f (6)(z)

+
1

3
· Tn,5(z)

5! · n2
f (5)(z) +

1

3
· Tn,6(z)

6! · n3
f (6)(z)

]
+
f (4)(z)[1 − 6z(1− z)]z(1− z)

4! · 8 · n3

=
1

n3

[
1

n
An(f)(z) +

10z2(1 − z)2(1 − 2z)f (5)(z)

8 · 5!
+

15z3(1 − z)3f (6)(z)

8 · 6!

+
z(1− z)(1 − 6z(1− z))f (4)(z)

8 · 4!

]
,

where ‖A1,n(f)‖r, ‖An(f)‖r ≤ Cr(f) for all n ∈ N (Cr(f) is independent of n) and

we used the formula in Lorentz [125], p. 14, Tn,5(z) = (1 − 2z)[10n2z2(1 − z)2 +

n(z(1 − z) − 12z2(1 − z)2)] and the Theorem 1.5.1 in Lorentz [125], p. 14, for the

formula of n3 in the polynomial Tn,6(z).

Now, by using for

G(z) =
10z2(1 − z)2(1 − 2z)f (5)(z)

8 · 5!
+

15z3(1 − z)3f (6)(z)

8 · 6!

+
z(1− z)(1 − 6z(1− z))f (4)(z)

8 · 4!

similar reasonings with those for U(z) in the proof of Corollary 1.3.4, finally we

easily obtain

‖L[4]
n (f)(z) − f(z)‖r ∼ 1

n3
,

where the constants in the equivalence depend only on f and r.

In what follows we present a proof of the equivalence result in approximation

by L
[2q−2]
n (f)(z) for general q ≥ 3. Taking into account Theorem 1.4.1, therefore it

suffices to prove the following lower estimate for general q.

Theorem 1.4.2. Let DR = {z ∈ C; |z| < R} be with R > 1, f : DR → C analytic

in DR, i.e. f(z) =
∑∞

j=0 ckz
k, z ∈ DR, 1 ≤ r < R and q ≥ 3.

If f is not a polynomial of degree ≤ q then for all n ∈ N we have

‖L[2q−2]
n (f) − f‖r ≥ C

nq
,

where the constant C is independent of n and depends on f , r and q.

The proof of Theorem 1.4.2 requires the following two auxiliary results.

Lemma 1.4.3. Let DR = {z ∈ C; |z| < R} be with R > 1, f : DR → C analytic in

DR, and 1 ≤ r < R. Also, let L
[q]
n (f)(z) be the Butzer’s polynomials defined by the

recurrence in the previous section, q ≥ 2.
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(i) We have the representation formula

L[2q−2]
n (f)(z) =

q−1∑

i=0

αi,q−1B2in(f)(z),

where αi,q−1 = (−1)q−1−iSi,q−1/Π
q−1
k=1(2

k − 1), S0,q−1 = 1 by convention and

Si,q−1 =
∑

j1,j2,...,ji=1, j1<...<ji

2j12j2 ...2ji , for all i ∈ {1, ..., q − 1}.

(ii) The sums Si,q satisfy the recurrence formula

Si,q = Si,q−1 + 2qSi−1,q−1, for all i = 1, ..., q − 1.

(iii) The numbers αi,q−1 satisfy
∑q−1

i=0 αi,q−1 = 1 and the recurrence

αi,q =
2q

2q − 1
αi−1,q−1 −

1

2q − 1
αi,q−1, for all i = 1, q − 1,

where α0,q−1 = (−1)q−1

Πq−1
k=1(2

k−1)
.

(iv) For all i = 0, ..., q we have

αi,q = (−1)q−i 2
i(i+1)/2[2(q

i) − 1]
q∏

j=1

(2j − 1)

.

Proof. The proofs of (i) and (ii) can easily be done by mathematical induction

after q. Also, (iii) is an immediate consequence of (ii) and (iv) is an immediate

consequence of (iii). �

Lemma 1.4.4. Let q ≥ 3.

(i) For all j = 1, ..., q, z ∈ C and n ∈ N we have

q−1∑

i=0

αi,q−1(2
i)−jT2in,j(z) = 0.

(ii) For all j = q + 1, ..., 2q − 2, z ∈ C and n ∈ N we have

q−1∑

i=0

αi,q−1(2
i)−jT2in,j(z) = nBq−1,j(z),

where Bq−1,j(z) is a polynomial of degree ≤ j in z.

Proof. By using the recurrence formulas in Lemma 1.4.3, (iii), the proofs of (i)

and (ii) are immediate by mathematical induction with respect to q. The degree

of the polynomials Bq−1,j(z) with respect to z follows from Lorentz [125], p. 14,

Theorem 1.5.1. �
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Proof of Theorem 1.4.2. Taking into account the representation formula in

Lemma 1.4.3 (i), we can write

L[2q−2]
n (f)(z) − f(z) =

q−1∑

i=0

αi,q−1[B2in(f)(z) − f(z)] =

q−1∑

i=0

αi,q−1


B2in(f)(z) − f(z) −

2q−2∑

j=1

f (j)(z)

j!
(2i)−jT2in,j(z)


+Rn,q−1(f)(z),

where

Rn,q−1(f)(z) =

q−1∑

i=0

αi,q−1




2q−2∑

j=1

f (j)(z)

j!
(2in)−jT2in,j(z)




=

2q−2∑

j=1

f (j)(z)

j!
n−j

[
q−1∑

i=0

αi,q−1(2
i)−jT2in,j(z)

]
.

Taking into account Lemma 1.4.4, (i) we have

Rn,q−1(f)(z) =

2q−2∑

j=q+1

f (j)(z)

j!
n−j

[
q−1∑

i=0

αi,q−1(2
i)−jT2in,j(z)

]
,

which combined with Lemma 1.4.4, (ii) immediately implies

Rn,q−1(f)(z) =
1

nq




2q−2∑

j=q+1

f (j)(z)

j!
· nBq−1,j(z)

nj−q




=
1

nq

[
f (q+1)(z)

(q + 1)!
Bq−1,q+1(z) +

1

n
Mq(f)(z)

]
,

where ‖Mq(f)‖r ≤ C, with C independent of n.

Also, since from Theorem 1.5.1, p. 14 in Lorentz [125] we have that each T2in,j(z)

is a polynomial in z(1−z), this implies that Bq−1,q+1(z) is of the form Bq−1,q+1(z) =

z(1 − z)Pq(z), with degree (Pq(z)) ≤ q − 1 and Pq(0) 6= 0.

On the other hand, reasoning exactly as in the proof of Corollary 1.3.4, case

q = p− 1, we get

B2in(f)(z) − f(z) −
2(q−1)∑

j=1

f (j)(z)

j!
(2in)−jT2in,j(z)

=
1

(2in)q

{
T2in,2q−1(z)

(2in)q−1(2q − 1)!
f (2q−1)(z) +

T2in,2q(z)

(2q)!
f (2q)(z)

+
1

n


(2in)q+1

∞∑

k=2q+1

ckEk,2in,q(z)





 .

Clearly hat the expressions (2in)q+1
∑∞

k=2q+1 ckEk,2in,q(z) are bounded in Dr with

bounds independent of n (see Corollary 1.3.4).
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Also, since by Theorem 1.5.1, p. 14 in Lorentz [125] the coefficient of (2in)q in

T2in,2q(z) is (2q)!
2q ·q! [z(1 − z)]q, while from the recurrence formula in Lorentz [125], p.

14, relation (3), it easily follows that the coefficient of (2in)q−1 in T2in,2q−1(z) is of

the form aq−1(1 − 2z)[z(1 − z)]q−1 with aq−1 > 0. Therefore, reasoning exactly as

in the proof of Corollary 1.3.4 we can write

T2in,2q−1(z)

(2in)q−1(2q − 1)!
f (2q−1)(z) +

T2in,2q(z)

(2q)!
f (2q)(z)

=
aq−1

(2q − 1)!
(1 − 2z)[z(1− z)]q−1f (2q−1)(z) +

[z(1 − z)]q

2q(q)!
f (2q)(z)

+
1

n
Fi(z)f

(2q−1)(z) +
1

n
Gi(z)f

(2q)(z),

where Fi(z) and Gi(z) are polynomials bounded in Dr by constants independent of

n.

Collecting all the above considerations in conclusion we obtain

L[2q−2]
n (f)(z) − f(z)

=
1

nq

[
f (q+1)(z)

(q + 1)!
z(1− z)Pq(z) +

2q − 1

2q−1
aq−1(1 − 2z)[z(1− z)]q−1f (2q−1)(z)

+
2q − 1

2q−1
· [z(1 − z)]q

2qq!
f (2q)(z) +

1

n
Kq(f)(z)

]
,

where ‖Kq(f)‖r ≤ C with C independent of n.

Denoting

Hq(f)(z) =
f (q+1)(z)

(q + 1)!
z(1 − z)Pq(z)

+
2q − 1

2q−1
aq−1(1 − 2z)[z(1− z)]q−1f (2q−1)(z)

+
2q − 1

2q−1
· [z(1 − z)]q

2qq!
f (2q)(z),

if ‖Hq(f)‖r > 0 then the expected lower estimate follows from the inequalities

‖L[2q−2]
n (f) − f‖r

≥ 1

nq

∣∣∣∣‖Hq(f)‖r −
1

n
‖Kq(f)‖r

∣∣∣∣

≥ 1

nq

[
‖Hq(f)‖r −

1

n
‖Kq(f)‖r

]
≥ ‖Hq(f)‖r

2nq
,

for all n ≥ n0. From the reasonings in the same Corollary 1.3.4 we get the lower

estimate of the same order for all n ∈ N.

Now, to finish the proof it will be enough to show that if f is not a polynomial

of degree ≤ q then we have ‖Hq(f)‖r > 0. For this purpose, it will be enough

to prove that the differential equation Hq(f)(z) = 0 for z ∈ Dr implies that f is



APPROXIMATION BY COMPLEX BERNSTEIN AND CONVOLUTION TYPE OPERATORS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7426.html

June 20, 2009 0:7 World Scientific Book - 9.75in x 6.5in bernstein

Bernstein-Type Operators of One Complex Variable 49

a polynomial of degree ≤ q. Making the substitution f (q+1)(z) = y(z) it will be

enough to prove that the differential equation in z ∈ Dr

y(z)z(1− z)Pq(z) +Aq(1 − 2z)[z(1− z)]q−1y(q−2)(z) +Bq [z(1 − z)]qy(q−1)(z) = 0,

has as analytic solution only y(z) = 0. Here Aq , Bq > 0 and Pq(0) 6= 0.

Simplifying with z(1− z) supposed to be 6= 0, it follows the differential equation

in z ∈ Dr1 \ {0}
y(z)Pq(z) +Aq(1 − 2z)[z(1− z)]q−2y(q−2)(z) +Bq[z(1 − z)]q−1y(q−1)(z) = 0,

with r1 < 1. Passing now with z → 0 in this equation we immediately obtain

y(0) = 0. This means that we can write y(z) = zh(z), with h analytic in Dr1 .

Calculating y′(z) = h(z)+zh′(z) and y′′(z) = 2h′(z)+zh′′(z), replacing in the above

differential equation, simplifying with z2 and then passing to limit in the simplified

differential equation with z → 0, we immediately obtain h(0) = 0. Therefore we

can write h(z) = zu(z) and y(z) = z2u(z), that is y′(0) = 0. Repeating the same

reasonings for y(z) written in this form, we arrive at the form y(z) = z3v(z), that

is y′′(0) = 0. Step by step by this kind of reasoning we will obtain y(k)(0) = 0 for

all k = 0, 1, 2, ...,. In conclusion we obtain y(z) = 0 for all z ∈ Dr1 , which proves

the Theorem 1.4.2. �

Remarks. 1) Let us suppose that f ∈ C[0, 1]. By taking λ = 1 in Guo-Li-Liu
[106], Theorem 2, we immediately obtain the following upper estimate valid for all

n ∈ N

‖L[2q−2]
n (f) − f‖ ≤ C

[‖f‖
nq

+ ωϕ
2q(f ; 1/

√
n)

]
,

where ‖ · ‖ denotes the uniform norm on C[0, 1], C > 0 is an absolute constant

and ωϕ
2q(f ; 1/δ) denotes the Ditzian-Totik modulus of smoothness of order 2q with

respect to the weight ϕ(x) =
√
x(1 − x).

Then, the equivalence results in the above Remarks 4 and 5 and Theorem 1.4.1

and 1.4.2 suggest the following open question : there exists an absolute constant

C ′ > 0 such that for all n ∈ N we have

C ′
[‖f‖
nq

+ ωϕ
2q(f ; 1/

√
n)

]
≤ ‖L[2q−2]

n (f) − f‖.

2) Analogously, Corollary 1.3.4 suggests equivalence result with respect to some

suitable expressions involving Ditzian-Totik moduli of smoothness for the general-

ized Voronovskaja’s theorem in the case of functions of real variable.

For G ⊂ C a compact set and q ∈ N, define L[q]
n (z), z ∈ G by setting

L[0]
n

(
f ;G

)
(z) := Bn(f ;G)(z) and

(2q − 1)L[2q]
n

(
f ;G

)
(z) = 2qL[2q−2]

2n

(
f ;G

)
(z) −L[2q−2]

n

(
f ;G

)
(z).

Taking into account that these Butzer kind polynomials are linear combinations

of Bernstein polynomials attached to G, by the above Theorems 1.4.1 and 1.4.2 and
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by similar reasonings with those in the proof of Theorem 1.1.9 (since T and T−1

are linear), we immediately obtain the following result.

Theorem 1.4.5. Let G be a compact Faber set such that C̃\G is simply connected.

If f is analytic on G, that is there exists R > 1 such that f is analytic in GR and

if is not a polynomial of degree ≤ q then for any 1 < r < R we have

‖L[2q−2]
n (f ;G) − f‖Gr

∼ C

nq
, for all n, q ∈ N,

where the constants in the equivalence depend on f , q, r and Gr but are independent

of n. Here ‖f‖Gr
= supz∈Gr

|f(z)|.

1.5 q-Bernstein Polynomials

In this section we present the approximation and shape preserving properties of

the complex q-Bernstein polynomials. First we present upper estimates in approx-

imation and we prove the Voronovskaja’s convergence theorem in compact disks

in C, centered at origin, with quantitative estimate of this convergence. These re-

sults alow us to obtain the exact degrees in simultaneous approximation by complex

q-Bernstein polynomials and their derivatives. Then we study the approximation

properties of their iterates and finally we prove that the complex q-Bernstein polyno-

mials preserve in the unit disk (beginning with an index) the starlikeness, convexity

and spirallikeness. For q = 1, all these results become those proved for complex

Bernstein polynomials in Sections 1.1 and 1.2.

Let q > 0. For any n = 1, 2, ..., define the q-integer [n]q := 1 + q + ... + qn−1,

[0]q := 0 and the q-factorial [n]q! := [1]q[2]q ...[n]q , [0]q! := 1. For q = 1 we obviously

get [n]q = n.

For integers 0 ≤ k ≤ n, define
(
n

k

)

q

:=
[n]q!

[k]q ![n− k]q !
.

Evidently, for q = 1 we get [n]1 = n, [n]1! = n! and
(
n
k

)
1

=
(
n
k

)
.

Now, for f : [0, 1] → C, the complex q-Bernstein polynomials are defined simply

replacing z by x in the Phillips definition in [149], that is

Bn,q(f)(z) =

n∑

k=0

f

(
[k]q
[n]q

)(
n

k

)

q

zk
n−1−k∏

s=0

(1 − qsz), n ∈ N, z ∈ C.

Here conventionally, the empty product is equal to 1. Also, note that for q = 1 we

recapture the classical complex Bernstein polynomials.

First let us briefly expose the present situation of the main approximation results

for the complex q-Bernstein polynomials. Thus, concerning the estimates in the

convergence of complex q-Bernstein polynomials attached to analytic functions, by

the next theorem and remarks we mention the following known results.
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Theorem 1.5.1. (Ostrovska [146], Gal [87]) Let q > 0, R > 1, DR = {z ∈ C; |z| ≤
R} and let us suppose that f : DR → C is analytic in DR, that is we can write

f(z) =
∑∞

k=0 ckz
k, for all z ∈ DR.

Then for the complex q-Bernstein polynomials we have the estimate

|Bn,q(f)(z) − f(z)| ≤ Mr,q(f)

[n]q
, for all n ∈ N,

valid for all n ∈ N and |z| ≤ r, with 1 ≤ r < R, where

0 < Mr,q(f) = 2

∞∑

k=2

(k − 1)[k − 1]q|ck|rk.

Moreover, Mr,q(f) ≤ 2
∑∞

k=2(k − 1)k|ck|rk := Mr(f) < ∞, for all r ∈ [1, R) and

q ∈ (0, 1], while if q > 1, then Mr,q(f) <∞, for all q < R and r ∈ [1, R
q ).

Proof. Since only the case q ≥ 1 (and |z| ≤ 1) was stated explicitly in Ostrovska
[146], let us indicate below the proof in its full generality by using some results

already proved in Ostrovska [146]. Indeed, first one easily observe that Lemma 3

in Ostrovska [146] is valid for all q > 0. Also, analysing the proof of Theorem 5

in Ostrovska [146] (which use Lemma 3), again it easily follows that its estimate

is valid for any q > 0, and not only for q ≥ 1. That is, for any q > 0, denoting

ek(z) = zk, k = 1, 2..., z ∈ C, for all k, n ∈ N and |z| ≤ r, we get the kind of

estimate in Theorem 5 in Ostrovska [146], i.e.

|Bn,q(ek)(z) − ek(z)| ≤ 2rk (k − 1)[k − 1]q
[n]q

,

which by Bn,q(f)(z) − f(z) =
∑∞

k=0 ck(Bn,q(ek)(z) − ek(z)), immediately implies

the estimate.

Now, if 0 < q ≤ 1, since [k−1]q ≤ k, it is immediate that Mr,q(f) = 2
∑∞

k=2(k−
1)[k − 1]q|ck|rk ≤ 2

∑∞
k=2(k − 1)k|ck|rk <∞.

If q > 1, then by the estimates [k − 1]q ≤ [k]q ≤ qk

q−1 and

Mr,q(f) = 2

∞∑

k=2

(k − 1)[k − 1]q |ck|rk ≤ 2

q − 1

∞∑

k=2

(k − 1)|ck|rkqk,

it follows that Mr,q(f) <∞ for rq < R, which proves the theorem. �

Remarks. 1) Let 0 < q ≤ 1 be fixed. Since we have 1
[n]q

→ 1 − q as n → ∞,

by passing to limit with n → ∞ in the estimate in Theorem 1.5.1 we don’t obtain

convergence of Bn(f)(z) to f(z). But this situation can be improved by choosing

0 < qn < 1 with qn ↗ 1 as n → ∞. Indeed, since in this case 1
[n]qn

→ 0 as n → ∞
(see Videnskii [194], formula (2.7)), from Theorem 1.5.1 we get that Bn,qn(f)(z) →
f(z), uniformly for |z| ≤ r, for any 1 ≤ r < R.

2) If q > 1, since 1
[n]q

≤ 1
n , then by Theorem 1.5.1 it follows that for any r ≥ 1

with rq < R, we have Bn,q(f)(z) → f(z) as n → ∞, uniformly for |z| ≤ r. In
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fact, in this case by Theorem 6 in Ostrovska [146] (for upper estimate) and by

Corollary 1 in Wang-Wu [198] we know much more : if f is not a linear function

then ‖Bn,q(f)− f‖r ∼ q−n, for any 0 < r < R/q. Here ‖f‖r = sup{|f(z)|; |z| ≤ r}.
3) It is worth mentioning other two interesting papers in the topic : approx-

imation by complex q-Bernstein polynomials of the Cauchy kernel 1/(z − a) (see

Ostrovska [147]) and of the logarithmic function (see Ostrovska [148]).

Now, concerning Voronovskaja-type results and approximation by iterates we

can mention the following known results.

If q ≥ 1 then qualitative Voronovskaja-type and saturation-type results for com-

plex q-Bernstein polynomials were obtained in Wang-Wu [198].

If 0 < q < 1 then for the real q-Bernstein polynomials, qualitative Voronovskaja-

type and saturation results (see Wang [197]) and quantitative Voronovskaja’s result

(see Videnskii [195]) were recently obtained.

In this section we fulfil this gap for the complex case and obtain a Voronovskaja-

type result with quantitative estimate for complex q-Bernstein polynomials with

0 < q < 1. Compared with the quantitative result proved for the real q-Bernstein

polynomials in Videnskii [195], our result is essentially better. Also, as an applica-

tion of our quantitative Voronovskaja’s result, the exact order in approximation by

complex qn-Bernstein polynomials with 0 < qn ≤ 1 and limn→∞ qn = 1 is obtained.

Taking into account that until present only iterates for real q-Bernstein polyno-

mial were studied (see Ostrovska [146], Xiang-He-Yang [202]), also we fulfil this gap

for the complex case, by obtaining approximation results for the iterates of complex

q-Bernstein polynomials with q > 0.

Also, suggested by the fact that for n sufficiently large the classical complex

Bernstein polynomial Bn(f)(z) preserves in the unit disk the starlikeness, convexity

and spirallikeness, we will extend these kind of results to complex qn-Bernstein

polynomials, Bn,qn(f)(z), n ∈ N, with 0 < qn < 1 and qn → 1.

First we present the Voronovskaja-type formula.

Theorem 1.5.2. (Gal [87]) Let 0 < q < 1, R > 1, DR = {z ∈ C; |z| < R} and let us

suppose that f : DR → C is analytic in DR, that is we can write f(z) =
∑∞

k=0 ckz
k,

for all z ∈ DR.

(i) The following estimate holds :

∣∣∣∣Bn,q(f)(z) − f(z)− z(1 − z)

2[n]q
f ′′(z)

∣∣∣∣ ≤
|z(1− z)|

2[n]q
· 9M(f)

[n]q
,

for all n ∈ N, z ∈ D1, where 0 < M(f) =
∑∞

k=3 |ck|k(k − 1)(k − 2)2 <∞.

(ii) Let r ∈ [1, R). Then

∣∣∣∣Bn,q(f)(z) − f(z) − z(1− z)

2[n]q
f ′′(z)

∣∣∣∣ ≤
(1 + r)

2[n]q
· 9Kr(f)

[n]q
,

for all n ∈ N, |z| ≤ r, where Kr(f) =
∑∞

k=3 |ck|k(k − 1)(k − 2)2rk <∞.
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Proof. (i) Denoting ek(z) = zk, k = 0, 1, ..., and πk,n,q(z) = Bn,q(ek)(z), we can

write Bn,q(f)(z) =
∑∞

k=0 ckπk,n,q(z), which immediately implies∣∣∣∣Bn,q(f)(z) − f(z) − z(1− z)

2[n]q
f ′′(z)

∣∣∣∣

≤
∞∑

k=2

|ck| ·
∣∣∣∣πk,n,q(z) − ek(z) − zk−1(1 − z)k(k − 1)

2[n]q

∣∣∣∣ ,

for all z ∈ D1, n ∈ N.

Denote Dq(f)(z) = f(z)−f(qz)
z−qz , q 6= 1. In what follows, we prove the recurrence

formula

πk+1,n,q(z) =
z(1 − z)

[n]q
Dq [πk,n,q ](z) + zπk,n,q(z),

for all n ∈ N, z ∈ C and k = 0, 1, 2, ....

For z = 0 and z = 1, this recurrence is obviously satisfied. Therefore let us

suppose z 6= 0 and z 6= 1.

Denoting

Sk,n,q(z) =

n∑

j=0

[j]kq

(
n

j

)

q

zjΠn−1−j
s=0 (1 − qsz),

and taking into account the formulas qj 1−qn−j

1−q = [n]q − [j]q and

Dq[f · g](z) = g(z)Dq(f)(z) + f(qz)Dq(g)(z), Dq(z
j)(z) = [j]qz

j−1,

we obtain

Dq[Sk,n,q ](z)

=
n∑

j=0

[j]kq

(
n

j

)

q

{Dq(z
j)(z)

n−1−j∏

s=0

(1 − qsz) + qjzjDq(Π
n−1−j
s=0 (1 − qsz))}

=
Sk+1,n,q(z)

z
−

n∑

j=0

[j]kq

(
n

j

)

q

zj

n−1−j∏

s=0

(1 − qsz)
qj

1 − z
· 1 − qn−j

1 − q

=
Sk+1,n,q(z)

z
− [n]q

1− z
Sk,n,q(z) +

Sk+1,n,q(z)

1 − z
=
Sk+1,n,q(z)

z(1− z)
− [n]q

1 − z
Sk,n,q(z).

Dividing now by [n]k+1
q , the recurrence formula for πk,n,q(z) is immediate. Note

that from this recurrence we easily obtain that degree (πk,n,q(z)) = k.

Now, let us denote Ek,n,q(z) = πk,n,q(z) − ek(z) − zk−1(1−z)k(k−1)
2[n]q

.

For all k ≥ 2, n ∈ N and z ∈ D1, the above recurrence leads us to

Ek,n,q(z) =
z(1 − z)

[n]q
Dq[Ek−1,n,q ](z) + zEk−1,n,q(z) +Gk,n,q(z),

where

Gk,n,q(z) =
zk−2(1 − z)

2[n]q
· (k − 1)(k − 2)[k − 2]q

[n]q

− zk−2(1 − z)

2[n]q
· z
(

(k − 1)[k − 1]q(k − 2)

[n]q
+ 2(k − 1) − 2[k − 1]q

)
,
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Taking into account that by the mean value theorem in complex analysis we

have |Dq(f)(z)| ≤ ‖f ′‖1, where ‖ · ‖1 denotes the uniform norm in C(D1), and by

using the relationships 0 < 1 − q < 1
[n]q

and

(k − 1) − [k − 1]q = (1 − q) + ...+ (1 − qk−2)

= (1 − q)[1 + (1 + q) + ...+ (1 + q + ...qk−3)]

≤ 1

[n]q
(1 + 2 + ...+ k − 2) =

(k − 2)(k − 1)

2[n]q
,

we obtain, for all |z| ≤ 1, k ≥ 2, n ∈ N,

|Ek,n,q(z)| ≤
|z| · |1 − z|

2[n]q
[2‖E′

k−1,n,q‖1] + |Ek−1,n,q(z)| +
|z| · |1 − z| · |z|k−3

2[n]q

·
[
(k − 1)(k − 2)[k − 2]q

[n]q
+

(k − 1)(k − 2)[k − 1]q
[n]q

+ 2(k − 1) − 2[k − 1]q

]

≤ |Ek−1,n,q(z)| +
|z| · |1 − z|

2[n]q

·
[
2‖E′

k−1,n,q‖1 +
2(k − 1)(k − 2)[k − 1]q

[n]q
+

(k − 2)(k − 1)

[n]q

]

≤ |Ek−1,n,q(z)| +
|z| · |1 − z|

2[n]q

·
[
2(k − 1)‖Ek−1,n,q‖1 +

2(k − 1)(k − 2)[k − 1]q
[n]q

+
(k − 2)(k − 1)

[n]q

]

≤ |Ek−1,n,q(z)| +
|z| · |1 − z|

2[n]q
[2(k − 1)‖πk−1,n,q − ek−1‖1

+ 2(k − 1)2(k − 2)
‖ek−2(z) − ek−1(z)‖1

2[n]q
+

2(k − 1)(k − 2)[k − 1]q
[n]q

+

+
(k − 2)(k − 1)

[n]q

]
≤ (by the proof of Theorem 1.5.1)

≤ |Ek−1,n,q(z)| +
|z| · |1 − z|

2[n]q

[
2(k − 1)

2(k − 2)[k − 2]q
[n]q

+
2(k − 1)2(k − 2)

[n]q
+

2(k − 1)(k − 2)[k − 1]q
[n]q

+
(k − 2)(k − 1)

[n]q

]

≤ |Ek−1,n,q(z)| +
9|z| · |1 − z|k(k − 1)(k − 2)

2[n]2q
.

Therefore, we have obtained

|Ek,n,q(z)| ≤ |Ek−1,n,q(z)| +
9|z| · |1 − z|k(k − 1)(k − 2)

2[n]2q
.

The last inequality is trivial for k = 1, 2, since E1,n,q(z) = E2,n,q(z) = 0, for any

z ∈ C.
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Writing now the last inequality for k = 3, 4, ..., step by step we easily obtain

|Ek,n,q(z)| ≤
|z| · |1 − z|

2[n]q
· 9

[n]q
·

k∑

j=3

j(j − 1)(j − 2)

≤ |z| · |1 − z|
2[n]q

· 9

[n]q
· k(k − 1)(k − 2)2.

In conclusion,
∣∣∣∣Bn,q(f)(z) − f(z) − z(1− z)

2[n]q
f ′′(z)

∣∣∣∣ ≤
∞∑

k=3

|ck| · |Ek,n,q(z)|

≤ |z| · |1 − z|
2[n]q

· 9

[n]q
·

∞∑

k=3

|ck|k(k − 1)(k − 2)2.

Note that since f (4)(z) =
∑∞

k=4 ckk(k − 1)(k − 2)(k − 3)zk−4 and the series is

absolutely convergent in D1, it easily follows that
∑∞

k=3 |ck|k(k − 1)(k − 2)2 < ∞,

which proves (i).

(ii) First we use the relationship in the proof of Theorem 1.5.1

|πk,n,q(z) − ek(z)| ≤ 2rk (k − 1)[k − 1]q
[n]q

,

for all k, n ∈ N, |z| ≤ r, with 1 ≤ r < R.

Denoting with ‖ · ‖r the norm in C(Dr), where Dr = {z ∈ C; |z| ≤ r}, one

observes that by a linear transformation, the Bernstein’s inequality in the closed

unit disk becomes |P ′
k(z)| ≤ k

r ‖Pk‖r, for all |z| ≤ r, r ≥ 1, which combined with the

mean value theorem in complex analysis, implies |Dq(Pk)(z)| ≤ ‖P ′
k‖r ≤ k

r ‖Pk‖r,

for all |z| ≤ r, where Pk(z) is a complex polynomial of degree ≤ k.

Now, taking into account the formula proved at the above point (i), given by

Ek,n,q(z) =
z(1− z)

[n]q
Dq[Ek−1,n,q ](z) + zEk−1,n,q(z)

+
zk−2(1 − z)

2[n]q

[
(k − 1)(k − 2)[k − 2]q

[n]q

− z

(
(k − 1)[k − 1]q(k − 2)

[n]q
+ 2(k − 1) − [k − 1]q

)]
,

it follows for all k, n ∈ N, k ≥ 2 and |z| ≤ r,

|Ek,n,q(z)| ≤
r(1 + r)

[n]q
|Dq[Ek−1,n,q ](z)| + r|Ek−1,n,q(z)| +

(1 + r)rk−2

2[n]q
·

[
(k − 1)(k − 2)[k − 2]q

[n]q
+ r

(
(k − 1)(k − 2)[k − 1]q

[n]q
+

(k − 2)(k − 1)

[n]q

)]

≤ r|Ek−1,n,q(z)| +
r(1 + r)

[n]q
|Dq [Ek−1,n,q ](z)| +

3(1 + r)rk−1k(k − 1)(k − 2)

2[n]2q
.
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Now, we will estimate |Dq[Ek−1,n,q ](z)|, for k ≥ 3. Taking into account that

Ek−1,n,q(z) is a polynomial of degree ≤ (k − 1), we obtain

|Dq [Ek−1,n,q ](z)| ≤
k − 1

r
‖Ek−1,n,q(z)‖r

≤ k − 1

r

[
‖πk−1,n,q − ek−1‖r + ‖ (k − 1)(k − 2)(ek−1 − ek−2)

2[n]q
‖r

]

≤ k − 1

r

[
2(k − 2)[k − 2]qr

k

[n]q
+

2rk−1(k − 1)(k − 2)

2[n]q

]

≤ 3rk−1k(k − 1)(k − 2)

[n]q
.

This implies

r(1 + r)

[n]q
|Dq [Ek−1,n,q ](z)| ≤

3(1 + r)k(k − 1)(k − 2)rk

[n]2q
,

and

|Ek,n,q(z)| ≤ r|Ek−1,n,q(z)|

+
3(1 + r)k(k − 1)(k − 2)rk

[n]2q
+

3(1 + r)k(k − 1)(k − 2)rk−1

2[n]2q

≤ r|Ek−1,n,q(z)| +
9(1 + r)k(k − 1)(k − 2)rk

2[n]2q
.

But E0,n(z) = E1,n(z) = E2,n(z) = 0, for any z ∈ C. Writing now the last inequality

for k = 3, 4, ..., step by step we easily obtain

|Ek,n,q(z)| ≤
9(1 + r)rk

2[n]2q




k∑

j=3

j(j − 1)(j − 2)




≤ 9(1 + r)k(k − 1)(k − 2)2rk

2[n]2q
.

As a conclusion, we obtain
∣∣∣∣Bn,q(f)(z) − f(z) − z(1− z)

2[n]q
f ′′(z)

∣∣∣∣ ≤
∞∑

k=3

|ck| · |Ek,n(z)|

≤ 9(1 + r)

2[n]2q

∞∑

k=3

|ck|k(k − 1)(k − 2)2rk .

Note that since f (4)(z) =
∑∞

k=4 ckk(k − 1)(k − 2)(k − 3)zk−4 and the series is

absolutely convergent in |z| ≤ r, it easily follows that
∑∞

k=3 |ck|k(k−1)(k−2)2rk <

∞, which proves (ii). �

Remarks. 1) In the hypothesis on f in Theorem 1.5.2 and choosing 0 < qn < 1

with qn ↗ 1 as n→ ∞, it follows that

lim
n→∞

[n]qn [Bn,qn(f)(z) − f(z)] =
z(1− z)f ′′(z)

2
,
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uniformly in any compact disk included in the open disk of center 0 and radius R.

2) In Videnskii [194], Theorem 5.1, estimate (5.7), for the real q-Bernstein

polynomials it is proved that for f ∈ C2[0, 1], x ∈ [0, 1], and 0 < qn < 1 with

limn→∞ qn = 1, we have
∣∣∣∣Bn,qn(f)(x) − f(x) − f ′′(x)

2
· x(1 − x)

[n]qn

∣∣∣∣ ≤
Kx(1 − x)

[n]qn

ω1(f
′′; [n]−1/2

qn
),

where ω1 denotes the modulus of continuity. Obviously that the best order of

approximation that can be obtained from this estimate is O(1/[n]
−3/2
qn ) (for f ∈

Cm[0, 1] with m ≥ 3), while the order given by our Theorem 1.5.2 is O(1/[n]−2
qn

),

which is essentially better taking into account that as n→ ∞ we have [n]qn → ∞.

In what follows we obtain the exact orders in approximation by complex q-

Bernstein polynomials and their derivatives on compact disks.

In this sense, the first result is the following.

Theorem 1.5.3. (Gal [87]) Let 0 < qn ≤ 1 be with limn→∞ qn = 1, R > 1,

DR = {z ∈ C; |z| < R} and let us suppose that f : DR → C is analytic in DR, that

is we can write f(z) =
∑∞

k=0 ckz
k, for all z ∈ DR. If f is not a polynomial of degree

≤ 1, then for any r ∈ [1, R) we have

‖Bn,qn(f) − f‖r ≥ Cr(f)

[n]qn

, n ∈ N,

where ‖f‖r = max{|f(z)|; |z| ≤ r} and the constant Cr(f) > 0 depends on f , r and

on the sequence (qn)n∈N but it is independent of n.

Proof. For all z ∈ DR and n ∈ N we have

Bn,qn(f)(z) − f(z) =
1

[n]qn

{
z(1− z)

2
f ′′(z)

+
1

[n]qn

[
[n]2qn

(
Bn,qn(f)(z) − f(z) − z(1− z)

2[n]qn

f ′′(z)

)]}
.

We will apply to this identity the following obvious property :

‖F +G‖r ≥ | ‖F‖r − ‖G‖r | ≥ ‖F‖r − ‖G‖r.

Denoting e1(z) = z it follows

‖Bn,qn(f) − f‖r ≥

1

[n]qn

{∥∥∥∥
e1(1 − e1)

2
f ′′
∥∥∥∥

r

− 1

[n]qn

[
[n]2qn

∥∥∥∥Bn,qn(f) − f − e1(1 − e1)

2[n]qn

f ′′
∥∥∥∥

r

]}
.

Taking into account that by hypothesis f is not a polynomial of degree ≤ 1 in

DR, we get
∥∥∥ e1(1−e1)

2 f ′′
∥∥∥

r
> 0. Indeed, supposing the contrary it follows that

z(1−z)
2 f ′′(z) = 0 for all z ∈ Dr, which implies f ′′(z) = 0 for all z ∈ Dr \{0, 1}. Since

f is supposed to be analytic, from the identity’s theorem of analytic (holomorphic)
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functions this necessarily implies that f ′′(z) = 0, for all z ∈ DR, i.e. that f is a

polynomial of degree ≤ 1, which is a contradiction.

But by Theorem 1.5.2 we have

([n]qn)2
∥∥∥∥Bn,qn(f) − f − e1(1 − e1)

2[n]qn

f ′′
∥∥∥∥

r

≤ ([n]qn)2
9Kr(f)(1 + r)

2([n]qn)2

=
9Kr(f)(1 + r)

2
.

Since by the Remark after the proof of Theorem 1.5.1 we have 1
[n]qn

→ 0 as n→ ∞,

it follows that there exists an index n0 depending only on f , r and on the sequence

(qn)n, such that for all n ≥ n0 we have
∥∥∥∥
e1(1 − e1)

2
f ′′
∥∥∥∥

r

− 1

[n]qn

[
([n]qn)2

∥∥∥∥Bn,qn(f) − f − e1(1 − e1)

2[n]qn

f ′′
∥∥∥∥

r

]

≥
∥∥∥∥
e1(1 − e1)

2
f ′′
∥∥∥∥

r

> 0,

which immediately implies

‖Bn,qn(f) − f‖r ≥ 1

[n]qn

·
∥∥∥∥
e1(1 − e1)

4
f ′′
∥∥∥∥

r

, ∀n ≥ n0.

For 1 ≤ n ≤ n0 − 1 we obviously have

‖Bn,qn(f) − f‖r ≥ Mr,n(f)

[n]qn

,

with Mr,n(f) = [n]qn · ‖Bn,qn(f) − f‖r > 0, which finally implies

‖Bn,qn(f) − f‖r ≥ Cr(f)

[n]qn

, for all n ∈ N,

where Cr(f) = min
{
Mr,1,Mr,2(f), ...,Mr,n0−1(f),

∥∥∥ e1(1−e1)
4 f ′′

∥∥∥
r

}
. �

Combining Theorem 1.5.3 with Theorem 1.5.1 we get the following.

Corollary 1.5.4. (Gal [87]) Let Let 0 < qn ≤ 1 be with limn→∞ qn = 1, R > 1,

DR = {z ∈ C; |z| < R} and let us suppose that f : DR → C is analytic in DR. If f

is not a polynomial of degree ≤ 1, then for any r ∈ [1, R) we have

‖Bn,qn(f) − f‖r ∼ 1

[n]qn

, n ∈ N,

where the constants in the equivalence depend on f , r and on the sequence (qn)n

but are independent of n.

Proof. Since qn ≤ 1 for all n ∈ N, by Theorem 1.5.1 it follows the upper estimate

with the constant depending only on f and r (independent of the sequence (qn)n).

Theorem 1.5.3 assures the lower estimate with the constant depending on f , r and

on the sequence (qn)n, but independent of n. �
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Remark. Theorem 1.5.3 and Corollary 1.5.4 in the case when qn = 1 for all n ∈ N

were obtained by Theorem 1.1.4 and Corollary 1.1.5.

In the case of approximation by the derivatives of complex q-Bernstein poly-

nomials we can present the following new result which appears for the first time

here.

Theorem 1.5.5. Let 0 < qn ≤ 1 be with limn→∞ qn = 1, R > 1, DR = {z ∈ C; |z| <
R} and let us suppose that f : DR → C is analytic in DR, i.e. f(z) =

∑∞
k=0 ckz

k,

for all z ∈ DR. Also, let 1 ≤ r < r1 < R and p ∈ N be fixed. If f is not a polynomial

of degree ≤ max{1, p− 1}, then we have

‖B(p)
n,qn

(f) − f (p)‖r ∼ 1

[n]qn

,

where the constants in the equivalence depend on f , r, r1, p and on the sequence

(qn)n, but are independent of n.

Proof. Denoting by Γ the circle of radius r1 > and center 0 (where r1 > r ≥ 1),

by the Cauchy’s formulas it follows that for all |z| ≤ r and n ∈ N we have

B(p)
n,qn

(f)(z) − f (p)(z) =
p!

2πi

∫

Γ

Bn,qn(f)(v) − f(v)

(v − z)p+1
dv,

which by Theorem 1.5.1 and by the inequality |v − z| ≥ r1 − r valid for all |z| ≤ r

and v ∈ Γ, immediately implies

‖B(p)
n,qn

(f) − f (p)‖r ≤ p!

2π
· 2πr1
(r1 − r)p+1

‖Bn,qn(f) − f‖r1

≤ Mr1(f)
p!r1

[n]qn(r1 − r)p+1
.

It remains to prove the lower estimate for ‖B(p)
n,qn(f) − f (p)‖r. For this purpose, as

in the proof of Theorem 1.5.3, for all v ∈ Γ and n ∈ N we have

Bn,qn(f)(v) − f(v) =
1

[n]qn

{
v(1 − v)

2
f ′′(v)

+
1

[n]qn

[
([n]qn)2

(
Bn,qn(f)(v) − f(v) − v(1 − v)

2[n]qn

f ′′(v)

)]}
,

which replaced in the above Cauchy’s formula implies

B(p)
n,qn

(f)(z) − f (p)(z) =
1

[n]qn

{
p!

2πi

∫

Γ

v(1 − v)f ′′(v)

2(v − z)p+1
dv

+
1

[n]qn

· p!

2πi

∫

Γ

n2
(
Bn,qn(f)(v) − f(v) − v(1−v)

2[n]qn
f ′′(v)

)

(v − z)p+1
dv





=
1

[n]qn

{[
z(1− z)

2
f ′′(z)

](p)

+
1

[n]qn

· p!

2πi

∫

Γ

([n]qn)2
(
Bn,qn(f)(v) − f(v) − v(1−v)

2[n]qn
f ′′(v)

)

(v − z)p+1
dv



 .
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Passing now to ‖ · ‖r it follows

∥∥∥B(p)
n,qn

(f) − f (p)
∥∥∥

r
≥ 1

[n]qn

{∥∥∥∥∥

[
e1(1 − e1)

2
f ′′
](p)

∥∥∥∥∥
r

− 1

[n]qn

∥∥∥∥∥∥
p!

2π

∫

Γ

([n]qn)2
(
Bn,qn(f)(v) − f(v) − v(1−v)

2[n]qn
f ′′(v)

)

(v − e1)p+1
dv

∥∥∥∥∥∥
r



 ,

where by using Theorem 1.5.2 and denoting e1(z) = z we get
∥∥∥∥∥∥
p!

2π

∫

Γ

([n]qn)2
(
Bn,qn(f)(v) − f(v) − v(1−v)

2[n]qn
f ′′(v)

)

(v − e1)p+1
dv

∥∥∥∥∥∥
r

≤ p!

2π
· 2πr1([n]qn)2

(r1 − r)p+1
‖Bn,qn(f) − f − e1(1 − e1)

2[n]qn

f ′′‖r1

≤ 5Kr1(f)(1 + r1)
2

2
· p!r1
(r1 − r)p+1

.

But by hypothesis on f we have

∥∥∥∥
[

e1(1−e1)
2 f ′′

](p)
∥∥∥∥

r

> 0. Indeed, supposing the

contrary it follows that z(1−z)
2 f ′′(z) is a polynomial of degree ≤ p − 1. Now, if

p = 1 and p = 2 then the analyticity of f obviously implies that f necessarily is

a polynomial of degree ≤ 1 = max{1, p− 1}, which contradicts the hypothesis. If

p > 2 then the analyticity of f obviously implies that f necessarily is a polynomial

of degree ≤ p− 1 = max{1, p− 1}, which again contradicts the hypothesis.

In continuation reasoning exactly as in the proof of Theorem 1.5.3, we immedi-

ately get the desired conclusion. �

Remark. Theorem 1.5.5 in the case when qn = 1 for all n ∈ N was obtained by

Theorem 1.1.6.

In what follows we consider the approximation properties for iterates. First we

recall some considerations in Section 1.2. For R > 1 let us define by AR the space of

all functions defined and analytic in the open disk of center 0 and radius R denoted

by DR. Denoting rj = R−R−1
j , j ∈ N and for f ∈ AR, ‖f‖j = max{|f(z)|; |z| ≤ rj},

since r1 = 1 and rj ↗ R as j → ∞, it is well-known that {‖ · ‖j , j ∈ N} it is a

countable family of increasing semi-norms on AR and that AR becomes a metrizable

complete locally convex space (Fréchet space), with respect to the metric

d(f, g) =

∞∑

j=1

1

2j
· ‖f − g‖j

1 + ‖f − g‖j
, f, g ∈ AR.

It is well-known that limn→∞ d(fn, f) = 0 is equivalent to the fact that the sequence

(fn)n∈N converges to f uniformly on compacts in DR.

Now, for f ∈ AR, that is of the form f(z) =
∑∞

k=0 ckz
k, for all z ∈ DR, let us

define the iterates of complex q-Bernstein polynomial Bn,q(f)(z), by B
(1)
n,q(f)(z) =
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Bn,q(f)(z) and B
(m)
n,q (f)(z) = Bn,q[B

(m−1)
n,q (f)](z), for any m ∈ N, m ≥ 2. Since we

have Bn,q(f)(z) =
∑∞

k=0 ckBn,q(ek)(z), by recurrence for all m ≥ 1, it easily follows

B
(m)
n,q (f)(z) =

∑∞
k=0 ckB

(m)
n,q (ek)(z), with ek(z) = zk.

The main result is the following.

Theorem 1.5.6. (Gal [87]) Let f ∈ AR, that is f(z) =
∑∞

k=0 ckz
k, for all z ∈ DR.

(i) Let q ∈ (0, 1). If limn→∞mn = +∞, then

lim
n→∞

d[B(mn)
n,q (f), L1(f)] = 0.

(ii) If q ∈ (0, 1] then for any fixed s ∈ N, the following estimates hold

‖B(m)
n,q (f) − f‖s ≤ 2m

[n]q

∞∑

k=2

|ck|k(k − 1)rk
s ,

and

d[B(m)
n,q (f), f ] ≤ 2m

[n]q

∞∑

k=2

|ck|k(k − 1)rk
s +

1

2s
,

where
∑∞

k=2 |ck|k(k − 1)rk
s <∞.

(iii) Let q ∈ (1,∞). If limn→∞
mn

[n]q
= 0, then

lim
n→∞

d[B(mn)
n,q (P ), P ] = 0,

for any polynomial P .

(iv) Let q ∈ (1,∞). If 1 ≤ r < R, then the following estimate holds for all

|z| ≤ r

|B(m)
n,q (f)(z) − f(z)| ≤ 2m

n

∞∑

k=2

|ck|
[
qk − 1− k(q − 1)

(q − 1)2
+ k(k − 1)

]
rk .

If, in addition, q < R, then since
∑∞

k=2 |ck|
[

qk−1−k(q−1)
(q−1)2 + k(k − 1)

]
< ∞, we

obtain B
(mn)
n,q (f)(z) → f(z), uniformly in D1, for mn

n → 0 as n→ ∞.

(v) Let q ∈ (1,∞). If limn→∞
mn

[n]q
= ∞, then

lim
n→∞

d[B(mn)
n,q (P ), L1(P )] = 0,

for any polynomial P .

Proof. (i) Let 0 < q < 1 and n ∈ N be fixed. Denoting s = min{n, k}, by

Lemma 3 in Ostrovska [146] we can write Bn,q(ek)(z) =
∑s

j=1 αj,k,n,qz
j , where

α(j, k, n, q) ≥ 0, for all j, k, n ∈ N and
∑s

j=1 αj,k,n,q = 1, for k, n ∈ N.

Let |z| ≤ r with r ≥ 1. It follows

|Bn,q(ek)(z)| ≤
s∑

j=1

αj,k,n,q |ej(z)| ≤
s∑

j=1

αj,k,n,qr
j ≤

s∑

j=1

αj,k,n,qr
s = rs ≤ rk .
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Applying now above Bn,q, we obtain

B(2)
n,q(ek)(z) =

s∑

j=1

αj,k,n,qBn,q(ej)(z),

which from the last inequality implies

|B(2)
n,q(ek)(z)| ≤

s∑

j=1

αj,k,n,q |Bn,q(ej)(z)|

≤
s∑

j=1

αj,k,n,qr
j ≤

s∑

j=1

αj,k,n,qr
s = rs ≤ rk .

Reasoning by recurrence, we easily get |B(m)
n,q (ek)(z)| ≤ rk for all k, n,m ∈ N and

z ∈ Dr.

This implies

|B(m)
n,q (f)(z)| = |

∞∑

k=0

ckB
(m)
n,q (ek)(z)| ≤

∞∑

k=0

|ck|rk < +∞,

for all m,n ∈ N and z ∈ Dr, that is for each r ∈ [1, R), the sequence B
(m)
n,q (f)(z),

m,n = 1, 2, ..., is uniformly bounded in Dr with respect to both m,n ∈ N.

Therefore, the sequence B
(mn)
n,q (f)(z), n = 1, 2, ..., is uniformly bounded in Dr

with respect to n ∈ N.

Since by Theorem 8 in Ostrovska [146], for each q ∈ (0, 1) and for n → ∞ we

have B
(mn)
n,q (f)(x) → L1(f)(x), for x ∈ [0, 1], (even uniformly), the classical Vitali’s

convergence theorem implies the uniform convergence (as n → ∞) on compacts in

DR of the sequence B
(mn)
n,q (f)(z) to L1(f)(z). Taking into account that the uniform

convergence on compacts is equivalent to the convergence with respect to the metric

d, (i) is proved.

(ii) Since B
(m)
n,q (f)(z) =

∑∞
k=0 ckB

(m)
n,q (ek)(z), with ek(z) = zk, we get

|B(m)
n,q (f)(z) − f(z)| ≤

∞∑

k=2

|ck| · |B(m)
n,q (ek)(z) − ek(z)|.

To estimate |B(m)
n,q (ek)(z) − ek(z)|, we have two possibilities : 1) 0 ≤ k ≤ n ; 2)

k > n ≥ 1.

Case 1). According to Lemma 3 in Ostrovska [146], we have

Bn,q(ek)(z) − ek(z) =
k∑

j=1

αj,k,n,qej(z) − ek(z).

Therefore,

Bn,q(ek)(z) − ek(z) =

k−1∑

j=1

αj,k,n,qej(z) + [αk,k,n,q − 1]ek(z),
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which immediately implies

B(p)
n,q [Bn,q(ek)(z) − ek(z)] =

k−1∑

j=1

αj,k,n,qB
(p)
n,q(ej)(z) + [αk,k,n,q − 1]B(p)

n,q(ek)(z).

Taking into account that by the proof of (i) we have |B(p)
n,q(ej)(z)| ≤ rj , for all

p, n, j ∈ N and |z| ≤ r with r ≥ 1, it follows

|B(p)
n,q [Bn,q(ek) − ek](z)|

≤
k−1∑

j=1

αj,k,n,q |B(p)
n,q(ej)(z)| + |1 − αk,k,n,q | · |B(p)

n,q(ek)(z)|

≤
k−1∑

j=1

αj,k,n,qr
j + |1 − αk,k,n,q |rk ≤ 2|1 − αk,k,n,q |rk .

But

B(m)
n,q (ek)(z) − ek(z) =

m−1∑

p=0

B(p)
n,q [Bn,q(ek)(z) − ek(z)],

which implies, for all |z| ≤ r

|B(m)
n,q (ek) − ek| ≤

m−1∑

p=0

|B(p)
n,q[Bn,q(ek) − ek](z)| ≤ 2m|1 − αk,k,n,q |rk .

Since by the same Lemma 3 in Ostrovska [146], we have

αk,k,n,q =

(
1 − 1

[n]q

)
...

(
1 − [k − 1]q

[n]q

)
,

by using the inequality

1 −
k∏

j=1

xj ≤
k∑

j=1

(1 − xj), 0 ≤ xj ≤ 1, j = 1, ..., k,

it follows

|1 − αk,k,n,q | ≤
k−1∑

j=1

[j]q
[n]q

=
1

[n]q

k−1∑

j=1

[j]q

=
1

[n]q

k−2∑

j=0

qj [k − (j + 1)] ≤ 1

[n]q

k−2∑

j=0

[k − (j + 1)]

=
1

[n]q
[k(k − 1) − k(k − 1)/2] =

k(k − 1)

2[n]q
.

Therefore

|B(m)
n,q (ek) − ek| ≤

m

[n]q
k(k − 1)rk .
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Case 2). For 1 ≤ r < R, |z| ≤ r and k > n ≥ 1, we get

|B(m)
n,q (ek)(z) − ek(z)| ≤ |B(m)

n,q (ek)(z)| + |ek(z)|

≤ 2rk ≤ 2
k(k − 1)

n
rk ≤ 2

k(k − 1)

[n]q
rk,

since for q ∈ (0, 1] we have [n]q ≤ n.

As a conclusion, for both Cases 1) and 2), for |z| ≤ r we obtain

|B(m)
n,q (f)(z) − f(z)| ≤

∞∑

k=1

|ck| · |B(m)
n,q (ek)(z) − ek(z)|

=
n∑

k=1

|ck| · |B(m)
n,q (ek)(z) − ek(z)|

+

∞∑

k=n+1

|ck| · |B(m)
n,q (ek)(z) − ek(z)|

≤ 2m

[n]q

∞∑

k=2

|ck|k(k − 1)rk.

Now, by choosing r = rs, we get the first required inequality in the statement. Note

that
∑∞

k=2 |ck|k(k − 1)rk−2 < ∞, since we have f ′′(z) =
∑∞

k=2 ckk(k − 1)zk−2, for

all |z| ≤ r.

The second estimate in (ii) is a direct consequence of the inequality

d(f, g) =

s∑

j=1

1

2j
· ‖f − g‖j

1 + ‖f − g‖j
+

∞∑

j=s+1

1

2j
· ‖f − g‖j

1 + ‖f − g‖j

≤ ‖f − g‖s

1 + ‖f − g‖s

s∑

j=1

1

2j
+

∞∑

j=s+1

1

2j

≤ ‖f − g‖s

1 + ‖f − g‖s
+

1

2s
≤ ‖f − g‖s +

1

2s
.

This proves (ii).

(iii) The proof is similar with that of the point (i), by taking into account that

from Theorem 10 in Ostrovska [146], for each q ∈ (1,∞), any polynomial P and for

limn→∞
mn

[n]q
= 0 we have limn→∞B

(mn)
n,q (P )(x) = P (x), x ∈ [0, 1].

(iv) Let us suppose that q ∈ (1,∞) and |z| ≤ r, with 1 ≤ r < R. We reason

exactly as in the proof of the point (ii). First, to estimate |B(m)
n,q (ek)(z) − ek(z)|,

again we have two possibilities : 1) 0 ≤ k ≤ n ; 2) k > n ≥ 1.

Case 1). Reasoning exactly as at the proof of the above point (ii), Case 1), by

simple calculation we obtain

|B(m)
n,q (ek)(z) − ek(z)| ≤ 2m

[n]q

k−2∑

j=0

qj [k − (j + 1)]rk =
2m

[n]q
· q

k − 1 − k(q − 1)

(q − 1)2
rk.
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Since for q ∈ (1,∞) we have n ≤ [n]q , it follows

|B(m)
n,q (ek)(z) − ek(z)| ≤ 2m

n
· q

k − 1 − k(q − 1)

(q − 1)2
rk .

Case 2). Reasoning exactly as the proof of the above point (ii), Case 2, we get

|B(m)
n,q (ek)(z) − ek(z)| ≤ 2

k(k − 1)

n
rk .

As a conclusion, collecting the estimates in the Cases 1) and 2), we get

|B(m)
n,q (f)(z) − f(z)| ≤

∞∑

k=1

|ck| · |B(m)
n,q (ek)(z) − ek(z)|

=
n∑

k=2

|ck| · |B(m)
n,q (ek)(z) − ek(z)|

+

∞∑

k=n+1

|ck| · |B(m)
n,q (ek)(z) − ek(z)|

≤ 2m

n

n∑

k=2

|ck| ·
qk − 1 − k(q − 1)

(q − 1)2
rk

+
2

n

∞∑

k=n+1

|ck| · k(k − 1)rk

≤ 2m

n

∞∑

k=2

|ck|
[
qk − 1 − k(q − 1)

(q − 1)2
+ k(k − 1)

]
rk .

If, in addition we take r = 1 and q < R, then obviously
∑∞

k=2 |ck|qk < ∞ and∑∞
k=2 |ck|k(k − 1) < ∞, which for mn

n → 0 as n → ∞, by the above inequality

implies that B
(mn)
n,q (f)(z) → f(z), uniformly in D1.

(v) Let q ∈ (1,∞) and 1 ≤ r < R be arbitrary. Taking into account that for any

polynomial P , by Theorem 10 in Ostrovska [146], for limn→∞
mn

[n]q
= ∞ as n → ∞

we have B
(mn)
n,q (P )(x) → L1(P )(x), uniformly for x ∈ [0, 1] and since by the above

point (i), it is immediate that B
(mn)
n,q (P )(z), n = 1, 2, ..., is uniformly bounded in

Dr with respect to n ∈ N, by Vitali’s theorem it follows the uniform convergence

on Dr to L1(P )(z) of B
(mn)
n,q (P )(z) (as n → ∞). Because r is arbitrary, it follows

the convergence in d too (see the considerations at the beginning of this section).

Note that for the Vitali’s convergence result, the uniform convergence on [0, 1] is

not necessary, it suffices to have only pointwise convergence there. The theorem is

proved. �

Finally we present the geometric properties for the complex q-Bernstein poly-

nomials Bn,qn(f)(z), with 0 < qn < 1, and qn → 1 as n→ ∞.

Theorem 1.5.7. (Gal [87]) Let us suppose that G ⊂ C is open, such that D1 ⊂ G

and f : G → C is analytic in G. Also, let us consider Bn,qn(f)(z), with 0 < qn < 1,

and qn → 1 as n→ ∞.
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If f(0) = f ′(0)−1 = 0 and f is starlike (convex, spirallike of type η, respectively)

in D1, that is for all z ∈ D1 (see e.g. Mocanu-Bulboacă-Sălăgean [138])

Re

(
zf ′(z)

f(z)

)
> 0

(
Re

(
zf ′′(z)

f ′(z)

)
+ 1 > 0, Re

(
eiη zf

′(z)

f(z)

)
> 0, resp.

)
,

then there exists an index n0 depending on f (and on η for spirallikeness), such that

for all n ≥ n0, Bn,qn(f)(z), are starlike (convex, spirallike of type η, respectively)

in D1.

If f(0) = f ′(0)−1 = 0 and f is starlike (convex, spirallike of type η, respectively)

only in D1 (that is the corresponding inequalities hold only in D1), then for any

disk of radius 0 < r < 1 and center 0 denoted by Dr, there exists an index n0 =

n0(f,Dr) (n0 depends on η too in the case of spirallikeness), such that for all n ≥ n0,

Bn,qn(f)(z), are starlike (convex, spirallike of type η, respectively) in Dr (that is,

the corresponding inequalities hold in Dr).

Proof. By Theorem 2 in Phillips [149] and by the classical Vitali’s theorem, it

follows that we have Bn,qn(f)(z) → f(z), uniformly for |z| ≤ 1, which by the well-

known Weierstrass’s theorem implies [Bn,qn(f)]′(z) → f ′(z) and [Bn,qn(f)]′′(z) →
f ′′(z), for n → ∞, uniformly in D1. In all what follows, denote Pn(f)(z) =

Bn,qn (f)(z)
[Bn,qn (f)]′(0) , well defined for sufficiently large n. We easily get Pn(f)(0) = 0,

P ′
n(f)(0) = 1 for sufficiently large n, and Pn(f)(z) → f(z), P ′

n(f)(z) → f ′(z) and

P ′′
n (f)(z) → f ′′(z), uniformly in D1.

Suppose first that f is starlike in D1. Then, by hypothesis we get |f(z)| > 0 for

all z ∈ D1 with z 6= 0, which from the univalence of f in D1, implies that we can

write f(z) = zg(z), with g(z) 6= 0, for all z ∈ D1, where g is analytic in D1 and

continuous in D1.

Writing Pn(f)(z) in the form Pn(f)(z) = zQn(f)(z), obviously Qn(f)(z) is a

polynomial of degree ≤ n− 1. Also, for |z| = 1 we have

|f(z) − Pn(f)(z)| = |z| · |g(z)−Qn(f)(z)| = |g(z) −Qn(f)(z)|,

which by the uniform convergence in D1 of Pn(f) to f and by the maximum modulus

principle, implies the uniform convergence in D1 of Qn(f)(z) to g(z).

Since g is continuous in D1 and |g(z)| > 0 for all z ∈ D1, there exist an index

n1 ∈ N and a > 0 depending on g, such that |Qn(f)(z)| > a > 0, for all z ∈ D1 and

all n ≥ n0. Also, for all |z| = 1, we have

|f ′(z) − P ′
n(f)(z)| = |z[g′(z) −Q′

n(f)(z)] + [g(z) −Qn(f)(z)]|
≥ | |z| · |g′(z) −Q′

n(f)(z)| − |g(z) −Qn(f)(z)| |
= | |g′(z) −Q′

n(f)(z)| − |g(z) −Qn(f)(z)| |,

which from the maximum modulus principle, the uniform convergence of P ′
n(f) to

f ′ and of Qn(f) to g, evidently implies the uniform convergence of Q′
n(f) to g′.
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Then, for |z| = 1, we get

zP ′
n(f)(z)

Pn(f)
=
z[zQ′

n(f)(z) +Qn(f)(z)]

zQn(f)(z)

=
zQ′

n(f)(z) +Qn(f)(z)

Qn(f)(z)
→ zg′(z) + g(z)

g(z)

=
f ′(z)

g(z)
=
zf ′(z)

f(z)
,

which again from the maximum modulus principle, implies

zP ′
n(f)(z)

Pn(f)
→ zf ′(z)

f(z)
, uniformly in D1.

Since Re
(

zf ′(z)
f(z)

)
is continuous in D1, there exists ε ∈ (0, 1), such that

Re

(
zf ′(z)

f(z)

)
≥ ε, for all z ∈ D1.

Therefore

Re

[
zP ′

n(f)(z)

Pn(f)(z)

]
→ Re

[
zf ′(z)

f(z)

]
≥ ε > 0

uniformly on D1, i.e. for any 0 < ρ < ε, there is n0 such that for all n ≥ n0 we have

Re

[
zP ′

n(f)(z)

Pn(f)(z)

]
> ρ > 0, for all z ∈ D1.

Since Pn(f)(z) differs from Bn,qn(f)(z) only by a constant, this proves the starlike-

ness of Bn,qn(f)(z), for sufficiently large n.

If f is supposed to be starlike only in D1, the proof is identical, with the only

difference that instead of D1, we reason for Dr.

The proofs in the cases when f is convex or spirallike of order η are similar and

follow from the following uniform convergency (on D1 or on Dr)

Re

[
zP ′′

n (f)(z)

P ′
n(f)(z)

]
+ 1 → Re

[
zf ′′(z)

f ′(z)

]
+ 1

and

Re

[
eiη zP

′
n(f)(z)

Pn(f)(z)

]
→ Re

[
eiη zf

′(z)

f(z)

]
.

The theorem is proved. �

1.6 Bernstein-Stancu Polynomials

In this section for two kinds of complex Bernstein-Stancu polynomials we study

similar properties with those for the classical complex Bernstein polynomials and
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q-Bernstein polynomials in Sections 1.1, 1.2 and 1.5. More exactly we consider the

following two kinds of polynomials :

S(α,β)
n (f)(z) =

n∑

k=0

(
n

k

)
zk(1 − z)n−kf [(k + α)/(n+ β)], z ∈ C,

where 0 ≤ α ≤ β are independent of n, (introduced and studied for the case of real

variable in Stancu [173]) and

S<γ>
n (f)(z) =

n∑

k=0

p<γ>
n,k (z)f(k/n), z ∈ C,

(introduced and studied for the case of real variable in Stancu [174]) where γ ≥ 0

may to depend on n and

p<γ>
n,k (z)

=

(
n

k

)
z(z + γ)...(z + (k − 1)γ)(1 − z)(1 − z + γ)...(1 − z + (n− k − 1)γ)

(1 + γ)(1 + 2γ)...(1 + (n− 1)γ)
.

Note that S
(0,0)
n (f)(z) = S<0>

n (f)(z) = Bn(f)(z).

We begin our study with S
(α,β)
n (f)(z). First we present upper estimates in

simultaneous approximation.

Theorem 1.6.1. (Gal [80]) Let DR = {z ∈ C; |z| < R} be with R > 1 and let us

suppose that f : DR → C is analytic in DR, i.e. f(z) =
∑∞

k=0 ckz
k, for all z ∈ DR.

Suppose 0 ≤ α ≤ β and 1 ≤ r < R are arbitrary fixed. For all |z| ≤ r and n ∈ N,

we have

|S(α,β)
n (f)(z) − f(z)| ≤

M
(β)
2,r (f)

n+ β
,

where 0 < M
(β)
2,r (f) = 2r2

∑∞
j=2 j(j − 1)|cj |rj−2 + 2βr

∑∞
j=1 j|cj |rj−1 <∞.

Also, if 1 ≤ r < r1 < R, then for all |z| ≤ r and n, p ∈ N, we have

|[S(α,β)
n (f)](p)(z) − f (p)(z)| ≤

M
(β)
2,r1

(f)p!r1

(n+ β)(r1 − r)p+1
.

Proof. Denoting ek(z) = zk, we get S
(α,β)
n (f)(z) =

∑∞
k=0 ckS

(α,β)
n (ek)(z) and

|S(α,β)
n (f)(z) − f(z)| ≤

∞∑

k=0

|ck| · |S(α,β)
n (ek)(z) − ek(z)|.

To estimate |S(α,β)
n (ek)(z)− ek(z)| for fixed n ∈ N, we consider two possible cases :

1) 0 ≤ k ≤ n ; 2) k > n.

Denoting by ∆k the finite difference of order k, we will use the representation

formula (see Stancu [173])

S(α,β)
n (f)(z) =

n∑

p=0

(
n

p

)
∆p

1/(n+β)f(α/(n+ β))ep(z).



APPROXIMATION BY COMPLEX BERNSTEIN AND CONVOLUTION TYPE OPERATORS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7426.html

June 20, 2009 0:7 World Scientific Book - 9.75in x 6.5in bernstein

Bernstein-Type Operators of One Complex Variable 69

Case 1). If k = 0, then obviously we have S
(α,β)
n (ek)(z) − ek(z) = 0. Therefore,

let us suppose that 1 ≤ k ≤ n and denote

C
(α,β)
n,p,k =

(
n

p

)
∆p

1/(n+β)ek(α/(n+ β))

=

(
n

p

)
[α/(n+ β), (α + 1)/(n+ β), ..., (α+ p)/(n+ β); ek ](p!)/(n+ β)p.

Since ek is convex of any order, it follows Cn,p,k ≥ 0 and since S
(α,β)
n (f)(1) =

f [(n+ α)/(n+ β)], we get
∑n

p=0 C
(α,β)
n,p,k = (n+α)k

(n+β)k ≤ 1.

For any |z| ≤ r with 1 ≤ r < R, we can write

|S(α,β)
n (ek)(z) − ek(z)|

= |
k∑

p=0

C
(α,β)
n,p,k ep(z) − ek(z)| = |[C(α,β)

n,k,k − 1]ek(z) +

k−1∑

p=0

C
(α,β)
n,p,k ep(z)|

≤
[
1 − n(n− 1)...(n− (k − 1))

(n+ β)k

]
rk

+

[
(n+ α)k

(n+ β)k
− n(n− 1)...(n− (k − 1))

(n+ β)k

]
rk

= 2

[
1 − n(n− 1)...(n− (k − 1))

(n+ β)k

]
rk +

[
(n+ α)k

(n+ β)k
− 1

]
rk

≤ 2

[
1 − n(n− 1)...(n− (k − 1))

(n+ β)k

]
rk ≤ 1

n+ β
[2βk + k(k − 1)] rk.

Here we have applied the formula (easily proved by mathematical induction)

1− Πk
j=1xj ≤

k∑

j=1

(1 − xj), 0 ≤ xj ≤ 1, j = 1, ..., k.

Case 2). For 1 ≤ r < R, |z| ≤ r and k > n ≥ 1, we get

|S(α,β)
n (ek)(z) − ek(z)| ≤ |S(α,β)

n (ek)(z)| + rk

≤
n∑

p=0

C
(α,β)
n,p,k r

p + rk ≤ rn + rk ≤ 2rk

≤ 2nrk ≤ 2(k − 1) · k + β

n+ β
rk

=
2k(k − 1) + 2β(k − 1)

n+ β
rk ≤ 2k(k − 1) + 2βk

n+ β
rk.

Combining it with the above Case 1, we get the desired inequality.

For the simultaneous approximation, denoting by Γ the circle of radius r1 > r

and center 0, since for any |z| ≤ r and v ∈ Γ, we have |v − z| ≥ r1 − r, by the
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Cauchy’s formulas it follows that for all |z| ≤ r and n ∈ N, we have

|[S(α,β)
n (f)](p)(z) − f (p)(z)| =

p!

2π

∣∣∣∣∣

∫

Γ

S
(α,β)
n (f)(v) − f(v)

(v − z)p+1
dv

∣∣∣∣∣

≤
M

(β)
2,r1

(f)

n+ β

p!

2π

2πr1
(r1 − r)p+1

=
M

(β)
2,r1

(f)

n+ β

p!r1
(r1 − r)p+1

.

Finally, since by hypothesis, f(z) =
∑∞

k ckz
k is absolutely and uniformly con-

vergent in |z| ≤ r, for any 1 ≤ r < R, it is clear that M
(β)
2,r (f) <∞. �

Remark. For α = β = 0 in Theorem 1.6.1 the estimates in Theorem 1.1.2 for

classical Bernstein polynomials are obtained.

A quantitative Voronovskaja-type formula follows.

Theorem 1.6.2. (Gal [80]) Let DR = {z ∈ C; |z| < R} be with R > 1 and let us

suppose that f : DR → C is analytic in DR, that is we can write f(z) =
∑∞

k=0 ckz
k,

for all z ∈ DR. Let 0 ≤ α ≤ β. For all |z| ≤ 1 and n ∈ N, we have
∣∣∣∣S

(α,β)
n (f)(z) − f(z) +

βz − α

n+ β
f ′(z) − nz(1 − z)

2(n+ β)2
f ′′(z)

∣∣∣∣

≤ |z| · |1 − z|
(n+ β)2

M
(α,β)
1 (f) +

M
(α,β)
2 (f)

(n+ β)2
,

where 0 < M
(α,β)
1 (f),

M
(α,β)
1 (f) =

∞∑

k=2

|ck|
[
9(k − 1)3(k − 2)

2
+

(k − 1)2(k − 2)2

2
+ 4β(k − 1)3

+
3β(k − 1)2(k − 2)

2
+

3α(k − 1)2(k − 2)

2
+ βk(k − 1)2(k − 2)

]
<∞,

0 < M
(α,β)
2 (f) = (α + β)2

∞∑

k=2

|ck|
k(k − 1)

2
<∞.

Proof. Denoting ek(z) = zk and πn,k(z) = S
(α,β)
n (ek)(z), we obtain

∣∣∣∣S
(α,β)
n (f)(z) − f(z) +

βz − α

n+ β
f ′(z) − nz(1 − z)

2(n+ β)2
f ′′(z)

∣∣∣∣

≤
∞∑

k=1

|ck|
∣∣∣∣πn,k(z) − ek(z) +

zk−1(βz − α)k

n+ β
− nzk−1(1 − z)k(k − 1)

2(n+ β)2

∣∣∣∣ .
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Differentiating the sum sn,k(z) =
∑n

j=0(j + α)k
(
n
j

)
zj(1 − z)n−j and then dividing

the formula by (n+ β)k+1, by simple calculation we get the recurrence formula

πn,k+1(z) =
z(1 − z)

n+ β
π′

n,k(z) +
α+ nz

n+ β
πn,k(z), z ∈ C.

Denoting Gn,k(z) = πn,k(z) − ek(z) + zk−1(βz−α)k
n+β − nzk−1(1−z)k(k−1)

2(n+β)2 , the above

recurrence for πn,k(z) implies

Gn,k(z) =
z(1 − z)

n+ β
π′

n,k−1(z) +
α+ nz

n+ β
πn,k−1(z) − ek(z)

+
zk−1(βz − α)k

n+ β
− nzk−1(1 − z)k(k − 1)

2(n+ β)2
,

which by simple calculation implies the following recurrence formula for Gn,k(z)

(valid for all k ≥ 2 since Gn,0(z) = Gn,1(z) = 0)

Gn,k(z) =
z(1− z)

n+ β
G′

n,k−1(z) +
α+ nz

n+ β
Gn,k−1(z) +A,

where

A :=
zk−1(1 − z)(k − 1)

n+ β
− zk−2(1 − z)(k − 1)[(k − 2)(βz − α) + βz]

(n+ β)2

+
zk−2(1 − z)(k − 1)(k − 2)[(k − 2) − (k − 1)z]

2(n+ β)

(
n+ β

(n+ β)2
− β

(n+ β)2

)

+
α+ nz

n+ β
zk−1 − α+ nz

(n+ β)2
zk−2(βz − α)(k − 1)

+
α+ nz

2(n+ β)
zk−2(1 − z)(k − 1)(k − 2)

[
n+ β

(n+ β)2
− β

(n+ β)2

]
− n+ β

n+ β
zk

+
zk−1(βz − α)k

n+ β
− zk−1(1 − z)k(k − 1)

2(n+ β)
+
βzk−1(1 − z)k(k − 1)

2(n+ β)2
.

In what follows, we will write the expression A in the form A := T1 +T2 +T3, where

T1 is the sum of all the terms containing (n+β) at the denominator, T2 is the sum

of all the terms containing (n + β)2 at the denominator and T3 is the sum of all

the terms containing (n + β)3 at the denominator. Therefore, by writing (for T2)

α+ nz = (α− βz) + (n+ β)z, we obtain

T1 =
zk−1

n+ β
[(1 − z)(k − 1) + (α+ nz) − z(n+ β) + k(βz − α)

−k(k − 1)(1 − z)/2] =
zk−1(k − 1)

n+ β
[z(k/2 + β − 1) + 1 − α− k/2],

T2

=
zk−2(k − 1)

(n+ β)2

[
(1 − z)(k − 2)z(n+ β)

2
+

(1 − z)(k − 2)z(−2β − (k − 1))

2
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+
(1 − z)(k − 2)[3α+ (k − 2)]

2
− (βz − α)(n+ β)z + (βz − α)2

]

= −T1 +
zk−2(k − 1)

2(n+ β)2
[(1 − z)z(k − 2)[−2β − (k − 1)]

+ (1 − z)(k − 2)[3α+ (k − 2)] + 2(βz − α)2
]

= −T1 +
zk−1(1 − z)(k − 1)(k − 2)

2(n+ β)2
[−2β − (k − 1)]

+
zk−2(1 − z)(k − 1)(k − 2)[3α+ (k − 2)]

2(n+ β)2
+
zk−2(k − 1)

(n+ β)2
(βz − α)2,

T3 = −βz
k−2(1 − z)(k − 1)(k − 2)[(k − 2) − (k − 1)z]

2(n+ β)3

−β(α+ nz)zk−2(1 − z)(k − 1)(k − 2)

2(n+ β)2

= −βz
k−2(1 − z)(k − 1)(k − 2)

2(n+ β)3
[z(n− (k − 1)) + α+ (k − 2)].

First, we observe that in the sum T1 + T2 + T3, the terms containing (n+ β) at the

denominator cancel. Now, we will estimate |A| = |T1 + T2 + T3| for |z| ≤ 1.

For all k ≥ 2 we obtain

|A| ≤ |z| · |1 − z|(k − 1)(k − 2)[2β + (k − 1)]

2(n+ β)2

+
|z| · |1 − z|(k − 1)(k − 2)[3α+ (k − 2)]

2(n+ β)2
+

(k − 1)(β + α)2

(n+ β)2

+
|z| · |1 − z|β(k − 1)(k − 2)[n+ α+ 2k − 3]

2(n+ β)3

= |z| · |1 − z|
{

(k − 1)(k − 2)[2β + (k − 1)]

2(n+ β)2
+

(k − 1)(k − 2)[3α+ k − 2]

2(n+ β)2

+
β(k − 1)(k − 2)[n+ α+ 2k − 3]

2(n+ β)3

}
+

(k − 1)(β + α)2

(n+ β)2

≤ |z| · |1 − z|
(n+ β)2

{
(k − 1)2(k − 2)/2 + 2β(k − 1)(k − 2)/2

+ (k − 1)

[
(k − 2)2/2 +

3α(k − 2)

2

]
+
β(k − 1)(k − 2)

2

+
β(α − β)(k − 1)(k − 2)

2(n+ β)
+

2βk(k − 1)(k − 2)

2(n+ β)

}
+

(k − 1)(β + α)2

(n+ β)2
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≤ |z| · |1 − z|
(n+ β)2

{
(k − 1)2(k − 2)/2 + β(k − 1)(k − 2) + (k − 1)(k − 2)2/2

+ 3α(k − 1)(k − 2)/2 +
β(k − 1)(k − 2)

2
+ βk(k − 1)(k − 2)

}

+
(k − 1)(α+ β)2

(n+ β)2
=

|z| · |1 − z|
(n+ β)2

{
(k − 1)2(k − 2)/2 +

3β(k − 1)(k − 2)

2

+ (k − 1)(k − 2)2/2 + 3α(k − 1)(k − 2)/2 + βk(k − 1)(k − 2)
}

+
(k − 1)(α+ β)2

(n+ β)2
.

Therefore, denoting by ‖ ·‖ the uniform norm in the closed unit disk and estimating

for |z| ≤ 1 the absolute value of Gn,k(z) in the formula of recurrence, also by

using the Bernstein’s inequality (since Gn,k(z) is a polynomial of degree k) and the

estimate for ‖πn,k − ek‖ in the proof of Theorem 1.6.1, we obtain

|Gn,k(z)| ≤ |z| · |1 − z|
n+ β

‖G′
n,k−1‖ +

n+ α

n+ β
|Gn,k−1(z)| + |A|

≤ |Gn,k−1(z)| +
|z| · |1 − z|(k − 1)

n+ β
‖Gn,k−1‖ + |A|

≤ |Gn,k−1(z)| +
|z| · |1 − z|(k − 1)

n+ β
[‖πn,k−1 − ek−1‖

+
(k − 1)(α+ β)

n+ β
+
n(k − 1)(k − 2)

(n+ β)2

]
+ |A| ≤ |Gn,k−1(z)|

+
|z| · |1 − z|(k − 1)

n+ β

[
2(k − 1)(k − 2) + 2β(k − 1)

n+ β

+
(k − 1)(α+ β)

n+ β
+

(k − 1)(k − 2)

n+ β

]
+ |A| ≤ |Gn,k−1(z)|

+
|z| · |1 − z|(k − 1)2

n+ β
· 2(k − 2) + 2β + (α+ β) + (k − 2)

n+ β

+|A| ≤ |Gn,k−1(z)| +
4|z| · |1 − z|(k − 1)2

(n+ β)2
(k − 2 + β) + |A|

≤ |Gn,k−1(z)| +
4|z| · |1 − z|(k − 1)2

(n+ β)2
(k − 2 + β)

+
|z| · |1 − z|
(n+ β)2

{
(k − 1)2(k − 2)/2 +

3β(k − 1)(k − 2)

2

+ (k − 1)(k − 2)2/2 + 3α(k − 1)(k − 2)/2 + βk(k − 1)(k − 2)
}

+
(k − 1)(α+ β)2

(n+ β)2
:= |Gn,k−1(z)| +A(n, k, α, β)(z).

That is, in conclusion for all |z| ≤ 1 we can write

|Gn,k(z)| ≤ |Gn,k−1(z)| +A(n, k, α, β)(z).
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Since Gn,1(z) = 0, reasoning by recurrence for k = 2, 3, ..., we immediately obtain

|Gn,k(z)|

≤ |z| · |1 − z|
(n+ β)2

k∑

j=2

[
9(j − 1)2(j − 2)/2 + 4β(j − 1)2 + (j − 1)(j − 2)2/2

+
3β(j − 1)(j − 2)

2
+ 3α(j − 1)(j − 2)/2 + βj(j − 1)(j − 2)

]

+
(α+ β)2

(n+ β)2

k∑

j=2

(j − 1)

≤ |z| · |1 − z|
(n+ β)2

[
9(k − 1)3(k − 2)/2 + (k − 1)2(k − 2)2/2 + 4β(k − 1)3

+
3β(k − 1)2(k − 2)

2
+ 3α(k − 1)2(k − 2)/2 + βk(k − 1)2(k − 2)

]

+
k(k − 1)(α+ β)2

2(n+ β)2
.

As a conclusion, the desired estimate is immediate from
∣∣∣∣S

(α,β)
n (f)(z) − f(z) +

βz − α

n+ β
f ′(z) − nz(1− z)

2(n+ β)2
f ′′(z)

∣∣∣∣ ≤
∞∑

k=1

|ck| · |Gn,k(z)|.
�

Remarks. 1) Taking now α = β = 0 in Theorem 1.6.2 we get the Voronovskaja’s

theorem with an upper estimate for the classical Bernstein polynomials in Theorem

1.1.3.

2) Following exactly the lines in the proof of Theorem 1.6.2 it is immediate that

in fact for any 1 ≤ r < R we have an upper estimate of the form
∥∥∥∥S

(α,β)
n (f) − f +

βe1 − α

n+ β
f ′ − ne1(1 − e1)

2(n+ β)2
f ′′
∥∥∥∥

r

≤ M
(α,β)
r (f)

(n+ β)2
,

where the constant M
(α,β)
r (f) > 0 is independent of n and depends on f , r, α and

β.

In what follows we prove that the degrees of approximation in Theorem 1.6.1

in fact are exact. Since the particular case α = β = 0 (that is the case of classical

Bernstein polynomials) was already considered by Theorem 1.1.4, Corollary 1.1.5

and Theorem 1.1.6, in the next Theorem 1.6.3, Corollary 1.6.4 and Theorem 1.6.5

it will be excluded.

First we present :

Theorem 1.6.3. (Gal [81]) Let R > 1, 0 ≤ α ≤ β with α + β > 0, DR = {z ∈
C; |z| < R} and let us suppose that f : DR → C is analytic in DR, that is we can

write f(z) =
∑∞

k=0 ckz
k, for all z ∈ DR. If f is not a polynomial of degree 0 and

1 ≤ r < R, then we have

‖S(α,β)
n (f) − f‖r ≥ C

(α,β)
r (f)

n+ β
, n ∈ N,
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where the constant C
(α,β)
r (f) depends only on f , r, α and β.

Proof. For all z ∈ DR and n ∈ N we have

S(α,β)
n (f)(z) − f(z) =

1

n+ β

{
−(βz − α)f ′(z) +

z(1− z)

2
f ′′(z)

+
1

n+ β

[
(n+ β)2

(
S(α,β)

n (f)(z) − f(z) +
βz − α

n+ β
f ′(z) − nz(1− z)

2(n+ β)2
f ′′(z)

)

− βz(1− z)

2
f ′′(z)

]}
.

Note that in the case α = β = 0 in Corollary 1.1.5, necessarily f was supposed to

be not a polynomial of degree ≤ 1.

In what follows we will apply to the above identity the following obvious

property :

‖F +G‖r ≥ | ‖F‖r − ‖G‖r | ≥ ‖F‖r − ‖G‖r.

It follows

‖S(α,β)
n (f) − f‖r ≥ 1

n+ β

{∥∥∥∥−(βe1 − α)f ′ +
e1(1 − e1)

2
f ′′
∥∥∥∥

r

− 1

n+ β
·
[∥∥∥∥(n+ β)2

(
S(α,β)

n (f) − f +
βe1 − α

n+ β
f ′ − ne1(1 − e1)

2(n+ β)2
f ′′
)

− βe1(1 − e1)

2
f ′′
∥∥∥∥

r

]}
.

Since by Remark 2 after the proof of Theorem 1.6.2 we have
∥∥∥∥(n+ β)2

(
S(α,β)

n (f) − f +
βe1 − α

n+ β
f ′ − ne1(1 − e1)

2(n+ β)2
f ′′
)
− βe1(1 − e1)

2
f ′′
∥∥∥∥

r

≤M (α,β)
r (f) + β‖f ′′‖r,

and denoting H(z) = −(βz − α)f ′(z) + z(1−z)
2 f ′′(z), if we prove that ‖H‖r > 0,

then it is clear that there exists an index n0 depending only on f , α and β, such

that

‖S(α,β)
n (f) − f‖r ≥ 1

n+ β
· ‖H‖r

2
, ∀n ≥ n0.

For n ∈ {1, 2, ..., n0 − 1} we have ‖S(α,β)
n (f) − f‖r ≥ A(α,β)

n,r (f)

n+β with A
(α,β)
n,r (f) =

(n+β) · ‖S(α,β)
n (f)− f‖r > 0, which finally implies ‖S(α,β)

n (f)− f‖r ≥ C(α,β)
r (f)
n+β for

all n ∈ N, with C
(α,β)
r (f) = min

{
A

(α,β)
1,r , A

(α,β)
2,r (f), ..., A

(α,β)
n0−1,r(f), ‖H‖r

2

}
.

Therefore it remains to show that ‖H‖r > 0. Indeed, suppose that ‖H‖r = 0.

We have two possibilities : 1) 0 = α < β or 2) 0 < α ≤ β.
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Case 1). We obtain H(z) = −βzf ′(z) + z(1−z)
2 f ′′(z) = 0, for all |z| ≤ r and de-

noting y(z) = f ′(z), it follows that y(z) is an analytic function in DR, solution of the

differential equation −βzy(z) + z(1−z)
2 y′(z) = 0, |z| ≤ r, which after simplification

with z 6= 0 becomes −βy(z)+ (1−z)
2 y′(z) = 0, |z| ≤ r. Now, seeking y(z) in the form

y(z) =
∑∞

k=0 bkz
k and replacing it in the differential equation, by the identification

of the coefficients we easily obtain bk = 0 for all k = 0, 1, ...,. Therefore y(z) = 0

for all |z| ≤ r, which by the identity’s theorem on analytic (holomorphic) functions

implies y(z) = 0 for all z ∈ DR and the contradiction that f is a polynomial of

degree ≤ 0.

Case 2). Denoting y(z) = f ′(z) by hypothesis it follows that y(z) is an analytic

function in DR solution of the differential equation (−βz + α)y(z) + z(1−z)
2 y′(z) =

0, |z| ≤ r.

Taking z = 0 it follows αy(0) = 0, which means y(0) = 0. Seeking y(z) in

the form y(z) =
∑∞

k=1 bkz
k and replacing it in the differential equation, by the

identification of the coefficients we easily obtain bk = 0 for all k = 1, 2, ...,, which

finally leads to the contradiction that f is a constant. �

Combining now Theorem 1.6.3 with Theorem 1.6.1 we immediately get the fol-

lowing.

Corollary 1.6.4. (Gal [81]) Let R > 1, 0 ≤ α ≤ β with α + β > 0, DR = {z ∈
C; |z| < R} and let us suppose that f : DR → C is analytic in DR. If f is not a

polynomial of degree 0 and 1 ≤ r < R, then we have

‖S(α,β)
n (f) − f‖r ∼ 1

n+ β
, n ∈ N,

where the constants in the equivalence depend on f , r, α and β.

In the case of simultaneous approximation we present :

Theorem 1.6.5. (Gal [81]) Let DR = {z ∈ C; |z| < R} be with R > 1, 0 ≤ α ≤ β

with α + β > 0 and let us suppose that f : DR → C is analytic in DR, i.e. f(z) =∑∞
k=0 ckz

k, for all z ∈ DR. Also, let 1 ≤ r < r1 < R and p ∈ N be fixed. If f is not

a polynomial of degree ≤ p− 1, then we have

‖[S(α,β)
n (f)](p) − f (p)‖r ∼ 1

n+ β
,

where the constants in the equivalence depend on f , α, β, r, r1 and p.

Proof. Taking into account Theorem 1.6.1, it remains to prove the lower estimate

for ‖[S(α,β)
n (f)](p) − f (p)‖r only. Denoting by Γ the circle of radius r1 > r (with

r ≥ 1) and center 0, by the Cauchy’s formulas it follows that for all |z| ≤ r and

n ∈ N we have

[S(α,β)
n (f)](p)(z) − f (p)(z) =

p!

2πi

∫

Γ

S
(α,β)
n (f)(v) − f(v)

(v − z)p+1
dv,

where we have the inequality |v − z| ≥ r1 − r valid for all |z| ≤ r and v ∈ Γ.
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As in the proof of Theorem 1.6.3 (keeping the notation for H), for all v ∈ Γ and

n ∈ N we have

S(α,β)
n (f)(v) − f(v) =

1

n+ β
{H(v)

+
1

n+ β

[
(n+ β)2

(
S(α,β)

n (f)(v) − f(v) +
βv − α

n+ β
f ′(v) − nv(1 − v)

2(n+ β)2
f ′′(v)

)

− βv(1 − v)

2
f ′′(v)

]}
,

which replaced in the above Cauchy’s formula implies

[S(α,β)
n (f)](p)(z) − f (p)(z) =

1

n+ β

{
H(p)(z) +

1

n+ β
·


 p!

2πi

∫

Γ

(n+ β)2
(
S

(α,β)
n (f)(v) − f(v) + βv−α

n+β f
′(v) − nv(1−v)

2(n+β)2 f
′′(v)

)

(v − z)p+1
dv

− p!

2πi

∫

Γ

βv(1 − v)

2(v − z)p+1
f ′′(v)dv

]}
.

Passing now to absolute value, for all |z| ≤ r and n ∈ N it follows

|[S(α,β)
n (f)](p)(z) − f (p)(z)| ≥ 1

n+ β

{
|H(p)(z)| − 1

n+ β
·



∣∣∣∣∣∣
p!

2πi

∫

Γ

(n+ β)2
(
S

(α,β)
n (f)(v) − f(v) + βv−α

n+β f
′(v) − nv(1−v)

2(n+β)2 f
′′(v)

)

(v − z)p+1
dv

− p!

2πi

∫

Γ

βv(1 − v)

2(v − z)p+1
f ′′(v)dv

∣∣∣∣
]}

,

where by using the Remark 2 after the proof of Theorem 1.6.2, for all |z| ≤ r and

n ∈ N we get
∣∣∣∣∣∣
p!

2πi

∫

Γ

(n+ β)2
(
S

(α,β)
n (f)(v) − f(v) + βv−α

n+β f
′(v) − nv(1−v)

2(n+β)2 f
′′(v)

)

(v − z)p+1
dv−

p!

2πi

∫

Γ

βv(1 − v)

2(v − z)p+1
f ′′(v)dv

∣∣∣∣ ≤
p!

2π
· 2πr1M

(α,β)
r1

(r1 − r)p+1
+
p!

2π
· 2πr1βr1(1 + r1)‖f ′′‖r1

2(r1 − r)p+1
.

Denoting now Fp(z) = H(p)(z), we prove that ‖Fp‖r > 0. Indeed, if we suppose

that ‖Fp‖r = 0 then it follows that f satisfies the differential equation

−βzf ′(z) +
z(1− z)

2
f ′′(z) = Qp−1(z), ∀|z| ≤ r,

where Qp−1(z) is a polynomial of degree ≤ p − 1. Simplifying with z, making the

substitution y(z) = f ′(z), searching y(z) in the form y(z) =
∑∞

k=0 bkz
k and then

replacing in the differential equation, by simple calculations we easily obtain that
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bk = 0 for all k ≥ p− 1, that is y(z) is a polynomial of degree ≤ p− 2. This implies

the contradiction that f is a polynomial of degree ≤ p− 1.

Continuing exactly as in the proof of Theorem 1.6.3 (with ‖S(α,β)
n (f) − f‖r

replaced by ‖[S(α,β)
n (f)](p) − f (p)‖r), finally there exists an index n0 ∈ N depending

on f , r, r1 and p, such that for all n ≥ n0 we have

‖[S(α,β)
n (f)](p) − f (p)‖r ≥ 1

n
· C0

2
.

Also, the cases when n ∈ {1, 2, ..., n0 − 1} are similar with those in the proof of

Theorem 1.6.3. �

Now defining the m-th iterates by mS
(α,β)
n (f)(z), first we prove the following

Theorem 1.6.6. (Gal [80]) Let DR = {z ∈ C; |z| < R} be with R > 1 and let us

suppose that f : DR → C is analytic in DR, that is we can write f(z) =
∑∞

k=0 ckz
k,

for all z ∈ DR. Let 0 ≤ α ≤ β and 1 ≤ r < R. Then, uniformly in |z| ≤ r, ∀n ∈ N,

we have

lim
m→∞

mS(0,β)
n (f)(z) = f(0), lim

m→∞
mS(α,α)

n (f)(z) = f(1),

limm→∞ mS
(α,β)
n (f)(z) = b0, where b0 is of the form

b0 =

n∑

j=1

djf((j + α)/(n+ β)), with dj ≥ 0, j = 0, ..., n,

n∑

j=1

dj = 1,

all the values dj , j = 0, ..., n being independent of f .

Proof. By Theorem 2 in Gonska-Piţul-Raşa [103], for any n ∈ N we have

lim
m→∞

mS(0,β)
n (f)(x) = f(0), lim

m→∞
mS(α,α)

n (f)(x) = f(1),

lim
m→∞

mS(α,β)
n (f)(x) =

n∑

j=1

djf [(j + α)/(n+ β)],

uniformly with respect to x ∈ [0, 1]. From the classical Vitali’s result, it suffices

to show that for any fixed n ∈ N, the sequence (mS
(α,β)
n (f)(z))m∈N is uniformly

bounded for |z| ≤ r.

We obviously have mS
(α,β)
n (f)(z) =

∑∞
k=0 ck · mS

(α,β)
n (ek)(z).

But from the proof of Theorem 1.6.1 (both Cases 1) and 2) ) it easily follows

that |S(α,β)
n (ek)(z)| ≤ rk, for all k, n ∈ N, |z| ≤ r, which implies

|2S(α,β)
n (ek)(z)| =

∣∣∣∣∣∣

min{n,k}∑

p=0

C
(α,β)
n,p,k S

(α,β)
n (ep)(z)

∣∣∣∣∣∣
≤ rk ,

and by recurrence it easily follows |mS(α,β)
n (ek)(z)| ≤ rk , for all m, k, n ∈ N.

This implies that

|mS(α,β)
n (f)(z)| ≤

∞∑

k=0

|ck| · |mS(α,β)
n (ek)(z)| ≤

∞∑

k=0

|ck|rk <∞,

for all m,n ∈ N, which proves the theorem. �
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Also, the following quantitative result holds.

Theorem 1.6.7. (Gal [80]) Let DR = {z ∈ C; |z| < R} be with R > 1 and let us

suppose that f : DR → C is analytic in DR, that is we can write f(z) =
∑∞

k=0 ckz
k,

for all z ∈ DR. Let 0 ≤ α ≤ β and 1 ≤ r < R. Then, for all |z| ≤ r, we have

|mS(α,β)
n (f)(z) − f(z)| ≤ 2m

n+ β

∞∑

k=1

|ck| · [βk + k(k − 1)]rk .

Proof. We easily see that

|mS(α,β)
n (f)(z) − f(z)| ≤

∞∑

k=1

|ck| · |mS(α,β)
n (ek)(z) − ek(z)|.

We have two possibilities : 1) 0 ≤ k ≤ n ; 2) k > n.

Case 1). We successively get

S(α,β)
n (ek)(z) − ek(z) =

k∑

j=1

C
(α,β)
n,j,k ej(z) − ek(z)

= [C
(α,β)
n,k,k − 1]ek(z) +

k−1∑

j=1

C
(α,β)
n,j,k ej(z),

pS(α,β)
n [S(α,β)

n (ek)(z) − ek(z)] = [C
(α,β)
n,k,k − 1] ·p S(α,β)

n (ek)(z)

+

k−1∑

j=0

C
(α,β)
n,j,k ·p S(α,β)

n (ej)(z),

|pS(α,β)
n [S(α,β)

n (ek)(z) − ek(z)]| ≤ |1 − C
(α,β)
n,k,k | · |pS(α,β)

n (ek)(z)|
+|1 − C

(α,β)
n,k,k | · max

j=0,...,k−1
{|pS(α,β)

n (ej)(z)|}.

But by the proofs of Theorems 1.6.1 and 1.6.6, for all p, n, k ∈ N we have

|1 − C
(α,β)
n,k,k | ≤

1

n+ β

[
k(k − 1)

2
+ βk

]
, |pS(α,β)

n (ek)(z)| ≤ rk ,

which implies

|pS(α,β)
n [S(α,β)

n (ek)(z) − ek(z)]| ≤ 2|1 − C
(β)
n,k,k|rk

=
1

n+ β
[2βk + k(k − 1)]rk ,

and

|mS(α,β)
n (ek)(z) − ek(z)| =

∣∣∣∣∣

m−1∑

p=0

·pS(α,β)
n [S(α,β)

n (ek)(z) − ek(z)]

∣∣∣∣∣

≤ m

n+ β
[2βk + k(k − 1)]rk .
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Case 2). As in the proof of Theorem 1.6.1, Case 2), for all k > n we get

|mS(α,β)
n (ek)(z) − ek(z)| ≤ 2rk ≤ 2k(k − 1) + 2βk

n+ β
rk .

As a conclusion, from both Cases 1) and 2), we obtain

|mS(α,β)
n (f)(z) − f(z)| ≤

∞∑

k=1

|ck| · |mS(α,β)
n (ek)(z) − ek(z)|

=

n∑

k=1

|ck| · |mS(α,β)
n (ek)(z) − ek(z)|

+
∞∑

k=n+1

|ck| · |mS(α,β)
n (ek)(z) − ek(z)|

≤
n∑

k=1

|ck|
m

n+ β
[2βk + k(k − 1)]rk

+

∞∑

k=n+1

|ck|
2βk + 2k(k − 1)

n+ β
rk

≤ 2m

n+ β

∞∑

k=1

|ck| · [βk + k(k − 1)]rk,

which proves the theorem. �

Corollary 1.6.8. (Gal [80]) Suppose mn

n → 0 when n→ ∞. Then

mnS(α,β)
n (f)(z) → f(z),

uniformly with respect to |z| ≤ r, for any 1 ≤ r < R.

Proof. It is immediate by passing to limit with n→ ∞ in Theorem 1.6.7. �

Remark. Theorem 1.6.7 and Corollary 1.6.8 are new even for the case of real

functions of one real variable, since they are not covered by Gonska-Kacsó-Piţul
[101], Gonska-Piţul-Raşa [103].

In what follows we present some similar properties for the complex Bernstein-

Stancu polynomials S<γ>
n (f)(z). The first results concern the approximation prop-

erties.

Theorem 1.6.9. (Gal [82]) Let DR = {z ∈ C; |z| < R} be with R > 1 and let us

suppose that f : DR → C is analytic in DR, that is we can write f(z) =
∑∞

k=0 ckz
k,

for all z ∈ DR.

Let 0 ≤ γ which can be dependent on n and 1 ≤ r < R. Then, for all |z| ≤ r

and n ∈ N, we have

|S<γ>
n (f)(z) − f(z)| ≤M<γ>

2,r,n (f),
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where 0 < M<γ>
2,r,n (f) = 2

n

∑∞
j=2 j(j− 1)|cj |rj + γ(r+1)

6r

∑∞
j=2 j(j− 1)(2j− 1)|cj |rj <

∞.

Also, if 1 ≤ r < r1 < R, then for all |z| ≤ r and n, p ∈ N, we have

|[S<γ>
n (f)](p)(z) − f (p)(z)| ≤

M<γ>
2,r1,n(f)p!r1

(r1 − r)p+1
.

Proof. Since S<γ>
n (f)(z) =

∑∞
k=0 ckS

<γ>
n (ek)(z), we get

|S<γ>
n (f)(z) − f(z)| ≤

∞∑

k=0

|ck| · |S<γ>
n (ek)(z) − ek(z)|.

To estimate |S<γ>
n (ek)(z)−ek(z)| for any fixed n ∈ N, we will consider two possible

cases : 1) 0 ≤ k ≤ n ; 2) k > n.

We will use the well-known representation (see Stancu [174])

S<γ>
n (f)(z) =

n∑

p=0

(
n

p

)
z(z + γ)...(z + (p− 1)γ)

(1 + γ)...(1 + (p− 1)γ)
∆p

1/nf(0).

Denoting

Dn,p,k =

(
n

p

)
∆p

1/nek(0) =

(
n

p

)
[0, 1/n, ..., p/n; ek](p!)/n

p,

since ek is convex of any order, it follows that all Dn,p,k ≥ 0 and

S<γ>
n (ek)(z) =

min{n,k}∑

p=0

Dn,p,k
z(z + γ)...(z + (p− 1)γ)

(1 + γ)...(1 + (p− 1)γ)
.

Also, since S<γ>
n (f)(1) = f(1), we get

∑n
p=0 Dn,p,k =

∑min{n,k}
p=0 Dn,p,k = 1.

Note that since for any j = 0, 1, ..., we have r+jγ
1+jγ ≤ r, for all 0 ≤ p ≤

min{n, k} ≤ k and |z| ≤ r we obtain

|z(z + γ)...(z + (p− 1)γ)|
(1 + γ)...(1 + (p− 1)γ)

≤ r
r + γ

1 + γ
· ... r + (p− 1)γ

1 + (p− 1)γ
≤ rp ≤ rk ,

which for all |z| ≤ r and n, k ∈ N, immediately implies

|S<γ>
n (ek)(z)| ≤ rk

min{n,k}∑

p=0

Dn,p,k = rk .

Case 1). If k = 0, then obviously we have S<γ>
n (ek)(z) − ek(z) = 0. Therefore,

let us suppose that 1 ≤ k ≤ n. By using the representation in Stancu [174], we

obtain

|S<γ>
n (ek)(z) − ek(z)|

≤
∣∣∣∣
n(n− 1)...(n− (k − 1))

nk
· z(z + γ)...(z + (k − 1)γ)

(1 + γ)...(1 + (k − 1)γ)
− zk

∣∣∣∣

+

k−1∑

p=0

Dn,p,k

∣∣∣∣
z(z + γ)...(z + (p− 1)γ)

(1 + γ)...(1 + (p− 1)γ)

∣∣∣∣

:= E<γ>
n,k (z) + F<γ>

n,k (z).
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For |z| ≤ r it follows

F<γ>
n,k (z) ≤ rk

k−1∑

p=0

Dn,p,k = rk[1 −Dn,k,k]

= rk[1 − n(n− 1)...(n− (k − 1))

nk
] ≤ rk k(k − 1)

2n
.

Here we have applied the inequality 1 − Πxi ≤
∑

(1 − xi), with all 0 ≤ xi ≤ 1.

Also,

E<γ>
n,k (z) ≤

∣∣∣∣
n(n− 1)...(n− (k − 1))

nk

z(z + γ)...(z + (k − 1)γ)

(1 + γ)...(1 + (k − 1)γ)

− z(z + γ)...(z + (k − 1)γ)

(1 + γ)...(1 + (k − 1)γ)

∣∣∣∣+
∣∣∣∣
z(z + γ)...(z + (k − 1)γ)

(1 + γ)...(1 + (k − 1)γ)
− zk

∣∣∣∣

≤
∣∣∣∣
z(z + γ)...(z + (k − 1)γ)

(1 + γ)...(1 + (k − 1)γ)

∣∣∣∣ ·
∣∣∣∣1 − n(n− 1)...(n− (k − 1))

nk

∣∣∣∣

+

∣∣∣∣
z(z + γ)...(z + (k − 1)γ)

(1 + γ)...(1 + (k − 1)γ)
− zk

∣∣∣∣

≤ rk k(k − 1)

2n
+

∣∣∣∣
z(z + γ)...(z + (k − 1)γ)

(1 + γ)...(1 + (k − 1)γ)
− zk

∣∣∣∣ .

For any fixed |z| ≤ r, let us denote gk(α)(z) = z(z+α)...(z+(k−1)α)
(1+α)...(1+(k−1)α) , where α ≥ 0.

Then, by applying the mean value theorem, there is ξ ∈ [0, γ] such that∣∣∣∣
z(z + γ)...(z + (k − 1)γ)

(1 + γ)...(1 + (k − 1)γ)
− zk

∣∣∣∣ = |gk(γ)(z) − gk(0)(z)| ≤ γ · max

∣∣∣∣
dgk(ξ)(z)

dα

∣∣∣∣ .

But denoting uj(α)(z) = z+jα
1+jα , we have gk(α)(z) = zΠk−1

j=1uj(α)(z) and

dgk(α)(z)

dα
= z

k−1∑

j=1

(
z + jα

1 + jα

)′

α

·
k−1∏

i=1,i6=j

z + iα

1 + iα

= z

k−1∑

j=1

j(1 − z)

(1 + jα)2

k−1∏

i=1,i6=j

z + iα

1 + iα
.

Since j
(1+jξ)2 ≤ j2, passing to modulus (for 0 ≤ ξ ≤ γ and |z| ≤ r), we obtain
∣∣∣∣
dgk(ξ)(z)

dα

∣∣∣∣ ≤ r(r + 1)

k−1∑

j=1

j2rk−2 = (r + 1)rk−1 k(k − 1)(2k − 1)

6
.

It follows

E<γ>
n,k (z) ≤ rk k(k − 1)

2n
+ γ(r + 1)rk−1 k(k − 1)(2k − 1)

6
.

Collecting all the above estimates, we get for all |z| ≤ r

|S<γ>
n (ek)(z) − ek(z)| ≤ rk k(k − 1)

2n
+ rk k(k − 1)

2n

+γ(r + 1)rk−1 k(k − 1)(2k − 1)

6

= rk

[
k(k − 1)

n
+ γ · r + 1

r
· k(k − 1)(2k − 1)

6

]
.
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Case 2). We have

|S<γ>
n (ek)(z) − ek(z)| ≤ |S<γ>

n (ek)(z)| + |ek(z)|

≤
n∑

p=0

Dn,p,k

∣∣∣∣
z(z + γ)...(z + (p− 1)γ)

(1 + γ)...(1 + (p− 1)γ)

∣∣∣∣+ |ek(z)|.

Reasoning as in the above Case 1), we get

|S<γ>
n (ek)(z) − ek(z)| ≤ rn + rk ≤ 2rk ≤ 2(k − 1)k

n
rk.

Collecting all the results in the Cases 1) and 2), we immediately obtain for all

|z| < r and k = 0, 1, 2, ...,

|S<γ>
n (ek)(z) − ek(z)| ≤ rk

[
2k(k − 1)

n
+ γ · r + 1

r
· k(k − 1)(2k − 1)

6

]
,

which implies the corresponding estimate in statement.

For the simultaneous approximation, denoting by Γ the circle of radius r1 > r

and center 0, since for any |z| ≤ r and v ∈ Γ, we have |v − z| ≥ r1 − r, by the

Cauchy’s formulas it follows that for all |z| ≤ r and n ∈ N, we have

|[S<γ>
n (f)](p)(z) − f (p)(z)| =

p!

2π

∣∣∣∣
∫

Γ

S<γ>
n (f)(v) − f(v)

(v − z)p+1
dv

∣∣∣∣

≤ M<γ>
2,r1,n(f)

p!

2π

2πr1
(r1 − r)p+1

= M<γ>
2,r1,n(f)

p!r1
(r1 − r)p+1

.
�

Remark. For γ = 0 we get the results for the classical complex Bernstein polyno-

mials in Theorem 1.1.2.

Now, defining the m-th iterates by mS<γ>
n (f)(z), first we prove the following

qualitative result.

Theorem 1.6.10. (Gal [82]) Let DR = {z ∈ C; |z| < R} be with R > 1 and let us

suppose that f : DR → C is analytic in DR, that is we can write f(z) =
∑∞

k=0 ckz
k,

for all z ∈ DR. Let 0 ≤ γ. Uniformly in |z| ≤ r, where 1 ≤ r < R, we have

lim
m→∞

mS<γ>
n (f)(z) = (1 − z)f(0) + zf(1), ∀n ∈ N.

Proof. From Agratini-Rus [4], Remark 2 after Theorem 9, p. 165, for any n ∈ N,

we have limm→∞ mS<γ>
n (f)(x) = (1 − x)f(0) + xf(1), uniformly with respect to

x ∈ [0, 1]. From the classical Vitali’s result, it suffices to show that for any fixed

n ∈ N, the sequence (mS<γ>
n (f)(z))m∈N is uniformly bounded for |z| ≤ r.

We have mS<γ>
n (f)(z) =

∑∞
k=0 ck · mS<γ>

n (ek)(z). We will prove that for all

n,m, k ∈ N and |z| ≤ r, we have |mS<γ>
n (ek)(z)| ≤ rk .
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Indeed, for m = 1 it easily follows (also see the proof of Theorem 1.6.9) from

the representation formula

S<γ>
n (ek)(z) =

n∑

j=0

Dn,j,k
z(z + γ)...(z + (j − 1)γ)

(1 + γ)...(1 + (j − 1)γ)

=

min{n,k}∑

j=0

Dn,j,k
z(z + γ)...(z + (j − 1)γ)

(1 + γ)...(1 + (j − 1)γ)
,

with Dn,j,k ≥ 0 and
∑n

j=0 Dn,j,k =
∑min{n,k}

j=0 Dn,j,k = 1.

Denote hj(z) = z(z+γ)...(z+(j−1)γ) =
∑j

i=0 c
(j)
i ei(z), where c

(j)
i ≥ 0, c

(j)
j = 1

and
∑j

i=0 c
(j)
i = hj(1) = (1 + γ)...(1 + (j − 1)γ).

By the linearity of S<γ>
n , we get

|2S<γ>
n (ek)| =

∣∣∣∣∣∣

min{n,k}∑

j=0

Dn,j,k
1

(1 + γ)...(1 + (j − 1)γ)
·

j∑

i=0

c
(j)
i S<γ>

n (ei)(z)

∣∣∣∣∣∣

≤
min{n,k}∑

j=0

Dn,j,k
1

(1 + γ)...(1 + (j − 1)γ)
·

j∑

i=0

c
(j)
i rj ≤ rk ,

and by mathematical induction it easily follows that for all n,m, k ∈ N we have

|mS<γ>
n (ek)(z)| ≤ rk , for all |z| ≤ r.

This implies that

|mS<γ>
n (f)(z)| ≤

∞∑

k=0

|ck| · |mS<γ>
n (ek)(z)| ≤

∞∑

k=0

|ck|rk <∞,

for all m,n ∈ N, which proves the theorem. �

The following quantitative result is not correspondent to the above qualitative

one.

Theorem 1.6.11. (Gal [82]) Let DR = {z ∈ C; |z| < R} be with R > 1 and let us

suppose that f : DR → C is analytic in DR, that is we can write f(z) =
∑∞

k=0 ckz
k,

for all z ∈ DR.

Let 0 ≤ γ, 1 ≤ r < R and Dn,k,k = n(n−1)...(n−(k−1))
nk . Then, for all |z| ≤ r we

have

|mS<γ>
n (f)(z) − f(z)|

≤ m

∞∑

k=2

|ck|
[
2k(k − 1)

n
+

(
1 − Dn,k,k

(1 + γ)...(1 + (k − 1)γ)

)
+ γ(k − 1)2

]
rk.

Proof. From the proof of Theorem 1.6.10, it follows that for all n,m, k ∈ N and

|z| ≤ r, we have |mS<γ>
n (ek)(z)| ≤ rk . Also

|mS<γ>
n (f)(z) − f(z)| ≤

∞∑

k=2

|ck| · |mS<γ>
n (ek)(z) − ek(z)|.
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We have two possibilities : 1) 2 ≤ k ≤ n ; 2) k > n.

Case 1). With the notations for gj(α)(z) in the proof of Theorem 1.6.9 and for

hj(z), c
(j)
i in the proof of Theorem 1.6.10, we can write

|mS<γ>
n (ek)(z) − ek(z)|

=

∣∣∣∣∣

m−1∑

p=0

pS<γ>
n [S<γ>

n (ek)(z) − ek(z)]

∣∣∣∣∣

=

∣∣∣∣∣∣

m−1∑

p=0

pS<γ>
n




k∑

j=1

Dn,j,k · gj(γ)(z) − ek(z)



∣∣∣∣∣∣

=

∣∣∣∣∣∣

m−1∑

p=0




k∑

j=1

Dn,j,k · pS<γ>
n (gj(γ))(z) −p S<γ>

n (ek)(z)



∣∣∣∣∣∣

≤
m−1∑

p=0

k−1∑

j=1

Dn,j,k|pS<γ>
n (gj(γ))(z)|

+
m−1∑

p=0

|Dn,k,k ·p S<γ>
n (gk(γ))(z) −p S<γ>

n (ek)(z)|

=

m−1∑

p=0

k−1∑

j=1

Dn,j,k|pS<γ>
n (gj(γ))(z)|

+

m−1∑

p=0

∣∣∣∣∣
Dn,k,k

(1 + γ)...(1 + (k − 1)γ)
·p S<γ>

n [

k∑

i=0

c
(k)
i ei(z)] −p S<γ>

n (ek)(z)

∣∣∣∣∣

≤
m−1∑

p=0

k−1∑

j=1

Dn,j,k|pS<γ>
n (gj(γ))(z)|

+

m−1∑

p=0

∣∣∣∣
Dn,k,k

(1 + γ)...(1 + (k − 1)γ)
·p S<γ>

n (ek)(z) −p S<γ>
n (ek)(z)

∣∣∣∣

+
m−1∑

p=0

Dn,k,k

(1 + γ)...(1 + (k − 1)γ)

∣∣∣∣∣

k−1∑

i=0

c
(k)
i ·p S<γ>

n (ei)(z)

∣∣∣∣∣
:= T1 + T2 + T3.

Reasoning exactly as in the proof of Theorem 1.6.10, we easily get for all j, p and

|z| ≤ r that

|pS<γ>
n (gj(γ))(z)| ≤ rj .

Taking into account the formula for 1 − Dn,k,k in the proof of Theorem 1.6.9, we

get

T1 ≤
m−1∑

p=0

k−1∑

j=1

rkDn,j,k = mrk [1 −Dn,k,k] ≤ mrk k(k − 1)

2n
.
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Also,

T2 =

m−1∑

p=0

|pS<γ>
n (ek)(z)|

[
1 − Dn,k,k

(1 + γ)...(1 + (k − 1)γ)

]

≤ mrk

[
1 − Dn,k,k

(1 + γ)...(1 + (k − 1)γ)

]
.

Finally,

T3 ≤
m−1∑

p=0

Dn,k,k

(1 + γ)...(1 + (k − 1)γ)
[(1 + γ)...(1 + (k − 1)γ) − 1]rk

= mrkDn,k,k

[
1 − 1

(1 + γ)...(1 + (k − 1)γ)

]
.

But, taking into account the inequalities Dn,k,k ≤ 1 and

1 − Πk−1
j=1xj ≤

k−1∑

j=1

(1 − xj), 0 ≤ xj ≤ 1, j = 1, ..., k − 1,

applied for xj = 1
1+jγ , we obtain

Dn,k,k

[
1 − 1

(1 + γ)...(1 + (k − 1)γ)

]
≤

k−1∑

j=1

[1 − 1/(1 + jγ)] =

k−1∑

j=1

jγ

1 + jγ

≤ (k − 1) · γ(k − 1)

1 + γ(k − 1)
≤ γ(k − 1)2.

Collecting all these inequalities, we obtain

|mS<γ>
n (ek)(z) − ek(z)|

≤ mrk

[
k(k − 1)

2n
+

(
1 − Dn,k,k

(1 + γ)...(1 + (k − 1)γ)

)
+ γ(k − 1)2

]
.

Case 2). We get

|mS<γ>
n (ek)(z) − ek(z)| ≤ |mS<γ>

n (ek)(z)| + |ek(z)|

≤ 2rk ≤ 2k(k − 1)

n
rk.

As a conclusion, from both Cases 1) and 2), we obtain

|mS<γ>
n (f)(z) − f(z)|

≤
∞∑

k=2

|ck| · |mS<γ>
n (ek)(z) − ek(z)|

=

n∑

k=2

|ck| · |mS<γ>
n (ek)(z) − ek(z)| +

∞∑

k=n+1

|ck| · |mS<γ>
n (ek)(z) − ek(z)|

≤
n∑

k=2

|ck|mrk

[
k(k − 1)

2n
+

(
1 − Dn,k,k

(1 + γ)...(1 + (k − 1)γ)

)
+ γ(k − 1)2

]

+

∞∑

k=n+1

|ck|rk 2k(k − 1)

n

≤ m

∞∑

k=2

|ck|rk

[
2k(k − 1)

n
+

(
1 − Dn,k,k

(1 + γ)...(1 + (k − 1)γ)

)
+ γ(k − 1)2

]
rk,
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which proves the theorem. �

Remark. For γ = 0 we get some results for classical complex Bernstein polynomials

in Section 1.2.

Corollary 1.6.12. (Gal [82]) (i) Let 1 ≤ r < R. For γ := γn = 1/n and |z| ≤ r

we have the estimate

|mS<γn>
n (f)(z) − f(z)| ≤ m

n

∞∑

k=2

|ck|
[
2k(k − 1) + 2(k − 1)3 + (k − 1)2

]
rk.

(ii) If γ := γn = 1/n and mn

n → 0 as n → ∞, then mnS<γn>
n (f)(z) → f(z),

uniformly with respect |z| ≤ r.

Proof. (i) Taking γ = 1/n we obtain for all k ≥ 2

1 − Dn,k,k

(1 + γ)...(1 + (k − 1)γ)
= 1 − Πk−1

j=1

n− j

n+ j

≤
k−1∑

j=1

[
1 − n− j

n+ j

]
= 2

k−1∑

j=1

j

j + n

≤ 2(k − 1)
k − 1

n+ (k − 1)
≤ 2

(k − 1)3

n
,

which replaced in Theorem 1.6.11 gives

|mS<γn>
n (f)(z) − f(z)| ≤ m

n

∞∑

k=2

|ck|
[
2k(k − 1) + 2(k − 1)3 + (k − 1)2

]
rk.

(ii) It is immediate by passing to limit with n → ∞ in the estimate proved in

(i). �

Remark. The results in Theorem 1.6.11 and Corollary 1.6.12 are new even for the

case of real functions of one real variable, since they are not covered by those in

Gonska-Kacsó-Piţul [101] or Gonska-Piţul-Raşa [103], whose estimates one refer to

the difference |mLn(f)(x) − B1(f)(x)|, with B1(f)(x) = f(0) + [f(1) − f(0)]x and
mLn(f) representing the mth iterate of the positive linear operator Ln(f).

Finally we present the geometric properties of S<γ>
n (f)(z).

Theorem 1.6.13. (Gal [82]) Let us suppose that G ⊂ C is open, such that D1 ⊂ G

and f : G → C is analytic in G. Also, let us consider (S
<γ(n)>
n (f)(z))n∈N, where

we suppose that limn→∞γ(n) = 0.

If f(0) = f ′(0)−1 = 0 and f is starlike (convex, spirallike of type η, respectively)

in D1, that is for all z ∈ D1 (see e.g. Mocanu, P. T., Bulboacă, T. and Sălăgean
[138])

Re

(
zf ′(z)

f(z)

)
> 0

(
Re

(
zf ′′(z)

f ′(z)

)
+ 1 > 0, Re

(
eiη zf

′(z)

f(z)

)
> 0, resp.

)
,
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then there exists an index n0 depending on f (and on η for spirallikeness), such that

for all n ≥ n0, S
<γ(n)>
n (f)(z), are starlike (convex, spirallike of type η, respectively)

in D1.

If f(0) = f ′(0)−1 = 0 and f is starlike (convex, spirallike of type η, respectively)

only in D1 (that is the corresponding inequalities hold only in D1), then for any

disk of radius 0 < r < 1 and center 0 denoted by Dr, there exists an index n0 =

n0(f,Dr) (n0 depends on η too in the case of spirallikeness), such that for all n ≥ n0,

S
<γ(n)>
n (f)(z), are starlike (convex, spirallike of type η, respectively) in Dr (that is,

the corresponding inequalities hold in Dr).

Proof. By Theorem 1.6.9 it follows that we have S
<γ(n)>
n (f)(z) → f(z), uni-

formly for |z| ≤ 1, which by the well-known Weierstrass’s theorem implies

[S
<γ(n)>
n (f)]′(z) → f ′(z) and [S

<γ(n)>
n (f)]′′(z) → f ′′(z), for n → ∞, uniformly

in D1. In all what follows, denote Pn(f)(z) =
S<γ(n)>

n (f)(z)

[S
<γ(n)>
n (f)]′(0)

, well defined for suf-

ficiently large n. We easily get Pn(f)(0) = 0, P ′
n(f)(0) = 1 for sufficiently large n,

and Pn(f)(z) → f(z), P ′
n(f)(z) → f ′(z) and P ′′

n (f)(z) → f ′′(z), uniformly in D1.

Suppose first that f is starlike in D1. Then, by hypothesis we get |f(z)| > 0 for

all z ∈ D1 with z 6= 0, which from the univalence of f in D1, implies that we can

write f(z) = zg(z), with g(z) 6= 0, for all z ∈ D1, where g is analytic in D1 and

continuous in D1.

Writing Pn(f)(z) in the form Pn(f)(z) = zQn(f)(z), obviously Qn(f)(z) is a

polynomial of degree ≤ n− 1. Also, for |z| = 1 we have

|f(z) − Pn(f)(z)| = |z| · |g(z)−Qn(f)(z)| = |g(z) −Qn(f)(z)|,
which by the uniform convergence in D1 of Pn(f) to f and by the maximum modulus

principle, implies the uniform convergence in D1 of Qn(f)(z) to g(z).

Since g is continuous in D1 and |g(z)| > 0 for all z ∈ D1, there exist an index

n1 ∈ N and a > 0 depending on g, such that |Qn(f)(z)| > a > 0, for all z ∈ D1 and

all n ≥ n0. Also, for all |z| = 1, we have

|f ′(z) − P ′
n(f)(z)| = |z[g′(z) −Q′

n(f)(z)] + [g(z) −Qn(f)(z)]|
≥ | |z| · |g′(z) −Q′

n(f)(z)| − |g(z) −Qn(f)(z)| |
= | |g′(z) −Q′

n(f)(z)| − |g(z) −Qn(f)(z)| |,
which from the maximum modulus principle, the uniform convergence of P ′

n(f) to

f ′ and of Qn(f) to g, evidently implies the uniform convergence of Q′
n(f) to g′.

Then, for |z| = 1, we get

zP ′
n(f)(z)

Pn(f)
=
z[zQ′

n(f)(z) +Qn(f)(z)]

zQn(f)(z)

=
zQ′

n(f)(z) +Qn(f)(z)

Qn(f)(z)
→ zg′(z) + g(z)

g(z)

=
f ′(z)

g(z)
=
zf ′(z)

f(z)
,
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which again from the maximum modulus principle, implies

zP ′
n(f)(z)

Pn(f)
→ zf ′(z)

f(z)
, uniformly in D1.

Since Re
(

zf ′(z)
f(z)

)
is continuous in D1, there exists ε ∈ (0, 1), such that

Re

(
zf ′(z)

f(z)

)
≥ ε, for all z ∈ D1.

Therefore

Re

[
zP ′

n(f)(z)

Pn(f)(z)

]
→ Re

[
zf ′(z)

f(z)

]
≥ ε > 0

uniformly on D1, i.e. for any 0 < ρ < ε, there is n0 such that for all n ≥ n0 we have

Re

[
zP ′

n(f)(z)

Pn(f)(z)

]
> ρ > 0, for all z ∈ D1.

Since Pn(f)(z) differs from S
<γ(n)>
n (f)(z) only by a constant, this proves the star-

likeness of S
<γ(n)>
n (f)(z), for sufficiently large n.

If f is supposed to be starlike only in D1, the proof is identical, with the only

difference that instead of D1, we reason for Dr.

The proofs in the cases when f is convex or spirallike of order η are similar and

follow from the following uniform convergences (on D1 or on Dr)

Re

[
zP ′′

n (f)(z)

P ′
n(f)(z)

]
+ 1 → Re

[
zf ′′(z)

f ′(z)

]
+ 1

and

Re

[
eiη zP

′
n(f)(z)

Pn(f)(z)

]
→ Re

[
eiη zf

′(z)

f(z)

]
.

�

Remark. If f is univalent in D1, then from the uniform convergence in Theorem

1.6.9 and a well-known result in complex analysis, concerning sequences of analytic

functions converging locally uniformly to an univalent function, it is immediate that

for sufficiently large n, the complex polynomials S
<γ(n)>
n (f)(z) (where γ(n) → 0,

for n→ ∞), must be univalent in D1.

At the end of this section we will extend the Bernstein-Stancu polynomials

S
(α,β)
n (f)(z) and some of their approximation results to compact subsets G ⊂ C.

For this purpose, in what followsG ⊂ C we will be considered a compact set such

that C̃ \G is connected. In this case, according to the Riemann Mapping Theorem,

a unique conformal mapping Ψ of C̃ \ D1 onto C̃ \G exists so that Ψ(∞) = ∞ and

Ψ′(∞) > 0.

By using the Faber polynomials Fp(z) attached to G (see Definition 1.0.10), for

f ∈ A(G) and 0 ≤ α ≤ β we can introduce the Bernstein-Stancu-Faber polynomials

given by the formula

S(α,β)
n (f ;G)(z) =

n∑

p=0

(
n

p

)
∆p

1/(n+β)F (α/(n+ β)) · Fp(z), z ∈ G, n ∈ N,
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where 0 ≤ α ≤ β, F (w) = 1
2πi

∫
|u|=1

f(Ψ(u))
u−w du, w ∈ D1, and

∆p
hF (α/(n+ β)) =

p∑

k=0

(−1)p−k

(
p

k

)
F (α/(n+ β) + kh).

Here, in the case when α = β since F (1) is involved in ∆n
1/(n+β)F (α/(n + β)) and

therefore in the definition of S(α,β)
n (f ;G)(z) too, in addition we will suppose that

F can be extended by continuity on the boundary ∂D1.

Remarks. 1) For G = D1 it is easy to see that the above Bernstein-Stancu-Faber

polynomials one reduce to the classical complex Bernstein-Stancu polynomials given

by

S(α,β)
n (f)(z) =

n∑

p=0

(
n

p

)
∆p

1/(n+β)f(α/(n+ β))zp

=

n∑

p=0

(
n

p

)
zp(1 − z)n−pf [(p+ α)/(n+ β)].

2) It is known that, for example,
∫ 1

0

ωp(f◦Ψ;u)∂D1

u du <∞ is a sufficient condition

for the continuity on ∂D1 of F in the above definition of the Bernstein-Stancu-Faber

polynomials (see e.g. Gaier [76], p. 52, Theorem 6). Here p ∈ N is arbitrary fixed.

3) In the case when α = β = 0, S(α,β)
n (f ;G)(z) becomes Bn(f ;G)(z).

The first main result one refers to approximation on compact sets without any

restriction on their boundaries and can be stated as follows.

Theorem 1.6.14. Let G be a continuum (that is a connected compact subset of

C) and suppose that f is analytic in G, that is there exists R > 1 such that f is

analytic in GR. Here recall that GR denotes the interior of the closed level curve

ΓR given by ΓR = {z; |Φ(z)| = R} = {Ψ(w); |w| = R} (and that G ⊂ Gr for all

1 < r < R). Also, we suppose that F given in the definition of Bernstein-Stancu-

Faber polynomials can be extended by continuity on ∂D1.

For any 1 < r < R the following estimate

|S(α,β)
n (f ;G)(z) − f(z)| ≤ C

n
, z ∈ Gr, n ∈ N,

holds, where C > 0 depends on f , α, β, r and Gr but it is independent of n.

Proof. First we note that since G is a continuum then it follows that C̃ \ G is

simply connected. By the proof of Theorem 2, p. 52 in Suetin [186], for any fixed

1 < η < R we have f(z) =
∑∞

k=0 ak(f)Fk(z) uniformly in Gη, where ak(f) are

the Faber coefficients and are given by ak(f) = 1
2πi

∫
|u|=η

f [Ψ(u)]
uk+1 du. Note here that

G ⊂ Gη .

First we will prove that

S(α,β)
n (f ;G)(z) =

∞∑

k=0

ak(f)S(α,β)
n (Fk ;G)(z),
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for all z ∈ G. (Note here that by hypothesis we have G = G). For this purpose,

denote fm(z) =
∑m

k=0 ak(f)Fk(z), m ∈ N.

Since by the linearity of Sn(α, β) we easily get

S(α,β)
n (fm;G)(z) =

m∑

k=0

ak(f)S(α,β)
n (Fk ;G)(z), for all z ∈ G,

it suffices to prove that limm→∞ S(α,β)
n (fm;G)(z) = S(α,β)

n (f ;G)(z), for all z ∈ G

and n ∈ N.

First we have

S(α,β)
n (fm;G)(z) =

n∑

p=0

(
n

p

)
∆p

1/(n+β)Gm(α/(n+ β))Fk(z),

where Gm(w) = 1
2πi

∫
|u|=1

fm(Ψ(u))
u−w du and F (w) = 1

2πi

∫
|u|=1

f(Ψ(u))
u−w du.

Note here that since by Gaier [76], p. 48, first relation before (6.17), we have

Fk(w) =
1

2πi

∫

|u|=1

Fk(Ψ(u))

u− w
du = wk , for all |w| < 1,

evidently that Fk(w) can be extended by continuity on ∂D1. This also immediately

implies that Gm(w) = 1
2πi

∫
|u|=1

fm(Ψ(u))
u−w du can be extended by continuity on ∂D1,

which means that S(α,β)
n (Fk;G)(z) and S(α,β)

n (fm;G)(z) are well defined.

Now, taking into account the Cauchy’s theorem we also can write

Gm(w) =
1

2πi

∫

|u|=η

fm(Ψ(u))

u− w
du and F (w) =

1

2πi

∫

|u|=η

f(Ψ(u))

u− w
du.

For all n,m ∈ N and z ∈ G it follows

|S(α,β)
n (fm;G)(z) − S(α,β)

n (f ;G)(z)|

≤
n∑

p=0

(
n

p

)
|∆p

1/(n+β)(Gm − F )(α/(n+ β))| · |Fk(z)|

≤
n∑

p=0

(
n

p

) p∑

j=0

(
p

j

)
|(Gm − F )(α/(n+ β) + (p− j)/(n+ β))| · |Fk(z)|

≤
n∑

p=0

(
n

p

) p∑

j=0

(
p

j

)
Cj,p,η,α,β‖fm − f‖Gη

· |Fk(z)|

≤ Mn,p,η,α,β,Gη‖fm − f‖Gη
,

which by limm→∞ ‖fm−f‖Gη
= 0 (see e.g. the proof of Theorem 2, p. 52 in Suetin

[186]) implies the desired conclusion. Here ‖fm − f‖Gη
denotes the uniform norm

of fm − f on Gη.
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Consequently we obtain

|S(α,β)
n (f ;G)(z) − f(z)| ≤

∞∑

k=0

|ak(f)| · |S(α,β)
n (Fk;G)(z) − Fk(z)|

=

n∑

k=0

|ak(f)| · |S(α,β)
n (Fk;G)(z) − Fk(z)|

+
∞∑

k=n+1

|ak(f)| · |S(α,β)
n (Fk;G)(z) − Fk(z)|.

Therefore it remains to estimate |ak(f)| · |S(α,β)
n (Fk;G)(z) − Fk(z)|, firstly for all

0 ≤ k ≤ n and secondly for k ≥ n+ 1, where

S(α,β)
n (Fk;G)(z) =

n∑

p=0

(
n

p

)
[∆p

1/(n+β)Fk(α/(n+ β))] · Fp(z).

First it is useful to observe that by Gaier [76], p. 48, combined with the Cauchy’s

theorem, for any fixed 1 < η < R we have

Fk(w) :=
1

2πi

∫

|u|=η

Fk [Ψ(u)]

u− w
du = wk = ek(w), for all |w| < η.

Denote

D
(α,β)
n,p,k =

(
n

p

)
∆p

1/(n+β)ek(α/(n+ β))

=

(
n

p

)
[α/(n+ β), (α+ 1)/(n+ β), ..., (α + p)/(n+ β); ek] · (p!)/(n+ β)p.

It follows

S(α,β)
n (Fk;G)(z) =

n∑

p=0

D
(α,β)
n,p,k · Fp(z).

Since S
(α,β)
n (f)(1) = f [(n+α)/(n+ β)] and since each ek is convex of any order, it

follows D
(α,β)
n,p,k > 0 and, by taking f(z) = ek(z) we get

∑n
p=0D

(α,β)
n,p,k = (n+α)k

(n+β)k ≤ 1,

for all k and n.

In the estimation of |ak(f)| · |S(α,β)
n (Fk ;G)(z) − Fk(z)| we distinguish two

cases : 1) 0 ≤ k ≤ n ; 2) k > n .

Case 1. We have

|S(α,β)
n (Fk ;G)(z) − Fk(z)| ≤ |Fk(z)| · |1 −D

(α,β)
n,k,k | +

k−1∑

p=0

D
(α,β)
n,p,k · |Fp(z)|.

Fix now 1 < r < η. By the inequality (13), p. 44 in Suetin [186] we have

|Fp(z)| ≤ C(r)rp, for all z ∈ Gr, p ≥ 0,



APPROXIMATION BY COMPLEX BERNSTEIN AND CONVOLUTION TYPE OPERATORS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7426.html

June 20, 2009 0:7 World Scientific Book - 9.75in x 6.5in bernstein

Bernstein-Type Operators of One Complex Variable 93

which immediately implies

|S(α,β)
n (Fk;G)(z) − Fk(z)|

≤
[
1 − n(n− 1)...(n− (k − 1))

(n+ β)k

]
C(r)rk

+

[
(n+ α)k

(n+ β)k
− n(n− 1)...(n− (k − 1))

(n+ β)k

]
C(r)rk

= 2

[
1 − n(n− 1)...(n− (k − 1))

(n+ β)k

]
C(r)rk +

[
(n+ α)k

(n+ β)k
− 1

]
C(r)rk

≤ 2

[
1 − n(n− 1)...(n− (k − 1))

(n+ β)k

]
C(r)rk ≤ 1

n+ β
[2βk + k(k − 1)]C(r)rk .

Here we used the inequality 1−Πk
i=1xi ≤

∑k
i=1(1− xi), valid if all xi ∈ [0, 1]. Also

by the above formula for ak(f) we easily obtain |ak(f)| ≤ C(η,f)
ηk , for all k ≥ 0. Note

that C(r), C(η, f) > 0 are constants independent of k.

For all z ∈ Gr and k = 0, 1, 2, ...n it follows

|ak(f)| · |S(α,β)
n (Fk ;G)(z) − Fk(z)| ≤ C(r, η, f)

n+ β
[2βk + k(k − 1)] ·

[
r

η

]k

,

that is

n∑

k=0

|ak(f)| · |S(α,β)
n (Fk ;G)(z) − Fk(z)| ≤ C(r, η, f)

n+ β

n∑

k=1

[2βk + k(k − 1)]dk,

for all z ∈ Gr, where 0 < d = r/η < 1.

Also, clearly we have
∑n

k=1[2βk + k(k − 1)]dk ≤ ∑∞
k=1[2βk+]k(k − 1)dk < ∞

which finally implies that

n∑

k=0

|ak(f)| · |S(α,β)
n (Fk ;G)(z) − Fk(z)| ≤ C∗(r, η, β, f)

n
.

Case 2. We have

∞∑

k=n+1

|ak(f)| · |S(α,β)
n (Fk;G)(z) − Fk(z)| ≤

∞∑

k=n+1

|ak(f)| · |S(α,β)
n (Fk ;G)(z)|

+

∞∑

k=n+1

|ak(f)| · |Fk(z)|.

By the estimates mentioned in the case 1), we immediately get

∞∑

k=n+1

|ak(f)| · |Fk(z)| ≤ C(r, η, f)

∞∑

k=n+1

dk, for all z ∈ Gr,

with d = r/β.
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Also,

∞∑

k=n+1

|ak(f)| · |S(α,β)
n (Fk;G)(z)| =

∞∑

k=n+1

|ak(f)| ·
∣∣∣∣∣

n∑

p=0

D
(α,β)
n,p,k · Fp(z)

∣∣∣∣∣

≤
∞∑

k=n+1

|ak(f)| ·
n∑

p=0

D
(α,β)
n,p,k · |Fp(z)|.

But for p ≤ n < k and taking into account the estimates obtained in the Case 1)

we get

|ak(f)| · |Fp(z)| ≤ C(r, η, f)
rp

ηk
≤ C(r, β, f)

rk

ηk
, for all z ∈ Gr,

which implies

∞∑

k=n+1

|ak(f)| · |S(α,β)
n (Fk ;G)(z) − Fk(z)| ≤ C(r, η, f)

∞∑

k=n+1

n∑

p=0

D
(α,β)
n,p,k

[
r

β

]k

= C(r, β, f)

∞∑

k=n+1

[
r

β

]k

= C(r, β, f)
dn+1

1− d
,

with d = r/β.

In conclusion, collecting the estimates in the Cases 1) and 2) we obtain

|S(α,β)
n (f ;G)(z) − f(z)| ≤ C1

n+ β
+ C2d

n+1 ≤ C

n
, z ∈ Gr, n ∈ N.

This proves the theorem. �

Remark. In the case when α = β = 0 we recapture Theorem 1.1.8.

As a consequence of the Remarks 1 and 2 after the proof of Theorem 1.1.8, we

can state the following result.

Theorem 1.6.15. Let G be a compact Faber set such that C̃\G is simply connected.

If f is analytic on G, that is there exists R > 1 such that f is analytic in GR and

if f is not a polynomial of degree ≤ 1, then for any 1 < r < R we have

‖S(α,β)
n (f ;G) − f‖Gr

∼ 1

n
, n ∈ N,

where the constants in the equivalence depend on f , α, β, r and Gr but are inde-

pendent of n. Here ‖f‖Gr
= supz∈Gr

|f(z)|.

Proof. According to Remark 2 after the proof of Theorem 1.1.8, there exists g

analytic in Dr such that f = T (g), that is g = T−1(f) (therefore F can be extended

by continuity on ∂D1. By hypothesis on f it follows that f cannot be of the form

f(z) = c0F0(z)+c1F1(z) where F0 and F1 are the Faber polynomials of degree 0 and
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1 respectively and c0, c1 ∈ C. This immediately implies that g is not a polynomial

of degree ≤ 1.

First we have S
(α,β)
n (T−1(f)) = T−1[S(α,β)

n (f ;G)]. Indeed,

S(α,β)
n (T−1(f))(z) =

n∑

p=0

(
n

p

)
∆p

1/(n+β)T
−1(f)(α/(n+ β))zp

=

n∑

p=0

(
n

p

)
∆p

1/(n+β)F (α/(n+ β))zp,

since T−1(f)(ξ) = 1
2πi

∫
|w|=1

f [Ψ(w)]
w−ξ dw = F (ξ), and

T−1[S(α,β)
n (f ;G)](z)

=
1

2πi

∫

|w|=1

S(α,β)
n (f ;G)[Ψ(w)]

w − z
dw

=

n∑

p=0

(
n

p

)
∆p

1/(n+β)F (α/(n+ β))
1

2πi

∫

|w|=1

Fp[Ψ(w)]

w − z
dw

=
n∑

p=0

(
n

p

)
∆p

1/(n+β)F (α/(n+ β))zp,

since according to Gaier [76], p. 48, first relation before (6.17), we have

1

2πi

∫

|w|=1

Fp[Ψ(w)]

w − z
dw = zp.

Then by Theorem 1.6.3 (see also Corollary 1.6.4) and by the linearity and continuity

of T−1 we get

C

n
≤ ‖S(α,β)

n (g) − g‖r = ‖S(α,β)
n (g) − T−1(f)‖r

= ‖T−1[S(α,β)
n (f ;G)] − T−1(f)‖r

≤ ‖|T−1‖| · ‖S(α,β)
n (f ;G) − f‖Gr

≤ M‖S(α,β)
n (f ;G) − f‖Gr

,

which proves the lower estimate.

On the other hand we have T [S
(α,β)
n (g)] = S(α,β)

n (T (g);G). Indeed,

T [S(α,β)
n (g)](z) =

n∑

p=0

∆p
1/(n+β)g(α/(n+ β))Fp(z),

and

S(α,β)
n (T (g);G)(z) =

n∑

p=0

(
n

p

)
∆p

1/(n+β)H(α/(n+ β))Fp(z),

where according to Gaier [76], p. 49. relation (6.17’) we have

H(w) =
1

2πi

∫

|u|=1

T (g)[Ψ(u)]

u− w
du = g(w).
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Therefore by the same Corollary 1.6.4 and by the linearity and continuity of T we

obtain

‖S(α,β)
n (f ;G) − f‖Gr

= ‖S(α,β)
n (T (g);G) − T (g)‖Gr

= ‖T [S(α,β)
n (g)] − T (g)‖Gr

≤ ‖|T‖| · ‖S(α,β)
n (g) − g‖r ≤ C

n
,

which proves the upper estimate and the theorem. �

Remark. For α = β = 0, we recapture Theorem 1.1.9.

1.7 Bernstein-Kantorovich Type Polynomials

In this section we extend some results in the previous sections to the following

complex Kantorovich variants of these polynomials defined (for the case of real

variable) by Kantorovich [112]

Kn(f)(z) = (n+ 1)
n∑

k=0

pn,k(z)

∫ (k+1)/(n+1)

k/(n+1)

f(t)dt,

and (for the case of real variable) Bărbosu [36]

K(α,β)
n (f)(z) = (n+ 1 + β)

n∑

k=0

pn,k(z)

∫ (k+1+α)/(n+1+β)

(k+α)/(n+1+β)

f(t)dt.

For our purpose will be useful the results expressed by the following.

Theorem 1.7.1. Let F (z) =
∫ z

0 f(t)dt.

(i) (see e.g. Lorentz [125], p. 30) Denoting by Bn(f)(z) the Bernstein polyno-

mials, we have

Kn(f)(z) = B′
n+1(F )(z), z ∈ C.

(ii) (Gal [91]) Denoting S
(α,β)
n (f)(z) =

∑n
k=0

(
n
k

)
zk(1 − z)n−kf [(k + α)/(n +

β)], z ∈ C, the Bernstein-Stancu polynomials studied in Section 1.6, where 0 ≤ α ≤
β are independent of n, we have

K(α,β)
n (f)(z) =

n+ 1 + β

n+ 1

[
S

(α,β)
n+1 (F )

]′
(z), z ∈ C.

Proof. (ii) It is immediate by the formula

[S
(α,β)
n+1 (F )]′(z)

= (n+ 1 + β)

n∑

k=0

pn,k(z)

[
F

(
k + α+ 1

n+ β + 1

)
− F

(
k + α

n+ 1 + β

)]

−β
n∑

k=0

pn,k(z)

[
F

(
k + α+ 1

n+ β + 1

)
− F

(
k + α

n+ 1 + β

)]

= K(α,β)
n (f)(z) − β

n+ 1 + β
K(α,β)

n (f)(z).
�
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Now, as a consequence of Theorem 1.7.1, (i) and Theorem 1.1.6, we immediately

get the following.

Corollary 1.7.2. (Gal [91]) Let f : DR → C be analytic in DR with R > 1 and

1 ≤ r < R.

(i) If f is not a polynomial of degree ≤ 0 then for all n ∈ N we have

‖Kn(f) − f‖r ∼ 1

n
,

where the constants in the equivalence depend only on f and r.

(ii) If f is not a polynomial of degree ≤ max{1, p− 1} then for all p, n ∈ N we

have

‖K(p)
n (f) − f (p)‖r ∼ 1

n
,

with the constants in the equivalence depending only on f , r and p.

Proof. We combine Theorem 1.7.1, (i) with Theorem 1.1.6.

(i) We get

‖Kn(f) − f‖r = ‖B′
n+1(F ) − F ′‖r ∼ 1

n+ 1
,

if F is not a polynomial of degree ≤ max{1, 1} = 1, which ends the proof.

(ii) We obtain

‖K(p)
n (f) − f (p)‖r = ‖B(p+1)

n+1 (F ) − F (p+1)‖r ∼ 1

n+ 1
,

if F is not a polynomial of degree ≤ max{1, p} = p, which ends the proof. �

As a consequence of Theorems 1.7.1, (ii) and Theorem 1.6.5, we also get the

following.

Corollary 1.7.3. (Gal [91]) Let f : DR → C be analytic in DR with R > 1,

1 ≤ r < R and 0 ≤ α ≤ β, α+ β > 0.

(i) If f is not identical 0, then for all n ∈ N we have

‖K(α,β)
n (f) − f‖r ∼ 1

n+ β
,

where the constants in the equivalence depend only on f , r, α and β.

(ii) If f is not a polynomial of degree ≤ p− 1 then for all p, n ∈ N we have

‖[K(α,β)
n (f)](p) − f (p)‖r ∼ 1

n
,

with the constants in the equivalence depending only on f , r, α, β and p.

Proof. We combine Theorem 1.7.1, (ii) with Theorem 1.6.5.

(i) We get

‖K(α,β)
n (f) − f‖r = ‖[S(α,β)

n+1 (F )]′ − F ′‖r ∼ 1

n+ β
,

if F is not a polynomial of degree ≤ 0, which ends the proof.

(ii) We obtain

‖[K(α,β)
n (f)](p) − f (p)‖r = ‖[S(α,β)

n+1 (F )](p+1) − F (p+1)‖r ∼ 1

n+ β
,

if F is not a polynomial of degree ≤ p, which ends the proof. �
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Upper estimates with explicit constants in approximation by these kind of poly-

nomials and in Voronovskaja-type formula can be derived as follows. First we

consider the case of Kn(f)(z) polynomials.

Theorem 1.7.4. (Gal [91]) Let f : DR → C be analytic in DR = {z ∈ C; |z| < R}
with R > 1, i.e. f(z) =

∑∞
k=0 ckz

k, for all z ∈ DR. Suppose 1 ≤ r < r1 < R. Then

for all |z| ≤ r and n, p ∈ N, we have :

(i)

|K(p)
n (f)(z) − f (p)(z)| ≤ C2,r1(f)(p+ 1)!r1

(n+ 1)(r1 − r)p+2
,

where 0 < C2,r1(f) = 2
∑∞

j=2(j − 1)|cj−1|rj
1 <∞ ;

(ii)

|Kn(f)(z) − f(z) − 1 − 2z

2(n+ 1)
· f ′(z) − z(1 − z)

2(n+ 1)
· f ′′(z)|

≤ Cr1,n+1(f) · r1
(r1 − r)2

,

where

Cr1,n(f) =
5(1 + r1)

2

2n
·
∑∞

k=3 |ck−1|(k − 1)(k − 2)2rk−2
1

n
.

Proof. (i) Combining Theorem 1.7.1, (i) with Theorem 1.1.2, (ii), we obtain

|K(p)
n (f)(z) − f (p)(z)| = |B(p+1)

n+1 (F )(z) − F (p+1)(z)| ≤ M2,r1(F )(p+ 1)!r1
(n+ 1)(r1 − r)p+2

,

where 0 < M2,r1(F ) = 2
∑∞

j=2 j(j− 1)|Cj |rj
1 <∞ and F (z) =

∑∞
k=0 Ckz

k, z ∈ DR.

But we also get

F (z) =

∫ z

0

[

∞∑

k=0

ckt
k]dt =

∞∑

k=0

ck
k + 1

zk+1 =

∞∑

k=1

ck−1

k
zk,

which implies Ck =
ck−1

k and C2,r1(f) = 2
∑∞

j=2(j − 1)|cj−1|rj
1.

(ii) Replacing in Theorem 1.1.3, (ii), n by n + 1, r by r1 and f by F , for all

|z| ≤ r1 and n ∈ N, we obtain
∣∣∣∣Bn+1(F )(z) − F (z) − z(1 − z)

2(n+ 1)
F ′′(z)

∣∣∣∣ ≤
5(1 + r1)

2

2(n+ 1)
· Mr1(F )

n+ 1
,

where

Mr1(F ) =

∞∑

k=3

|Ck |k(k − 1)(k − 2)2rk−2
1 =

∞∑

k=3

|ck−1|(k − 1)(k − 2)2rk−2
1

:= Ar1(f).

Here again we wrote F (z) =
∑∞

k=0 Ckz
k, for all z ∈ DR.
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Now, denoting Cr1,n(f) = 5(1+r1)2

2n · Ar1 (f)

n , by Γ the circle of radius r1 > r and

center 0, and En(F )(z) = Bn+1(F )(z) − F (z) − z(1−z)
2(n+1)F

′′(z), since for any |z| ≤ r

and v ∈ Γ, we have |v − z| ≥ r1 − r, by the Cauchy’s formula it follows that for all

|z| ≤ r and n ∈ N, we obtain

|E′
n(F )(z)| =

1

2π

∣∣∣∣
∫

Γ

En(f)(z)

(v − z)2
dv

∣∣∣∣ ≤ Cr1,n+1(f)
1

2π

2πr1
(r1 − 1)2

= Cr1,n+1(f) · r1
(r1 − r)2

.

But by Theorem 1.7.1, (i) we obtain

E′
n(F )(z) = Kn(f)(z) − f(z)− 1 − 2z

2(n+ 1)
· f ′(z) − z(1− z)

2(n+ 1)
· f ′′(z),

which proves the theorem. �

In the case of K
(α,β)
n (f)(z) polynomials we have the following.

Theorem 1.7.5. (Gal [91]) Let f : DR → C be analytic in DR = {z ∈ C; |z| < R}
with R > 1, i.e. f(z) =

∑∞
k=0 ckz

k, for all z ∈ DR. Suppose 1 ≤ r < r1 < R. Then

for all |z| ≤ r and n, p ∈ N, we have :

(i)

|[K(α,β)
n (f)](p)(z) − f (p)(z)| ≤

C
(β)
2,r1

(f)(p+ 1)!r1

(n+ 1)(r1 − r)p+2
+

β

n+ 1
‖f‖r,

where 0 < C
(β)
2,r1

(f) = 2
∑∞

j=2(j − 1)|cj−1|rj
1 + 2β

∑∞
j=1 |cj−1|rj

1 <∞ ;

(ii)
∣∣∣∣K

(α,β)
n (f)(z) − f(z) +

(
βz − α

n+ 1
− 1 − 2z

2(n+ β + 1)

)
f ′(z)

− z(1 − z)

2(n+ β + 1)
f ′′(z)

∣∣∣∣ ≤
C(f, r1, α, β)

(n+ 1)(n+ β + 1)
· r1
(r1 − r)2

,

where C(f, r1, α, β) is a positive constant depending only on f , r1, α and β.

Proof. (i) Combining Theorem 1.7.1, (ii) with Theorem 1.6.1, for all |z| ≤ r we

obtain

|[K(α,β)
n (f)](p)(z) − f (p)(z)| =

∣∣∣∣
n+ 1 + β

n+ 1
[S

(α,β)
n+1 (F )](p+1)(z) − F (p+1)(z)

∣∣∣∣

≤
∣∣∣∣
n+ 1 + β

n+ 1
|[S(α,β)

n+1 (F )](p+1)(z) − F (p+1)(z)| + β

n+ 1
|F (p+1)(z)|

∣∣∣∣

≤ n+ 1 + β

n+ 1
·

M
(β)
2,r1

(F )(p+ 1)!r1

(n+ β + 1)(r1 − r)p+2
+

β

n+ 1
· |f (p)(z)|
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≤
M

(β)
2,r1

(F )(p+ 1)!r1

(n+ 1)(r1 − r)p+2
+

β

n+ 1
· ‖f (p)‖r,

where ‖f (p)‖r = sup{|f (p)(z)|; |z| ≤ r} and reasoning exactly as in the proof of

Theorem 1.7.4, (i), we get

M
(β)
2,r1

(F ) = 2

∞∑

j=2

j(j − 1)|Cj |rj
1 + 2β

∞∑

j=1

j|Cj |rj
1

= 2

∞∑

j=2

(j − 1)|cj−1|rj
1 + 2β

∞∑

j=1

|cj−1|rj
1 := C

(β)
2,r1

(f).

(ii) Replacing in Remark 2 after Theorem 1.6.2 n by n+ 1, r by r1 and f by F ,

for all |z| ≤ r1 and n ∈ N, we obtain
∣∣∣∣S

(α,β)
n+1 (F )(z) − F (z) +

βz − α

n+ β + 1
F ′(z) − (n+ 1)z(1− z)

2(n+ β + 1)2
F ′′(z)

∣∣∣∣

≤ C(f, r1, α, β)

(n+ β + 1)2
,

where the positive constant C(f, r1, α, β) depends only on f, r, α and β. Let us

denote

En(F )(z) = S
(α,β)
n+1 (F )(z) − F (z) +

βz − α

n+ β + 1
F ′(z) − (n+ 1)z(1− z)

2(n+ β + 1)2
F ′′(z).

If Γ is the circle of radius r1 > r and center 0, and since for any |z| ≤ r and v ∈ Γ,

we have |v − z| ≥ r1 − r, by the Cauchy’s formula it follows that for all |z| ≤ r and

n ∈ N, we obtain as in the proof of Theorem 1.7.4, (ii)

|E′
n(F )(z)| ≤ C(f, r1, α, β) · r1

(r1 − r)2
· 1

(n+ β + 1)2
.

But by Theorem 1.7.1, (ii) we obtain

E′
n(F )(z) =

n+ 1

n+ 1 + β
K(α,β)

n (f)(z) − f(z) +
1

n+ β + 1
[(βz − α)f(z)]′

− n+ 1

2(n+ β + 1)2
[(z − z2)f ′(z)]′ =

n+ 1

n+ β + 1

·
[
K(α,β)

n (f)(z) − f(z) + f ′(z)

(
βz − α

n+ 1
− 1 − 2z

2(n+ β + 1)

)
f ′(z)

− z(1− z)

2(n+ β + 1)
f ′′(z)

]
,

which immediately proves the theorem. �

In what follows we will prove an equivalence result for approximation in

Voronovskaja’s theorem in the case of complex Bernstein-Kantorovich polynomi-

als Kn(f)(z), analogous to that for complex Bernstein polynomials contained by

Corollary 1.3.4.
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Theorem 1.7.6. Let R > 1 and let f : DR → C be an analytic function, say

f (z) =
∑∞

k=0 ckz
k. If f is not a polynomial of degree ≤ 2p−1 then for any 1 ≤ r < R

and any natural number p we have
∥∥∥∥∥∥
Kn(f) − f −

2p∑

j=1

(n+ 1)−j

j!
[f (j)Tn+1,j + f (j−1)T ′

n+1,j ]

∥∥∥∥∥∥
r

∼ 1

np+1
, n ∈ N,

where the constants in the equivalence depend only on f , r and p and are independent

of n. Recall here that Tn+1,j(z) =
∑n+1

i=0 (i− nz)j
(
n+1

i

)
zi(1 − z)n+1−i.

Proof. Denoting F (z) =
∫ z

0
f(t)dt, by Theorem 1.3.2 we get

∥∥∥∥∥∥
Bn+1(F ) − F −

2p∑

j=1

F (j)

j!
(n+ 1)−jTn+1,j

∥∥∥∥∥∥
r

≤ Cp,r(f)

(n+ 1)p+1
.

Let 1 ≤ r < r1 < R and denote by γ the circle of radius r1 > r and center 0 and

H(z) = Bn+1(F )(z) − F (z) −
2p∑

j=1

F (j)(z)

j!
(n+ 1)−jTn+1,j(z).

Since for any |z| ≤ r and v ∈ γ we have |v − z| ≥ r1 − r, by the Cauchy’s formula

we get H ′(z) = 1
2πi

∫
γ

H(v)
(v−z)2 dv, which implies

‖H ′‖r ≤ ‖H‖r1

2π
· 2πr1
(r1 − r)2

≤ Cp,r(F )r1
(r1 − r)2

· 1

(n+ 1)p+1
≤ Cp,r,r1(F )

np+1
,

which is exactly the upper estimate in the statement of Theorem 1.7.6. Note that

if f(z) =
∑∞

k=0 ckz
k then

F (z) =

∞∑

k=0

ck
k + 1

zk+1 =

∞∑

j=1

cj−1

j
zj :=

∞∑

j=1

C∗
j z

j ,

where C∗
j =

cj−1

j , for all j = 1, 2, ...,.

So it remains to prove the lower estimate. In the proof of Corollary 1.3.4, write

the first identity for Bn+1(F ) and F and then take the first derivative. It follows

Kn(f)(z) − f(z) −
2p∑

j=1

(n+ 1)−j

j!
[f (j)(z)Tn+1,j + f j−1(z)T ′

n+1,j(z)]

=
1

(n+ 1)p+1

{
T ′

n+1,2p+1(z)

(n+ 1)p(2p+ 1)!
F (2p+1)(z) +

Tn+1,2p+1(z)

(n+ 1)p(2p+ 1)!
F (2p+2)(z)

+
T ′

n+1,2p+2(z)

(n+ 1)p+1(2p+ 2)!
F (2p+2)(z) +

Tn+1,2p+2(z)

(n+ 1)p+1(2p+ 2)!
F (2p+3)(z)

+
1

n+ 1


(n+ 1)p+2

∞∑

k=2p+3

C∗
kE

′
k,n+1,p+1(z)





 .
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Here Ek,n+1,p(z) does not depend on F and it is a polynomial of degree ≤ k in z.

By the Bernstein’s inequality and by Lemma 1.3.3 it follows

‖E′
k,n+1,p+1‖r ≤ k

r
‖Ek,n+1,p+1‖r ≤ Cpr

k−1 (k + 1)!(k − 2(p+ 1))2

(n+ 1)p+2(k − 2(p+ 1))!
.

By the same Lemma 1.3.3 we get that (n + 1)p+2
∑∞

k=2p+3 C
∗
kE

′
k,n+1,p+1(z) is

bounded in Dr by a constant independent of n.

It remains to deal with the expression

A :=
T ′

n+1,2p+1(z)

(n+ 1)p(2p+ 1)!
F (2p+1)(z) +

Tn+1,2p+1(z)

(n+ 1)p(2p+ 1)!
F (2p+2)(z)

+
T ′

n+1,2p+2(z)

(n+ 1)p+1(2p+ 2)!
F (2p+2)(z) +

Tn+1,2p+2(z)

(n+ 1)p+1(2p+ 2)!
F (2p+3)(z).

By using the recurrence formula in Lorentz [125], p. 14, relation (3)

Tn+1,j+1(z) = z(1− z)[T ′
n+1,j(z) + (n+ 1)jTn+1,j−1(z)],

for j = 2p+ 1 and j = 2p+ 2, we obtain

T ′
n+1,2p+1(z) =

Tn+1,2p+2(z)

z(1− z)
− (n+ 1)(2p+ 1)Tn+1,2p(z),

and

T ′
n+1,2p+2(z) =

Tn+1,2p+3(z)

z(1− z)
− (n+ 1)(2p+ 2)Tn+1,2p+1(z).

Replacing these in A, exactly as in the proof of Corollary 1.3.4 it follows that in

the expression of A only the terms independent of n matter for the lower estimate.

Simple calculation shows that these terms are given by

G(f)(z) =
ap[(1 − 2z)(z(1− z))p]′f (2p)(z)

(2p+ 1)!

+
ap+1(1 − 2z)[z(1− z)]p+1

z(1− z)(2p+ 2)!
f (2p+1)(z)

+
[z(1− z)]p+1

2p+1(p+ 1)!
f (2p+2)(z),

where ap, ap+1 > 0. In order to obtain the lower estimate of order 1
np+1 , reasoning

as in the proof of Corollary 1.3.4 it suffices to prove that if f is not a polynomial

of degree ≤ 2p − 1 then ‖G(f)‖r > 0. Making the substitution f (2p)(z) = y(z) it

follows that it suffices to prove that if y(z) is not identical zero then ‖G(y)‖r > 0.

For this purpose we reason as in the proof of Corollary 1.3.4. Thus we can show

that the only solution of the differential equation
ap[(1 − 2z)(z(1− z))p]′y(z)

(2p+ 1)!
+
ap+1(1 − 2z)[z(1− z)]p+1

z(1− z)(2p+ 2)!
y′(z)

+
[z(1 − z)]p+1

2p+1(p+ 1)!
y′′(z) = 0

is y(z) = 0 for all z ∈ Dr. Writing y(z) =
∑∞

k=0 bkz
k and reasoning as in the proof

of Corollary 1.3.4 , we easily obtain step by step that b0 = 0, b1 = 0, so on, bk = 0

for all k. We omit here the calculation details which are simple. The theorem is

proved. �
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At the end of this section, concerning the mth iterates mK
(α,β)
n (f)(z), we can

prove the following result.

Theorem 1.7.7. (Gal [91]) Let f : DR → C be analytic in DR = {z ∈ C; |z| < R}
with R > 1, i.e. f(z) =

∑∞
k=0 ckz

k, for all z ∈ DR. Suppose 1 ≤ r < r1 < R. Then

for all |z| ≤ r and n, p ∈ N, we have

|[mK(α,β)
n (f)](p)(z) − f (p)(z)|

≤ 2m

n+ 1 + β

∞∑

k=1

|ck−1| · |β + (k − 1)|rk · (p+ 1)!r1
(r1 − r)p+1

.

Proof. First we easily observe that

mK(α,β)
n (f)(z) =

d

dz
[mS

(α,β)
n+1 (F )](z),

where F (z) =
∫ z

0 f(t)dt =
∑∞

k=0 Ckz
k. Taking into account Theorem 1.6.7, the

Cauchy’s formula and reasoning exactly as in the proofs of Theorem 1.7.4, (i) and

1.7.5, (i), it follows

|[mK(α,β)
n (f)](p)(z) − f (p)(z)|

= |[mS(α,β)
n+1 (F )](p+1)(z) − F (p+1)(z)|

≤ 2m

n+ 1 + β

∞∑

k=1

|Ck | · |βk + k(k − 1)|rk · (p+ 1)!r1
(r1 − r)p+1

=
2m

n+ 1 + β

∞∑

k=1

|ck−1| · |β + (k − 1)|rk · (p+ 1)!r1
(r1 − r)p+1

,

which proves the theorem. �

Remark. 1) For β = 0 in Theorem 1.7.7 we get corresponding results for the

iterates of classical complex Kantorovich polynomials. Note that in the real case,

some asymptotic results for iterates of Kantorovich polynomials were obtained in

Nagel [143].

2) If mn

n → 0 when n→ ∞, then by Theorem 1.7.7 it is immediate that

[mnK(α,β)
n (f)](p)(z) → f (p)(z),

uniformly with respect to |z| ≤ 1, for any 1 ≤ r < R.

1.8 Favard-Szász-Mirakjan Operators

In this section we obtain quantitative estimates of the convergence and of the

Voronovskaja’s theorem in compact disks, for complex Favard-Szász-Mirakjan op-

erators attached to an analytic function in a disk of radius R > 1 and center 0. The

section is divided in two parts. In the first part of it, the analytic function satisfies
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some suitable exponential-type growth condition, while in the second part it does

not satisfy such of conditions. But in the second case, the price paid is that the

uniform convergence and the estimates hold in closed disks of radii < R
2 only.

Also, we will prove that beginning with an index, these operators preserve the

starlikeness, convexity and spirallikeness in the unit disk.

If f : [0,∞) → R then it is well-known that the Favard-Szász-Mirakjan op-

erators are given by (see Favard [72], Szász [188], Mirakjan [137]) Sn(f)(x) =

e−nx
∑∞

j=0
(nx)j

j! f(j/n), x ∈ [0,∞), where for the convergence of Sn(f)(x) to f(x),

usually f is supposed to be of exponential growth, that is |f(x)| ≤ CeBx, for all

x ∈ [0,+∞), with C,B > 0 (see Favard [72]). Also, concerning quantitative esti-

mates in approximation of f(x) by Sn(f)(x), in e.g. Totik [191], it is proved that

under some additional assumptions on f , we actually have |Sn(f)(x) − f(x)| ≤ C
n ,

for all x ∈ R+, n ∈ N.

The complex Favard-Szász-Mirakjan operator is obtained from the real version,

simply replacing the real variable x by the complex one z, that is

Sn(f)(z) = e−nz
∞∑

j=0

(nz)j

j!
f(j/n).

Let us note that in our results, the domain of definition of the approximated

function f : DR

⋃
[R,∞) → C seem to be rather strange. However, the analyticity

of f on R on DR assures the representation f(z) =
∑∞

k=0 ckz
k, which is essential in

the proof of quantitative estimates in any Dr with 1 ≤ r < R (while on [0,∞) the

well known estimates in the case of real variable can be used).

Probably a more natural domain of definition for f would be a strip around the

OX-axis, but in this case the representation f(z) =
∑∞

k=0 ckz
k fails, fact which

produces the failure of the methods of proofs in this case.

In this first part, supposing that f : [0,+∞) → C of exponential growth, can be

prolonged to an analytic function in an open disk (with center in origin) by keeping

exponential growth, we obtain quantitative estimates in closed disks with center in

origin, similar in form with that in the real case in Totik [191] mentioned above.

Also, we recall that the first result concerning the convergence of complex

Sn(f)(z) to f(z) belonging to a class of analytic functions satisfying a suitable

exponential-type growth condition in a parabolic domain, was proved in Dressel-

Gergen-Purcell [65], but without any estimate of the approximation error.

The first main result of this section can be summarized by the following.

Theorem 1.8.1. (Gal [83]) Let DR = {z ∈ C; |z| < R} be with 1 < R < +∞
and suppose that f : [R,+∞) ∪ DR → C is continuous in [R,+∞) ∪ DR, analytic

in DR, i.e. f(z) =
∑∞

k=0 ckz
k, for all z ∈ DR, and that there exist M,C,B > 0

and A ∈ ( 1
R , 1), with the property |ck| ≤ M Ak

k! , for all k = 0, 1, ..., (which implies

|f(z)| ≤MeA|z| for all z ∈ DR) and |f(x)| ≤ CeBx, for all x ∈ [R,+∞).

(i) Let 1 ≤ r < 1
A be arbitrary fixed. For all |z| ≤ r and n ∈ N, we have

|Sn(f)(z) − f(z)| ≤ Cr,A

n
,
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where Cr,A = M
2r

∑∞
k=2(k + 1)(rA)k <∞.

(ii) If 1 ≤ r < r1 <
1
A are arbitrary fixed, then for all |z| ≤ r and n, p ∈ N,

|S(p)
n (f)(z) − f (p)(z)| ≤ p!r1Cr1,A

n(r1 − r)p+1
,

where Cr1,A is given as at the above point (i).

Proof. (i) According to Theorem 2 in Lupaş [127], we can write

Sn(f)(z) =

∞∑

j=0

[0, 1/n, ..., j/n; f ]zj,

where [0, 1/n, ..., j/n; f ] denotes the divided difference of f on the knots

0, 1/n, ..., j/n. Note that the above formula was proved in Lupaş [127] for func-

tions of real variable, but the formula holds in complex setting too, since only

algebraic calculations were used (see the proof of Theorem 2 in Lupaş [127]).

Taking in this representation formula ek(z) = zk, we get that Tn,k(z) :=

Sn(ek)(z) is a polynomial of degree ≤ k, k = 0, 1, 2, ..., and Tn,0(z) = 1, Tn,1(z) = z,

for all z ∈ C. Also, differentiating Tn,k(z) with respect to z 6= 0, we get

T ′
n,k(z) =

∞∑

j=0

jk

nk

[
−ne−nz (nz)j

j!
+ e−nzjn

(nz)j−1

j!

]

= −nTn,k(z) +

∞∑

j=0

jk+1

nk+1
e−nz n

z

(nz)j

j!

= −nTn,k(z) +
n

z
Tn,k+1(z),

which implies

Tn,k+1(z) =
z

n
T ′

n,k(z) + zTn,k(z),

for all z ∈ C, k ∈ {0, 1, 2, ..., }, n ∈ N. From this it is immediate the recurrence

formula

Tn,k(z) − zk =
z

n
[Tn,k−1(z) − zk−1]′ + z[Tn,k−1(z) − zk−1] +

k − 1

n
zk−1,

for all z ∈ C, k, n ∈ N.

Now, let 1 ≤ r < R. Denoting with ‖ · ‖r the norm in C(Dr), where Dr =

{z ∈ C; |z| ≤ r}, by a linear transformation, the Bernstein’s inequality in the closed

unit disk becomes |P ′
k(z)| ≤ k

r ‖Pk‖r, for all |z| ≤ r, where Pk(z) is a polynomial of

degree ≤ k. Therefore, from the above recurrence formula, we get

‖Tn,k − ek‖r ≤ r

n
· ‖Tn,k−1 − ek−1‖r

k − 1

r

+r‖Tn,k−1 − ek−1‖r +
rk−1(k − 1)

n
,
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which implies the recurrence

‖Tn,k − ek‖r ≤
(
r +

k − 1

n

)
‖Tn,k−1 − ek−1‖r +

rk−1(k − 1)

n
.

In what follows we prove by mathematical induction with respect to k (with

n ≥ 1 supposed to be fixed, arbitrary), that this recurrence implies

‖Tn,k − ek‖r ≤ (k + 1)!

2n
rk−1, for all k ≥ 2, n ≥ 1.

Indeed, for k = 2 and n ∈ N, the left-hand side is r
n while the right-hand side is

3r
n . Supposing now that it is true for k, the above recurrence implies

‖Tn,k+1 − ek+1‖r ≤
(
r +

k

n

)
(k + 1)!

2n
rk−1 +

rkk

n
.

It remains to prove that
(
r +

k

n

)
(k + 1)!

2n
rk−1 +

rkk

n
≤ (k + 2)!

2n
rk ,

or, after simplifications, equivalently to(
r +

k

n

)
(k + 1)! + 2rk ≤ (k + 2)!r.

It is easy to see that this last inequality holds true for all k ≥ 2 and n ∈ N.

Now, from the hypothesis on f (that is |f(x)| ≤ max{M,C}emax{A,B}x, for all

x ∈ R+), it follows that ( see e.g. Dressel-Gergen-Purcell [65], pp. 1171-1172 and

p. 1178 ) Sn(f)(z) is analytic in DR. Therefore, it is easy to see that we can write

Sn(f)(z) =

∞∑

k=0

ckSn(ek)(z) =

∞∑

k=0

ckTn,k(z), for all z ∈ DR,

which from the hypothesis on ck, immediately implies for all |z| ≤ r

|Sn(f)(z) − f(z)| ≤
∞∑

k=2

|ck| · |Tk,n(z) − ek(z)| ≤
∞∑

k=2

M
Ak

k!

(k + 1)!

2n
rk−1

=
M

2nr

∞∑

k=2

(k + 1)(rA)k =
Cr,A

n
,

where Cr,A = M
2r

∑∞
k=2(k + 1)(rA)k < ∞, for all 1 ≤ r < 1

A , taking into account

that the series
∑∞

k=2 u
k+1 and therefore its derivative

∑∞
k=2(k+1)uk, are uniformly

and absolutely convergent in any compact disk included in the open unit disk.

(ii) Denoting by γ the circle of radius r1 > r and center 0, since for any |z| ≤ r

and v ∈ γ, we have |v− z| ≥ r1 − r, by the Cauchy’s formulas it follows that for all

|z| ≤ r and n ∈ N, we have

|S(p)
n (f)(z) − f (p)(z)| =

p!

2π

∣∣∣∣
∫

γ

Sn(f)(v) − f(v)

(v − z)p+1
dv

∣∣∣∣ ≤
Cr1,A

n

p!

2π

2πr1
(r1 − r)p+1

=
Cr1,A

n

p!r1
(r1 − r)p+1

,

which proves (ii) and the theorem. �
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Remark. Let us show in detail the relationship

Sn(f)(z) =

∞∑

k=0

ckSn(ek)(z),

used in the proof of Theorem 1.8.1, (i) as follows. For this purpose, for any m ∈ N

let us define

fm(z) =

m∑

j=0

cjz
j if |z| ≤ r and fm(x) = f(x) if x ∈ (r,+∞).

From the hypothesis on f it is clear that for anym ∈ N it follows |fm(x)| ≤ Cme
Bmx,

for all x ∈ [0,+∞). This implies that for each fixed m,n ∈ N and z,

|Sn(fm)(z)| ≤ |e−nz|
∞∑

j=0

(n|z|)j

j!
|fm(j/n)|

≤ Cm|e−nz|
∞∑

j=0

(n|z|)j

j!
eBmj/n <∞,

since by the ratio criterium the last series is convergent. Therefore Sn(fm)(z) is

well-defined.

Denoting

fm,k(z) = ckek(z) if |z| ≤ r and fm,k(x) =
f(x)

m+ 1
if x ∈ (r,∞),

it is clear that each fm,k is of exponential growth on [0,∞) and that fm(z) =∑m
k=0 fm,k(z). Since from the linearity of Sn we have

Sn(fm)(z) =

m∑

k=0

ckSn(ek)(z), for all |z| ≤ r,

it suffices to prove that limm→∞ Sn(fm)(z) = Sn(f)(z) for any fixed n ∈ N and

|z| ≤ r. But this is immediate from limm→∞ ‖fm−f‖r = 0, from ‖fm−f‖B[0,+∞) ≤
‖fm − f‖r and from the inequality

|Sn(fm)(z) − Sn(f)(z)| ≤ |e−nz| · en|z| · ‖fm − f‖B[0,∞) ≤Mr,n‖fm − f‖r,

valid for all |z| ≤ r. Here ‖ · ‖B[0,+∞) denotes the uniform norm on C[0,+∞)-the

space of all real-valued bounded functions on [0,+∞).

In what follows we obtain the Voronovskaja-type formula with a quantitative

estimate for the complex Favard-Szász-Mirakjan operator.

Theorem 1.8.2. (Gal [83]) Suppose that the hypothesis on the function f and the

constants R,M,C,B,A in the statement of Theorem 1.8.1 hold and let 1 ≤ r < 1
A

be arbitrary fixed.

(i) The following upper estimate in the Voronovskaja-type formula holds

∣∣∣Sn(f)(z) − f(z) − z

2n
f ′′(z)

∣∣∣ ≤ 3MA|z|
r2n2

∞∑

k=2

(k + 1)(rA)k−1,
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for all n ∈ N, |z| ≤ r.

(ii) We have the following equivalence in the Voronovskaja’s formula
∥∥∥Sn(f) − f − e1

2n
f ′′
∥∥∥

r
∼ 1

n2
,

where the constants in the equivalence depend on f and r but are independent of n.

Proof. (i) Denoting ek(z) = zk, k = 0, 1, ..., and Tn,k(z) = Sn(ek)(z), by the

proof of Theorem 1.8.1, (i), we can write Sn(f)(z) =
∑∞

k=0 ckTn,k(z), which imme-

diately implies

∣∣∣Sn(f)(z) − f(z) − z

2n
f ′′(z)

∣∣∣ ≤
∞∑

k=2

|ck| ·
∣∣∣∣Tn,k(z) − ek(z) − zk−1k(k − 1)

2n

∣∣∣∣

for all z ∈ DR, n ∈ N.

By the recurrence relationship in the proof of Theorem 1.8.1, (i), satisfied by

Tn,k(z), denoting Ek,n(z) = Tn,k(z) − ek(z) − zk−1k(k−1)
2n , we immediately get the

new recurrence

Ek,n(z) =
z

n
E′

k−1,n(z) + zEk−1,n(z) +
zk−2(k − 1)(k − 2)2

2n2
,

for all k ≥ 2, n ∈ N and z ∈ DR.

This implies, for all |z| ≤ r, k ≥ 2, n ∈ N,

|Ek,n(z)|

≤ |z|
2n

[2‖E′
k−1,n‖r] + |z| · |Ek−1,n(z)| + |z|

2n
· r

k−3(k − 1)(k − 2)2

n

≤ r|Ek−1,n(z)| + |z|
2n

[2‖E′
k−1,n‖r +

rk−3(k − 1)(k − 2)2

n
]

≤ r|Ek−1,n(z)| + |z|
2n

[
2(k − 1)

r
‖Ek−1,n‖r +

rk−3(k − 1)(k − 2)2

n

]

≤ r|Ek−1,n(z)| + |z|
2n

[
2(k − 1)

r
‖Tn,k−1 − ek−1‖r

+
2(k − 1)

r
· r

k−2(k − 1)(k − 2)

2n
+
rk−3(k − 1)(k − 2)2

n

]
≤ r|Ek−1,n(z)|

+
|z|
2n

[
2(k − 1)

r
· r

k−2k!

2n
+

2(k − 1)

r
· r

k−2(k − 1)(k − 2)

2n

+
rk−3(k − 1)(k − 2)2

n

]
≤ r|Ek−1,n(z)| + 3|z|rk−3

2n2
(k − 1)k!

≤ r|Ek−1,n(z)| + 3|z|rk−3

2n2
(k + 1)!,

that is

|Ek,n(z)| ≤ r|Ek−1,n(z)| + 3|z|rk−3

2n2
(k + 1)!, for all |z| ≤ r.



APPROXIMATION BY COMPLEX BERNSTEIN AND CONVOLUTION TYPE OPERATORS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7426.html

June 20, 2009 0:7 World Scientific Book - 9.75in x 6.5in bernstein

Bernstein-Type Operators of One Complex Variable 109

Taking k = 2, 3, ..., in this last inequality, step by step we obtain

|Ek,n(z)| ≤ 3|z|rk−3

2n2

k+1∑

j=3

j! ≤ 3|z|rk−3(k + 1)!

n2
,

which implies

∣∣∣Sn(f)(z) − f(z)− z

2n
f ′′(z)

∣∣∣ ≤
∞∑

k=2

|ck| · |Ek,n(z)||

≤ 3M |z|
n2

∞∑

k=2

Ak

k!
(k + 1)!rk−3

≤ 3MA|z|
r2n2

∞∑

k=2

(k + 1)(rA)k−1 ,

for all |z| ≤ r, where for rA < 1 we obviously have
∑∞

k=2(k + 1)(rA)k−1 <∞.

(ii) Taking into account the above point (i) it will be enough to prove the

lower estimate. For this purpose we will use the ideas in the proof of Corollary

1.3.4. More exactly, let us consider the expression which appear in the generalized

Voronovskaja’s formula for the complex Favard-Szász-Mirakjan operators, that is

Qn,p(f)(z) = Sn(f)(z) − f(z) −
2p∑

j=1

1

j!nj
An,j(z)f

(j)(z),

where

An,j = njSn[(· − z)j ](z) = e−nz
∞∑

k=0

(nz)k

k!
(k − nz)j .

The idea in the proof of Corollary 1.3.4 is that in order to get the lower estimate

‖Qn,p(f)‖r ≥ C
np+1 we need first to prove the upper estimate ‖Qn,p+1(f)‖r ≤ C

np+2 .

In what follows for simplicity we will consider above the case p = 1. Therefore, first

we need an upper estimate for |Qn,2(f)(z)|.
According to Lemma 1.2 in Pop [156], An,j(z) is a polynomial of degree [j/2].

Also, from Lemmas 1.2 and 1.3 and Consequence 1.2 in Pop [156] we easily get

An,0(z) = 1, An,1(z) = 0, An,2(z) = nz, An,3(z) = nz, An,4(z) = 3n2z2 +nz, which

replaced in the expression of Qn,2(f)(z) will mean that we need to prove an upper

estimate of the form (valid for all |z| ≤ r)
∣∣∣∣Sn(f)(z) − f(z) − z

2n
f ′′(z) − z

6n2
f (3)(z) − 3nz2 + z

24n3
f (4)(z)

∣∣∣∣ ≤
C

n3
.

Since Sn(f)(z) =
∑∞

k=0 ckTn,k(z) and denoting

Ek,n,2(z) = Tn,k(z) − ek(z) − k(k − 1)zk−1

2n
− k(k − 1)(k − 2)zk−2

6n2

−k(k − 1)(k − 2)(k − 2)

24n3
(3nz2 + z)zk−4,
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we can write
∣∣∣∣Sn(f)(z) − f(z) − z

2n
f ′′(z) − z

6n2
f (3)(z) − 3nz2 + z

24n3
f (4)(z)

∣∣∣∣

≤
∞∑

k=5

|ck| · |Ek,n,2(z)|,

by taking into account that by simple calculation we get Ek,n,2(z) = 0 for allk =

0, 1, 2, 3, 4. Also, clearly Ek,n,2(z) is a polynomial of degree ≤ k.

Now, if we denote Ek,n,1(z) = Tn,k(z) − ek − k(k−1)zk−1

2n , by the proof of the

above point (i) we can write the recurrence formula

Ek,n,1(z) =
z

n
E′

k−1,n,1(z) + zEk−1,n,1(z) +
zk−2(k − 1)(k − 2)2

2n2
.

On the other hand, simple calculation lead us to the formula

Ek,n,e(z) = Ek,n,1(z) − Pk,n(z),

where

Pk,n(z) =
k(k − 1)(k − 2)(3k − 5)

24n2
zk−2 +

k(k − 1)(k − 2)(k − 3)

24n3
zk−3.

The recurrence formula for Ek,n,1(z) implies the following recurrence formula for

Ek,n,2(z)

Ek,n,2(z) =
z

n
E′

k−1,n,2(z) + zEk−1,n,2(z) +Rk,n(z),

where

Rk,n(z) =
(k − 1)(k − 2)(k − 3)(k − 4)(3k − 5)

24n3
zk−3

+
(k − 1)(k − 2)(k − 3)(k − 4)2

24n4
zk−4.

From this recurrence, applying the Bernstein’s inequality and the estimate for

‖Ek−1,n,1‖r ≤ 3rk−3k!
n2 from the above point (i), for all |z| ≤ r, n ∈ N and k ≥ 5 we

obtain

‖Ek,n,2‖r

≤ r‖Ek−1,n,2(z)‖r +
r

n
‖E′

k−1,n,2‖r + ‖Rk,n‖r ≤ r‖Ek−1,n,2‖r

+
r

n
· k − 1

r
‖Ek−1,n,1‖r +

r

n
· k − 3

r
‖Pk,n‖r + ‖Rk,n‖r ≤ r‖Ek−1,n,2‖r

+
k − 1

n
· ·3r

k−3k!

n2
+
k − 3

n
· r

k−3

24n2
(k − 1)(k − 2)(k − 3)(3k − 8)

+
k − 3

n
· r

k−4

24n3
(k − 1)(k − 2)(k − 3)(k − 4)
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+
rk−3

24n3
(k − 1)(k − 2)(k − 3)(k − 4)(3k − 5)

+
rk−4

24n4
(k − 1)(k − 2)(k − 3)(k − 4)2 ≤ r‖Ek−1,n,2‖r +

3rk−3(k + 1)!

n3

+
3rk−3(k + 1)!

24n3
+
rk−4k!

24n4
+

3rk−3k!

24n3
+
rk−4k!

24n4

≤ r‖Ek−1,n,2‖r +
3rk−3(k + 1)!

n3
+

3rk−3(k + 1)!

2n3

+
rk−3k!

2n3
+

3rk−3k!

2n3
+
rk−3k!

2n3

= r‖Ek−1,n,2‖r +
7rk−3(k + 1)!

n3
.

Therefore we have obtained that for all n ∈ N and k = 5, 6, ...

‖Ek,n,2‖r ≤ r‖Ek−1,n,2‖r +
7rk−3(k + 1)!

n3
.

Taking here step by step k = 5, 6, ... and taking into account that Ek,n,2(z) = 0 for

k = 0, 1, 2, 3, 4, we easily obtain

‖Ek,n,2‖r ≤ 7rk−3

n3

k∑

j=5

(j + 1)! ≤ 7rk−3(k + 2)!

n3
, k = 5, 6, ...,

which implies

∥∥∥∥Sn(f) − f − e1
2n
f ′′ − e1

6n2
f (3) − 3ne2 + e1

24n3
f (4)

∥∥∥∥
r

≤
∞∑

k=5

|ck| · ‖Ek,n,2‖r

≤ Cr(f)

n3
.

Now, by similar reasonings with those in the case of Bernstein polynomials in

Lemma 2.2 in Pop [155], we easily obtain

Sn(ek)(z) =

k∑

j=0

1

j!nj
An,j(z)(z

k)(j).

Denoting for arbitrary p ∈ N

Ek,n,p(z) = Sn(ek)(z) − ek(z) −
2p∑

j=1

1

njj!
An,j(z)(z

k)(j),

the above formula for Sn(ek)(z) implies that

Ek,n,p(z) =

k∑

j=2p+1

1

nj

(
k

j

)
zk−jAn,j(z),
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and by direct calculation we arrive at

Sn(f)(z) − f(z) −
2p∑

j=1

f (j)(z)

j!
n−jAn,j(z) =

∞∑

k=2p+1

Ek,n,p(z)

=
1

np+1





∞∑

k=2p+1

ck




k∑

j=2p+1

(
k

j

)
zk−jnp+1−jAn,j(z)







=
1

np+1

{
An,2p+1(z)

np(2p+ 1)!
f (2p+1)(z) +

An,2p+2(z)

np+1(2p+ 2)!
f (2p+2)(z)

+
1

n


np+2

∞∑

k=2p+3

ckEk,n,p+1(z)





 .

By Corollary 1.3 in Pop [156], An,j(z) is a polynomial of degree ≤ [j/2] and by e.g.

Agratini [3], p. 237, Lemma 3.9.4, is a polynomial of degree ≤ j in z. Therefore we

can write

An,2p+1(z)

np(2p+ 1)!
f (2p+1)(z) +

An,2p+2(z)

np+1(2p+ 2)!
f (2p+2)(z)

= P2p+1(z)f
(2p+1)(z) + P2p+2(z)f

(2p+2)(z) +
1

n
F (z)f (2p+1)(z) +

1

n
G(z)f (2p+2)(z),

where F (z) and G(z) are bounded polynomials on Dr by constants depending on r

and p nut independent of n.

In what follows we will find the form of P2p+1(z) and P2p+2(z). First, by taking

p(z) = z in e.g. Lemma 1.3 in Pop [156] we get the recurrence formula

An,j+1(z) = z[A′
n,j(z) + njAn,j−1(z)],

which immediately implies An,0(z) = 1, An,1(z) = 1, An,2(z) = nz, An,3(z) = nz,

An,4(z) = 3n2z2+nz, An,5(z) = 10n2z2+nz, An,6(z) = 15n3z3+25n2z2, An,7(z) =

105n3z3 + 56n2z2, and so on. By mathematical induction it easily follows that the

coefficient of n[(2p+1)/2] = np in An,2p+1(z) is of the form cpz
p with cp > 0, while

the coefficient of n[(2p+2)/2] = np+1 in An,2p+2(z) is of the form dpz
p+1 with dp > 0.

Therefore we have P2p+1(z) = cpz
p and P2p+2(z) = dpz

p+1.

Denoting now U(f)(z) = P2p+1(z)f
(2p+1)(z)+P2p+2(z)f

(2p+2)(z), we will prove

that if f is not a polynomial of degree ≤ 2p then ‖U(f)‖r > 0. Indeed, suppose

that for such an f we have ‖U(f)‖r = 0, that is the following differential equation

holds

P2p+1(z)f
(2p+1)(z) + P2p+2(z)f

(2p+2)(z) = 0, z ∈ Dr.

Making the substitution f (2p+1)(z) = y(z) and replacing the above found form for

P2p+1(z) and P2p+2(z), we obtain

cpz
py(z) + dpz

p+1y′(z) = 0, z ∈ Dr.
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Simplifying with zp 6= 0 we obtain

cpy(z) + dpzy
′(z) = 0, z ∈ Dr \ {0}.

Passing here with z → 0 we get y(0) = 0. Writing y(z) =
∑∞

k=1 akz
k and replacing

in the above differential, by the identification of the coefficients we easily obtain

that ak = 0 for all k ≥ 1, that is y(z) = 0, for all z ∈ Dr and therefore f necessarily

is a polynomial of degree ≤ 2p, a contradiction.

Therefore for f a polynomial of degree ≤ 2p, the supposition that ‖U(f)‖r = 0

is false, that is in this case we have ‖U(f)‖r > 0.

From this point, reasoning exactly as in the proof of Corollary 1.3.4 for p = 1

we obtain

‖Sn(f) − f −
2∑

j=1

f (j)

j!
n−jAn,j‖r ≥ Cr(f)

n2
,

which proves the point (ii) and the theorem. �

The next result shows that the order of approximation in Theorem 1.8.1 is

exactly 1
n .

Corollary 1.8.3. (Gal [83]) In the hypothesis of Theorem 1.8.1, if f is not a

polynomial of degree ≤ 1 in the case (i) and if f is not a polynomial of degree ≤ p,

(p ≥ 1) in the case (ii), then 1
n is in fact the exact order of approximation.

Proof. Applying the norm ‖ · ‖r to the identity

Sn(f)(z) − f(z) =
1

n

{
z

2
f ′′(z) +

1

n

[
n2
(
Sn(f)(z) − f(z) − z

2n
f ′′(z)

)]}
,

it follows

‖Sn(f) − f‖r ≥ 1

n

{∥∥∥e1
2
f ′′
∥∥∥

r
− 1

n

[
n2
∥∥∥Sn(f) − f − e1

2n
f ′′
∥∥∥

r

]}
.

If f is not a polynomial of degree ≤ 1 then evidently
∥∥ e1

2 f
′′∥∥

r
> 0, which combined

with the estimate in Theorem 1.8.2 immediately implies that ‖Sn(f)−f‖r ≥ C
n , for

all n ≥ n0, with C > 0 independent of n. Since for n = 1, 2, ..., n0−1 the inequality

‖Sn(f) − f‖r ≥ C1

n is trivial with a constant C1 > 0 and taking into account the

upper estimate in Theorem 1.8.1, (i), we get the desired conclusion.

Now, replacing Sn(f)(z)− f(z) in the above identity, to the Cauchy formula in

the proof of Theorem 1.8.1, (ii) and then applying the norm ‖ · ‖r to the integral

identity, we get

‖S(p)
n (f) − f (p)‖r

≥ 1

n

{∥∥∥∥
[e1

2
f ′′
](p)
∥∥∥∥

r

− 1

n

∥∥∥∥∥
p!

2π

∫

Γ

n2
(
Sn(f)(v) − f(v) − v

2nf
′′(v)

)

(v − e1)p+1
dv

∥∥∥∥∥
r

}
,

which combined again with Theorem 1.8.2 and taking into account that∥∥∥
[

e1

2 f
′′](p)

∥∥∥
r
> 0 (since f is not a a polynomial of degree ≤ p), as above leads

us to the same conclusion. �
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In the second part of this section the growth conditions of exponential-type on

f will be omitted. The only condition imposed to f is to be bounded on [0,∞),

case when it is clear that the complex Favard-Szász-Mirakjan operators given by

Sn(f)(z) = e−nz
∑∞

j=0
(nz)j

j! f(j/n) are well defined for all z ∈ C.

In this sense, the first result is expressed by the following.

Theorem 1.8.4. (Gal [84]) For 2 < R < +∞ let f : [R,+∞)∪DR → C be bounded

on [0,+∞) and analytic in DR, that is f(z) =
∑∞

k=0 ckz
k, for all z ∈ DR.

(i) If 1 ≤ r < R
2 then for all |z| ≤ r and n ∈ N it follows

|Sn(f)(z) − f(z)| ≤ Cr,f

n
,

with Cr,f = 6
∑∞

k=2 |ck|(k − 1)(2r)k−1 <∞.

(ii) If 1 ≤ r < r1 <
R
2 then for all |z| ≤ r and n, p ∈ N it follows

|S(p)
n (f)(z) − f (p)(z)| ≤ p!r1Cr1,f

n(r1 − r)p+1
,

where Cr1,f is as above.

Proof. (i) From the proof of Theorem 1.8.1, (i) we can write

Sn(f)(z) =

∞∑

j=0

[0, 1/n, ..., j/n; f ]zj,

where [0, 1/n, ..., j/n; f ] denotes the divided difference of f on the knots

0, 1/n, ..., j/n.

For f(z) = ek(z) = zk and applying the mean value theorem for divided differ-

ences, for all |z| ≤ r and k, n ∈ N it follows

|Sn(ek)(z)| ≤
k∑

j=0

|[0, 1/n, ..., j/n; ek]|rj

=
k∑

j=1

k(k − 1)...(k − j + 1)

j!
rk−jrj

≤ rk
k∑

j=0

(
k

j

)
= (2r)k.

Denoting Tn,k(z) := Sn(ek)(z) clearly that it is a polynomial of degree ≤ k,

k = 0, 1, 2, ...,, Tn,0(z) = 1, Tn,1(z) = z, for all z ∈ C and by the proof of Theorem

1.8.1, (i) the recurrence formula

Tn,k(z) − zk =
z

n
[Tn,k−1(z) − zk−1]′ + z[Tn,k−1(z) − zk−1] +

k − 1

n
zk−1,

holds for all z ∈ C, k, n ∈ N.
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Applying as in the proof of Theorem 1.8.1, (i) the Bernstein’s inequality, from

the above recurrence formula, for all |z| ≤ r we get

|Tn,k − ek| ≤
r

n
· ‖Tn,k−1 − ek−1‖r

k − 1

r
+ r|Tn,k−1 − ek−1| +

rk−1(k − 1)

n

≤ k − 1

n
[‖Tn,k−1‖r + rk−1] + r|Tn,k−1 − ek−1| +

rk−1(k − 1)

n

≤ k − 1

n
[(2r)k−1 + rk−1] + r|Tn,k−1 − ek−1| +

rk−1(k − 1)

n

≤ r|Tn,k−1 − ek−1| +
3(k − 1)(2r)k−1

n
.

Since Tn,1(z) = e1(z), for k = 2 the above inequality implies |Tn,2(z) − z2| ≤ 3r
n 21,

for k = 3 it implies |Tn,3(z)−z3| ≤ 3r2

n (1 ·21 +2 ·22), and step by step for all |z| ≤ r

we finally obtain

|Tn,k(z) − zk| ≤ 3rk−1

n




k−1∑

j=1

j2j


 =

3rk−1

n

[
(k − 2)2k + 2

]

≤ 6(k − 1)

n
(2r)k−1.

Here the formula
∑k−1

j=1 j2
j = (k − 2)2k + 2 can easily be proved by mathematical

induction.

Since Sn(f)(z) =
∑∞

k=0 ckTn,k(z), we get

|Sn(f)(z) − f(z)| ≤
∞∑

k=2

|ck| · |Tn,k(z) − zk| ≤ Cr,f

n
,

which proves (i).

(ii) Denote by γ the circle of radius r1 > r and center 0. For any |z| ≤ r and

v ∈ γ, we have |v − z| ≥ r1 − r and by the Cauchy’s formulas for all |z| ≤ r and

n ∈ N it follows

|S(p)
n (f)(z) − f (p)(z)| =

p!

2π

∣∣∣∣
∫

γ

Sn(f)(v) − f(v)

(v − z)p+1
dv

∣∣∣∣ ≤
Cr1,f

n

p!

2π

2πr1
(r1 − r)p+1

=
Cr1,f

n

p!r1
(r1 − r)p+1

,

which proves (ii) and the theorem. �

Remark. A proof of the relationship Sn(f)(z) =
∑∞

k=0 ckSn(ek)(z) used in the

proof of Theorem 1.8.4, (i) is as follows. For any m ∈ N define

fm(z) =

m∑

j=0

cjz
j if |z| ≤ r and fm(x) = f(x) if x ∈ (r,+∞).
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From the hypothesis on f it is clear that each fm is bounded on [0,+∞), which

implies that

|Sn(fm)(z)| ≤ |e−nz|
∞∑

j=0

(n|z|)j

j!
M(fm) = |e−nz| · en|z|M(fm) <∞,

that is all Sn(fm)(z) are well-defined.

Denoting

fm,k(z) = ckek(z) if |z| ≤ r and fm,k(x) =
f(x)

m+ 1
if x ∈ (r,∞),

it is clear that each fm,k is bounded on [0,∞) and that fm(z) =
∑m

k=0 fm,k(z).

Since from the linearity of Sn we have

Sn(fm)(z) =

m∑

k=0

ckSn(ek)(z), for all |z| ≤ r,

it suffices to prove that limm→∞ Sn(fm)(z) = Sn(f)(z) for any fixed n ∈ N and

|z| ≤ r. But this is immediate from limm→∞ ‖fm−f‖r = 0, from ‖fm−f‖B[0,+∞) ≤
‖fm − f‖r and from the inequality

|Sn(fm)(z) − Sn(f)(z)| ≤ |e−nz| · en|z| · ‖fm − f‖B[0,∞) ≤Mr,n‖fm − f‖r,

valid for all |z| ≤ r. Here ‖ · ‖B[0,+∞) denotes the uniform norm on C[0,+∞)-the

space of all real-valued bounded functions on [0,+∞).

Also, the following Voronovskaja-type formula holds.

Theorem 1.8.5. (Gal [84]) For 2 < R < +∞ let f : [R,+∞)∪DR → C be bounded

on [0,+∞) and analytic in DR, that is f(z) =
∑∞

k=0 ckz
k, for all z ∈ DR. Also, let

1 ≤ r < R
2 .

(i) For all |z| ≤ r and n ∈ N it follows

|Sn(f)(z) − f(z) − z

2n
f ′′(z)| ≤Mr,f · |z|

n2
,

with Mr,f = 26
∑∞

k=3 |ck|(k − 1)2(k − 2)(2r)k−3 <∞.

(ii) For all n ∈ N we have

‖Sn(f) − f − e1
2n
f ′′‖r ∼ 1

n2
,

where the constants in the equivalence depend on f and r but are independent of n.

Proof. (i) Keeping the notations in the proof of Theorem 1.8.2 (i) we have

∣∣∣Sn(f)(z) − f(z) − z

2n
f ′′(z)

∣∣∣ ≤
∞∑

k=2

|ck| · |Ek,n(z)|,

where it is necessary to obtain a suitable estimate for |Ek,n(z)|. For this purpose

we use the recurrence in the proof of Theorem 1.8.2 (i) given by

Ek,n(z) =
z

n
E′

k−1,n(z) + zEk−1,n(z) +
zk−2(k − 1)(k − 2)2

2n2
,
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for all k ≥ 2, n ∈ N and z ∈ DR.

This implies, for all |z| ≤ r, k ≥ 2, n ∈ N,

|Ek,n(z)|

≤ |z|
2n

[2‖E′
k−1,n‖r] + |z| · |Ek−1,n(z)| + |z|

2n
· r

k−3(k − 1)(k − 2)2

n

≤ r|Ek−1,n(z)| + |z|
2n

[
2‖E′

k−1,n‖r +
rk−3(k − 1)(k − 2)2

n

]
≤ r|Ek−1,n(z)|

+
|z|
2n

[
2(k − 1)

r
‖Ek−1,n‖r +

rk−3(k − 1)(k − 2)2

n

]
≤ r|Ek−1,n(z)|

+
|z|
2n

[
2(k − 1)

r
‖Tn,k−1 − ek−1‖r +

2(k − 1)

r
· r

k−2(k − 1)(k − 2)

2n

+
rk−3(k − 1)(k − 2)2

n

]
≤ r|Ek−1,n(z)|

+
|z|
2n

[
2(k − 1)

r
· 6(k − 2)

n
· (2r)k−2 +

2(k − 1)

r
· r

k−2(k − 1)(k − 2)

2n

+
rk−3(k − 1)(k − 2)2

n

]
≤ r|Ek−1,n(z)| + 26|z|(k − 1)2(k − 2)(2r)k−3

2n2
,

that is

|Ek,n(z)| ≤ r|Ek−1,n(z)| + 13|z|(k − 1)2(k − 2)(2r)k−3

n2
.

For k = 1, 2 we get Ek,n(z) = 0, for k = 3 in this last inequality we obtain

|E3,n(z)| ≤ 13|z|r0

n2 (3 − 1)2(3 − 2)20 and for k = 4 it follows

|E4,n(z)| ≤ 13|z|r1
n2

[(3 − 1)2(3 − 2)20 + (4 − 1)2(4 − 2)21].

Then step by step finally we arrive at

|Ek,n(z)| ≤ 13|z|rk−3

n2




k∑

j=3

(j − 1)2(j − 2)2j−3




≤ 13|z|rk−3

n2
· (k − 1)2(k − 2)

k∑

j=3

2j−3

=
13|z|rk−3

n2
· (k − 1)2(k − 2)(2k−2 − 1)

≤ 26|z|(2r)k−3

n2
· (k − 1)2(k − 2).

In conclusion it follows

∣∣∣Sn(f)(z) − f(z) − z

2n
f ′′(z)

∣∣∣ ≤
∞∑

k=2

|ck| · |Ek,n(z)|
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≤ 26|z|
n2

∞∑

k=3

|ck|(k − 1)2(k − 2)(2r)k−3 = Mr,f · |z|
n2
,

which proves the point (i).

(ii) The proof is similar to the proof of Theorem 1.8.2 (ii), with the only difference

that for |Ek,n,1(z)| := |Ek,n(z)| we use the upper estimate in the above point (i) and

for the other terms appearing to be estimated we use upper estimates in accordance

with this one. �

Now we are in position to prove that the order of approximation in Theorem

1.8.4 is exactly 1
n .

Thus we have :

Theorem 1.8.6. (Gal [84]) Let 2 < R < +∞, 1 ≤ r < R
2 and f : [R,+∞)∪DR → C

be bounded on [0,+∞) and analytic in DR, that is f(z) =
∑∞

k=0 ckz
k, for all z ∈ DR.

If f is not a polynomial of degree ≤ 1, then the estimate

‖Sn(f) − f‖r ≥ Cr(f)

n
, n ∈ N,

holds, where the constant Cr(f) depends on f and r but is independent of n.

Proof. For all z ∈ DR and n ∈ N we get

Sn(f)(z) − f(z)

=
1

n

{
z

2
f ′′(z) +

1

n

[
n2
(
Sn(f)(z) − f(z) − z

2n
f ′′(z)

)]}
.

We apply to this identity the following property :

‖F +G‖r ≥ | ‖F‖r − ‖G‖r | ≥ ‖F‖r − ‖G‖r.

We get

‖Sn(f) − f‖r ≥ 1

n

{∥∥∥e1
2
f ′′
∥∥∥

r
− 1

n

[
n2
∥∥∥Sn(f) − f − e1

2n
f ′′
∥∥∥

r

]}
.

Because by hypothesis f is not a polynomial of degree ≤ 1 in DR, it follows∥∥ e1

2 f
′′∥∥

r
> 0. Indeed, supposing the contrary it follows that z

2f
′′(z) = 0 for all

z ∈ Dr, that is f ′′(z) = 0 for all z ∈ Dr \ {0}. Since f is analytic, from the identity

theorem on analytic functions this implies that f ′′(z) = 0, for all z ∈ DR, that is f

is a polynomial of degree ≤ 1, which is contradiction with the hypothesis.

Now, by Theorem 1.8.5 we have

n2
∥∥∥Sn(f) − f − e1

2n
f ′′
∥∥∥

r
≤ 26r

∞∑

k=3

|ck|(k − 1)2(k − 2)(2r)k−3 <∞.

Consequently, there exists n1 (depending only on f and r) such that for all n ≥ n1

we have
∥∥∥e1

2
f ′′
∥∥∥

r
− 1

n

[
n2
∥∥∥Sn(f) − f − e1

2n
f ′′
∥∥∥

r

]
≥ 1

2

∥∥∥e1
2
f ′′
∥∥∥

r
,
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which implies

‖Sn(f) − f‖r ≥ 1

n
· 1

2

∥∥∥e1
2
f ′′
∥∥∥

r
, ∀n ≥ n1.

For n ∈ {1, ..., n1 − 1} we clearly have ‖Sn(f) − f‖r ≥ Mr,n(f)
n with Mr,n(f) =

n · ‖Sn(f) − f‖r > 0, which finally implies

‖Sn(f) − f‖r ≥ Cr(f)

n
,

for all n, with Cr(f) = min{Mr,1(f), ...,Mr,n1−1(f), 1
2

∥∥ e1

2 f
′′∥∥

r
}. �

From Theorem 1.8.6 and Theorem 1.8.4, (i) we immediately obtain the following

consequence.

Corollary 1.8.7. (Gal [84]) Let 2 < R < +∞ and f : [R,+∞) ∪ DR → C be

bounded on [0,+∞) and analytic in DR, that is f(z) =
∑∞

k=0 ckz
k, for all z ∈ DR.

If 1 ≤ r < R
2 is arbitrary fixed and if f is not a polynomial of degree ≤ 1, then

the estimate

‖Sn(f) − f‖r ∼ 1

n
, n ∈ N,

holds, where the constants in the equivalence depend only on f and r.

Regarding the simultaneous approximation of the function and its derivatives

we can present :

Theorem 1.8.8. (Gal [84]) Let 2 < R < +∞ and f : [R,+∞) ∪ DR → C be

bounded on [0,+∞) and analytic in DR, that is f(z) =
∑∞

k=0 ckz
k, for all z ∈ DR.

If 1 ≤ r < r1 <
R
2 , p ∈ N and if f is not a polynomial of degree ≤ p, then we

have

‖S(p)
n (f) − f (p)‖r ∼ 1

n
,

where the constants in the equivalence depend only on f , r, r1 and p.

Proof. The upper estimate is exactly Theorem 1.8.4, (ii), therefore it remains to

prove the lower estimate. Denote by Γ the circle of radius r1 and center 0 (where
R
2 > r1 > r ≥ 1). By the Cauchy’s formulas for all |z| ≤ r and n ∈ N it follows

S(p)
n (f)(z) − f (p)(z) =

p!

2πi

∫

Γ

Sn(f)(v) − f(v)

(v − z)p+1
dv,

where |v − z| ≥ r1 − r for all |z| ≤ r and v ∈ Γ.

As in the proof of Theorem 1.8.6, for all v ∈ Γ and n ∈ N we get

Sn(f)(v) − f(v)

=
1

n

{
v

2
f ′′(v) +

1

n

[
n2
(
Sn(f)(v) − f(v) − v

2n
f ′′(v)

)]}
,

which replaced in the Cauchy’s formula implies

S(p)
n (f)(z) − f (p)(z) =

1

n

{
p!

2πi

∫

Γ

vf ′′(v)

2(v − z)p+1
dv
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+
1

n
· p!

2πi

∫

Γ

n2
(
Sn(f)(v) − f(v) − v

2nf
′′(v)

)

(v − z)p+1
dv

}

=
1

n

{[z
2
f ′′(z)

](p)

+
1

n
· p!

2πi

∫

Γ

n2
(
Sn(f)(v) − f(v) − v

2nf
′′(v)

)

(v − z)p+1
dv

}
.

Passing to the norm ‖ · ‖r, for all n ∈ N we obtain

‖S(p)
n (f) − f (p)‖r

≥ 1

n

{∥∥∥∥
[e1

2
f ′′
](p)
∥∥∥∥

r

− 1

n

∥∥∥∥∥
p!

2π

∫

Γ

n2
(
Sn(f)(v) − f(v) − v

2nf
′′(v)

)

(v − z)p+1
dv

∥∥∥∥∥
r

}
,

where by Theorem 1.8.5, for all n ∈ N it follows∥∥∥∥∥
p!

2π

∫

Γ

n2
(
Sn(f)(v) − f(v) − v

2nf
′′(v)

)

(v − z)p+1
dv

∥∥∥∥∥
r

≤ p!

2π
· 2πr1n

2

(r1 − r)p+1

∥∥∥Sn(f) − f − e1
2n
f ′′
∥∥∥

r1

≤ 26r1

∞∑

k=3

|ck|(k − 1)2(k − 2)(2r1)
k−3 · p!r1

(r1 − r)p+1
.

Now, by hypothesis on f we have
∥∥∥
[

e1

2 f
′′](p)

∥∥∥
r
> 0. Indeed, supposing the contrary

it follows that z
2f

′′(z) is a polynomial of degree ≤ p − 1, which by the analyticity

of f obviously implies that f is a polynomial of degree ≤ p, in contradiction with

the hypothesis.

For the rest of the proof, reasoning exactly as in the proof of Theorem 1.8.6, we

immediately get the required conclusion. �

Remarks. 1) Since the boundedness of f on [0,∞) in the Theorems 1.8.4, 1.8.5,

1.8.6, Corollary 1.8.7 and Theorem 1.8.8 is used only for the existence of the complex

Favard-Szász-Mirakjan operator, taking into account the Remark after the proof of

Theorem 1.8.1 it follows that in the above mentioned results it can replaced by the

condition of exponential growth |f(z)| ≤MeBx, for all x ∈ [0,∞).

2) The domain of approximation [R,+∞) ∪ DR in the previous results of this

section, seem less usual. More natural could be, for example, a strip of the form

TR = {z = x+ iy ∈ C;x ∈ R and |y| ≤ R}.
In what follows we will obtain a weighted approximation result by the complex

Favard-Szász-Mirakjan operator Sn(f)(z) in such a strip TR.

First we need the following.

Lemma 1.8.9. For fixed arbitrary z0 ∈ C, let us denote e1(z) = z and

Tn,k,z0(z) := Sn((e1 − z0)
k)(z) = e−nz

∞∑

j=0

(nz)j

j!

(
j

n
− z0

)k

.
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(i) For all n ∈ N, k ∈ N
⋃{0} and z ∈ C we have

Tn,k+1,z0(z) =
z

n
T ′

n,k,z0
(z) + (z − z0)Tn,k,z0(z).

(ii) For all n ∈ N, k ∈ N with k ≥ 2 and z ∈ C we have

Tn,k,z0(z) − (z − z0)
k =

z

n

[
Tn,k−1,z0(z) − (z − z0)

k−1
]′

+(z − z0)[Tn,k−1,z0(z) − (z − z0)
k−1]

+
k − 1

n
z(z − z0)

k−2.

(iii) For all n, k ∈ N and z, z0 ∈ C with |z − z0| ≤ r we have

|Tn,k,z0(z)| ≤ rk(3 + 2|z0|)k .

Proof. (i) By differentiating Tn,k,z0 we easily get the required recurrence formula.

(ii) It is an immediate consequence of (i).

(iii) By the proof of Theorem 1.8.1 (i) we have the representation in Lupaş [127]

Sn(f)(z) =
∞∑

j=0

[0, 1/n, ..., j/n; f ]zj,

which immediately implies

Sn((e1 − z0)
p)(z) =

p∑

j=0

[0, 1/n, ..., j/n; (e1 − z0)
p]zj

=

p∑

j=0




p∑

k=j

[0, 1/n, ..., k/n; (e1 − z0)
p]

(
k

j

)
zk−j
0


 (z − z0)

j .

For |z − z0| ≤ r we obtain

|Sn((e1 − z0)
p)(z)| ≤

p∑

j=0




p∑

k=j

(
k

j

)
p(p− 1)...(p− k + 1)

k!
|z0|k−jrp−k


 rj

≤ rp

p∑

j=0




p∑

k=j

(
k

j

)(
p

k

)
|z0|k−j




≤ rp

p∑

j=0

(1 + |z0|)p−j




p∑

k=j

(
k

j

)(
p

k

)


= rp

p∑

j=0

(1 + |z0|)p−j

(
p

j

)
2p−j = rp(3 + 2|z0|)p,

where we used the formula (see e.g. Tomescu [189], p. 11, Exercise 1.5, 2) )
p∑

k=j

(
k

j

)(
p

k

)
=

(
p

j

)
2p−j .

�
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Corollary 1.8.10. (i) For all n, k ∈ N, z0 ∈ C and r ≥ 1 we have the estimate

‖Tn,k,z0 − (e1 − z0)
k‖

D(z0,r) ≤
5

6nr
(k − 1)k(2k − 1)[r(3 + 2|z0|)]k.

(ii) Let r ≥ 1. Suppose that f : Tr → C is analytic in the strip Tr and that f

satisfies the conditions

|fk(x0)| ≤
M

k3
,

for all k ∈ N
⋃{0} and all x0 ∈ R, where M > 0 is independent of x0 and k.

Denoting the weight wr(x) = e−r(3+2|x|), x ∈ R and the weighted norm on Tr by

‖f‖Tr,wr = sup
x∈R

wr(x)‖f − Sn(f)‖
D(x,r),

we have

‖f − Sn(f)‖Tr ,wr ≤ 15M

6nr
,

for all n ∈ N.

Proof. (i) First we estimate |Tn,k,z0(z)− (z− z0)
k|. By the recurrence in Lemma

1.8.9 (i) it easily follows that Tn,k,z0(z) is a polynomial in z of degree ≤ k. We will

use the following generalization of the Bernstein’s inequality due to Pommerenke
[151]

‖P ′
n‖K ≤ en2

2cap(K)
‖Pn‖K ≤ 2n2

cap(K)
‖Pn‖K ,

where Pn(z) is a polynomial of degree n, K is a continuum in C and cap(K) denotes

the capacity of K.

By Lemma 1.8.9 (ii) and (iii) combined with the above Bernstein-type inequality

applied for K = D(z0, r) = {z ∈ C; |z − z0| ≤ r}, since cap(K) = r we obtain

‖Tn,k,z0 − (e1 − z0)
k‖

D(z0,r)

≤ (r + |z0|)
n

‖Tn,k−1,z0 − (e1 − z0)
k−1‖

D(z0,R) ·
2(k − 1)2

r

+r‖Tn,k−1,z0 − (e1 − z0)
k−1‖

D(z0,r) +
k − 1

n
(r + |z0|)rk−2

≤ r + |z0|
n

[
‖Tn,k−1,z0‖D(z0,R) + rk−1

] 2(k − 1)2

r

+r‖Tn,k−1,z0 − (e1 − z0)
k−1‖

D(z0,r) +
k − 1

n
(r + |z0|)rk−2

≤ r + |z0|
n

[
rk−1(3 + 2|z0|)k−1 + rk−1

] 2(k − 1)2

r

+r‖Tn,k−1,z0 − (e1 − z0)
k−1‖

D(z0,r) +
k − 1

n
(r + |z0|)rk−2,
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which finally leads to the inequality

‖Tn,k,z0 − (e1 − z0)
k‖

D(z0,r) ≤ r‖Tn,k−1,z0 − (e1 − z0)
k−1‖

D(z0,r)

+
r(3 + 2|z0|)2(k − 1)2

n
[2rk−2(3 + 2|z0|)k−1]

+
k − 1

n
rk−2r(3 + 2|z0|)

≤ r‖Tn,k−1,z0 − (e1 − z0)
k−1‖

D(z0,r) +
5(k − 1)2[r(3 + 2|z0|)]k

nr
.

For k = 1 this inequality obviously one reduces to 0 ≤ 0. Therefore, let k ≥ 2.

For k = 2 we easily obtain

‖Tn,2,z0 − (e1 − z0)
2‖

D(z0,r) ≤
5

nr
{12[r(3 + 2|z0|)]2}.

For k = 3 it follows

‖Tn,3,z0 − (e1 − z0)
3‖

D(z0,r) ≤ r · 5

nr
{12[r(3 + 2|z0|)]2} +

5 · 22[r(3 + 2|z0|)]3
nr

≤ 5

nr
[r(3 + 2|z0|)]3(12 + 22),

and reasoning by recurrence finally we arrive at

‖Tn,k,z0 − (e1 − z0)
k‖

D(z0,r) ≤
5

nr
[r(3 + 2|z0|)]k(12 + 22 + ...+ (k − 1)2)

=
5

6nr
(k − 1)k(2k − 1)[r(3 + 2|z0|)]k,

which proves (i).

(ii) For arbitrary fixed x ∈ R, since f is analytic in the strip Tr, we have the

Taylor expansion

f(z) =

∞∑

k=0

f (k)(x)

k!
(z − x)k ,

valid for all z ∈ C with |z − x| ≤ r. First we prove that

Sn(f)(z) =

∞∑

k=0

f (k)(x)

k!
Sn((e1 − x)k)(z),

for all z ∈ C with |z−x| ≤ r. For this purpose let us define fm(z) =
∑m

k=0
f (k)(x)

k! (z−
x)k , if |z − x| ≤ r and fm(z) = f(z) if z ∈ (−∞, x − r]

⋃
[x + r,+∞). Since by

hypothesis f is bounded on R, reasoning exactly as in the Remark after the proof

of Theorem 1.8.4 we easily get the desired property.

Therefore, taking into account the above point (i), for all |z − x| ≤ r we can

write

|f(z)− Sn(f)(z)| ≤ 5

6nr
·

∞∑

k=2

|f (k)(x)|
k!

(k − 1)k(2k − 1)[r(3 + 2|x|)]k

≤ 5M

6nr
·

∞∑

k=2

(k − 1)k(2k − 1)

k3
· [r(3 + 2|x|)]k

k!

≤ 15M

6nr
·

∞∑

k=2

[r(3 + 2|x|)]k
k!

,
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that is

‖f − Sn(f)‖
D(x,r) ≤

15M

6nr
·

∞∑

k=2

[r(3 + 2|x|)]k
k!

.

Multiplying this inequality by wr(x) = 1/{∑∞
k=0[r(3 + 2|x|)]k/k!} and passing to

supremum with x ∈ R we easily obtain the weighted inequality in the statement.

The corollary is proved. �

1.9 Baskakov Operators

The aim of the present section is to extend some kinds of results in the previous

sections to complex Baskakov operators.

For x real and ≥ 0, the original formula of the Baskakov operator is given by

(see Baskakov [35])

Zn(f)(x) = (1 + x)−n
∞∑

k=0

(
n+ k − 1

k

)(
x

1 + x

)k

f(k/n).

Denoting

Wn(f)(x) =

∞∑

j=0

n(n+ 1)...(n+ j − 1)

nj
[0, 1/n, ..., j/n; f ]xj, x ≥ 0,

(where for j = 0 we take n(n + 1)...(n + j − 1) = 1), according to Lupaş [128],

Theorem 2, Zn(f)(x) = Wn(f)(x), for all x ≥ 0 (under the hypothesis on f that

Zn(f)(x) is well defined). But if x is not positive then Wn(f)(x) and Zn(f)(x) do

not necessarily coincide. For example, if x = −1/2 then we easily get that for all

n ∈ N, Zn(f)(−1/2) represents the sum of a divergent series even for the simplest

function f(x) = 1, for all x, while clearly Wn(f)(−1/2) = 1, for f(x) = 1 and all

n ∈ N.

Consequently, the complex versions of these two operators denoted by

Zn(f)(z) = (1 + z)−n
∞∑

k=0

(
n+ k − 1

k

)(
z

1 + z

)k

f(k/n),

and

Wn(f)(z) =

∞∑

j=0

n(n+ 1)...(n+ j − 1)

nj
[0, 1/n, ..., j/n; f ]zj,

do not necessarily coincide for all z ∈ C. Because of this reason in this section they

will be studied separately, under different hypothesis on f and z ∈ C.

Remarks. 1) A sufficient condition for the existence of the operator Wn(f)(z),

z ∈ C, can be expressed by the fact that f has all its derivatives bounded in [0,∞)
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by the same constant M > 0. Indeed, in this case, for r > 0, z ∈ C and |z| ≤ r, we

get

|Wn(f)(z)| ≤M
∞∑

k=0

n(n+ 1)...(n+ k − 1)rk

nkk!
, for all |z| ≤ r.

Denoting ak(n, r) = n(n+1)...(n+k−1)rk

nkk!
, we have

ak+1(n,r)
ak(n,r) = r(n+k)

n(1+k) . Since as k → ∞
we have ak+1(n,r)

ak(n,r) ↘ r
n , then for a fixed n0 ∈ N and r < n0

2 , there exists k0 such

that for all k > k0 we have
ak+1(n0,r)
ak(n0,r) < 2r

n0
. By the ratio test and by the inequality

ak+1(n,r)
ak(n,r) < ak+1(n0,r)

ak(n0,r) for all n > n0, we immediately get that Wn(f)(z) is well-

defined and analytic for all n > n0 and |z| ≤ n0

2 .

2) A sufficient condition for the existence of the complex operator Zn(f)(z) can

be stated as follows. Suppose for example that z ∈ C satisfies Rez ≥ 0, |z| ≤ r and

that |f(x)| ≤M for all x ∈ [0,∞). Then 1 + z 6= 0 and for all n ∈ N it follows

|Zn(f)(z)| ≤ M |1 + z|−n
∞∑

k=0

(
n+ k − 1

k

)( |z|
|1 + z|

)k

≤ M |1 + z|−n
∞∑

k=0

(
n+ k − 1

k

)
ρk.

where ρ =
√

r2

1+r2 < 1. Indeed, for z = x + iy with x ≥ 0 and
√
x2 + y2 ≤ r first

we get (since h(t) = t/(1 + t) is increasing for t ≥ 0)
( |z|
|1 + z|

)2

=
x2 + y2

1 + 2x+ (x2 + y2)
≤ x2 + y2

1 + (x2 + y2)
≤ r2

1 + r2
.

By the ratio test applied to the series
∑∞

k=0

(
n+k−1

k

)
ρk :=

∑∞
k=0 ak, we get that for

any fixed n ∈ N there exists k0 such that ak+1

ak
= ρk+n

k+1 < ρ′ < 1, for all k ≥ k0.

This implies that |Zn(f)(z)| <∞ and therefore Zn(f)(z) is analytic as function of

z as above. Also, as we will see later, for z ∈ C as above the operator Zn(f)(z)

exists under more general conditions on f .

3) As in the case of complex Favard-Szász-Mirakjan operators, for the complex

Baskakov operators too we note that the domain of definition of the approximated

function f : DR

⋃
[R,∞) → C seems to be rather strange. But the analyticity of f

on DR assures the representation f(z) =
∑∞

k=0 ckz
k, which is essential in the proof

of quantitative estimates in any Dr with 1 ≤ r < R. On the other hand, on [0,∞)

the well-known estimates in the case of real variable can be used.

A more natural domain of definition for f would be a strip around the OX-axis.

Unfortunately, in this case the representation f(z) =
∑∞

k=0 ckz
k fails and we cannot

use the methods of proofs in this case.

Concerning the complex operator Wn(f)(z), upper estimates in simultaneous

approximation, Voronovskaja’s result with a quantitative estimate and exact esti-

mates in simultaneous approximation for these operators are obtained. The hy-

pothesis on f in these cases consist in exponential growth in a compact disk and in
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the boundedness (by the same constant) on [0,∞) of the derivatives of all orders of

f .

At the end of this section we present similar results for the complex operator

Zn(f)(z), under different hypothesis on f and z. More exactly, the disks can be

replaced by semidisks and the boundedness of all derivatives of f on [0,∞) can be

replaced by the weaker condition that f is of exponential growth on [0,∞).

For future research would be of interest to find larger classes of functions for

which similar results with those stated in the next Theorems 1.9.1-1.9.9 hold.

The first main result of this section can be summarized by the following.

Theorem 1.9.1. (Gal [90]) For n0 ∈ N and R > 0 with 3 ≤ n0 < 2R < +∞ let

f : [R,+∞) ∪ DR → C be with all its derivatives bounded in [0,∞) by the same

positive constant, analytic in DR, that is f(z) =
∑∞

k=0 ckz
k, for all z ∈ DR, and

suppose that there exist M > 0 and A ∈ ( 1
R , 1), with the property |ck| ≤ M Ak

k! , for

all k = 0, 1, ..., (this implies |f(z)| ≤MeA|z| for all z ∈ DR).

(i) Let 1 ≤ r < min{n0

2 ,
1
A}. For all |z| ≤ r and n > n0 the estimate

|Wn(f)(z) − f(z)| ≤ Cr,A,M

n
,

holds, with Cr,A,M = 6M
∑∞

k=2(k + 1)(k − 1)(rA)k <∞.

(ii) In the case of simultaneous approximation by complex Baskakov operators,

we have : if 1 ≤ r < r1 < min{n0

2 ,
1
A} are fixed, then for all |z| ≤ r, p ∈ N and

n > n0 the estimate

|W (p)
n (f)(z) − f (p)(z)| ≤ p!r1Cr1,A,M

n(r1 − r)p+1
,

holds, with Cr1,A,M is given as above.

Proof. (i) Denoting ek(z) = zk, Tn,k(z) := Wn(ek)(z), clearly that Tn,k(z) is a

polynomial of degree ≤ k, k = 0, 1, 2, ..., and Tn,0(z) = 1, Tn,1(z) = z, for all z ∈ C.

Also, for all z ∈ C and n, p ∈ N the following recurrence holds :

Tn,p+1(z) =
z(1 + z)

n
T ′

n,p(z) + zTn,p(z).

Indeed, simple calculation shows that this recurrence is equivalent to

[0, 1/n, ..., j/n; ep+1] =
j

n
[0, 1/n, ..., j/n; ep] + [0, 1/n, ..., (j − 1)/n; ep],

which is an immediate consequence of the well-known relation (see e.g. Stancu
[172], p. 256, Exercise 4.9)

[x0, ..., xm; f · g] =

m∑

i=0

[x0, ..., xi; f ] · [xi, ..., xm; g]

applied here for m = j, f = ep, g = e1 and xi = i/n.
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From the above recurrence we obtain

Tn,p(z) − zp =
z(1 + z)

n
[Tn,p−1(z) − zp−1]′

+z[Tn,p−1(z) − zp−1] +
zp−1(1 + z)(p− 1)

n
,

for all z ∈ C, p, n ∈ N.

In what follows we will use the Bernstein’s inequality on Dr = {z ∈ C; |z| ≤ r}.
Thus, passing to modulus for |z| ≤ r, r ≥ 1, from the above recurrence formula,

we obtain

|Tn,p(z) − ep(z)| ≤
(p− 1)(1 + r)

n
‖Tn,p−1 − ep−1‖r + r|Tn,p−1(z) − ep−1(z)|

+
rp−1(p− 1)(1 + r)

n
≤ r|Tn,p−1(z) − ep−1(z)|

+
(p− 1)(1 + r)

n
[‖Tn,p−1‖r + rp−1] +

rp−1(p− 1)(1 + r)

n

≤ r|Tn,p−1(z) − ep−1(z)| +
2(p− 1)r

n
[‖Tn,p−1‖r + rp−1]

+
2rp(p− 1)

n
.

Since for any p ∈ N we have

Tn,p(z) =

p∑

k=0

n(n+ 1)...(n+ k − 1)

nk
[0, 1/n, ..., k/n; ep]z

k,

by using the mean value theorem in complex analysis we get

‖Tn,p(z)‖r ≤
p∑

k=1

n(n+ 1)...(n+ k − 1)

nk
· p(p− 1)...(p− k + 1)

k!
rp−krk

= rp

p∑

k=1

(
p

k

)
n+ 1

n
· ... · n+ k − 1

n
≤ rp

p∑

k=1

(
p

k

)
k!

= rp

p∑

k=1

p(p− 1)...(p− k + 1) ≤ rpp · p! ≤ rp(p+ 1)!.

Replacing in the above inequality, for all |z| ≤ r it follows

|Tn,p(z) − ep(z)| ≤ r|Tn,p−1(z) − ep−1(z)| +
2(p− 1)r

n
· [rp−1p! + rp−1]

+
2rp(p− 1)

n
≤ r|Tn,p−1(z) − ep−1(z)| +

6(p+ 1)!rp

n
.

Starting from p = 2, 3, ..., and reasoning by mathematical induction with respect to

p we get

‖Tn,p − ep‖r ≤ 6rp

n




p∑

j=2

(p+ 1)!


 ≤ 6rp(p+ 1)!(p− 1)

n
.
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From the next Remark 1 after the present proof we have

Wn(f)(z) =

∞∑

k=0

ckWn(ek)(z) =

∞∑

k=0

ckTn,k(z),

which from the hypothesis on ck, implies that for all |z| ≤ r and n > n0, where

1 ≤ r < min{n0

2 ,
1
A}, we have

|Wn(f)(z) − f(z)| ≤
∞∑

k=2

|ck| · |Tk,n(z) − ek(z)|

≤
∞∑

k=2

M
Ak

k!
· 6rk(k + 1)!(k − 1)

n

=
6M

n

∞∑

k=2

(k + 1)(k − 1)(rA)k =
Cr,A,M

n
,

where Cr,A,M = 6M
∑∞

k=2(k + 1)(k − 1)(rA)k <∞, for all 1 ≤ r < 1
A , because the

series
∑∞

k=2 u
k+1 and therefore its derivative

∑∞
k=2(k+ 1)kuk−1 too, are uniformly

and absolutely convergent in any compact disk included in the open unit disk.

(ii) Denote by γ the circle of radius r1 > r and center 0. Since for |z| ≤ r and

v ∈ γ, we have |v− z| ≥ r1 − r, by the Cauchy’s formulas for all |z| ≤ r and n ∈ N,

we obtain

|W (p)
n (f)(z) − f (p)(z)| =

p!

2π

∣∣∣∣
∫

γ

Wn(f)(v) − f(v)

(v − z)p+1
dv

∣∣∣∣

≤ Cr1,A,M

n

p!

2π

2πr1
(r1 − r)p+1

=
Cr1,A,M

n

p!r1
(r1 − r)p+1

,

which proves the theorem. �

Remarks. 1) The proof of the relation Wn(f)(z) =
∑∞

k=0 ckWn(ek)(z) used in

the proof of Theorem 1.9.1, (i) is indicated bellow. First we show that under the

hypothesis in the statement of Theorem 1.9.1 we can write f(x) =
∑∞

k=0 ckx
k, for

all x ∈ [0,∞), where the series is uniformly convergent in any compact interval [0, b].

Indeed, by hypothesis f is infinitely differentiable on [0,∞) with all the derivatives

bounded by the same constant. Then, if we consider the Taylor series of f at 0

(here it is not important that f : [0,∞) → C since we can write the decomposition

f(x) = F (x) + iG(x) with F,G : [0,∞) → R and instead of f we reason on F

and G ), that is
∑∞

k=0
f (k)(0)

k! xk, with x ≥ 0, then by the Lagrange form of the

remainder it follows that f(x) =
∑∞

k=0
f (k)(0)

k! xk for all x ≥ 0, where the Taylor

series uniformly converge on each compact interval [0, b]. Since for z ∈ DR we have

f(z) =
∑∞

k=0 ckz
k, obviously we obtain f(x) =

∑∞
k=0 ckx

k , for all x ≥ 0.

For m ∈ N define

fm(z) =

m∑

j=0

cjz
j if |z| ≤ r and fm(x) =

m∑

j=0

cjx
j if x ∈ (r,+∞).
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Clearly that on [0,∞), each fm is infinitely differentiable with all its derivatives

bounded by the same constant. Also, by the linearity of Wn we get

Wn(fm)(z) =

m∑

k=0

ckWn(ek)(z), for all |z| ≤ r.

For n ∈ N, reasoning as in the proof of Theorem 1.9.1, (i) it follows that for all

|z| ≤ r we have |Wn(ek)(z)| ≤ rk(k + 1)!, which implies

|Wn(fm)(z)| ≤
m∑

k=0

|ck| · |Wn(ek)(z)| ≤
∞∑

k=0

|ck| · |Wn(ek)(z)|

≤ M

∞∑

k=0

(k + 1)(rA)k := Mr(f),

for all m ∈ N, |z| ≤ r, n > n0 with 1 ≤ r < min{n0

2 ,
1
A}.

From Vitali’s result (Theorem 1.0.1) it suffices to show that for any n > n0 ≥ 3

there exists 0 < x0 < 1 ( depending on n ) such that

lim
m→∞

Wn(fm)(x) = Wn(f)(x), for x ∈ [0, x0].

Indeed, for x0 ≥ 0 we haveWn(f)(x0) = Zn(f)(x0) and denoting ρ0 = x0

1+x0
∈ [0, 1),

by the hypothesis on f we get

|Wn(f)(x0) −Wn(fm)(x0)|

=

∣∣∣∣∣∣
(1 + x0)

−n
∞∑

k=0

(
n+ k − 1

k

)(
x0

1 + x0

)k



∞∑

j=m+1

cj

(
k

n

)j


∣∣∣∣∣∣

≤ (1 + x0)
−n

∞∑

k=0

(
n+ k − 1

k

)
ρk
0

∞∑

j=m+1

|cj |
kj

nj

= (1 + x0)
−n 1

nm+1

∞∑

k=0

(
n+ k − 1

k

)
ρk
0

∞∑

j=m+1

|cj |
kj

nj−m−1

≤ (1 + x0)
−n 1

nm+1

∞∑

k=0

(
n+ k − 1

k

)
ρk
0

∞∑

j=m+1

|cj |kj

≤ M(1 + x0)
−n 1

nm+1

∞∑

k=0

(
n+ k − 1

k

)
ρk
0

∞∑

j=m+1

(kA)j

j!

=
M(1 + x0)

−n

nm+1

∞∑

k=0

(
n+ k − 1

k

)
ρk
0


ekA −

m∑

j=0

(kA)j

j!




≤ M(1 + x0)
−n

nm+1

∞∑

k=0

(
n+ k − 1

k

)
ρk
0

ekA(kA)m+1

(m+ 1)!

≤ M(1 + x0)
−n

nm+1

∞∑

k=0

(
n+ k − 1

k

)
ρk
0e

2kA

=
M(1 + x0)

−n

nm+1

∞∑

k=0

(
n+ k − 1

k

)
(ρ0e

2A)k.
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Choose x0 > 0 with ρ0e
2A := ρ(x0) <

1
n , where n > n0 ≥ 3. Because the function

h(t) = t
1+t is continuous and h(0) = 0, this is always possible. We get

(1 + x0)
n|Wn(f)(x0) −Wn(fm)(x0)| ≤

M

nm+1

∞∑

k=0

(
n+ k − 1

k

)
ρ(x0)

k

≤ M

nm+1

∞∑

k=0

(
n+ k − 1

k

)
1

nk
.

For n > n0 ≥ 3, by the ratio test we easily get that the series
∑∞

k=0

(
n+k−1

k

)
1

nk is

convergent, which implies

lim
m→∞

Wn(fm)(x0) = Wn(f)(x0).

But the above defined function h(t) also is increasing on [0,∞), therefore for any

x ∈ [0, x0] we get x
1+x ≤ x0

1+x0
and ρ(x) ≤ ρ(x0) <

1
n . Applying the above estimates

for x instead of x0 we get

lim
m→∞

Wn(fm)(x) = Wn(f)(x),

which proves our assertion.

2) Simple examples of functions f satisfying the hypothesis in Theorem 1.9.1

are f(z) = e−az, or f(z) = sin(az) with 0 < a < 1.

Now, let us recall that in the case of real Baskakov operators the following

Voronovskaja-type formula is known.

Theorem 1.9.2. (Sikkema [163]) If f : [0,+∞) → R is twice continuous differen-

tiable on [0,+∞), then uniformly in any compact subinterval of [0,∞) we have

lim
n→∞

n[Wn(f)(x) − f(x)] =
x(1 + x)

2
f ′′(x).

In what follows we extend this result to the complex Baskakov operators obtain-

ing, in addition, a quantitative estimate too.

We have :

Theorem 1.9.3. (Gal [90]) Suppose that the hypothesis on the function f and on

the constants n0, R,M,A in the statement of Theorem 1.9.1 hold and let 1 ≤ r <

min{n0

2 ,
1
A} be fixed. For all n > n0, |z| ≤ r the following Voronovskaja-type result
∣∣∣∣Wn(f)(z) − f(z) − z(1 + z)

2n
f ′′(z)

∣∣∣∣ ≤
16M

n2

∞∑

k=3

(rA)k(k − 1)(k − 2)2,

holds, where for rA < 1 we have
∑∞

k=3(rA)k(k − 1)(k − 2) <∞.

Proof. Denote ek(z) = zk, k = 0, 1, ..., and Tn,k(z) = Wn(ek)(z). By the proof of

Theorem 1.9.1, (i), we can write Wn(f)(z) =
∑∞

k=0 ckTn,k(z), which implies∣∣∣∣Wn(f)(z) − f(z) − z(1 + z)

2n
f ′′(z)

∣∣∣∣

≤
∞∑

k=2

|ck| ·
∣∣∣∣Tn,k(z) − ek(z) − zk−1(1 + z)k(k − 1)

2n

∣∣∣∣ .
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By the recurrence in the proof of Theorem 1.9.1, (i), satisfied by Tn,k(z), denoting

Ek,n(z) = Tn,k(z) − ek(z) − zk−1(1+z)k(k−1)
2n , we obtain the new recurrence

Ek,n(z) =

z(1 + z)

n
E′

k−1,n(z) + zEk−1,n(z) +
zk−2(1 + z)(k − 1)(k − 2)

2n2
[(k − 2) + z(k − 1)],

for all k ≥ 2, n ∈ N.

Therefore, for all |z| ≤ r, k ≥ 2, n ∈ N we obtain

|Ek,n(z)| ≤ r(1 + r)

n
|E′

k−1,n(z)| + r|Ek−1,n(z)|

+
(1 + r)rk−2(k − 1)(k − 2)

2n2
[(k − 2) + r(k − 1)].

Since Ek−1,n(z) is a polynomial of degree ≤ (k − 1), by applying the Bernstein’s

inequality we get

|E′
k−1,n(z)| ≤ k − 1

r
‖Ek−1,n(z)‖r

≤ k − 1

r

[
‖Tn,k−1 − ek−1‖r +

rk−2(r + 1)(k − 1)(k − 2)

2n

]

≤ k − 1

r

[
6rk−1k!(k − 2)

n
+
rk−2(r + 1)(k − 1)(k − 2)

2n

]

≤ 7rk−2k!(k − 1)(k − 2)

n
.

Replacing above this inequality, for all |z| ≤ r we obtain

|Ek,n(z)| ≤ r|Ek−1,n(z)| + 14rkk!(k − 1)(k − 2)

n2

+
(1 + r)rk−2(k − 1)(k − 2)

2n2
[(k − 2) + r(k − 1)]

≤ r|Ek−1,n(z)| + 16rkk!(k − 1)(k − 2)

n2
.

Since E0,n(z) = E1,n(z) = E2,n(z) = 0, taking k = 3, 4, ..., in the last inequality,

step by step finally we arrive at

|Ek,n(z)| ≤ 16rk

n2

k∑

j=3

j!(j − 1)(j − 2) ≤ 16rkk!(k − 1)(k − 2)2

n2
,

which implies
∣∣∣∣Wn(f)(z) − f(z)− z(1 + z)

2n
f ′′(z)

∣∣∣∣ ≤
∞∑

k=3

|ck| · |Ek,n(z)|

≤ 16M

n2

∞∑

k=3

(rA)k(k − 1)(k − 2)2.
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Here for rA < 1 we obviously have
∑∞

k=3(rA)k(k − 1)(k − 2) < ∞, which proves

the theorem. �

Remark. Under the hypothesis in Theorem 1.9.3 we have the equivalence
∥∥∥∥Wn(f) − f(z) − e1(1 + e1)

2n
f ′′
∥∥∥∥

r

∼ 1

n2
.

For the proof of this equivalence we follow the ideas in the proof of Theorem 1.8.2

(ii), with the only differences that we use the upper estimate for |Ek,n,1(z)| :=

|Ek,n(z)| in Theorem 1.9.3 and the recurrence formula satisfied in this case by

An,j(z) := Wn[(· − z)j ](z), that is

An,j+1(z) = z(1 + z)[A′
n,j(z) + njAn,j−1(z)],

(the proof of this recurrence formula uses the same Lemma 1.3 in Pop [156]). Finally,

everything one reduces to prove that the differential equation

P2p+1(z)f
(2p+1)(z) + P2p+2(z)f

(2p+2)(z) = 0, z ∈ Dr,

has the only solutions for f a polynomial of degree ≤ 2p. Here by the above

recurrence formula we get P2p+1(z) = cp[z(1+ z)]p(1+2z) and P2p+2(z) = dp[z(1+

z)]p+1, with cp, dp > 0. The proof is easy by writing y(z) in the form y(z) =∑∞
k=0 akz

k.

In what follows we obtain the exact degree in approximation by Wn(f)(z).

The first main result is the following.

Theorem 1.9.4. (Gal [90]) Suppose that the hypothesis on the function f and on

the constants n0, R,M,A in the statement of Theorem 1.9.1 hold and let 1 ≤ r <

min{n0

2 ,
1
A}. If f is not a polynomial of degree ≤ 1, then for all n > n0 the lower

estimate

‖Wn(f) − f‖r ≥ Cr(f)

n

holds, where the constant Cr(f) depends only on f (that is on A, M) and r.

Proof. For all |z| ≤ r and n > n0 we get

Wn(f)(z) − f(z)

=
1

n

{
z(1 + z)

2
f ′′(z) +

1

n

[
n2

(
Wn(f)(z) − f(z) − z(1 + z)

2n
f ′′(z)

)]}
.

We apply to this identity the following simple property :

‖F +G‖r ≥ | ‖F‖r − ‖G‖r | ≥ ‖F‖r − ‖G‖r.

We get

‖Wn(f) − f‖r

≥ 1

n

{∥∥∥∥
e1(1 + e1)

2
f ′′
∥∥∥∥

r

− 1

n

[
n2

∥∥∥∥Wn(f) − f − e1(1 + e1)

2n
f ′′
∥∥∥∥

r

]}
.
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Since f is not a polynomial of degree ≤ 1 in DR, we get
∥∥∥ e1(1+e1)

2 f ′′
∥∥∥

r
> 0. Indeed,

supposing the contrary it follows that z(1+z)
2 f ′′(z) = 0 for all z ∈ Dr, which clearly

implies f ′′(z) = 0 for all z ∈ Dr \ {0,−1}. Since f is analytic, from the identity

theorem on analytic functions this implies that f ′′(z) = 0, for all z ∈ DR, that is f

is a polynomial of degree ≤ 1, in contradiction with the hypothesis.

By Theorem 1.9.3 we have

n2

∥∥∥∥Wn(f) − f − e1(1 + e1)

2n
f ′′
∥∥∥∥

r

≤ 16M

∞∑

k=3

(rA)k(k − 1)(k − 2)2.

Therefore, there exists n1 > n0 depending only on f and r, such that for any n ≥ n1

we have ∥∥∥∥
e1(1 + e1)

2
f ′′
∥∥∥∥

r

− 1

n

[
n2

∥∥∥∥Wn(f) − f − e1(1 + e1)

2n
f ′′
∥∥∥∥

r

]

≥ 1

2

∥∥∥∥
e1(1 + e1)

2
f ′′
∥∥∥∥

r

,

which implies

‖Wn(f) − f‖r ≥ 1

n
· 1

2

∥∥∥∥
e1(1 + e1)

2
f ′′
∥∥∥∥

r

, ∀n ≥ n1.

For n ∈ {n0+1, ..., n1} we get ‖Wn(f)−f‖r ≥ Mr,n(f)
n with Mr,n(f) = n ·‖Wn(f)−

f‖r > 0, which finally implies ‖Wn(f) − f‖r ≥ Cr(f)
n for all n > n0, with Cr(f) =

min {Mr,n0+1(f), ...,Mr,n1−1(f), 1
2

∥∥∥ e1(1+e1)
2 f ′′

∥∥∥
r

}
. This proves the theorem. �

From Theorem 1.9.4 and Theorem 1.9.1, (i), we get the following consequence.

Corollary 1.9.5. (Gal [90]) Suppose that the hypothesis on the function f and on

the constants n0, R,M,A in the statement of Theorem 1.9.1 hold and let 1 ≤ r <

min{n0

2 ,
1
A} be arbitrary fixed. If f is not a polynomial of degree ≤ 1, then for all

n > n0 the estimate

‖Wn(f) − f‖r ∼ 1

n
,

holds, where the constants in the equivalence depend only on f (i.e. on A, M) and

r.

Regarding the simultaneous approximation we have the following result.

Theorem 1.9.6. (Gal [90]) Suppose that the hypothesis on the function f and on

the constants n0, R,M,A in the statement of Theorem 1.9.1 hold and let 1 ≤ r <

r1 < min{n0

2 ,
1
A}, p ∈ N. If f is not a polynomial of degree ≤ max{1, p− 1}, then

for all n > n0 the estimate

‖W (p)
n (f) − f (p)‖r ∼ 1

n
,

holds, where the constants in the equivalence depend only on f (that is on A, M),

r, r1 and p.
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Proof. By Theorem 1.9.1, (ii) we have the upper estimate for ‖W (p)
n (f) − f (p)‖r,

therefore it remains to prove the lower estimate for ‖W (p)
n (f)−f (p)‖r. Denoting by

Γ the circle of radius r1 and center 0 (where min{n0

2 ,
1
A} > r1 > r ≥ 1), we have

the inequality |v − z| ≥ r1 − r for all |z| ≤ r and v ∈ Γ. By the Cauchy’s formula

we obtain

W (p)
n (f)(z) − f (p)(z) =

p!

2πi

∫

Γ

Wn(f)(v) − f(v)

(v − z)p+1
dv.

As in the proof of Theorem 1.9.1, (ii), for all v ∈ Γ and n > n0 we get

Wn(f)(v) − f(v)

=
1

n

{
v(1 + v)

2
f ′′(v) +

1

n

[
n2

(
Wn(f)(v) − f(v) − v(1 + v)

2n
f ′′(v)

)]}
.

Replaced in the above Cauchy’s formula implies

W (p)
n (f)(z) − f (p)(z) =

1

n

{
p!

2πi

∫

Γ

v(1 + v)f ′′(v)

2(v − z)p+1
dv

+
1

n
· p!

2πi

∫

Γ

n2
(
Wn(f)(v) − f(v) − v(1+v)

2n f ′′(v)
)

(v − z)p+1
dv





=
1

n

{[
z(1 + z)

2
f ′′(z)

](p)

+
1

n
· p!

2πi

∫

Γ

n2
(
Wn(f)(v) − f(v) − v(1+v)

2n f ′′(v)
)

(v − z)p+1
dv





and passing to the norm ‖ · ‖r, for all n > n0 we obtain

‖W (p)
n (f) − f (p)‖r ≥ 1

n

{∥∥∥∥∥

[
e1(1 + e1)

2
f ′′
](p)

∥∥∥∥∥
r

− 1

n

∥∥∥∥∥∥
p!

2π

∫

Γ

n2
(
Wn(f)(v) − f(v) − v(1+v)

2n f ′′(v)
)

(v − z)p+1
dv

∥∥∥∥∥∥
r



 ,

where by Theorem 1.9.3, for all n > n0 we have
∥∥∥∥∥∥
p!

2π

∫

Γ

n2
(
Wn(f)(v) − f(v) − v(1+v)

2n f ′′(v)
)

(v − z)p+1
dv

∥∥∥∥∥∥
r

≤ p!

2π
· 2πr1n

2

(r1 − r)p+1

∥∥∥∥Wn(f) − f − e1(1 + e1)

2n
f ′′
∥∥∥∥

r1

≤ 16M

∞∑

k=3

(r1A)k(k − 1)(k − 2)2 · p!r1
(r1 − r)p+1

.
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But by hypothesis on f , we have

∥∥∥∥
[

e1(1+e1)
2 f ′′

](p)
∥∥∥∥

r

> 0. Indeed, supposing the

contrary it follows that z(1+z)
2 f ′′(z) is a polynomial of degree ≤ p − 1. Now, if

p = 1 and p = 2 then the analyticity of f implies that f is a polynomial of degree

≤ 1 = max{1, p − 1}, in contradiction with the hypothesis. If p > 2 then the

analyticity of f implies that f is a polynomial of degree ≤ p− 1 = max{1, p− 1},
which is again in contradiction with the hypothesis.

Finally, reasoning exactly as in the proof of Theorem 1.9.4 we immediately

obtain the required conclusion. �

At the end of this section we deal with the approximation properties of Zn(f)(z)

given by

Zn(f)(z) = (1 + z)−n
∞∑

k=0

(
n+ k − 1

k

)(
z

1 + z

)k

f(k/n),

mentioned and discussed at the beginning of this section. First we present some

sufficient conditions on f for the analyticity of Zn(f)(z).

Theorem 1.9.7. (Gal [90]) Suppose that f : [0,∞) → C is of exponential growth

on [0,∞), that is there exists M > 0 and A ≥ 0 such that |f(x)| ≤ MeAx for all

x ∈ [0,∞).

(i) For any n ∈ N there exists a 0 < ρ < 1 (depending on n) such that Zn(f)(z)

is well defined and analytic in the compact disk Dρ/2.

(ii) Let r ≥ 1 be fixed and denote n0 =
[

2A
ln(1+1/r2)

]
+ 2. For all n ≥ n0 ,

Zn(f)(z) is analytic in the compact semi-disk D
+

r = {z ∈ C; |z| ≤ r, Rez ≥ 0}.
Proof. (i) It is clear that if 0 < ρ < 1 then for z ∈ Dρ/2 it follows 1 + z 6= 0 and

therefore (1 + z)−n is analytic. We get

|Zn(f)(z)| ≤M |1 + z|−n
∞∑

k=0

(
n+ k − 1

k

)( |z|
|1 + z|

)k

eak/n.

For z = x + iy with |x| ≤
√
x2 + y2 ≤ ρ/2 we obtain (since h(t) = t/(1 − ρ+ t) is

increasing for t ≥ 0)
( |z|
|1 + z|

)2

=
x2 + y2

1 + 2x+ (x2 + y2)
=

x2 + y2

1 − ρ+ (ρ+ 2x) + (x2 + y2)

≤ x2 + y2

1− ρ+ (x2 + y2)
≤ (ρ/2)2

1 − ρ+ (ρ/2)2
.

Denoting η :=
√

(ρ/2)2

1−ρ+(ρ/2)2 < 1 we obtain

|Zn(f)(z)| ≤M |1 + z|−n
∞∑

k=0

(
n+ k − 1

k

)
ηkeak/n := M |1 + z|−n

∞∑

k=0

ak.

We apply the ratio test to the last series. We have
ak+1

ak
= ηea/n · k+n

k+1 . Since for

ρ → 0 we obtain η → 0, for fixed n choose ρ so small that β := ηea/nn < 1. By
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k+n
k+1 ≤ n for all k ≥ 0 obviously that

ak+1

ak
≤ β < 1, for all k ≥ 0, which proves that

the series
∑∞

k=0 ak is convergent and therefore Zn(f)(z) is analytic in Dρ/2 for ρ

sufficiently small (depending on n) chosen as above.

(ii) Clearly that for z ∈ D
+

r we get 1+ z 6= 0 and therefore (1+ z)−n is analytic.

Reasoning exactly as at the above point (i) and denoting η = r√
1+r2

< 1, for all

z ∈ D
+

r we get

|Zn(f)(z)| ≤ M |1 + z|−n
∞∑

k=0

(
n+ k − 1

k

)
ηkeAk/n

= M |1 + z|−n
∞∑

k=0

(
n+ k − 1

k

)
[ηeA/n]k.

Denote C = 2A
ln(1+1/r2) , n1 = [C] + 1 ≥ C. We get that for n ≥ n0 > n1 we have

ηeA/n ≤ ηeA/n0 < ηeA/n1 ≤ ηeA/C = 1.

Denoting γ = ηeA/n0 < 1, for all n ≥ n0 we obtain

|Zn(f)(z)| ≤ M |1 + z|−n
∞∑

k=0

(
n+ k − 1

k

)
[ηeA/n]k

≤ M |1 + z|−n
∞∑

k=0

(
n+ k − 1

k

)
γk := M |1 + z|−n

∞∑

k=0

ak.

Let n ≥ n0. By the ratio test applied to the last series we have ak+1

ak
= γ · k+n

k+1 .

Since there exists a k0 with k+n
k+1 < 2 − γ for all k ≥ k0, it follows that ak+1

ak
=

γ · k+n
k+1 < γ(2 − γ) < 1, for all k ≥ k0. This implies the convergence of the series∑∞

k=0 ak and therefore we obtain the analyticity of Zn(f)(z). �

In what follows we show that Zn(f)(z) can be written under the form of divided

differences.

Corollary 1.9.8. (Gal [90]) (i) Suppose that f satisfies the hypothesis in Theorem

1.9.7. Then for any n ∈ N there exists a sufficiently small 0 < ρ < 1 (depending on

n) such that for all z ∈ Dρ/2 we have

Zn(f)(z) =
∞∑

j=0

n(n+ 1)...(n+ j − 1)

nj
[0, 1/n, ..., j/n; f ]zj.

(ii) Let p ∈ N ∪ {0} be fixed. For any n ∈ N there exists a sufficiently small

0 < ρ < 1 such that for all z ∈ Dρ/2 we have

Zn(ep)(z) =

p∑

k=0

n(n+ 1)...(n+ k − 1)

nk
[0, 1/n, ..., k/n; ep]z

k.

(iii) Let p ∈ N ∪ {0} and r ≥ 1 be fixed and denote n0 =
[

2
ln(1+1/r2)

]
+ 2. For

all n ≥ n0 and z ∈ D
+

r we have

Zn(ep)(z) =

p∑

k=0

n(n+ 1)...(n+ k − 1)

nk
[0, 1/n, ..., k/n; ep]z

k.



APPROXIMATION BY COMPLEX BERNSTEIN AND CONVOLUTION TYPE OPERATORS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7426.html

June 20, 2009 0:7 World Scientific Book - 9.75in x 6.5in bernstein

Bernstein-Type Operators of One Complex Variable 137

Proof. (i) For fixed n let us define gk,n(z) = (1 + z)−n−k, k = 0, 1, 2, ...,. Since

gk,n is analytic in Dρ/2, we get

gk,n(z) =

∞∑

p=0

g
(p)
k,n(0)

p!
zp =

∞∑

p=0

(−1)p (n+ k − 1 + p)!

(n+ k − 1)!p!
zp,

which replaced in the expression of Zn(f)(z) implies

Zn(f)(z) =

∞∑

k=0

(
n+ k − 1

k

)
zkf(k/n)

∞∑

p=0

(−1)p (n+ k − 1 + p)!

(n+ k − 1)!p!
zp

=

∞∑

k=0

∞∑

p=0

zk+p

[
f(k/n)(−1)p (n+ k − 1 + p)!

(n− 1)!k!p!

]

:=

∞∑

k=0

∞∑

p=0

zk+pAk,p =

∞∑

j=0

zjBj .

This implies the formulas

Bj =

j∑

ν=0

Aν,j−ν =

j∑

ν=0

f(ν/n)(−1)j−ν (n+ j − 1)!

(n− 1)!ν!(j − ν)!

=
(n+ j − 1)!

(n− 1)!nj

j∑

ν=0

f(ν/n)(−1)j−ν nj

ν!(j − ν)!

=
(n+ j − 1)!

(n− 1)!nj
[0, 1/n, ..., j/n; f ],

which proves the corollary.

(ii) It is immediate from the above point (i) since each ep satisfies the hypothesis

in Theorem 1.9.7 with A = 1.

(iii) By Theorem 1.9.7 (ii) we get that for all n ≥ n0, Zn(ep)(z) is analytic in

D
+

r . On the other hand, by the above point (ii) , Zn(ep)(z) is a polynomial of degree

≤ p in a small disk Dρ/2, that is its derivative of order p + 1 is zero in Dρ/2. By

the identity theorem on analytic functions it is clear that the derivative of order

p + 1 of Zn(ep)(z) also is zero in D
+

r , that is Zn(ep)(z) is a polynomial of degree

≤ p in D
+

r . Since Zn(f)(z) analytically extends the values in Dρ/2 to D
+

r , clearly

that Zn(ep)(z) must be of the same form

Zn(ep)(z) =

p∑

k=0

n(n+ 1)...(n+ k − 1)

nk
[0, 1/n, ..., k/n; ep]z

k,

for all z ∈ D
+

r . �

We are in position to prove the following result.

Theorem 1.9.9. (Gal [90]) For R > 1 suppose that f : [R,+∞) ∪ DR → C is

analytic in DR, that is f(z) =
∑∞

k=0 ckz
k, for all z ∈ DR, and that there exist
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M > 0 and A ∈ ( 1
R , 1), with the property |ck| ≤ M Ak

k! , for all k = 0, 1, ..., (this

implies |f(z)| ≤ MeA|z| for all z ∈ D
+
R). In addition, let us suppose that f is

of exponential growth on [0,∞) (for simplicity suppose that the exponent in the

exponential growth also is A). Then the upper estimates in Theorems 1.9.1 (i) and

1.9.3 and the exact estimate in Corollary 1.9.5 hold for Zn(f)(z) in the compact

semi-disk D
+

r , for any 1 ≤ r < R and n ≥ n0 with n0 =
[

2A
ln(1+1/r2)

]
+ 2.

Proof. By Corollary 1.9.8 (iii), the recurrence for Zn(ep)(z) is similar to that in the

proof of Theorem 1.9.1, taking place for z in the compact semi-disk D
+

r = {z; |z| ≤
r, Rez ≥ 0}. The reasonings in the proofs of the corresponding results mentioned

in the statement are similar. What remains to prove is the equality

Zn(f)(z) =

∞∑

k=0

ckZn(ek)(z),

for all z ∈ D
+

r and n ≥ n0.

For this purpose, for any m ∈ N let us define

fm(z) =

m∑

j=0

cjz
j if z ∈ D

+

r and fm(x) = f(x) if x ∈ (r,+∞).

From the hypothesis on the coefficients of f it is clear that for any m ∈ N we have

|fm(x)| ≤
m∑

j=0

|cj |xj ≤M

m∑

j=0

(Ax)j

j!
≤MeAx, for all x ∈ [0, r],

which from the hypothesis on f on [0,∞), immediately implies that for any m ∈ N

we have

|fm(x)| ≤MeAx, for all x ∈ [0,∞).

By Theorem 1.9.7 (ii) we get that Zn(fm)(z), are well-defined and analytic in the

compact semi-disk D
+

r , for all m ∈ N and n ≥ n0.

Denoting

fm,k(z) = ckek(z) if z ∈ D
+

r and fm,k(x) =
f(x)

m+ 1
if x ∈ (r,∞),

each fm,k is of exponential growth on [0,∞) (with the same exponent A) and

fm(z) =
∑m

k=0 fm,k(z). Since from the linearity of Zn we have

Zn(fm)(z) =

m∑

k=0

ckZn(ek)(z), for all z ∈ D
+

r ,

it suffices to prove that limm→∞ Zn(fm)(z) = Zn(f)(z) for any fixed n ≥ n0 and

z ∈ D
+

r . But this is immediate from limm→∞ ‖fm−f‖r = 0, from ‖fm−f‖B[0,+∞) ≤
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‖fm − f‖r and from the inequality

|Zn(fm)(z) − Zn(f)(z)|

≤ |1 + z|−n
∞∑

j=0

(
n+ j − 1

j

)( |z|
|1 + z|

)j

‖fm − f‖B[0,∞)

≤ |1 + z|−n
∞∑

j=0

(
n+ j − 1

j

)(
r√

1 + r2

)j

‖fm − f‖B[0,∞),

valid for all z ∈ D
+

r . Here, by using the ratio test it follows that the series
∑∞

j=0

(
n+j−1

j

) (
r√

1+r2

)j

is convergent by using the ratio test. Also, ‖ · ‖B[0,+∞)

denotes the uniform norm on C[0,+∞)-which represents the space of all real-valued

bounded functions on [0,+∞). �

1.10 Balázs-Szabados Operators

The goal of the present section is to obtain similar type of results for the rational

complex Balázs-Szabados operators given by

Rn(f)(z) =
1

(1 + anz)n

n∑

j=0

f(j/bn)

(
n

j

)
(anz)

j ,

where an = nβ−1, bn = nβ, 0 < β ≤ 2/3, n ∈ N and z ∈ C, z 6= − 1
an

.

The above complex form is obtained simply replacing x by z in the real form of

rational operators introduced and studied in Balázs [33] and Balázs-Szabados [34].

Further studies on these operators in the case of real variable can be found in e.g.

the paper Abel-Della Vecchia [1].

Remarks. 1) The complex operators Rn(f)(z) are well-defined and analytic for all

n ≥ n0 and |z| ≤ r < n1−β
0 . Indeed, in this case we easily obtain that z 6= − 1

an
, for

all |z| ≤ r < n1−β
0 and n ≥ n0, which implies that 1

(1+anz)n is analytic.

2) There exists a close connection between Rn(f)(z) and the classical complex

Bernstein polynomials given by Bn(f)(z) =
∑n

j=0 f(j/n)
(
n
j

)
zj(1 − z)j . Indeed,

denoting ek(z) = zk, we easily get

Rn(ek)(z) = nk(1−β)Bn(ek)

(
anz

1 + anz

)
,

valid for all n ≥ n0, k ∈ N and |z| ≤ r < n1−β
0 . This connection will be essential in

our reasonings.

First we will find some classes of analytic functions for which the uniform con-

vergence of Rn(f)(z) to f(z) holds in some compact disks. As in the case of complex

Favard-Szász-Mirakjan and complex Baskakov operators, for the complex Balázs-

Szabados operators too let us note that in our results, the domain of definition of
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the approximated function f : DR

⋃
[R,∞) → C seem to be rather strange. How-

ever, the analyticity of f on R on DR assures the representation f(z) =
∑∞

k=0 ckz
k,

which is essential in the proof of quantitative estimates in any Dr with 1 ≤ r < R

(while on [0,∞) the well known estimates in the case of real variable can be used).

Probably a more natural domain of definition for f would be a strip around the

OX-axis, but in this case the representation f(z) =
∑∞

k=0 ckz
k fails, fact which

produces the failure of the proofs in this case.

Because of the Remark 2 from the beginning of this section first we need to deal

with the estimate of |Bn(ek)(z)| for |z| ≤ r with 0 < r < 1. Note that in the case

when r ≥ 1 the estimate of |Bn(ek)(z)| is completely different and it was found in

the proof of Theorem 1.1.2 (i).

Lemma 1.10.1. Denote πk,n(z) = Bn(ek)(z), ‖f‖r = sup|z|≤r{|f(z)|} and con-

sider 0 < r < 1.

(i) For all |z| ≤ r, k ∈ N
⋃{0} and n ≥ 1 + 1

r we have

‖πk,n‖r ≤ k!(1 + r)rk .

(ii) For all |z| ≤ r < 1, k = 0, 1, 2, ... and n ∈ N we have ‖πk,n‖r ≤ rk +
(1+r)k(k−1)

2n .

Proof. (i) We consider the following recurrence formula for Bernstein polynomials

(see the proof of Theorem 1.1.2 (i))

πk+1,n(z) =
z(1 − z)

n
π′

k,n(z) + zπk,n(z),

z ∈ C, k = 0, 1, 2, ...,, n ∈ N.

We will use the mathematical induction. For k = 0 the inequality in statement is

obvious. Suppose that it is true for k. By the above recurrence, by the Bernstein’s

inequality (since πk,n(z) is a polynomial of degree ≤ k) and since k(1+r)
n ≤ kr we

obtain

‖πk+1,n‖r ≤ r(1 + r)

n
· k
r
· ‖πk,n‖r + r‖πk,n‖r

≤ k!(1 + r)rk

[
k · 1 + r

n
+ r

]

≤ k!(1 + r)rk [(k + 1)r] = (k + 1)!(1 + r)rk+1 .

(ii) Applying the Bernstein’s inequality to the above recurrence formula , for all

|z| ≤ r we get

|πk+1,n(z)| ≤ r(1 + r)

n

k

r
· ‖πk,n‖r + r|πk,n(z)| ≤ r|πk,n(z)|

+
(1 + r)

n
· k‖πk,n‖r ≤ r|πk,n(z)| + (1 + r)k

n
,

since by the proof of Theorem 1.1.2 (i) we have ‖πk,n‖1 ≤ 1, for all k, n ∈ N.
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Now, taking k = 1, 2, 3, ... in the above inequality, by recurrence we easily obtain

for all |z| ≤ r

|πk,n(z)| ≤ rk +
1 + r

n
[1 + 2 + ...+ (k − 1)] = rk +

(1 + r)k(k − 1)

2n
,

which proves (ii) and the lemma. �

Also we need the following.

Lemma 1.10.2. Let n0 ≥ 2, 0 < β ≤ 2/3 and 1
2 < r <

n1−β
0

2 . If we denote

rk,n(z) = Rn(ek)(z) then for all n ≥ max{n0,
1

r1/β }, |z| ≤ r and k = 0, 1, 2, ...., we

have

|rk,n(z)| ≤ (k!) · (2r)k .

Proof. By Remark 2 from the beginning of this section it follows

Rn(ek)(z) = nk(1−β)Bn(ek)

(
anz

1 + anz

)
.

But for all n ≥ n0 ≥ 2 and |z| ≤ r <
n1−β

0

2 it is easy to see that
∣∣∣∣

anz

1 + anz

∣∣∣∣ ≤
anr

1 − anr
< 1.

Therefore, applying Lemma 1.10.1 (i) with anr
1−anr instead of r, for all |z| ≤ anr

1−anr ,

k ∈ N
⋃{0} and n ≥ 1 + 1−anr

anr = 1
anr we get

|rk,n(z)| = nk(1−β)

∣∣∣∣Bn(ek)

(
anz

1 + anz

)∣∣∣∣

≤ nk(1−β)k!

(
1 +

anr

1 − anr

)(
anr

1 − anr

)k

.

But it is easy to see that the condition n ≥ 1
anr is equivalent with n ≥ 1

r1/β . Also, the

conditions n ≥ {n0,
1

r1/β }, |z| ≤ r <
n1−β

0

2 where 1
2 < r implies that

n1−β
0

2 ≤ anr
1−anr .

Indeed, simple calculation shows that
n1−β

0

2 ≤ anr
1−anr is equivalent to n1−β

0 ≤
rnβ−1(2 + n1−β

0 ). But 1

2+n1−β
0

< 1
2 ≤ r, which implies

(
n0

n

)1−β ≤ 1 ≤ r(2 + n1−β
0 ),

that is exactly n1−β
0 ≤ rnβ−1(2 + n1−β

0 ).

In conclusion, for all n ≥ max{n0,
1

r1/β }, |z| ≤ r <
n1−β

0

2 and k = 0, 1, 2, ...., we

obtain

|rk,n(z)| ≤ nk(1−β)k!
nk(β−1)rk

(1 − anr)k+1
≤ 2(k!)(2r)k ,

if we can prove that 1
1−anr < 2 for n ≥ n0 ≥ 2 and r <

n1−β
0

2 . But r <
n1−β

0

2 < n1−β

2

implies r < 1
2an

for all n ≥ n0, which is equivalent to 1
1−anr < 2. The lemma is

proved. �
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Now we are in position to prove the following convergence result.

Theorem 1.10.3. Let n0 ≥ 2, 0 < β ≤ 2/3 and 1
2 < r < R ≤ n1−β

0

2 . Suppose

that f : DR

⋃
[R,+∞) → C is uniformly continuous and bounded on [0,+∞), is

analytic in DR, that is f(z) =
∑∞

j=0 ckz
k for all z ∈ DR and there exist M > 0,

0 < A < 1
2r with |ck| ≤M Ak

k! for all k = 0, 1, 2, ...., (which implies |f(z)| ≤MeA|z|,
for all z ∈ DR). Then the sequence (Rn(f)(z))n≥n0 is uniformly convergent to f in

Dr.

Proof. First we prove that Rn(f)(z) =
∑∞

j=0 Rn(ej)(z) for all z ∈ Dr, where

ej(z) = zj . In this sense, for any m ∈ N define

fm(z) =
m∑

j=0

cjz
j if |z| ≤ r and fm(x) = f(x) if x ∈ (r,+∞).

From the hypothesis on f it is clear that each fm is bounded on [0,+∞), which

implies that

|Rn(fm)(z)| ≤ 1

|1 + anz|n
n∑

j=0

(an|z|)j

(
n

j

)
M(fm) <∞,

that is all Rn(fm)(z) with n ≥ n0, r <
n1−β

0

2 , m ∈ N are well-defined for z ∈ Dr.

Denoting

fm,k(z) = ckek(z) if |z| ≤ r and fm,k(x) =
f(x)

m+ 1
if x ∈ (r,∞),

it is clear that each fm,k is bounded on [0,∞) and that fm(z) =
∑m

k=0 fm,k(z).

Since from the linearity of Sn we have

Rn(fm)(z) =
m∑

k=0

ckRn(ek)(z), for all |z| ≤ r,

it suffices to prove that limm→∞ Rn(fm)(z) = Rn(f)(z) for any fixed n ∈ N, n ≥ n0

and |z| ≤ r. But this is immediate from limm→∞ ‖fm − f‖r = 0, from ‖fm −
f‖B[0,+∞) ≤ ‖fm − f‖r and from the inequality

|Rn(fm)(z) −Rn(f)(z)| ≤Mr,n‖fm − f‖B[0,∞) ≤Mr,n‖fm − f‖r,

valid for all |z| ≤ r. Here ‖ · ‖B[0,+∞) denotes the uniform norm on C[0,+∞)-the

space of all real-valued bounded functions on [0,+∞).

Therefore for all |z| ≤ r, n ≥ n0 we obtain

|Rn(f)(z)| ≤
∞∑

k=0

|ck| · |Rn(ek)(z)| ≤ 2

∞∑

k=0

|ck| · k!(2r)k ≤ 2M

∞∑

k=0

(2rA)k <∞.

Now, since we have limn→∞ Rn(f)(x) = f(x) for all x ∈ [0, r) (by Theorem 1

in Balázs-Szabados [34]), by the classical Vitali’s theorem it follows that Rn(f)(z)

uniformly converges to f(z) in Dr. �
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As in the case of complex Bernstein polynomials, for an upper estimate in ap-

proximation by Rn(f)(z) we would need a recurrence formula. For this purpose,

formally differentiating Rn(f)(z) we obtain

R′
n(f)(z) =

1

(1 + anz)k

n∑

j=1

f(j/bn)

(
n

j

)
jan(anz)

j−1 − nan

1 + anz
Rn(f)(z).

Taking here f(z) = ek(z) by simple calculation we obtain R′
n(ek)(z) =

bn

z Rn(ek+1)(z)− nan

1+anzRn(ek)(z), or denoting rk,n(z) = Rn(ek)(z) finally we easily

arrive to the recurrence formula

rk+1,n(z) =
z

bn
r′k,n(z) +

z

1 + anz
rk,n(z),

valid for all k = 0, 1, 2, ..., |z| ≤ r <
n1−β

0

2 and n ≥ n0.

Note that from this recurrence formula we easily get that rk,n(z) is a rational

function of the form rk,n(z) =
Pk,n(z)

(1+anz)k with Pk,n(z) a polynomial of degree ≤ k in

z.

Also, simple calculation leads us to the recurrence

rk+1,n(z) − zk+1 =
z

bn
[rk,n(z) − zk]′ +

z

1 + anz
[rk,n(z) − zk]

+zk

[
k

bn
− anz

2

1 + anz

]
.

In order to use the kinds of reasonings in the case of complex Bernstein poly-

nomials in Section 1.1, we need a Bernstein type inequality for rational functions.

The following direct consequence of the Bernstein’s inequality in closed unit disk

for rational functions in Borwein-Erdélyi [47], Corollary 6, will be useful.

Corollary 1.10.4. Let f(z) = pk(z)

Πk
j=1(z−aj)

, where pk(z) is a polynomial of degree

≤ k and we suppose that |aj | ≥ R > 1, for all j = 1, ..., k. If 1 ≤ r < R then for all

|z| ≤ r we have

|f ′(z)| ≤ R+ r

R− r
· k
r
‖f‖r.

Proof. Denote g(u) = f(ru), |u| ≤ 1. We get

g(u) =
pk(ru)

Πk
j=1(ru− aj)

=
pk(ru)/rk

Πk
j=1(u− aj/r)

, |u| ≤ 1.

Since
|aj |
r ≥ R

r > 1, we can apply Corollary 6 in Borwein-Erdélyi [47] so that we

obtain

|g′(u)| ≤ R/r + 1

R/r − 1
· k‖g‖1 =

R+ r

R− r
· k‖g‖1 =

R+ r

R− r
· k‖f‖r.

But g′(u) = rf ′(ru), which proves the corollary. �
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Now we are in position to prove the following upper estimate in approximation

by Rn(f)(z).

Theorem 1.10.5. Let n0 ≥ 2, 0 < β ≤ 2/3 and 1
2 < r < R ≤ n1−β

0

2 . Suppose

that f : DR

⋃
[R,+∞) → C is uniformly continuous and bounded on [0,+∞), is

analytic in DR, that is f(z) =
∑∞

j=0 ckz
k for all z ∈ DR and there exist M > 0,

0 < A < 1
2r with |ck| ≤M Ak

k! for all k = 0, 1, 2, ...., (which implies |f(z)| ≤MeA|z|,
for all z ∈ DR). Then for all n ≥ max{n0,

1
r1/β } and |z| ≤ r we have the upper

estimate

|Rn(f)(z) − f(z)| ≤ 1

n1−β
· 2Mre2rA +

1

nβ
· 8M

r

∞∑

k=0

k(2rA)k .

Proof. Let |z| ≤ r < R ≤ n1−β
0

2 , n ≥ n0 and k ∈ N
⋃{0}. From the last proved

recurrence, Corollary 1.10.4 and Lemma 1.10.2 we obtain

|rk+1,n(z) − zk+1|

≤ r

bn
[|r′k,n(z)| + krk−1] +

r

1 − anr
|rk,n(z) − zk| + rk

[
k

bn
+

anr
2

1 − anr

]

≤ r

bn

[
k

r
· n

1−β
0 + r

n1−β
0 − r

· ‖rk,n‖r

]
+
krk

bn
+

r

1 − anr
|rk,n(z) − zk| + krk

bn

+
anr

k+2

1 − anr

≤ r

1 − anr
|rk,n(z) − zk| + 2k(k!)

bn
· (2r)k · n

1−β
0 + r

n1−β
0 − r

+
2krk

bn
+
anr

k+2

1 − anr
.

But from the end of the proof of Lemma 1.10.2 we have 1
1−anr < 2 while the

condition r <
n1−β

0

2 is equivalent to
n1−β

0 +r

n1−β
0 −r

< 3, which immediately implies

|rk+1,n(z) − zk+1| ≤ 2r|rk,n(z) − zk| + 6k(k!)

bn
(2r)k +

2krk

bn
+ 2rk+2an,

that is

|rk+1,n(z) − zk+1| ≤ 2r|rk,n(z) − zk| + 8k(k!)

bn
(2r)k + 2rk+2an,

for all k = 0, 1, 2, .... Taking step by step k = 0, 1, 2, ... we easily obtain

|rk,n(z) − zk| ≤ rk+1an

k∑

j=1

2j +
8(2r)k−1

bn
·

k−1∑

j=1

j(j!) ≤ 2rk+1an(2k−1 − 1)

+
8(2r)k−1

bn
k(k!) ≤ (2ran)(2r)k +

8(2r)k−1

bn
k(k!),

taking into account that
∑k−1

j=1 j(j!) ≤ k(k!).
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Taking into account the hypothesis in the coefficients of f we therefore obtain

|Rn(f)(z) − f(z)| ≤
∑

k=0

|ck| · |rk,n(z) − zk|

≤ 2Mran

∞∑

k=0

(2rA)k

k!
+

1

bn
· 8M

r

∞∑

k=0

k(2rA)k

=
2Mr

n1−β
· e2rA +

1

bn
· 8M

r

∞∑

k=0

k(2rA)k,

where
∑∞

k=0 k(2rA)k <∞ for 2rA < 1. The theorem is proved. �

Remark. The upper estimate in Theorem 1.10.5 can obviously be written in the

form

|Rn(f)(z) − f(z)| = O

(
an +

1

bn

)
.

The Voronovskaja-type result for Rn(f)(x), x ∈ [0,∞) was obtained by Balázs
[33]. In the case of complex variable, the Voronovskaja-type result for Rn(f)(z) can

be stated as follows.

Theorem 1.10.6. Let n0 ≥ 2, 0 < β ≤ 2/3 and 1
2 < r < R ≤ n1−β

0

2 . Suppose

that f : DR

⋃
[R,+∞) → C is uniformly continuous and bounded on [0,+∞), is

analytic in DR, that is f(z) =
∑∞

j=0 ckz
k for all z ∈ DR and there exist M > 0,

0 < A < 1
2r with |ck| ≤M Ak

k! for all k = 0, 1, 2, ...., (which implies |f(z)| ≤MeA|z|,
for all z ∈ DR). Then for all n ≥ max{n0,

1
r1/β } and |z| ≤ r we have

∣∣∣∣Rn(f)(z) − f(z) +
anz

2

1 + anz
f ′(z) − a2

nbnz
4 + z

2bn(1 + anz)2
f ′′(z)

∣∣∣∣

≤ Cr(f)

(
an +

1

bn

)2

.

Proof. We clearly have
∣∣∣∣Rn(f)(z) − f(z) +

anz
2

1 + anz
f ′(z) − a2

nbnz
4 + z

2bn(1 + anz)2
f ′′(z)

∣∣∣∣ ≤
∞∑

k=0

|ck| · |Ek,n(z)|,

where

Ek,n(z) = rk,n(z) − ek(z) +
ankz

k+1

1 + anz
− a2

nbnz
4 + z

2bn(1 + anz)2
k(k − 1)zk−2.

Here we easily obtain E0,n(z) = E1,n(z) = 0 for all z.

Now, from the recurrence formula for rk,n(z) obtained after the proof of Theorem

1.10.3, by long but simple calculation we obtain the recurrence for Ek,n(z) given by

Ek+1,n(z) =
z

bn
E′

k,n(z) +
z

1 + anz
Ek,n(z) +Ak,n(z),
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where

Ak,n(z) =
ka2

nz
k+3

(1 + anz)2
+ kzk+1 · an

bn
· 6anz + 2a2

nz
2 + 5 − k

2(1 + anz)3
.

Under the hypothesis in the statement of Theorem 1.10.6, by the proof of Lemma

1.10.2 we have ∣∣∣∣
1

1 + anz

∣∣∣∣ ≤
1

1 − anr
< 2,

which immediately implies

|Ak,n(z)| ≤ Crk(k + 1)(k + 2)(max{rk+1, rk+3})
(
a2

n +
an

bn

)

≤ Crk(k + 1)(k + 2)(2r)k

(
an +

1

bn

)2

.

Therefore, from the recurrence we obtain

|Ek,n(z)| ≤ r

bn
|E′

k−1,n(z)| + 2r|Ek−1,n(z)| + |Ak,n(z)|.

First we will estimate the quantity |E ′
k−1,n(z)|. Let r < r1 < R <

n1−β
0

2 be with

r1 <
1

2A and denote by Γ the circle of center 0 and radius r1. By the Cauchy’s

theorem and taking into account the estimate for ‖rk−1,n − ek−1‖r1 in the proof of

Theorem 1.10.5, for all |z| ≤ r we obtain

|E′
k−1,n(z)| ≤ 1

2π

∣∣∣∣
∫

Γ

Ek−1,n(u)du

u− z

∣∣∣∣ ≤
r

r1 − r
‖Ek−1,n‖r1

≤ r

r1 − r

[
‖rk−1,n − ek−1‖r1 + Cr1k(k − 1)(2r1)

k

(
an +

1

bn

)]

≤ Cr,r1k(k − 1)k!(2r1)
k

(
an +

1

bn

)
.

By the inequality 1
bn

(
an + 1

bn

)
≤
(
an + 1

bn

)2

, this immediately implies

|Ek,n(z)| ≤ 2r|Ek−1,n(z)| + r

bn
Cr,r1k(k − 1)k!(2r1)

k

(
an +

1

bn

)
+ |Ak,n(z)|

≤ 2r|Ek−1,n(z)| + Cr,r1(k − 1)k(k + 1)k!(2r1)
k

(
an +

1

bn

)2

.

Now taking in this inequality k = 1, 2, ..., by mathematical induction we easily

arrive at

|Ek,n(z)| ≤ Cr,r1

(
an +

1

bn

)2



k∑

j=2

(j − 1)j(j + 1)j!(2r1)
j




≤ Cr,r1

(
an +

1

bn

)2

(k − 1)k(k + 1)(k + 2)k!(2r1)
k.
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Here the constants Cr,r1 can be different at each occurrence. Finally, taking into

account the hypothesis too we obtain
∣∣∣∣Rn(f)(z) − f(z) +

anz
2

1 + anz
f ′(z) − a2

nbnz
4 + z

2bn(1 + anz)2
f ′′(z)

∣∣∣∣

≤
∞∑

k=0

|ck| · |Ek,n(z)|

≤ Cr,r1

(
an +

1

bn

)2

·
∞∑

k=2

|ck|k!(k − 1)k(k + 1)(k + 2)(2r1)
k

≤ Cr,r1

(
an +

1

bn

)2 ∞∑

k=2

(k − 1)k(k + 1)(k + 2)(2r1A)k ,

which proves the theorem since 2r1A < 1. �

Now we are in position to obtain the exact degree of approximation for Rn(f)(z).

Theorem 1.10.7. Let n0 ≥ 2, 0 < β ≤ 2/3, β 6= 1/2 and 1
2 < r < R ≤

n1−β
0

2 . Suppose that f : DR

⋃
[R,+∞) → C is uniformly continuous and bounded

on [0,+∞), is analytic in DR, that is f(z) =
∑∞

j=0 ckz
k for all z ∈ DR and there

exist M > 0, 0 < A < 1
2r with |ck| ≤ M Ak

k! for all k = 0, 1, 2, ...., (which implies

|f(z)| ≤MeA|z|, for all z ∈ DR). If f is not a polynomial of degree ≤ 1 then for all

n ≥ max{n0,
1

r1/β } we have

‖Rn(f) − f‖r ∼
(
an +

1

bn

)
,

where the constants in the equivalence are independent of n.

Proof. We can write

Rn(f)(z) − f(z)

=

(
an +

1

bn

){
1

an + 1/bn
· −anz

2f ′(z)

1 + anz
+

1

an + 1/bn
· (a2

nbnz
4 + z)f ′′(z)

2bn(1 + anz)2

+

(
an +

1

bn

)

·
[

1

(an + 1/bn)2

(
Rn(f)(z) − f(z) +

anz
2f ′(z)

1 + anz
− (a2

nbnz
4 + z)f ′′(z)

2bn(1 + anz)2

)]}
.

Since an + 1
bn

→ 0 as n → ∞, taking into account the estimate in Theorem 1.10.6

and the reasonings in the cases of the previous complex Bernstein-type operators,

it remains to show that for sufficiently large n and for all |z| ≤ r we have |T (z)| >
ρ > 0, where ρ is independent of n and

T (z) :=
1

an + 1/bn
· −anz

2f ′(z)

1 + anz
+

1

an + 1/bn
· (a2

nbnz
4 + z)f ′′(z)

2bn(1 + anz)2
.
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But since an = nβ−1 → 0 as n→ ∞ and bn = nβ , we obtain∣∣∣∣
1

an + 1/bn
· −anz

2f ′(z)

1 + anz

∣∣∣∣ ≥
n2β−1

1 + n2β−1
· 1

1 + a1r
|z2f ′(z)|

=
n2β−1

1 + n2β−1
· |z

2f ′(z)|
1 + a1r

.

If 2β − 1 < 0 then n2β−1

1+n2β−1 → 0 and therefore the term 1
an+1/bn

· −anz2f ′(z)
1+anz → 0 as

n→ ∞, uniformly with respect to |z| ≤ r. In this case the term does not count for

our estimate.

If 2β − 1 > 0 then n2β−1

1+n2β−1 → 1 and therefore for sufficiently large n we have
∣∣∣∣

1

an + 1/bn
· −anz

2f ′(z)

1 + anz

∣∣∣∣ ≥
1

2
· |z

2f ′(z)|
1 + a1r

For the other term it follows

1

an + 1/bn
· (a2

nbnz
4 + z)f ′′(z)

2bn(1 + anz)2
=

n3β−2

1 + n2β−1
· z4f ′′(z)

2(1 + anz)2

+
zf ′′(z)

2(1 + n2β−1)(1 + anz)2
.

Here it is clear that if 2β − 1 > 0 then this term converges to 0 (uniformly with

respect to |z| ≤ r) and therefore does not count for our estimate, while if 2β−1 < 0,

then n2β−1 → 0 (as n → ∞) and here only the term zf ′′(z)
2(1+n2β−1)(1+anz)2 counts for

the estimate.

Therefore, concluding all the above reasonings, there exists an index n1 depend-

ing on β, such that if 2β − 1 > 0 then for all n ≥ n1 and all |z| ≤ r we have

|T (z)| ≥ 1
2 ·

|z2f ′(z)|
1+r , while if 2β− 1 < 0 then for all n ≥ n1 and all |z| ≤ r it follows

|T (z)| ≥ 1

2
·
∣∣∣∣

zf ′′(z)

2(1 + anz)2

∣∣∣∣ ≥
|zf ′′(z)|
4(1 + r)2

.

Since f is not a polynomial of degree ≤ 1, it easily follows that ‖e2f ′‖r > 0 and

‖e1f ′′‖r > 0, which implies that in both cases 2β − 1 > 0 and 2β − 1 < 0 we have

‖T‖r > ρ > 0, with ρ independent of n.

In the case of 2β − 1 = 0, that is β = 1/2, we obtain

n3β−2

1 + n2β−1
· z4f ′′(z)

2(1 + anz)2
=
n1/2z4f ′′(z)

4(1 + anz)2
→ ∞,

as n→ ∞, so that the case β = 1/2 remains unsettled.

In conclusion,

‖Rn(f) − f‖r ≥
(
an +

1

bn

)
[‖T‖r − ‖Gn‖r] ≥

(
an +

1

bn

)
1

2
· ‖T‖r,

for all n ≥ n1. (Here (Gn(z))n∈N is a sequence of analytic functions uniformly

convergent to zero with respect to |z| ≤ r).

In the case when n = 1, 2, ..., n1 − 1 the lower estimate is trivial.

Finally, taking into account the upper estimate in Theorem 1.10.5 (in fact see

the Remark after the proof of Theorem 1.10.5), our theorem is proved. �
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1.11 Bibliographical Notes and Open Problems

Theorems 1.1.8, 1.1.9, 1.4.2, Lemmas 1.4.3, 1.4.4, Theorems 1.4.5, 1.5.5, 1.6.14,

1.6.15, 1.7.6, Lemma 1.8.9, Corollary 1.8.10, Lemma 1.10.1, 1.10.2, Theorem 1.10.3,

Corollary 1.10.4, Theorems 1.10.5, 1.10.6, 1.10.7 are new and appear for the first

time here.

Note 1.11.1. From a very long list, some references concerning the Bernstein-type

operators of one real variable, different from those considered in this Chapter 1,

for which would be possible to develop similar results are, for example : Altomare
[8], Altomare-Campiti [9], Altomare-Mangino [10], Altomare-Raşa [11], Bleimann-

Butzer-Hahn [46], Cimoca-Lupaş [55], Derriennic [56; 57; 59], Durrmeyer [67], Lupaş
[129; 130; 131], Lupaş-Müller [132], Meyer-König and Zeller [136], Moldovan G.
[140], Raşa [159], Soardi [168], Stancu [176].

Open Problem 1.11.2. A Voronovskaja-type formula with a quantitative estimate

and the exact orders of approximation in Theorem 1.6.9 for the complex polynomials

S<γ>
n (f)(z) remain as open questions.

Open Problem 1.11.3. It is well-known that if f : [a, b] → R, where a, b ∈ R,

a < b, the Bernstein polynomials attached to f are given by the formula

Bn(f ; [a, b])(x) =
1

(b− a)n

n∑

k=0

f(ak)

(
n

k

)
(x− a)k(b− x)n−k,

ak = a + k b−a
n . Now, if we consider the complexified form Bn(f ; [a, b])(z) for z

belonging to a disk containing the real interval [a, b] and we suppose that f is

analytic in that disk, then similar results with those for Bn(f ; [0, 1])(z) in Sections

1.1, 1.2, 1.3 and 1.4 can be obtained. But more interesting seems to be the case when

[a, b] is a ”complex” interval in C, that is a, b ∈ C and [a, b] = {z = λa+(1−λ)b;λ ∈
[0, 1]}. In this case, for the complexified form Bn(f ; [a, b])(z) as above, it would be

of interest to study its approximation properties in a disk containing the ”complex”

interval [a, b], when f is supposed to be analytic in that disk.

Open Problem 1.11.4. Let Ln : C[a, b] → C[a, b], n ∈ N, a, b ∈ R, a < b,

be a sequence of positive and linear operators (of one real variable) attached to

f ∈ C[a, b], satisfying for example the conditions in the classical Korovkin theorem,

that is limn→∞ Ln(ek)(x) = ek(x), uniformly for x ∈ [a, b], for k = 0, 1, 2 (here

we recall that ek(x) = xk). Taking into account the results in this chapter, it is

natural to ask if the convergence properties of the sequence (Ln(f))n∈N remain valid

if we complexify Ln(f)(x) (that is if we replace x ∈ [a, b] by z ∈ DR), supposing in

addition that f can be extended to an analytic function in the disk DR containing

the real segment [a, b].

In general this does not happen. For example, if one considers as Ln(f)(x)

the Hermite-Fejér interpolation polynomials on an infinite interpolatory matrix in

[−1, 1] consisting of the roots of orthogonal polynomials, or more general on an
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arbitrary infinite triangular matrix in [−1, 1], then for f(z) = z the polynomi-

als L2n−1(f)(z) diverges for all z ∈ C \ [−1, 1], see Brutman-Gopengauz [49] and

Brutman-Gopengauz-Vértesi [50].

However, for other sequences of positive and linear operators (possibly of non-

interpolatory kind) the question remains open.

More exactly, it would be interesting to see if the Korovkin theory for the com-

plexified sequence of a sequence of positive and linear operators (possibly under

some additional hypothesis) still holds, that is if under some possible additional

hypothesis on Ln(e0), Ln(e1) and Ln(e2), the conditions

lim
n→∞

Ln(f)(z) = ei(z), i = 0, 1, 2, uniformly in Dr,

would imply Ln(f)(z) → f(z) (as n → ∞), uniformly in Dr, for any analytic

function in DR and r < R.

Remark. From Vitali’s theorem it is immediate that if (Ln)n∈N is a sequence of

positive and linear operators satisfying the Korovkin theorem and if in addition the

complexified sequence satisfies

|Ln(ek)(z)| ≤Mrr
k, for all |z| ≤ r, k ∈ N ∪ {0}, n ∈ N,

then for any analytic function f we have limn→∞ Ln(f)(z) = f(z), uniformly in Dr.

The problem is how to reduce the additional conditions on the set {Ln(e0), Ln(e1),

Ln(e2)} only. In the case of Bernstein-type operators this seems to be possible

because of a recurrence formula with respect to k satisfied by Ln(ek).

Open Problem 1.11.5. It is left to the reader to prove that the upper estimates

in the Voronovskaja-type results for q-Bernstein polynomials in Theorem 1.5.2 (ii)

in fact hold with equivalence of order 1
[n]2q

.

More general, let us consider the exponential-type operators introduced in

May [134] by the general formula Mn(f)(x) =
∫ b

a
Wn(x, t)f(t)dt, where the ker-

nel Wn : I(a, b) × I(a, b) → R has the following properties : 1) Wn(x, t) ≥ 0

for all (x, t) ∈ I(a, b) × I(a, b) ; 2)
∫ b

a
Wn(x, t)dt = 1, for all x ∈ I(a, b) ;

3) ∂
∂xWn(x, t) = n(t−x)

p(x) Wn(x, t), where p(x) is a strictly positive polynomial for

x ∈ I(a, b). Here I(a, b) can be of the form [a, b], (−∞, b], [a,+∞) or (−∞,+∞).

Also, denote

An,m(x) = nm

∫ b

a

Wn(x, t)(t− x)mdt.

Note that for a = 0, b = 1 and p(x) = x(1−x) we obtain the Bernstein polynomials,

for a = 0, b = ∞ and p(x) = x we obtain the Favard-Szász-Mirakjan operators, for

a = 0, b = ∞ and p(x) = x(1 + x) we obtain the Baskakov operators, for a = 0,

b = ∞ and p(x) = x2 we obtain the Post-Widder operators, for a = −∞, b = ∞
and p(x) = 1 we obtain the Gauss-Weierstrass operators.
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In Pop [156] the following generalized Voronovskaja’s theorem was proved : if f

is 2p continuous differentiable in I(a, b) then for all x ∈ I(a, b) we have

|Mn(f)(x) −
2p∑

i=0

1

nii!
An,i(x)f

(i)(x)| = o(1/np).

Our conjecture is that for the complex operators

Mn(f)(z) =

∫ b

a

Wn(z, t)f(t)dt,

where f is supposed to be analytic in a suitable disk Dr depending on the operator

(see the theorems mentioned at the beginning of this Open Problem), we have the

equivalence

‖Mn(f) −
2p∑

i=0

1

nii!
An,if

(i)‖r ∼ 1

np+1
.

For general p ∈ N and general operators Mn(f), it could be useful the ideas in

the proof for the complex Bernstein polynomials (that is the proof of Corollary

1.3.4), see also the proof of Theorem 1.8.2 (ii) for the case of complex Favard-Szász-

Mirakjan operators.

Open Problem 1.11.6. The complex Bernstein-Stancu polynomials depending

on the parameter γ ≥ 0 defined for disks of center in origin are given by the formula

S<γ>
n (f)(z) =

n∑

p=0

(
n

p

)
z(z + γ)...(z + (p− 1)γ)

(1 + γ)...(1 + (p− 1)γ)
∆p

1/nf(0), |z| ≤ r.

Writing now

z(z + γ)...(z + (p− 1)γ)

(1 + γ)...(1 + (p− 1)γ)
=

p∑

j=0

Ap,jz
j ,

where by identification of the coefficients we evidently can explicitly find each Ap,j ∈
R, it follows

S<γ>
n (f)(z) =

n∑

p=0

(
n

p

)


p∑

j=0

Ap,jz
j


∆p

1/nf(0), |z| ≤ r.

Then, for G ⊂ C a compact set such that C̃ \ G is connected and by using the

Faber polynomials Fp(z) attached to G (see Definition 1.0.10), for f ∈ A(G) we

can introduce the Bernstein-Stancu-Faber polynomials depending on the parameter

γ ≥ 0, given by the formula

S<γ>
n (f ;G)(z) =

n∑

p=0

(
n

p

)


p∑

j=0

Ap,jFj(z)


∆p

1/nF (0), z ∈ G, n ∈ N,
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where Ψ is the unique conformal mapping Ψ of C̃\D1 onto C̃\G satisfying Ψ(∞) =

∞ and Ψ′(∞) > 0 and F (w) = 1
2πi

∫
|u|=1

f(Ψ(u))
u−w du, w ∈ D1. Here, since F (1)

is involved in ∆n
1/nF (0) and therefore in the definition of S<γ>

n (f ;G)(z) too, in

addition we will suppose that F can be extended by continuity on the boundary

∂D1.

It is an open problem to extend the results in Section 1.6 (corresponding there

to S<γ>
n (f)(z), |z| ≤ r) to the Bernstein-Stancu-Faber polynomials S<γ>

n (f ;G)(z),

z ∈ G (exactly as we did for the complex Bernstein polynomials and Bernstein-

Stancu polynomials depending on two parameters 0 ≤ α ≤ β).

Open Problem 1.11.7. It is known that the Kantorovich variant of the complex

Bernstein polynomial for compact disks is given by

Kn(f)(z) = B′
n+1(g)(z), g(z) =

∫ z

0

f(u)du, |z| ≤ r,

where Bn+1(g)(z) =
∑n+1

k=0

(
n+1

k

)
∆k

1/(n+1)g(0)zk denotes the complex classical

Bernstein polynomial of degree n + 1. This immediately implies the representa-

tion

Kn(f)(z) =

n∑

j=0

(
n+ 1

j + 1

)
(j + 1)∆j+1

1/(n+1)g(0)zj , |z| ≤ r,

and suggests the following expression for the Kantorovich-Faber polynomials at-

tached to a set G ⊂ C

Kn(f ;G)(z) =

n∑

j=0

(
n+ 1

j + 1

)
(j + 1)∆j+1

1/(n+1)F (0)Fj(z), z ∈ G,n ∈ N,

with F defined as in the above Open Problem 1.11.6 (with g instead of f).

Following the same procedure and taking into account that the complex Stancu-

Kantorovich polynomials depending on two parameters 0 ≤ α ≤ β are given by

K(α,β)
n (f)(z) =

n+ 1 + β

n+ 1

n∑

k=0

(
n+ 1

k + 1

)
∆k+1

1/(n+β)g[α/(n+ β)]zj , |z| ≤ r,

the expression of Stancu-Kantorovich-Faber polynomials attached to a set G ⊂ C,

can be given by

K(α,β)
n (f ;G)(z) =

n+ 1 + β

n+ 1

n∑

j=0

(
n+ 1

j + 1

)
(j + 1)∆j+1

1/(n+β)F [α/(n+ β)]Fj(z),

z ∈ G, where F is defined as above.

Remain as open questions the approximation properties of the polynomials

Kn(f ;G)(z) and K(α,β)
n (f ;G)(z).

Open Problem 1.11.8. In a similar manner, taking into account that the complex

Favard-Szász-Mirakjan operators for compact disks can be written in the form

Sn(f)(z) =

∞∑

j=0

[0, 1/n, ..., j/n; f ]zj, |z| ≤ r,
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for a set G ⊂ C we can formally define the Favard-Szász-Mirakjan-Faber operators

by

Sn(f ;G)(z) =

∞∑

j=0

[0, 1/n, ..., j/n; f ]Fj(z), z ∈ G,

where F (w) = 1
2πi

∫
|u|=1

f(Ψ(u))
u−w du, w ∈ D1 and we suppose that F can be extended

by continuity on the boundary ∂D1. Let us observe that for any a with |a| > 1,

F (a) is well-defined.

It is an open question to find the approximation properties of the Favard-Szász-

Mirakjan-Faber operators Sn(f ;G)(z).

Open Problem 1.11.9. Prove Theorem 1.10.7 for the case β = 1/2.

Open Problem 1.11.10. As in the case of Favard-Szász-Mirakjan operators,

it is clear that in the case of Baskakov operators too, the domain of definition

[R,+∞)
⋃

DR is rather unusual. Taking into account the form of complex Baskakov

operators, more natural seems to consider and approximate the analytic function

f on an annulus Ar,∞ = {z ∈ C; r ≤ |z + 1| < ∞}, with r > 0, where f can

be represented as a Laurent series. The study of this problem is left as an open

question.

Open Problem 1.11.11. It is well known that in the case of Bernstein-type

operators of real variables, starting with the paper of Altomare [7] a theory of

strongly continuous contraction semigroups on Banach spaces obtained as a limit

of the iterations of these operators is much developed. Then it would be interesting

to consider the Altomare’s idea in the case of Bernstein-type operators of complex

variables. Note that taking into account, for example, the considerations from

the beginning of Section 1.2, in the complex case would correspond a Trotter’s

theorem and a theory of limit semigroups on a Fréchet space (i.e. a metrizable

complete locally convex space) with respect to the topology of uniform convergence

on compacts subsets of the open disk DR.




