Chapter 1

Probability Measures
on Metric Spaces

1.1 Tight measures

Let (F,d) denote a metric space, O(E), A(E), K(FE) the systems of
open, closed and compact subsets of E respectively. On (E,d) we have
the notions of the Borel o-algebra

B(E) = 0(0(E)) = o(A(E))

of F and of a (Borel) measure on E, i.e. a non-negative extended real-
valued o-additive set function p on B(E) with the properties that
u(@ =0 and p(K) < oo forall K e K(E).

Definition 1.1.1 A finite measure p on FE is called

(a) regular if for every B € B(FE) and for every & > 0 there exist A €
A(E) and O € O(E) such that AC BC O and p(0)— u(4) <e,

and
(b) tight if

u(E) = sup{u(K) : K € K(E)}.
Theorem 1.1.2 Let p be a finite measure on E. Then

(i) w is regular.
(ii) If p s tight then it must be inner-regular in the sense that for each
B e B(E)

w(B) =sup{u(K): K € K(E), K C B}.

In particular, for finite measures the notions of tightness and inner-
reqularity coincide.

1
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2 Probability Measures on Metric Spaces

Proof. (i). Let © :=19, be the system of all B € B(E) with respect
to which p is regular. Then % is a Dynkin system in the sense that
E €®, Bec® impliesthat (B € ®, and whenever (B,),>1 is a
disjoint sequence in © then B:={J,, B, €D.

The proof of the first property is clear, and for the second one we observe
that if A € A(F) and O € O(E) are chosen as in Definition 1.1.1 (a)
then CO c CB c CA and, noting that CO € A(E) and (A c O(E), we
have

p(CA) — p(CO) = u(0) — u(A) < e.
As for the third property, given ¢ > 0 we can find A, € A(E) and
0, € O(E) with A, Cc B, CO,, and

1
1#(On) — p(An) < otz ©

forall n€N. Let O:=J,5, On, choose no with p (Un>n0 Ay) <e/4
and put A: =2, A,. Then A€ A(E), O€ O(E), ACBCO and

O\A Z.U n\A Z (On\A)+Zﬂ(On)

n>1 n=1 n>ng

1 3
<S4 3 (w4 gige) < 3o < e

n>ng

Furthermore A(E) C ©. Indeed, given A € A(E) for each n € N
we observe that

Aw = {mEE:d(J:,A) < %}

is open, and from Aw | A (which holds as E is metric) it follows that
p(Aw) | p(A).

Now A(E) is N-stable, and therefore

B(E) = o(A(E)) = D(A(E)) € D C B(E),

whence ® =B(E). Here D(A(E)) denotes the Dynkin hull of A(E).

(ii). Let B € B(F) and e > 0. Using (i) there exists A € A(FE)
with A C B such that p(B) — u(A) < /2, and also K € K(F) with
w(E) — u(K) <e/2. Then AN K is a compact subset of B, and

u(B) = (AN K) < u(B\ A) +p(CK) < S+ = =< -
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1.1. Tight measures 3

Corollary 1.1.3 If u s tight then for every downward filtered family

(AL)LGI mn A(E)
(ﬂA> Inf ().

el

Proof. From A:=() ;A C Ax wehave u(A) < pu(Ay) forall k€,
and hence p(A) <inf,erpu(A,).

In the reverse direction, appealing to Theorem 1.1.2 (ii), to each & > 0
there exists K € K(F) with K C CA such that

u(CK) — () = u(CA) - p(K) < e.
Now K CJ,¢; CA,, and hence by compactness there exist ¢1,t2,...,t, €
I with K cJ._,CA,,. Also (CA,).,es is an upward filtered family, and
hence there exists 19 € I such that K C CA,,. From p(CK)—p(A4) <e
it follows that
1(Ay) < p(CE) < p(A) +e

and so € being arbitrary we obtain inf,cy p(A4,) < p(A4). O

Theorem 1.1.4 Let p be a tight measure on E.

(i) There exists a smallest closed subset Ay of E with u(Ag) = u(E).
(il) Ao is separable.
(i) Ao={z € E:pu(U) >0 for all open neighbourhoods U of x}.

Proof. (i). The family

[A € A(B): p(A) = u(B)}
is downward filtered, even N-stable. The result now follows from Corollary
1.1.3.

(ii). By Theorem 1.1.2 (ii) there exists a sequence (Kp,)n>1 of compact
and hence separable subsets of Ao with u(Ag) = sup,>; u(Ky). Thus
A= (U, Kn)~ is separable and closed with A C Ap, from which it
follows that

pu(A) = p(Ao) = u(E)
and by (i), A= Ao so that Ay must be separable.
(iii). Write
By :={x € E: u(U) > 0 for all open neighbourhoods U of z} .
Given z € [Ay then CAg is an open neighbourhood of x with u(CAg) =
0, and hence = € CBy. In the reverse direction given x € CBy there exists
an open neighbourhood U of x with u(U)=0. Hence u(CU)= u(E).
Thus Ay ¢ CU and hence z € CA,. O
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4 Probability Measures on Metric Spaces
Definition 1.1.5 The set A in Theorem 1.1.4 is called the support of
w1 and will be denoted by supp(u).

Theorem 1.1.6 Let (E,d) be a separable complete metric space. Then
every finite measure p on FE s tight.

Proof. Let {zy:k e N} be adense subset of E. Then for each n € N
N
UB <xk —) =E,
n
k>1
where

B(z,0) :={y € E:d(z,y) <}

is the open ball of radius § > 0 with centre xz. Choose ¢ > 0. Then to
each n € N there exists k, € N satisfying

<E\ U (mk, >_> <2in.

~AUs(at)

n>1k=1

The set

is closed and totally bounded. From the completeness of E it follows that
K is compact. Finally

kn
pCK) = p U(E\UB(xk,%r) <22%=e.
k=1

n>1 n=1 O

Theorem 1.1.7 Let E, F be metric spaces, and ¢ : E — F a continuous
mapping. If w is a tight measure on E then the image measure p(u)
of u under ¢ is tight on F.

Proof. Since ¢ is a continuous mapping it must be B(E)—B(F)-
measurable, and hence ¢(y) is a finite measure on F. Given ¢ > 0
there exists a compact subset K of E with u(CK) <e. Also ¢(K) is
a compact subset of F, and

o(1)(Co(K)) = p(e~ " (Cp(K)))
1(Co™ (p(K)))
]

CK)<e.

N
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1.2. The topology of weak convergence 5

1.2 The topology of weak convergence

Although in the following discussion the set MP(E) of all tight (finite
Borel) measures on E and its subset M (E) := {u € MP(E) : u(E) = 1}
of probability measures will remain the basic measure-theoretic objects,
for some technical arguments we need a few facts on regular normed con-
tents on E and related integrals. A content on E is a non-negative
extended real-valued (finitely) additive set function g on the algebra
A(O(E)) generated by O(E) satisfying u(@) = 0. Regular (finite)
contents and probability contents on FE are introduced in analogy to reg-
ular (finite) and probability measures on FE.

Given a regular finite content p on FE, the p-integral of a bounded
real-valued function f on FE is defined as follows. Let P be a partition of
E consisting of finitely many pairwise disjoint sets E1,..., E, € A(O(F)).
We put

S’p = Z M],LL(E])

j=1
and

o= > myuE)).
j=1
where M; = sup{f(z) : z € E;} and m; := inf{f(x) : x € E;} for
j=1,...,n. fissaid to be u-integrable if
inf Sp =
inf Sp = supsp,
and in this case
dp :=inf S
/f K 1% P

is the p-integral of f. Obviously every bounded continuous function f

is p-integrable, and
£ [ ran

defines a normed positive linear functional on the vector space CP(E) of
bounded continuous functions on E. Moreover, we have

Theorem 1.2.1 (F. Riesz)
There is a one-to-one correspondence

e Ly
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6 Probability Measures on Metric Spaces

between the set of regular finite (probability) contents u on E and the
set of bounded (normed) positive linear functionals L, on CP(E) given

by
L) = [ Fu
for all f e CP(E).

Proof. The proof will be carried out only for the case in parentheses.
1. Let L be anormed positive linear functional on CP(E), and let

A (A) ;= inf{L(f): f € C°(E), f > 14}

for every A € A(E). AL :A(F)— [0,1] is a smooth probability content
in the sense of the following four properties

() AL(®) =0, AL(E) =1,

(b) )\L(Al) < )\L(AQ) for all Al,AQ S .A(E) with A7 C As.

(C) )\L(Al UAQ) < )\L(Al)—f—/\L (AQ) for all Al,Az S A(E), where equality
holds whenever A; N As = 0.

(d) For all A € A(E)

AL(A) = inf{AL(07): 0 € O(E), O > A}.

2. Now, Ar can be uniquely extended to a regular probability content
ur  A(O(F)) — [0,1], and it turns out that

L(f):/fdML

for all f € CP(E).
In order to verify this identity we pick f € CP(E) with 0 < f <1
and introduce the sets
G = {xe E: f(z) > %} € O(E)
forall 1 =0,1,...,n, n>1. Clearly, Go D G1 D> - D> G, =0. Now
we define functions «a; € C([0,1]) by

C i
=0 on O,z—]
' n
i [i—1 z]
«; := | linear on |—,—
L n n
=1 on i,l}
|n
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1.2. The topology of weak convergence 7

and functions f; on E by

fi =450 f
for i=0,1,...,n, n>1. Then
1 n
— Oéi(t) =1
i=1
for all ¢ € [0,1], hence
I 1o
= fi=f and =3 L(fi) = L(f).
i=1 i=1

Since f; > 1g,, and for any A € A(F), ACG;, 1g, > 14 we obtain
that f; > 14 and hence that

L(fi) =2 Ap(A) = pr(A).

From the regularity of p; we infer that

and thus
L= e = 3 (4 - e
= n £ KL i) — - n n mr i
n—1 i
=2, wr(Gi) = pr(Git))
=1
it 1
= <1_1 - #L(Gi\GH—l)) - EML(Gl)
n—1 1
> Z / fdur | — ENL(GI)
=1 Gi\Git1
1 1
— [ F s a6 > [ f -
n n
Gy E

For n — oo we obtain that

/fdML

whenever f € CP(E) with 0< f <
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8 Probability Measures on Metric Spaces

But since f € CL(F) there exists a constant ¢ > 0 such that
0 <cf <1, hence

L(f) = (Cf) /CfduL = /fduL

Moreover, if f € C’b(E)7 there exists a constant ¢; > 0 satisfying
f+c1 >0, hence

L(f)=L(f+c1)—c1 > /(f +e)dur —c = /fd,UL

Thus we have
L) > [ fam

for all f € C*(E). Replacing f by —f yields the assertion.

3. The injectivity of the correspondence p+— L, can be seen as follows:
Let p, v be regular probability contents of F satisfying

[ran= [ rav

for all f € CP(E), andlet A € A(E). There exist decreasing sequences
(Gn)n>1 and (Hp)p>1 in O(E) with G, D A and H, D A for all
n > 1 such that

lim p(Gn) = p(A)

n—oo

and

lim v(H,)=v(A).

n—oo

But then V,:=G,NH, | A and
Jim pu(Va) = p(A)
as well as

lim v(V,,) = v(A).

n—oo

Choosing for every n > 1 a function f, € C?(E) with the properties
0< fn <1, fu(A) ={1} and f,(CV;,) = {0} (the existence of which
follows from ANCV,, =0 for all n >1) we obtain

XS /fndu+/fndu pa)+ [ fudn

Va\A Vi \A
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1.2. The topology of weak convergence 9

and
[ < Vi 4) = Vi) - a).
Vo \A

hence

lim / fndu=0.

Vi \A

Therefore
and

lim [ f,dv=v(A),
thus

p(A) =v(A) forall Ae A(E)
and by the regularity of p, v also
w(B) =v(B) forall BeA(AE))=AO(E))
which implies that u = v. (]

At a later stage we will apply the following consequences of the theorem.

Corollary 1.2.2 If for measures u,v € MP(E)

[ran= [ rav

holds whenever f € CP(E), then u=v (on B(E)).

Corollary 1.2.3 Let (E,d) be a compact metric space. There is a one-
to-one correspondence

pe Ly

between the set MP(E) and the set L) (C(E)) of positive normed linear
functionals on C(E)) given by

Lu(f) = [ ran
for all f € C(E) = CP(E).
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10 Probability Measures on Metric Spaces

Proof. The proof follows directly from Theorem 1.2.1 by applying the
fact that for compact FE every regular finite content on FE is in fact
o-additive and hence uniquely extendable to a measure in MP(E). For
the latter property see Theorem 1.3.1. O

We proceed to introducing a topology in MP(E).

Definition 1.2.4 Given pu € M®(E), n>1, fi,fs,...,fn € C°(E) and
€ >0, define

V(:ua flv.f?a' "7f77«;8)

= {VeMb(E):‘/fidu—/fidu

The weak topology 7, on MP(E) is the uniquely determined topology
for which

{V(w fr, for oo frie) in =1, f1, fo, ..o, fa € CP(E), e >0}

is a neighbourhood system of u for each p € MP(E).

<Eforalli:1,2,...,n}.

Remark 1.2.5

(a) The weak topology on MP(E) is Hausdorff due to Corollary 1.2.2.
(b) A net (u,),e;r in MP(E) converges weakly () to u€ MP(E)

whenever
i [ = [ £
el

for all f € CP(E); we write 7y, lim, u, = p.

(¢) In the functional-analytic context of Appendix B.10 one introduces for
the dual pair (CP(E)’,CP(E)) of topological vector spaces the weak
topology on CP(E)’. If E is compact, then Corollary 1.2.3 yields
the homeomorphism

C™(B), = M"(E)
and consequently the coincidence of the weak topology restricted to

CP(E)". with the weak topology 7, on MP(E).

Definition 1.2.6 Let p € MP(E). A set B € B(E) is called a u-
continuity (u-null boundary) set if p(@B) = 0 where 9B := B~ \ B°

(€ A(E)).
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1.2. The topology of weak convergence 11

Theorem 1.2.7 (Portemanteau theorem)
Let (m)er be a net in MP(E) and p € MP(E). The following
statements are equivalent:

(i) 7
(i) l
(iii) U
(iv) i
Proof. (i) = (ii). As 1g € C(FE) wehave lim,cr . (E) = u(E). Now
consider A € A(FE). Then, as AY" | A as n— oo, toeach € >0 we
can find n € N with p(AY") — u(A) < e. Choose f € C*(E) with
0< f<1, f(A)={1} and f(CAY")={0}. Then

w—lim, p, =
mer i, (E) = p(E) and limsup,e; p,(A) < p(A) forall A e A(E).
mer i, (E) = p(E) and liminf,c; 4, (0) = p(O) forall O € O(E).
im,eypu,(B) = w(B) for all p-continuity sets B.

||7;

1
1

lim sup 4, (A) < lim sup/fdub w(AY™) < u(A) + ¢
el

and hence
limsup 11, (A) < p(A).
el

(ii) < (iii). This follows by considering complements.
(ii), (iii) = (iv). Let B be a p-continuity set. Then

limsup 1, (B) < limsup 1, (B™) < pu(B7)
el el

. 0 < . . 0 < . .
w(B”) < hanElInf'UL(B ) < hrbnellnfm(B)

and this yields the result.

(iv) = (i). Let f € CP(E). Since f(u) contains at most countably
many atoms, to each ¢ > 0 there exists a strictly increasing sequence
(ti)i:O,L...,k: in R with f(/i)({tl}) =0 forall i = 0, 1, ey k7 ti —ti,1 < &
forall i=1,2,...,k, and f(F) C [to,tg[. Foreach i=1,2,....k put
B; .= f_l([ti_l,ti[). Then B; € %(E) and, since

0B; C f(Olti—, i) = f ({ti-1,ti})

we see that B, is a p-continuity set. We now define

k k
g ::Zti_lllgi and h::ZtﬂlBi .
i=1 i=1

Then
g< f<g+e and h—e< f<h
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12 Probability Measures on Metric Spaces

and
limeslup/fdub hmsup/gdub—l—gu(E)
=/gdu+6u(E) < /fdu+€u(E)
and
1irbneilnf/fdm > lirbneilnf/hdm —ep(E)
— [hdu—cu®) > [ fan-eue)
as

k k
/gdu = Zti_lu(Bi) and /hdu = Ztiy(B
i=1 i=1

for all v € MP(E), and E is a p-continuity set as OF = (. It now
follows that

limsup/fdub</fdu<hmilnf/fdub
Le

el

and this gives the desired equality. O

Corollary 1.2.8 Let u € MP(E). Then each of the following sets is a
Tw-neighbourhood basis of .

(a) {v € MP(E) : [v(E) — w(E)| < e and v(A;) < u(A;) + ¢ for all i =
1,2,...,n}, where Ay, As,...,A, € A(E), neN and ¢ >0.

(b) {v € MP(E) : |[v(E) — u(E)| < e and v(0;) > u(O;) — € for all i =
1,2,...,n}, where 01,02,...,0, € O(FE), n€N and > 0.

(c) {v € MP(E) : |v(B;) — u(B;)| < & for all i = 1,2,...,n}, where
B1,Bs,...,B, € B(E) are p-continuity sets with n € N and ¢ > 0.

Theorem 1.2.9 Let (u,).er be a netin MP(E) with 1o,-lim, pu, = pu €
MP(E).  Furthermore let f be a bounded Borel-measurable real-valued
function on E. If the set Dy of discontinuity points of f is a p-null

set, then
lim/fdm:/fdu.
el
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1.2. The topology of weak convergence 13

Proof. Let A€ AR). Since f~'(A)™ C DyU f~1(A) we can apply
Theorem 1.2.7 to obtain

limsup f(s2,)(A) = limsup e, (f 7 (A)) < limsup p, (f7(4)7)
el el el

<p(f~HA)7) <pDp U FHA) = u(f7H(A) = f(r)(A4).
In addition

lim f(j2,)(R) = limn o, (B) = () = f(u)(R)

A second application of Theorem 1.2.7 gives 7w—lim, f(u,) = f(u). Now
consider ¢ € CP(R) such that Respp =idp, where B is any bounded
interval containing the bounded set f(B). Since po f = f we have

{iér;/fdm =1Li€rr}/sodf(ub) Z/wdf /fdu

Corollary 1.2.10 Let (u,).er be a net in MP(E) satisfying Ty
lim, g, = p € MP(E), andlet B € B(E) be a pu-continuity set. Then for
the corresponding measures induced on B we have Tw—-lim,(u, )5 = up.

Proof. Let f € CP(E). Then

/fduB:/f]leu

for all v € MP(E). From Dy, C OB we see that Dy, isa p-null set.
In addition f1p is bounded and Borel measurable. Referring to Theorem
1.2.9 it follows that

lny / ()5 = lim / fLpdu, = / fdus . .

Theorem 1.2.11 The set D(E) := {e, : x € E} of Dirac measures on
E is 7y-closed in MP(E), and x+ &, is a homeomorphism of E onto
D(E).

Proof. Let (x,),er beanetin E such that lim,c;z, =2 € E. Then

hm/fdszL = hmf /fdar

for all f € CP(E), and thus 7y lim, e, =&, which shows that z — &,
is a continuous mapping F — D(E). In addition z + €, is injective,
which is easily seen by simply choosing B € B(E) with =z € B and
y ¢ B, and indeed B = {z} will suffice.
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14 Probability Measures on Metric Spaces

Now suppose that 7y—lim,e,, = p € MP(E). From lim,cse,, (E) =
1(E) wesee that p(FE) = 1, and hence supp(u) # 0. Choose = € supp(u)
and an open neighbourhood U of z. It follows from the properties of
supp(p) and Theorem 1.2.7 that

limeilnf e, U) =2 p(U) >0

so that there exists (y € I with &;, (U) >0, and hence x, € U for all
t > ty. This shows that lim,c;x, = x, and in particular that ¢, — x is
continuous. It follows that pu = ¢e,, since 7, is Hausdorff, and therefore
D(E) is Ty-closed. O

Theorem 1.2.12 Let E, F be metric spaces, and ¢ : E — F a
continuous mapping. Then p — @(u) is a Ty-continuous mapping from
MP(E) into MP(F).

Proof. According to Theorem 1.1.7 we see that ¢(u) € MP(F) for all
w € MP(E). Let (u,).er beanetin MP(E) with 7—lim, pu, = pu €
MP(E). For each f € CP(F) we have fop € CP(E), and this implies
that

{ig}/fdw(m)=1Li€rr;/f0<pdm=/f0<pdu=/fd<p(u)- 0

In the following we will show that we can restrict the study of weak con-
vergence to bounded sequences. For this purpose we consider the metriz-
ability of the space MP(E) for an arbitrary metric space (F,d).

Lemma 1.2.13 The mapping p: MP(E) x MP(E) — Ry given by
o(p,v) =inf{e > 0: u(B) < v(B°) +¢ and v(B) < pu(B%) + ¢
for all B € B(E)}
for all p,v € MP(E) is a metric on MP(E), called the Prokhorov

metric. (It should be noted that the existence of numbers € > 0 satisfying
the above is guaranteed by the boundedness of u,v.)

Proof. It is clear that p(u,v) >0, p(u,v) = p(v,p) and p(p,p) =0
for all pu,v € MP(E). Now suppose p(u,v) =0. Foreach A€ A(E) we
know that A'/™ | A. Then u(A) = v(A) and hence by Theorem 1.1.2
(i), p=v.

Finally, to prove that p satisfies the triangle inequality, consider
AN,y € MP(E) and «,8 > 0 with p(\pu) < a and p(p,v) < 6.
By definition of p(u,r) we have

w(B) <v(BP)+p
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1.2. The topology of weak convergence 15

for all B € B(E). From
(B*)? u(B”)* c B**F
it follows that
MB) < u(B*) +a < v((B*)?) + B+ a <v(B*) + (a + f)
and correspondingly
v(B) < A(B“™P) + (a + B).

Thus p(A\,v) < a+ (. Now since a > p(A,u) and 5 > p(p,v) were
chosen arbitrarily it follows that

p(A,v) < p(A, 1) + p(p, v) . 0

Theorem 1.2.14 The Prokhorov metric induces the weak topology T on
MP(E).

Proof. In each 7y-neighbourhood U of p € MP(E) there is an open
p-ball centred in p. Without loss of generality we may assume U to be
chosen as in Corollary 1.2.8 (a). Now since g is continuous from above
and A;S- 1 Aj as 6] 0 there exists § €]0, /2] such that

p(A%) < p(Aj) += forall j=1,2,...,n.

| ™

Choose v € MP(E) satisfying p(u,v) < 6. Since E° = E it follows that

—

W(E) — p(E)| <6 <.
Furthermore
V(A}) < p(AT) +0 < p(A) + S +6 < ul(4;) +¢

forall j=1,2,...,n, and this implies that v € U.

For the reverse direction it is to be shown that each open p-ball centred
on g with radius € > 0 contains a Ty-neighbourhood U. Let ¢ €]0,e/4][.
Since g is tight, by Theorem 1.1.4 there exists a o-compact set G C E
with p(G) = p(E). To each x € G there corresponds d(x) €]0,6/2]
with u(0B(z,d(x))) = 0. Note that

0B(z,n) C{y € E:d(z,y) =n}.

For each m € N there exist finitely many 7 > 0 such that p(0B(x,n)) >
1/n. Thus there exist only countably many n with w(0B(x,n)) # 0.
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16 Probability Measures on Metric Spaces

Since G C |J,cq B(x,d(x)), the o-compactness of G yields the existence
of a sequence (zp)n>1 with
G C U B(xy,0(xy)) -
n=1
For each n €N put G, := B(xy,d(xy)). Then (Gn)n>1 is a sequence
of p-continuity sets with diameter less than 4, and

GclGa.

n=1
Hence there exists k& € N such that

k
u(U Gn> > u(E)—9.
n=1

Put

¢ = { Uai:sc {1,2,...,k}}.

jeJ
Now € is a finite system of p-continuity sets since
a(UGj) clye\vyeaiclog;.

jeJ jeJ jeJ jeJ

It follows from Corollary 1.2.8 that
U:={veM"E): |v(E)—uE)| <4, |v(C) —u(C)| <6 for all C € ¢}

is a Tyw-neighbourhood of .

We wish to show that for each v € U we have p(p,v) < e. Put
Co:=U"_,G,. Since Cye € we have

v(Co) > u(Co) — 0 > u(E) — 20 > V(E) —30.
Now choose B € B(E). Then
C = U Gjec,
{j<k: G;NB#A0}

C C B (asdiam G; <6) and B C CUCLC) (where CNCCy = 0).
Then

w(B) < u(C) + u(CCo) < v(C) + 6 + 6 < v(B?) 4 26 < v(B*) 4 46
and analogously
v(B) < v(C) 4+ v(CCy) < u(C) + 6 4 35 < u(B*¥) +45.
Thus
plp,v) <46 <e. 0O
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1.2. The topology of weak convergence 17

Application 1.2.15 Let (X,)n>0 be a sequence of E-valued random
variables on a probability space (2,2A, P) with distributions Px, € M'(FE)
for n>0. Then

X, — Xo P-stochastically
implies
Px, — Px, weakly as n — oo.
In fact, given & > 0 there exists n. > 1 such that
P([d(Xn, Xo) = ¢]) <e forall n>n..
Let B € B(E). Then

[Xn € B] C [d(Xn, Xo) > €] U ([d(X,, Xo) < €] N [Xo € B7)
C [d(Xn,Xo) > E] U [Xo S BE]

and analogously,
[Xo € B] C [d(X,,Xo) =2 e]U[X, € B].

For n > n. follows

Px,(B) < e+ Px,(B%)
as well as

Px,(B) <&+ Px, (B%)
whenever B € B(E). But this implies

p(Px,,Px,) <e,

thus Theorem 1.2.14 yields the assertion.
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18 Probability Measures on Metric Spaces

1.3 The Prokhorov theorem

As before (E,d) is a metric space, and the space MP(E) is given the
topology 7., or equivalently the Prokhorov metric p. Hence (MP(E),p)
is a metric space.

A finite content p on FE is called inner-regular if

w(B) =sup{u(K) : K € K(E), K C B}
for all B € B(E).

Theorem 1.3.1 FEvery inner-regular content p on FE is o-additive, so
that € MP(E).

Proof. All that needs to be shown is that p is (-continuous. Let
(Bn)n>1 be asequence in B(E) with B, | 0, and e be given. For each
n € N there exists a compact set K,, C B, such that

1
1(Bn) — p(Ky) < on €.
Put L, :=()_, K;. Then

W(Ba) — (L) < 3 (u(By) — w(K) <«
i=1
forall m € N, and L, | . From the finite intersection property there
exists ng € N such that L, =0 for all n > ng, and hence pu(L,) =0
for all n > ng. Then wu(B,) <e for all n > ng, and we have shown
that lim,— . u(B,) = 0. O

Corollary 1.3.2 Let (pn)n>1 be an increasing sequence in MP(E)
satisfying

sup pn(E) < 0.
n=1

Then sup,,s; pn € MP(E).

Proof. Write u(B) := sup,>; in(B) for all B € B(E). Clearly p
is a finite content on B(FE). From Theorem 1.1.2 we have that p, is
inner-regular, and so g is an inner-regular content, and the result follows
from Theorem 1.3.1. O

Theorem 1.3.3 Let (E,d) be a compact metric space. Then for each
a>0
M@ (B) = {5 € M(E) : u(E) < a}

18 Tw-compact.
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1.8. The Prokhorov theorem 19

Proof. According to Appendix B.11 (Alaoglu, Bourbaki), the set
V@ = {peC®E) ¢l < a}
is weakly compact, i.e. compact with respect to the topology
o(CP(E), C*(E)). Hence
ViV ={peV@ipz0t= () {peV@:u(f) =0}
fect(E)

is weakly compact. Furthermore by Corollary 1.2.3 the mapping

uH<fH/fdu)

is a bijection from M () (E) onto VJfa). From the definition of 7, it follows
that it is a homeomorphism, and hence that M) (E) is 7,-compact. [

Definition 1.3.4 A set H C MP(E) is called uniformly tight if

(a) sup{u(E): p € H} < 05
(b) to each &> 0 there exists a compact set K C E such that

wlK)<e forall peH.

Theorem 1.3.5 Suppose (E,d) is separable complete. For each H C
MP(E) the following statements are equivalent:

(i) H is uniformly tight.
(i) (a) sup{u(E):p € H} < oo;
(b) For all e >0 and n € N there exist x1,22,...,25 € E such
that

wB,) <e forall peH
where B, 1= U?:l B (5, )-

Proof. (i) = (ii). To each e > 0 there exists a compact set K C E
such that u(CK) < e forall p€ H. Also to each n € N there exist
r1,T3,...,2; € E such that K C B,, so that

w(B,) < e

forall pe H.
(ii) = (i). Let & > 0. From the assumption for each n € N there
exists B, C E such that B,, is the finite union of %—balls and

1
w(CB,) < on €
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20 Probability Measures on Metric Spaces

forall pe€ H. Put L:=(),5, B, Then w(CL) < e forall ue€ H.
Now L is totally bounded, and hence so is L~. As FE is complete it
follows that L~ is compact. The result now follows from the fact that

pCL™) < pulL)<e forall peH. .

Lemma 1.3.6 Let Ac A(E), p, € MP(E) forall t€1, pec MP(E),
pa € MP(A). If 7o-limp, = p and 7y-lim, Resapu, = pa then
A < Resgp.

Proof. We can use Theorem 1.1.2 (ii) to deduce that Ress u € MP(A).
Consider a continuous function g : A — [0,1]. By Tietze’s extension
theorem there exists a continuous function f: E — [0,1] with Resa f = g.
Then

/gd/m = lim/gd(ReSA ) =lim/ fdu,
el vel A

and

/gd(ResAu):/Afd,u.

But in slight modification of Corollary 1.2.2 one obtains that for measures
u,v € MP(E) satisfying

/fdug/fdy forall feCP(E) with 0< f<1

1 < v holds. Therefore we need only prove that

ti [ s < [ s,

el A A

However this inequality follows immediately from the Portemanteau theo-
rem 1.2.7, as clearly 7w—1lim, f-p, = f-u. 0

Theorem 1.3.7 (Prokhorov)
Consider H C M"(E).

(i) If H is uniformly tight then H is 7y -relatively compact.
(ii) If E 1is separable complete then any Ty -relatively compact set H is
uniformly tight.

Proof. (i). Let (K,)n>1 be an increasing sequence of compact subsets
of E satisfying p(CK,) < 1/n for all u € H. Let (ux)rk>1 be a
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1.8. The Prokhorov theorem 21

sequence in H. We have to show that (ug)r>1 possesses a T-convergent
subsequence. From

a:=sup{u(K,):p€ H,ne N} <sup{u(F): pe H} <0

appealing to Theorem 1.3.3 we have that {Resg, p:p € H} (C M (K,))
is 7,-relatively compact in MP(K,). By the metrizability of MP(E),
which is the content of Theorem 1.2.14, a diagonal argument provides for
each n € N a measure v/, € MP(K,) with

walilgn Resk,, px = v, .
Put
vn(B) :=v,(BNK,) forall BeB(E).

Then v, € MP(E) for all n € N. Also from Lemma 1.3.6, v/,
Resk, v;,.; and (recall that K, C K1)

vn(B) < v 1 (BN Ky) < vpg1(B)

<

for all B € B(E) which says that (v,),>1 is an increasing sequence.
Moreover,

vn(E) =v,(K,) = klim pi(Kp) < likminf pi(E) < 0o
for all n € N. Now appeal to Corollary 1.3.2 to obtain
v:=supv, € M°(E)

n=1
and moreover
v(E) =supv,(F) < likm inf pk(E) .
n>1 —00
Let A€ A(FE). Applying the Portemanteau theorem 1.2.7 we get
v(A) > vp(A) = V(AN K,) > limsup ux (AN K,,)
k>1

1
> limsup i (A) — —
k>1 n
for all n € N, where for the second inequality we have used the fact that

ANK, isclosed, and for the third that
1
WANK,) 2 p(A) - —
for all pe€ H. Hence

v(A) = limsup p (A)
k>1
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22 Probability Measures on Metric Spaces

and
v(E) = klim uk(E) .

A further application of the Portemanteau theorem 1.2.7 gives 7y —
limg pr = v. Thus every sequence in H has a 7y -convergent subsequence,
and this just says that H is 7y-relatively compact.

(ii). Assume that H is 7y-relatively compact and at the same time
fails to be uniformly tight. The mapping

p— p(E) = /ﬂEdu
is continuous, and this implies that
sup{u(E):p e H} < 0.

Let F ={F C E:|F| < oo}. Theorem 1.3.5 implies that there exist
€ >0 and n €N such that to each F € F thereis pup € H with

" <E\ <ILGJFB <x%>>> Se.

The net (up)per contains a 7y-convergent subnet (ug ),e; with limit
1 say. For each ¢ € I define

B.:=J B(m,%).

x€F,
Now (CB,).es is a downward filtered family in A(E) with (,.,CB, = 0.
It follows from Corollary 1.1.3 that
inf u(CB,) = 0.
On the other hand applying the Portemanteau theorem we have
1(CBx) > limsup pup, (CB,) > limsup pp, (CB,) > €
vel vel
for all x € I, and this is a contradiction. (I
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1.4. Convolution of measures 23

1.4 Convolution of measures

In this section (F,d) will denote a separable complete metric Abelian
group which means that E is an Abelian group (with binary operation
denoted by addition and 0 as neutral element), (E,d) is a separable
and complete metric space with distance function d, and the mapping
(z,y) —» x—y from E x E into E is continuous. Along with (FE,d),
(E'x E,dxd) is also a separable complete metric Abelian group. Here the
metric d X d is defined by d x d((z,y), (u,v)) := max{d(z, u),d(y,v)} for
all (z,y),(u,v) € E. A prominent example of a separable complete metric
Abelian group is a separable Banach space (FE,| -||) over R, where the
distance function is given by d(z,y) := ||z —y|| for all z,y € E.

For separable complete metric groups E we have that each finite mea-
sure on E is tight (Theorem 1.1.6) and that the notions “uniform tight-
ness” and “r-relative compactness” are equivalent (Prokhorov’s theorem
1.3.7).

Theorem 1.4.1 Let (E,d) be a separable complete metric Abelian group.

(i) B(E X E)=B(F) @ B(F).
(ii) The mapping (z,y) — m(z,y) ==z +y from EXE into E is
(B(FE) ® B(FE),B(E))-measurable.

Proof. (i). O(E) is a generator of B(FE) with the exhaustion property
which says that there exists a sequence (Op)n>1 in O(E) such that
O, 1 E. Thus O(E)xO(E) is a generator of B(F)®@B(F). Furthermore
O(F) x O(E) € O(E x E) from which follows that B(E) ® B(E) C
B(E x E). Now choose a countable dense subset D of E, sothat D x D
is a countable dense subset of E x E. The open ballsin E and E x E
centred at points in D and D x D respectively and with rational radii
make up countable bases B and C in O(E) and O(E x E) respectively.
Now
B((JI, y)v T) = B(l‘, T) X B(y7 r)

for the corresponding balls, and hence Bx B D C. Now B and C are
generators of B(F) and B(E x E) respectively with the exhaustion
property, which implies that B(F) ® B(E) D B(E x E).

(ii). The mapping m from FE x E into E is continuous, and hence
(B(E x E),B(F))-measurable. Now apply (i). O

Application 1.4.2 Let X, Y be FE-valued random wvariables on a
probability space (Q,A,P).  Then by Theorem 1.4.1 (ii) the mapping
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24 Probability Measures on Metric Spaces

wi— (X4+Y)(w) =Xw)+Yw) from Q into E is also an E-valued
random variable on (2, A, P), since X +Y =mo (X,Y).

Definition 1.4.3 For pu,v € M"(E) we refer to the measure p*v =
m(p®v) on E as the convolution of px and wv.

We have the following properties of the convolution mapping.

Properties 1.4.4
1.4.4.1 For all f € CP(E)

[rawen=[ ( / f(w+y)u(dx)) v(dy)
-/ ( [ 1w+ u<dy>) ()

which follows from Fubini’s theorem.
1.4.4.2 In particular, for all B € B(E)

4 0)(B) = [ ulB = y)vidy) = [ v(B~ o) ulda).

1.4.4.3 For all B,C € B(E) we have B+ C € B(E) and
(4 v)(B +C) > p(B(C)
The latter can easily be seen from the inequalities
(1) (B +C) = (1@ v)(m~ (B+C)) > (18 v)(B x C) = w(BW(C).
1.4.4.4 The convolution is commutative and associative, that is
WKV =U%[L
and
Asxp)*sv=XA*(u*v)

for all X\, pu,v € MP(E).
The proof uses 1.4.4.1 in conjunction with the injectivity of the mapping

oo (1 f10)
from MP"(E) into CP(E)'..
1.4.4.5 For each € E and B € B(E)

(55 20)(B) = (B — ).

1.4.4.6 From 1.4.4.5 and 1.4.4.2 we have pu*xeo=p and €z *ey = €xqy
forall z,y € E.
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1.4. Convolution of measures 25

Application 1.4.5 Let X,Y be independent E-valued random variables
on a probability space (Q,A,P). Then Pxiy = Px xPy.

Proof. 'To show this we note that independence of X,Y gives P xy) =
Px ® Py which implies that

Px+v = Proxy) = m(Pxy)) = m(Px ® Py) = Px %Py .

U
Theorem 1.4.6 (Support formula)
For p,v e MP(E)
supp(p * v) = (supp(p) + supp(v)) ™ .
Proof. First we note that
(1 * v)((supp(p) + supp(v)) ™) = (p @ v)(m ™! ((supp () + supp(v)) )
2 (n ®@v)(supp(p) x supp(v)) = u(E)v(E)

= (nev)(ExE) = (pxv)(E).
Thus by Theorem 1.1.4 (i)

supp(u * v) C (supp(u) + supp(v)) ™ .

To prove the reverse inclusion, consider = € supp(p), U € U(z), y €
supp(v) and V € Y(y). Then U+V € B(z+y). Now Property 1.4.4.3
together with Theorem 1.1.4 (iii) gives

(nx)(U+V) 2 pU)uV) > 0.

Toeach W € B(z+y) thereexist U € V(z), V € Y(y) with U+V C W.
A further application of Theorem 1.1.4 (iii) gives z+y € supp(u+v). Thus

supp(u) + supp(v) C supp(u * )

and this completes the proof. O

Corollary 1.4.7 If pxv s a Dirac measure then so is each of the
measures p and V.

Proof. We just observe that a measure is Dirac precisely when it has a
single element support. O

Theorem 1.4.8 Let (pn)n>1, (Vn)n>1 be sequences with Ty —lim, w, =
W, Tw-lim,v, =v in MP(E). Then Ty-lim, p, @ v, = pu®v.
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26 Probability Measures on Metric Spaces

Proof. Appealing to Prokhorov’s theorem 1.3.7 to each ¢ > 0 there
exist K € K(E) with

unCK)<e and  v,(CK)<e
and o >0 such that
un(F) < a and vn(E) € a

forall neN. Clearly K x K € K(E x E), and

(n @ vn)(K X K) = pin (K)vn(K) 2 (un(E) — €)(vn(E) —€)

> (in @ va)(E % E) — £(n(E) + va(E)).
Therefore
(ptn @ vn)(C(K x K)) < 2ae
and
(tn @ V) (E % E) = i (EY(E) < o

for all n € N. Furthermore from Prokhorov’s theorem 1.3.7 we see that
{tn @ v : m € N} is 1y-relatively compact.

Let A € MP(E x E) be a cluster point of the sequence (fin ® Vp)n>1,
that is, there exists a subsequence (pn, ® Vp, )k>1 with limit A. Now

E:={B1 x By € B(E) x B(E) :
By x By is both p ® v- and a A-continuity set}

is an N-stable generator of B(F) @ B(FE) = B(E X E). Let By x By € €.
Then

8(B1 X BQ) = (B; X 832) U (831 X B;) .
Therefore we have the following three cases to consider.

(1) By is a p-continuity set and Bs is a v-continuity set.
(2) w(By) =0.
(3) v(By) = 0.

With the help of the Portemanteau theorem 1.2.7 we have
A(Br % By) = lim (un, @ v, ) (B % Ba) = U pin, (B1)vn, (B2)

= p(B1)v(Bz) = (L ®@v)(B1 X Bz),
A(B1 X Bg) < klinolo tn, (B1)a = pu(B1)a=0= (p®v)(B1 X B).
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1.4. Convolution of measures 27

and similarly in the remaining case.
Thus

)\(Bl X Bg) = (,u (9 l/)(Bl X Bg) forall By xBye&

and hence A\ = p® v. Hence the 7y-relatively compact sequence (u, ®
Un)n>1 has a unique cluster point p®v, and it follows that 7w—limy, g, ®
Up = Q. g

Theorem 1.4.9 Let (E,d) be a separable complete metric Abelian group.
Then the space (MP(E),Ty,*) with the convolution * defined above is a
commutative metric semigroup, in the sense that

(i) (MP(E),7y) is a metric space (with the Prokhorov metric inducing
the topology Tw ),
(i) (MP(E),*) is a commutative semigroup with neutral element o, that
is, coxp=p forall p€ MP(E), and
(iii) the mapping (p,v) — p*xv from MP(E) x MP(E) into MP(E) is

Tw -CONtINUOUS.
Moreover,
(iv) (MYE),Tw,*) is a subsemigroup of (MP(E),Ty,*).

Proof. In view of the assumed metrizability it suffices to consider se-
quences. So given sequences (fn)n>1, (Un)n>1 With 7w—limy, gy, = p,
Tw-lim,v, = v in MP(E) we have by Theorem 1.4.8 that 7
lim, gy, ® v, = p @ v. Then Theorem 1.2.12 gives

Tw— M fy, * vy = Tw—limm(p, @ vy) =m(pv) = p*v.
n n

This proves the continuity of (u,v) +— p*v. The remaining assertions
follow immediately from Properties 1.4.4.2 and 1.4.4.4 of the convolution.
|
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