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Chapter 1

Probability Measures

on Metric Spaces

1.1 Tight measures

Let (E, d) denote a metric space, O(E), A(E), K(E) the systems of

open, closed and compact subsets of E respectively. On (E, d) we have

the notions of the Borel σ-algebra

B(E) := σ(O(E)) = σ(A(E))

of E and of a (Borel) measure on E, i.e. a non-negative extended real-

valued σ-additive set function µ on B(E) with the properties that

µ(∅) = 0 and µ(K) <∞ for all K ∈ K(E).

Definition 1.1.1 A finite measure µ on E is called

(a) regular if for every B ∈ B(E) and for every ε > 0 there exist A ∈
A(E) and O ∈ O(E) such that A ⊂ B ⊂ O and µ(O) − µ(A) < ε,

and

(b) tight if

µ(E) = sup{µ(K) : K ∈ K(E)} .

Theorem 1.1.2 Let µ be a finite measure on E. Then

(i) µ is regular.

(ii) If µ is tight then it must be inner-regular in the sense that for each

B ∈ B(E)

µ(B) = sup{µ(K) : K ∈ K(E), K ⊂ B} .

In particular, for finite measures the notions of tightness and inner-

regularity coincide.

1
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2 Probability Measures on Metric Spaces

Proof. (i). Let D := Dµ be the system of all B ∈ B(E) with respect

to which µ is regular. Then D is a Dynkin system in the sense that

E ∈ D, B ∈ D implies that {B ∈ D, and whenever (Bn)n>1 is a

disjoint sequence in D then B :=
⋃
n>1Bn ∈ D.

The proof of the first property is clear, and for the second one we observe

that if A ∈ A(E) and O ∈ O(E) are chosen as in Definition 1.1.1 (a)

then {O ⊂ {B ⊂ {A and, noting that {O ∈ A(E) and {A ∈ O(E), we

have

µ({A) − µ({O) = µ(O) − µ(A) < ε .

As for the third property, given ε > 0 we can find An ∈ A(E) and

On ∈ O(E) with An ⊂ Bn ⊂ On and

µ(On) − µ(An) <
1

2n+2
ε

for all n ∈ N. Let O :=
⋃
n>1On, choose n0 with µ

(⋃
n>n0

An
)
< ε/4

and put A :=
⋃n0

n=1An. Then A ∈ A(E), O ∈ O(E), A ⊂ B ⊂ O and

µ(O \A) 6
∑

n>1

µ(On \A) 6

n0∑

n=1

µ(On \A) +
∑

n>n0

µ(On)

6
ε

4
+
∑

n>n0

(
µ(An) +

1

2n+2
ε

)
6

3

4
ε < ε .

Furthermore A(E) ⊂ D. Indeed, given A ∈ A(E) for each n ∈ N
we observe that

A
1
n :=

{
x ∈ E : d(x,A) <

1

n

}

is open, and from A
1
n ↓ A (which holds as E is metric) it follows that

µ(A
1
n ) ↓ µ(A).

Now A(E) is ∩-stable, and therefore

B(E) = σ(A(E)) = D(A(E)) ⊂ D ⊂ B(E) ,

whence D = B(E). Here D(A(E)) denotes the Dynkin hull of A(E).

(ii). Let B ∈ B(E) and ε > 0. Using (i) there exists A ∈ A(E)

with A ⊂ B such that µ(B) − µ(A) < ε/2, and also K ∈ K(E) with

µ(E) − µ(K) < ε/2. Then A ∩K is a compact subset of B, and

µ(B) − µ(A ∩K) 6 µ(B \A) + µ({K) <
ε

2
+
ε

2
= ε .

�
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1.1. Tight measures 3

Corollary 1.1.3 If µ is tight then for every downward filtered family

(Aι)ι∈I in A(E)

µ

(⋂

ι∈I
Aι

)
= inf
ι∈I

µ(Aι) .

Proof. From A :=
⋂
ι∈I Aι ⊂ Aκ we have µ(A) 6 µ(Aκ) for all κ ∈ I ,

and hence µ(A) 6 inf ι∈I µ(Aι).

In the reverse direction, appealing to Theorem 1.1.2 (ii), to each ε > 0

there exists K ∈ K(E) with K ⊂ {A such that

µ({K) − µ(A) = µ({A) − µ(K) < ε .

Now K ⊂ ⋃ι∈I {Aι, and hence by compactness there exist ι1, ι2, . . . , ιn ∈
I with K ⊂ ⋃ni=1 {Aιi . Also ({Aι)ι∈I is an upward filtered family, and

hence there exists ι0 ∈ I such that K ⊂ {Aι0 . From µ({K) − µ(A) < ε

it follows that

µ(Aι0) 6 µ({K) < µ(A) + ε

and so ε being arbitrary we obtain inf ι∈I µ(Aι) 6 µ(A). �

Theorem 1.1.4 Let µ be a tight measure on E.

(i) There exists a smallest closed subset A0 of E with µ(A0) = µ(E).

(ii) A0 is separable.

(iii) A0 = {x ∈ E : µ(U) > 0 for all open neighbourhoods U of x} .

Proof. (i). The family

{A ∈ A(E) : µ(A) = µ(E)}
is downward filtered, even ∩-stable. The result now follows from Corollary

1.1.3.

(ii). By Theorem 1.1.2 (ii) there exists a sequence (Kn)n>1 of compact

and hence separable subsets of A0 with µ(A0) = supn>1 µ(Kn). Thus

A := (
⋃
n>1Kn)

− is separable and closed with A ⊂ A0, from which it

follows that

µ(A) = µ(A0) = µ(E)

and by (i), A = A0 so that A0 must be separable.

(iii). Write

B0 := {x ∈ E : µ(U) > 0 for all open neighbourhoods U of x} .
Given x ∈ {A0 then {A0 is an open neighbourhood of x with µ({A0) =

0, and hence x ∈ {B0. In the reverse direction given x ∈ {B0 there exists

an open neighbourhood U of x with µ(U) = 0. Hence µ({U) = µ(E).

Thus A0 ⊂ {U and hence x ∈ {A0. �
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4 Probability Measures on Metric Spaces

Definition 1.1.5 The set A0 in Theorem 1.1.4 is called the support of

µ and will be denoted by supp(µ).

Theorem 1.1.6 Let (E, d) be a separable complete metric space. Then

every finite measure µ on E is tight.

Proof. Let {xk : k ∈ N} be a dense subset of E. Then for each n ∈ N

⋃

k>1

B

(
xk,

1

n

)−
= E ,

where

B(x, δ) := {y ∈ E : d(x, y) < δ}
is the open ball of radius δ > 0 with centre x. Choose ε > 0. Then to

each n ∈ N there exists kn ∈ N satisfying

µ

(
E \

kn⋃

k=1

B

(
xk ,

1

n

)−)
6

ε

2n
.

The set

K :=
⋂

n>1

kn⋃

k=1

B

(
xk ,

1

n

)−

is closed and totally bounded. From the completeness of E it follows that

K is compact. Finally

µ({K) = µ


⋃

n>1

(
E \

kn⋃

k=1

B(xk ,
1

n
)−
)
 6

∑

n>1

ε

2n
= ε .

�

Theorem 1.1.7 Let E, F be metric spaces, and ϕ : E → F a continuous

mapping. If µ is a tight measure on E then the image measure ϕ(µ)

of µ under ϕ is tight on F .

Proof. Since ϕ is a continuous mapping it must be B(E)–B(F )-

measurable, and hence ϕ(µ) is a finite measure on F . Given ε > 0

there exists a compact subset K of E with µ({K) < ε. Also ϕ(K) is

a compact subset of F , and

ϕ(µ)({ϕ(K)) = µ(ϕ−1({ϕ(K)))

= µ({ϕ−1(ϕ(K)))

6 µ({K) < ε .
�
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1.2. The topology of weak convergence 5

1.2 The topology of weak convergence

Although in the following discussion the set Mb(E) of all tight (finite

Borel) measures on E and its subset M 1(E) := {µ ∈Mb(E) : µ(E) = 1}
of probability measures will remain the basic measure-theoretic objects,

for some technical arguments we need a few facts on regular normed con-

tents on E and related integrals. A content on E is a non-negative

extended real-valued (finitely) additive set function µ on the algebra

A(O(E)) generated by O(E) satisfying µ(∅) = 0. Regular (finite)

contents and probability contents on E are introduced in analogy to reg-

ular (finite) and probability measures on E.

Given a regular finite content µ on E, the µ-integral of a bounded

real-valued function f on E is defined as follows. Let P be a partition of

E consisting of finitely many pairwise disjoint sets E1, . . . , En ∈ A(O(E)).

We put

SP :=
n∑

j=1

Mjµ(Ej)

and

sP :=

n∑

j=1

mjµ(Ej) ,

where Mj := sup{f(x) : x ∈ Ej} and mj := inf{f(x) : x ∈ Ej} for

j = 1, . . . , n. f is said to be µ-integrable if

inf
P
SP = sup

P
sP ,

and in this case ∫
f dµ := inf

P
SP

is the µ-integral of f . Obviously every bounded continuous function f

is µ-integrable, and

f 7→
∫
f dµ

defines a normed positive linear functional on the vector space Cb(E) of

bounded continuous functions on E. Moreover, we have

Theorem 1.2.1 (F. Riesz)

There is a one-to-one correspondence

µ↔ Lµ
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6 Probability Measures on Metric Spaces

between the set of regular finite (probability) contents µ on E and the

set of bounded (normed) positive linear functionals Lµ on Cb(E) given

by

Lµ(f) :=

∫
f dµ

for all f ∈ Cb(E).

Proof. The proof will be carried out only for the case in parentheses.

1. Let L be a normed positive linear functional on Cb(E), and let

λL(A) := inf{L(f) : f ∈ Cb(E), f >
�
A}

for every A ∈ A(E). λL : A(E) → [0, 1] is a smooth probability content

in the sense of the following four properties

(a) λL(∅) = 0, λL(E) = 1.

(b) λL(A1) 6 λL(A2) for all A1, A2 ∈ A(E) with A1 ⊂ A2.

(c) λL(A1∪A2) 6 λL(A1)+λL(A2) for all A1, A2 ∈ A(E), where equality

holds whenever A1 ∩ A2 = ∅.
(d) For all A ∈ A(E)

λL(A) = inf{λL(O−) : O ∈ O(E), O ⊃ A} .

2. Now, λL can be uniquely extended to a regular probability content

µL : A(O(E)) → [0, 1], and it turns out that

L(f) =

∫
f dµL

for all f ∈ Cb(E).

In order to verify this identity we pick f ∈ Cb(E) with 0 6 f 6 1

and introduce the sets

Gi :=

{
x ∈ E : f(x) >

i

n

}
∈ O(E)

for all i = 0, 1, . . . , n, n > 1. Clearly, G0 ⊃ G1 ⊃ · · · ⊃ Gn = ∅. Now

we define functions αi ∈ C
(
[0, 1]

)
by

αi :=





≡ 0 on

[
0,
i−1

n

]

linear on

[
i−1

n
,
i

n

]

≡ 1 on

[
i

n
, 1

]
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1.2. The topology of weak convergence 7

and functions fi on E by

fi := αi ◦ f

for i = 0, 1, . . . , n, n > 1. Then

1

n

n∑

i=1

αi(t) = t

for all t ∈ [0, 1], hence

1

n

n∑

i=1

fi = f and
1

n

n∑

i=1

L(fi) = L(f) .

Since fi >
�
Gi , and for any A ∈ A(E), A ⊂ Gi,

�
Gi >

�
A we obtain

that fi >
�
A and hence that

L(fi) > λL(A) = µL(A) .

From the regularity of µL we infer that

L(fi) > µL(Gi)

and thus

L(f) >
1

n

n∑

i=1

µL(Gi) =

n∑

i=1

(
i

n
− i− 1

n

)
µL(Gi)

=

n−1∑

i=1

i

n
(µL(Gi) − µL(Gi+1))

=

(
n−1∑

i=1

i+ 1

n
µL(Gi \Gi+1)

)
− 1

n
µL(G1)

>



n−1∑

i=1

∫

Gi\Gi+1

f dµL


− 1

n
µL(G1)

=

∫

G1

f dµL − 1

n
µL(G1) >

∫

E

f dµL − 1

n
.

For n→ ∞ we obtain that

L(f) >

∫
f dµL

whenever f ∈ Cb(E) with 0 6 f 6 1.
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8 Probability Measures on Metric Spaces

But since f ∈ C+(E) there exists a constant c > 0 such that

0 6 cf 6 1, hence

L(f) =
1

c
L(cf) >

1

c

∫
cf dµL =

∫
f dµL .

Moreover, if f ∈ Cb(E), there exists a constant c1 > 0 satisfying

f + c1 > 0, hence

L(f) = L(f + c1) − c1 >

∫
(f + c1) dµL − c1 =

∫
f dµL .

Thus we have

L(f) >

∫
f dµL

for all f ∈ Cb(E). Replacing f by −f yields the assertion.

3. The injectivity of the correspondence µ 7→ Lµ can be seen as follows:

Let µ, ν be regular probability contents of E satisfying
∫
f dµ =

∫
f dν

for all f ∈ Cb(E), and let A ∈ A(E). There exist decreasing sequences

(Gn)n>1 and (Hn)n>1 in O(E) with Gn ⊃ A and Hn ⊃ A for all

n > 1 such that

lim
n→∞

µ(Gn) = µ(A)

and

lim
n→∞

ν(Hn) = ν(A) .

But then Vn := Gn ∩Hn ↓ A and

lim
n→∞

µ(Vn) = µ(A)

as well as

lim
n→∞

ν(Vn) = ν(A) .

Choosing for every n > 1 a function fn ∈ Cb(E) with the properties

0 6 fn 6 1, fn(A) = {1} and fn
(
{Vn

)
= {0} (the existence of which

follows from A ∩ {Vn = ∅ for all n > 1) we obtain
∫
fn dµ =

∫

A

fn dµ+

∫

Vn\A

fn dµ = µ(A) +

∫

Vn\A

fn dµ
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1.2. The topology of weak convergence 9

and ∫

Vn\A

fn dµ 6 µ(Vn \A) = µ(Vn) − µ(A) ,

hence

lim
n→∞

∫

Vn\A

fn dµ = 0 .

Therefore

lim
n→∞

∫
fn dµ = µ(A)

and

lim
n→∞

∫
fn dν = ν(A) ,

thus

µ(A) = ν(A) for all A ∈ A(E)

and by the regularity of µ, ν also

µ(B) = ν(B) for all B ∈ A(A(E)) = A(O(E))

which implies that µ = ν. �

At a later stage we will apply the following consequences of the theorem.

Corollary 1.2.2 If for measures µ, ν ∈Mb(E)
∫
f dµ =

∫
f dν

holds whenever f ∈ Cb(E), then µ = ν (on B(E)).

Corollary 1.2.3 Let (E, d) be a compact metric space. There is a one-

to-one correspondence

µ↔ Lµ

between the set Mb(E) and the set L1
+(C(E)) of positive normed linear

functionals on C(E)) given by

Lµ(f) =

∫
f dµ

for all f ∈ C(E) = Cb(E).
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10 Probability Measures on Metric Spaces

Proof. The proof follows directly from Theorem 1.2.1 by applying the

fact that for compact E every regular finite content on E is in fact

σ-additive and hence uniquely extendable to a measure in Mb(E). For

the latter property see Theorem 1.3.1. �

We proceed to introducing a topology in Mb(E).

Definition 1.2.4 Given µ ∈ Mb(E), n > 1, f1, f2, . . . , fn ∈ Cb(E) and

ε > 0, define

V (µ; f1, f2, . . . , fn; ε)

:=

{
ν ∈Mb(E) :

∣∣∣∣
∫
fi dµ−

∫
fi dν

∣∣∣∣ < ε for all i = 1, 2, . . . , n

}
.

The weak topology τw on Mb(E) is the uniquely determined topology

for which

{
V (µ; f1, f2, . . . , fn; ε) : n > 1, f1, f2, . . . , fn ∈ Cb(E), ε > 0

}

is a neighbourhood system of µ for each µ ∈Mb(E).

Remark 1.2.5

(a) The weak topology on Mb(E) is Hausdorff due to Corollary 1.2.2.

(b) A net (µι)ι∈I in Mb(E) converges weakly (τw) to µ ∈ Mb(E)

whenever

lim
ι∈I

∫
f dµι =

∫
f dµ

for all f ∈ Cb(E); we write τw– limι µι = µ.

(c) In the functional-analytic context of Appendix B.10 one introduces for

the dual pair (Cb(E)′, Cb(E)) of topological vector spaces the weak

topology on Cb(E)′. If E is compact, then Corollary 1.2.3 yields

the homeomorphism

Cb(E)′+ ∼= Mb(E)

and consequently the coincidence of the weak topology restricted to

Cb(E)′+ with the weak topology τw on Mb(E).

Definition 1.2.6 Let µ ∈ Mb(E). A set B ∈ B(E) is called a µ-

continuity (µ-null boundary) set if µ(∂B) = 0 where ∂B := B− \ B0

(∈ A(E)).
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1.2. The topology of weak convergence 11

Theorem 1.2.7 (Portemanteau theorem)

Let (µι)ι∈I be a net in Mb(E) and µ ∈ Mb(E). The following

statements are equivalent:

(i) τw– limι µι = µ.

(ii) limι∈I µι(E) = µ(E) and lim supι∈I µι(A) 6 µ(A) for all A ∈ A(E).

(iii) limι∈I µι(E) = µ(E) and lim inf ι∈I µι(O) > µ(O) for all O ∈ O(E).

(iv) limι∈I µι(B) = µ(B) for all µ-continuity sets B.

Proof. (i) ⇒ (ii). As
�
E ∈ Cb(E) we have limι∈I µι(E) = µ(E). Now

consider A ∈ A(E). Then, as A1/n ↓ A as n → ∞, to each ε > 0 we

can find n ∈ N with µ(A1/n) − µ(A) < ε. Choose f ∈ Cb(E) with

0 6 f 6 1, f(A) = {1} and f({A1/n) = {0}. Then

lim sup
ι∈I

µι(A) 6 lim sup
ι∈I

∫
f dµι 6 µ(A1/n) < µ(A) + ε

and hence

lim sup
ι∈I

µι(A) 6 µ(A) .

(ii) ⇔ (iii). This follows by considering complements.

(ii), (iii) ⇒ (iv). Let B be a µ-continuity set. Then

lim sup
ι∈I

µι(B) 6 lim sup
ι∈I

µι(B
−) 6 µ(B−)

= µ(B0) 6 lim inf
ι∈I

µι(B
0) 6 lim inf

ι∈I
µι(B)

and this yields the result.

(iv) ⇒ (i). Let f ∈ Cb(E). Since f(µ) contains at most countably

many atoms, to each ε > 0 there exists a strictly increasing sequence

(ti)i=0,1,...,k in R with f(µ)({ti}) = 0 for all i = 0, 1, . . . , k, ti− ti−1 6 ε

for all i = 1, 2, . . . , k, and f(E) ⊂ [t0, tk[ . For each i = 1, 2, . . . , k put

Bi := f−1([ti−1, ti[ ). Then Bi ∈ B(E) and, since

∂Bi ⊂ f−1(∂[ti−1, ti[ ) = f−1({ti−1, ti}) ,

we see that Bi is a µ-continuity set. We now define

g :=

k∑

i=1

ti−1
�
Bi and h :=

k∑

i=1

ti
�
Bi .

Then

g 6 f 6 g + ε and h− ε 6 f 6 h
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12 Probability Measures on Metric Spaces

and

lim sup
ι∈I

∫
f dµι 6 lim sup

ι∈I

∫
g dµι + εµ(E)

=

∫
g dµ+ εµ(E) 6

∫
f dµ+ εµ(E)

and

lim inf
ι∈I

∫
f dµι > lim inf

ι∈I

∫
h dµι − εµ(E)

=

∫
h dµ− εµ(E) >

∫
f dµ− εµ(E)

as

∫
g dν =

k∑

i=1

ti−1ν(Bi) and

∫
h dν =

k∑

i=1

tiν(Bi)

for all ν ∈ Mb(E), and E is a µ-continuity set as ∂E = ∅. It now

follows that

lim sup
ι∈I

∫
f dµι 6

∫
f dµ 6 lim inf

ι∈I

∫
f dµι

and this gives the desired equality. �

Corollary 1.2.8 Let µ ∈ Mb(E). Then each of the following sets is a

τw-neighbourhood basis of µ.

(a) {ν ∈ Mb(E) : |ν(E) − µ(E)| < ε and ν(Ai) < µ(Ai) + ε for all i =

1, 2, . . . , n}, where A1, A2, . . . , An ∈ A(E), n ∈ N and ε > 0.

(b) {ν ∈ Mb(E) : |ν(E) − µ(E)| < ε and ν(Oi) > µ(Oi) − ε for all i =

1, 2, . . . , n}, where O1, O2, . . . , On ∈ O(E), n ∈ N and ε > 0.

(c) {ν ∈ Mb(E) : |ν(Bi) − µ(Bi)| < ε for all i = 1, 2, . . . , n}, where

B1, B2, . . . , Bn ∈ B(E) are µ-continuity sets with n ∈ N and ε > 0.

Theorem 1.2.9 Let (µι)ι∈I be a net in Mb(E) with τw– limι µι = µ ∈
Mb(E). Furthermore let f be a bounded Borel-measurable real-valued

function on E. If the set Df of discontinuity points of f is a µ-null

set, then

lim
ι∈I

∫
f dµι =

∫
f dµ .
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1.2. The topology of weak convergence 13

Proof. Let A ∈ A(R). Since f−1(A)− ⊂ Df ∪ f−1(A) we can apply

Theorem 1.2.7 to obtain

lim sup
ι∈I

f(µι)(A) = lim sup
ι∈I

µι(f
−1(A)) 6 lim sup

ι∈I
µι(f

−1(A)−)

6 µ(f−1(A)−) 6 µ(Df ∪ f−1(A)) = µ(f−1(A)) = f(µ)(A) .

In addition

lim
ι∈I

f(µι)(R) = lim
ι∈I

µι(E) = µ(E) = f(µ)(R) .

A second application of Theorem 1.2.7 gives τw– limι f(µι) = f(µ). Now

consider ϕ ∈ Cb(R) such that ResB ϕ = idB , where B is any bounded

interval containing the bounded set f(B). Since ϕ ◦ f = f we have

lim
ι∈I

∫
f dµι = lim

ι∈I

∫
ϕ df(µι) =

∫
ϕ df(µ) =

∫
f dµ .

�

Corollary 1.2.10 Let (µι)ι∈I be a net in Mb(E) satisfying τw–

limι µι = µ ∈ Mb(E), and let B ∈ B(E) be a µ-continuity set. Then for

the corresponding measures induced on B we have τw– limι(µι)B = µB.

Proof. Let f ∈ Cb(E). Then
∫
f dνB =

∫
f

�
B dν

for all ν ∈Mb(E). From Df � B ⊂ ∂B we see that Df � B is a µ-null set.

In addition f
�
B is bounded and Borel measurable. Referring to Theorem

1.2.9 it follows that

lim
ι∈I

∫
f d(µι)B = lim

ι∈I

∫
f

�
B dµι =

∫
f dµB .

�

Theorem 1.2.11 The set D(E) := {εx : x ∈ E} of Dirac measures on

E is τw-closed in Mb(E), and x 7→ εx is a homeomorphism of E onto

D(E).

Proof. Let (xι)ι∈I be a net in E such that limι∈I xι = x ∈ E. Then

lim
ι∈I

∫
f dεxι = lim

ι∈I
f(xι) = f(x) =

∫
f dεx

for all f ∈ Cb(E), and thus τw– limι εxι = εx which shows that x 7→ εx
is a continuous mapping E → D(E). In addition x 7→ εx is injective,

which is easily seen by simply choosing B ∈ B(E) with x ∈ B and

y /∈ B, and indeed B = {x} will suffice.
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14 Probability Measures on Metric Spaces

Now suppose that τw– limι εxι = µ ∈ Mb(E). From limι∈I εxι(E) =

µ(E) we see that µ(E) = 1, and hence supp(µ) 6= ∅. Choose x ∈ supp(µ)

and an open neighbourhood U of x. It follows from the properties of

supp(µ) and Theorem 1.2.7 that

lim inf
ι∈I

εxι(U) > µ(U) > 0

so that there exists ιU ∈ I with εxιU
(U) > 0, and hence xι ∈ U for all

ι > ιU . This shows that limι∈I xι = x, and in particular that εx 7→ x is

continuous. It follows that µ = εx, since τw is Hausdorff, and therefore

D(E) is τw-closed. �

Theorem 1.2.12 Let E, F be metric spaces, and ϕ : E → F a

continuous mapping. Then µ 7→ ϕ(µ) is a τw-continuous mapping from

Mb(E) into Mb(F ).

Proof. According to Theorem 1.1.7 we see that ϕ(µ) ∈ Mb(F ) for all

µ ∈ Mb(E). Let (µι)ι∈I be a net in Mb(E) with τw– limι µι = µ ∈
Mb(E). For each f ∈ Cb(F ) we have f ◦ ϕ ∈ Cb(E), and this implies

that

lim
ι∈I

∫
f dϕ(µι) = lim

ι∈I

∫
f ◦ ϕ dµι =

∫
f ◦ ϕ dµ =

∫
f dϕ(µ) .

�

In the following we will show that we can restrict the study of weak con-

vergence to bounded sequences. For this purpose we consider the metriz-

ability of the space Mb(E) for an arbitrary metric space (E, d).

Lemma 1.2.13 The mapping ρ : Mb(E) ×Mb(E) → R+ given by

%(µ, ν) = inf
{
ε > 0 : µ(B) 6 ν(Bε) + ε and ν(B) 6 µ(Bε) + ε

for all B ∈ B(E)
}

for all µ, ν ∈ Mb(E) is a metric on Mb(E), called the Prokhorov

metric. (It should be noted that the existence of numbers ε > 0 satisfying

the above is guaranteed by the boundedness of µ, ν.)

Proof. It is clear that ρ(µ, ν) > 0, ρ(µ, ν) = ρ(ν, µ) and ρ(µ, µ) = 0

for all µ, ν ∈ Mb(E). Now suppose ρ(µ, ν) = 0. For each A ∈ A(E) we

know that A1/n ↓ A. Then µ(A) = ν(A) and hence by Theorem 1.1.2

(i), µ = ν.

Finally, to prove that ρ satisfies the triangle inequality, consider

λ, µ, ν ∈ Mb(E) and α, β > 0 with ρ(λ, µ) < α and ρ(µ, ν) < β.

By definition of ρ(µ, ν) we have

µ(B) 6 ν(Bβ) + β
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1.2. The topology of weak convergence 15

for all B ∈ B(E). From

(Bα)β ∪ (Bβ)α ⊂ Bα+β

it follows that

λ(B) 6 µ(Bα) + α 6 ν((Bα)β) + β + α 6 ν(Bα+β) + (α+ β)

and correspondingly

ν(B) 6 λ(Bα+β) + (α+ β) .

Thus ρ(λ, ν) 6 α + β. Now since α > ρ(λ, µ) and β > ρ(µ, ν) were

chosen arbitrarily it follows that

ρ(λ, ν) 6 ρ(λ, µ) + ρ(µ, ν) .
�

Theorem 1.2.14 The Prokhorov metric induces the weak topology τw on

Mb(E).

Proof. In each τw-neighbourhood U of µ ∈ Mb(E) there is an open

ρ-ball centred in µ. Without loss of generality we may assume U to be

chosen as in Corollary 1.2.8 (a). Now since µ is continuous from above

and Aδj ↓ Aj as δ ↓ 0 there exists δ ∈ ]0, ε/2[ such that

µ(Aδj ) < µ(Aj) +
ε

2
for all j = 1, 2, . . . , n .

Choose ν ∈ Mb(E) satisfying ρ(µ, ν) < δ. Since Eδ = E it follows that

|ν(E) − µ(E)| 6 δ < ε .

Furthermore

ν(Aj) 6 µ(Aδj ) + δ < µ(Aj) +
ε

2
+ δ < µ(Aj) + ε

for all j = 1, 2, . . . , n, and this implies that ν ∈ U .

For the reverse direction it is to be shown that each open ρ-ball centred

on µ with radius ε > 0 contains a τw-neighbourhood U . Let δ ∈ ]0, ε/4[ .

Since µ is tight, by Theorem 1.1.4 there exists a σ-compact set G ⊂ E

with µ(G) = µ(E). To each x ∈ G there corresponds δ(x) ∈ ]0, δ/2[

with µ(∂B(x, δ(x))) = 0. Note that

∂B(x, η) ⊂ {y ∈ E : d(x, y) = η} .

For each n ∈ N there exist finitely many η > 0 such that µ(∂B(x, η)) >

1/n. Thus there exist only countably many η with µ(∂B(x, η)) 6= 0.
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16 Probability Measures on Metric Spaces

Since G ⊂ ⋃x∈GB(x, δ(x)), the σ-compactness of G yields the existence

of a sequence (xn)n>1 with

G ⊂
⋃

n>1

B(xn, δ(xn)) .

For each n ∈ N put Gn := B(xn, δ(xn)). Then (Gn)n>1 is a sequence

of µ-continuity sets with diameter less than δ, and

G ⊂
⋃

n>1

Gn .

Hence there exists k ∈ N such that

µ

(
k⋃

n=1

Gn

)
> µ(E) − δ .

Put

C :=

{ ⋃

j∈J
Gj : J ⊂ {1, 2, . . . , k}

}
.

Now C is a finite system of µ-continuity sets since

∂

( ⋃

j∈J
Gj

)
⊂
⋃

j∈J
G−
j \

⋃

j∈J
Gj ⊂

⋃

j∈J
∂Gj .

It follows from Corollary 1.2.8 that

U := {ν ∈Mb(E) : |ν(E) − µ(E)| < δ, |ν(C) − µ(C)| < δ for all C ∈ C}
is a τw-neighbourhood of µ.

We wish to show that for each ν ∈ U we have ρ(µ, ν) < ε. Put

C0 :=
⋃k
n=1Gn. Since C0 ∈ C we have

ν(C0) > µ(C0) − δ > µ(E) − 2δ > ν(E) − 3δ .

Now choose B ∈ B(E). Then

C :=
⋃

{j6k :Gj∩B 6=∅}
Gj ∈ C ,

C ⊂ Bδ (as diam Gj < δ) and B ⊂ C ∪ {C0 (where C ∩ {C0 = ∅).
Then

µ(B) 6 µ(C) + µ({C0) < ν(C) + δ + δ 6 ν(Bδ) + 2δ < ν(B4δ) + 4δ

and analogously

ν(B) 6 ν(C) + ν({C0) < µ(C) + δ + 3δ 6 µ(B4δ) + 4δ .

Thus

ρ(µ, ν) 6 4δ < ε . �
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1.2. The topology of weak convergence 17

Application 1.2.15 Let (Xn)n>0 be a sequence of E-valued random

variables on a probability space (Ω,A,P) with distributions PXn ∈ M1(E)

for n > 0. Then

Xn → X0 P-stochastically

implies

PXn → PX0 weakly as n→ ∞.

In fact, given ε > 0 there exists nε > 1 such that

P([d(Xn, X0) > ε]) < ε for all n > nε .

Let B ∈ B(E). Then

[Xn ∈ B] ⊂ [d(Xn, X0) > ε] ∪
(
[d(Xn, X0) < ε] ∩ [X0 ∈ Bε]

)

⊂ [d(Xn, X0) > ε] ∪ [X0 ∈ Bε]

and analogously,

[X0 ∈ B] ⊂ [d(Xn, X0) > ε] ∪ [Xn ∈ Bε] .

For n > nε follows

PXn(B) 6 ε+ PX0(B
ε)

as well as

PX0(B) 6 ε+ PXn(Bε)

whenever B ∈ B(E). But this implies

ρ(PXn ,PX0) < ε ,

thus Theorem 1.2.14 yields the assertion.
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18 Probability Measures on Metric Spaces

1.3 The Prokhorov theorem

As before (E, d) is a metric space, and the space Mb(E) is given the

topology τw, or equivalently the Prokhorov metric ρ. Hence (Mb(E), ρ)

is a metric space.

A finite content µ on E is called inner-regular if

µ(B) = sup{µ(K) : K ∈ K(E), K ⊂ B}
for all B ∈ B(E).

Theorem 1.3.1 Every inner-regular content µ on E is σ-additive, so

that µ ∈Mb(E).

Proof. All that needs to be shown is that µ is ∅-continuous. Let

(Bn)n>1 be a sequence in B(E) with Bn ↓ ∅, and ε be given. For each

n ∈ N there exists a compact set Kn ⊂ Bn such that

µ(Bn) − µ(Kn) <
1

2n
ε .

Put Ln :=
⋂n
i=1Ki. Then

µ(Bn) − µ(Ln) 6

n∑

i=1

(µ(Bi) − µ(Ki)) < ε

for all n ∈ N, and Ln ↓ ∅. From the finite intersection property there

exists n0 ∈ N such that Ln = ∅ for all n > n0, and hence µ(Ln) = 0

for all n > n0. Then µ(Bn) < ε for all n > n0, and we have shown

that limn→∞ µ(Bn) = 0. �

Corollary 1.3.2 Let (µn)n>1 be an increasing sequence in Mb(E)

satisfying

sup
n>1

µn(E) <∞ .

Then supn>1 µn ∈ Mb(E).

Proof. Write µ(B) := supn>1 µn(B) for all B ∈ B(E). Clearly µ

is a finite content on B(E). From Theorem 1.1.2 we have that µn is

inner-regular, and so µ is an inner-regular content, and the result follows

from Theorem 1.3.1. �

Theorem 1.3.3 Let (E, d) be a compact metric space. Then for each

a > 0

M (a)(E) := {µ ∈Mb(E) : µ(E) 6 a}
is τw-compact.
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1.3. The Prokhorov theorem 19

Proof. According to Appendix B.11 (Alaoglu, Bourbaki), the set

V (a) := {ϕ ∈ Cb(E)′ : ‖ϕ‖ 6 a}
is weakly compact, i.e. compact with respect to the topology

σ(Cb(E)′, Cb(E)). Hence

V
(a)
+ := {ϕ ∈ V (a) : ϕ > 0} =

⋂

f∈Cb
+(E)

{ϕ ∈ V (a) : ϕ(f) > 0}

is weakly compact. Furthermore by Corollary 1.2.3 the mapping

µ 7→
(
f 7→

∫
f dµ

)

is a bijection from M (a)(E) onto V
(a)
+ . From the definition of τw it follows

that it is a homeomorphism, and hence that M (a)(E) is τw-compact. �

Definition 1.3.4 A set H ⊂Mb(E) is called uniformly tight if

(a) sup{µ(E) : µ ∈ H} <∞;

(b) to each ε > 0 there exists a compact set K ⊂ E such that

µ({K) < ε for all µ ∈ H .

Theorem 1.3.5 Suppose (E, d) is separable complete. For each H ⊂
Mb(E) the following statements are equivalent:

(i) H is uniformly tight.

(ii) (a) sup{µ(E) : µ ∈ H} <∞;

(b) For all ε > 0 and n ∈ N there exist x1, x2, . . . , xk ∈ E such

that

µ({Bn) < ε for all µ ∈ H

where Bn :=
⋃k
j=1 B

(
xj ,

1
n

)
.

Proof. (i) ⇒ (ii). To each ε > 0 there exists a compact set K ⊂ E

such that µ({K) < ε for all µ ∈ H . Also to each n ∈ N there exist

x1, x2, . . . , xk ∈ E such that K ⊂ Bn, so that

µ({Bn) < ε

for all µ ∈ H .

(ii) ⇒ (i). Let ε > 0. From the assumption for each n ∈ N there

exists Bn ⊂ E such that Bn is the finite union of 1
n -balls and

µ({Bn) <
1

2n
ε



STRUCTURAL ASPECTS IN THE THEORY OF PROBABILITY - (Second Enlarged Edition)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7429.html

June 23, 2009 9:17 World Scientific Book - 9in x 6in ws-book-Heyer-prob

20 Probability Measures on Metric Spaces

for all µ ∈ H . Put L :=
⋂
n>1Bn. Then µ({L) < ε for all µ ∈ H .

Now L is totally bounded, and hence so is L−. As E is complete it

follows that L− is compact. The result now follows from the fact that

µ({L−) 6 µ({L) < ε for all µ ∈ H .
�

Lemma 1.3.6 Let A ∈ A(E), µι ∈Mb(E) for all ι ∈ I, µ ∈Mb(E),

µA ∈ Mb(A). If τw– limι µι = µ and τw– limιResA µι = µA then

µA 6 ResA µ.

Proof. We can use Theorem 1.1.2 (ii) to deduce that ResA µ ∈ Mb(A).

Consider a continuous function g : A → [0, 1]. By Tietze’s extension

theorem there exists a continuous function f : E → [0, 1] with ResA f = g.

Then
∫
g dµA = lim

ι∈I

∫
g d(ResA µι) = lim

ι∈I

∫

A

f dµι

and
∫
g d(ResA µ) =

∫

A

f dµ .

But in slight modification of Corollary 1.2.2 one obtains that for measures

µ, ν ∈ Mb(E) satisfying
∫
f dµ 6

∫
f dν for all f ∈ Cb(E) with 0 6 f 6 1

µ 6 ν holds. Therefore we need only prove that

lim
ι∈I

∫

A

f dµι 6

∫

A

f dµ .

However this inequality follows immediately from the Portemanteau theo-

rem 1.2.7, as clearly τw– limι f ·µι = f ·µ . �

Theorem 1.3.7 (Prokhorov)

Consider H ⊂Mb(E).

(i) If H is uniformly tight then H is τw-relatively compact.

(ii) If E is separable complete then any τw-relatively compact set H is

uniformly tight.

Proof. (i). Let (Kn)n>1 be an increasing sequence of compact subsets

of E satisfying µ({Kn) < 1/n for all µ ∈ H . Let (µk)k>1 be a
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1.3. The Prokhorov theorem 21

sequence in H . We have to show that (µk)k>1 possesses a τw-convergent

subsequence. From

a := sup{µ(Kn) : µ ∈ H, n ∈ N} 6 sup{µ(E) : µ ∈ H} <∞
appealing to Theorem 1.3.3 we have that {ResKn µ : µ ∈ H} (⊂M (a)(Kn))

is τw-relatively compact in Mb(Kn). By the metrizability of Mb(E),

which is the content of Theorem 1.2.14, a diagonal argument provides for

each n ∈ N a measure ν ′n ∈Mb(Kn) with

τw– lim
k

ResKn µk = ν′n .

Put

νn(B) := ν′n(B ∩Kn) for all B ∈ B(E) .

Then νn ∈ Mb(E) for all n ∈ N. Also from Lemma 1.3.6, ν ′n 6

ResKn ν
′
n+1 and (recall that Kn ⊂ Kn+1)

νn(B) 6 ν′n+1(B ∩Kn) 6 νn+1(B)

for all B ∈ B(E) which says that (νn)n>1 is an increasing sequence.

Moreover,

νn(E) = ν′n(Kn) = lim
k→∞

µk(Kn) 6 lim inf
k→∞

µk(E) <∞

for all n ∈ N. Now appeal to Corollary 1.3.2 to obtain

ν := sup
n>1

νn ∈Mb(E)

and moreover

ν(E) = sup
n>1

νn(E) 6 lim inf
k→∞

µk(E) .

Let A ∈ A(E). Applying the Portemanteau theorem 1.2.7 we get

ν(A) > νn(A) = ν′n(A ∩Kn) > lim sup
k>1

µk(A ∩Kn)

> lim sup
k>1

µk(A) − 1

n

for all n ∈ N, where for the second inequality we have used the fact that

A ∩Kn is closed, and for the third that

µ(A ∩Kn) > µ(A) − 1

n

for all µ ∈ H . Hence

ν(A) > lim sup
k>1

µk(A)
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22 Probability Measures on Metric Spaces

and

ν(E) = lim
k→∞

µk(E) .

A further application of the Portemanteau theorem 1.2.7 gives τw–

limk µk = ν. Thus every sequence in H has a τw-convergent subsequence,

and this just says that H is τw-relatively compact.

(ii). Assume that H is τw-relatively compact and at the same time

fails to be uniformly tight. The mapping

µ 7→ µ(E) =

∫
�
E dµ

is continuous, and this implies that

sup{µ(E) : µ ∈ H} <∞ .

Let F = {F ⊂ E : |F | < ∞}. Theorem 1.3.5 implies that there exist

ε > 0 and n ∈ N such that to each F ∈ F there is µF ∈ H with

µF

(
E \

(⋃

x∈F
B

(
x,

1

n

)))
> ε .

The net (µF )F∈F contains a τw-convergent subnet (µFι)ι∈I with limit

µ say. For each ι ∈ I define

Bι :=
⋃

x∈Fι

B

(
x,

1

n

)
.

Now ({Bι)ι∈I is a downward filtered family in A(E) with
⋂
ι∈I {Bι = ∅.

It follows from Corollary 1.1.3 that

inf
ι∈I

µ({Bι) = 0 .

On the other hand applying the Portemanteau theorem we have

µ({Bκ) > lim sup
ι∈I

µFι({Bκ) > lim sup
ι∈I

µFι({Bι) > ε

for all κ ∈ I , and this is a contradiction. �
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1.4 Convolution of measures

In this section (E, d) will denote a separable complete metric Abelian

group which means that E is an Abelian group (with binary operation

denoted by addition and 0 as neutral element), (E, d) is a separable

and complete metric space with distance function d, and the mapping

(x, y) 7→ x − y from E × E into E is continuous. Along with (E, d),

(E×E, d×d) is also a separable complete metric Abelian group. Here the

metric d× d is defined by d× d((x, y), (u, v)) := max{d(x, u), d(y, v)} for

all (x, y), (u, v) ∈ E. A prominent example of a separable complete metric

Abelian group is a separable Banach space (E, ‖ · ‖) over R, where the

distance function is given by d(x, y) := ‖x− y‖ for all x, y ∈ E.

For separable complete metric groups E we have that each finite mea-

sure on E is tight (Theorem 1.1.6) and that the notions “uniform tight-

ness” and “τw-relative compactness” are equivalent (Prokhorov’s theorem

1.3.7).

Theorem 1.4.1 Let (E, d) be a separable complete metric Abelian group.

(i) B(E ×E) = B(E) ⊗ B(E).

(ii) The mapping (x, y) 7→ m(x, y) := x + y from E × E into E is

(B(E) ⊗ B(E),B(E))-measurable.

Proof. (i). O(E) is a generator of B(E) with the exhaustion property

which says that there exists a sequence (On)n>1 in O(E) such that

On ↑ E. Thus O(E)×O(E) is a generator of B(E)⊗B(E). Furthermore

O(E) × O(E) ⊂ O(E × E) from which follows that B(E) ⊗ B(E) ⊂
B(E×E). Now choose a countable dense subset D of E, so that D×D
is a countable dense subset of E ×E. The open balls in E and E ×E

centred at points in D and D ×D respectively and with rational radii

make up countable bases B and C in O(E) and O(E×E) respectively.

Now

B((x, y), r) = B(x, r) ×B(y, r)

for the corresponding balls, and hence B × B ⊃ C. Now B and C are

generators of B(E) and B(E × E) respectively with the exhaustion

property, which implies that B(E) ⊗ B(E) ⊃ B(E ×E).

(ii). The mapping m from E ×E into E is continuous, and hence

(B(E ×E),B(E))-measurable. Now apply (i). �

Application 1.4.2 Let X, Y be E-valued random variables on a

probability space (Ω,A,P). Then by Theorem 1.4.1 (ii) the mapping



STRUCTURAL ASPECTS IN THE THEORY OF PROBABILITY - (Second Enlarged Edition)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7429.html

June 23, 2009 9:17 World Scientific Book - 9in x 6in ws-book-Heyer-prob

24 Probability Measures on Metric Spaces

ω 7→ (X + Y )(ω) = X(ω) + Y (ω) from Ω into E is also an E-valued

random variable on (Ω,A,P), since X + Y = m ◦ (X,Y ).

Definition 1.4.3 For µ, ν ∈ Mb(E) we refer to the measure µ ∗ ν :=

m(µ⊗ ν) on E as the convolution of µ and ν.

We have the following properties of the convolution mapping.

Properties 1.4.4

1.4.4.1 For all f ∈ Cb(E)
∫
f d(µ ∗ ν) =

∫ (∫
f(x+ y)µ(dx)

)
ν(dy)

=

∫ (∫
f(x+ y) ν(dy)

)
µ(dx)

which follows from Fubini’s theorem.

1.4.4.2 In particular, for all B ∈ B(E)

(µ ∗ ν)(B) =

∫
µ(B − y) ν(dy) =

∫
ν(B − x)µ(dx) .

1.4.4.3 For all B,C ∈ B(E) we have B + C ∈ B(E) and

(µ ∗ ν)(B + C) > µ(B)ν(C)

The latter can easily be seen from the inequalities

(µ ∗ ν)(B + C) = (µ⊗ ν)(m−1(B + C)) > (µ⊗ ν)(B × C) = µ(B)ν(C) .

1.4.4.4 The convolution is commutative and associative, that is

µ ∗ ν = ν ∗ µ
and

(λ ∗ µ) ∗ ν = λ ∗ (µ ∗ ν)
for all λ, µ, ν ∈Mb(E).

The proof uses 1.4.4.1 in conjunction with the injectivity of the mapping

µ 7→
(
f 7→

∫
f dµ

)

from Mb(E) into Cb(E)′+.

1.4.4.5 For each x ∈ E and B ∈ B(E)

(µ ∗ εx)(B) = µ(B − x) .

1.4.4.6 From 1.4.4.5 and 1.4.4.2 we have µ ∗ ε0 = µ and εx ∗ εy = εx+y
for all x, y ∈ E.
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1.4. Convolution of measures 25

Application 1.4.5 Let X, Y be independent E-valued random variables

on a probability space (Ω,A,P). Then PX+Y = PX ∗PY .

Proof. To show this we note that independence of X , Y gives P(X,Y ) =

PX ⊗PY which implies that

PX+Y = Pm◦(X,Y ) = m(P(X,Y )) = m(PX ⊗PY ) = PX ∗PY .
�

Theorem 1.4.6 (Support formula)

For µ, ν ∈Mb(E)

supp(µ ∗ ν) = (supp(µ) + supp(ν))− .

Proof. First we note that

(µ ∗ ν)((supp(µ) + supp(ν))−) = (µ⊗ ν)(m−1((supp(µ) + supp(ν))−))

> (µ⊗ ν)(supp(µ) × supp(ν)) = µ(E)ν(E)

= (µ⊗ ν)(E ×E) = (µ ∗ ν)(E) .

Thus by Theorem 1.1.4 (i)

supp(µ ∗ ν) ⊂ (supp(µ) + supp(ν))− .

To prove the reverse inclusion, consider x ∈ supp(µ), U ∈ V(x), y ∈
supp(ν) and V ∈ V(y). Then U + V ∈ V(x+ y). Now Property 1.4.4.3

together with Theorem 1.1.4 (iii) gives

(µ ∗ ν)(U + V ) > µ(U)µ(V ) > 0 .

To each W ∈ V(x+y) there exist U ∈ V(x), V ∈ V(y) with U+V ⊂W .

A further application of Theorem 1.1.4 (iii) gives x+y ∈ supp(µ+ν). Thus

supp(µ) + supp(ν) ⊂ supp(µ ∗ ν)

and this completes the proof. �

Corollary 1.4.7 If µ ∗ ν is a Dirac measure then so is each of the

measures µ and ν.

Proof. We just observe that a measure is Dirac precisely when it has a

single element support. �

Theorem 1.4.8 Let (µn)n>1, (νn)n>1 be sequences with τw– limn µn =

µ, τw– limn νn = ν in Mb(E). Then τw– limn µn ⊗ νn = µ⊗ ν.
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Proof. Appealing to Prokhorov’s theorem 1.3.7 to each ε > 0 there

exist K ∈ K(E) with

µn({K) < ε and νn({K) < ε

and α > 0 such that

µn(E) 6 α and νn(E) 6 α

for all n ∈ N. Clearly K ×K ∈ K(E ×E), and

(µn ⊗ νn)(K ×K) = µn(K)νn(K) > (µn(E) − ε)(νn(E) − ε)

> (µn ⊗ νn)(E ×E) − ε(µn(E) + νn(E)) .

Therefore

(µn ⊗ νn)({(K ×K)) < 2αε

and

(µn ⊗ νn)(E ×E) = µn(E)νn(E) 6 α2

for all n ∈ N. Furthermore from Prokhorov’s theorem 1.3.7 we see that

{µn ⊗ νn : n ∈ N} is τw-relatively compact.

Let λ ∈ Mb(E ×E) be a cluster point of the sequence (µn ⊗ νn)n>1,

that is, there exists a subsequence (µnk
⊗ νnk

)k>1 with limit λ. Now

E := {B1 ×B2 ∈ B(E) × B(E) :

B1 ×B2 is both µ⊗ ν- and a λ-continuity set}
is an ∩-stable generator of B(E)⊗B(E) = B(E ×E). Let B1 ×B2 ∈ E .

Then

∂(B1 ×B2) = (B−
1 × ∂B2) ∪ (∂B1 ×B−

2 ) .

Therefore we have the following three cases to consider.

(1) B1 is a µ-continuity set and B2 is a ν-continuity set.

(2) µ(B−
1 ) = 0.

(3) ν(B−
2 ) = 0.

With the help of the Portemanteau theorem 1.2.7 we have

λ(B1 ×B2) = lim
k→∞

(µnk
⊗ νnk

)(B1 ×B2) = lim
k→∞

µnk
(B1)νnk

(B2)

= µ(B1)ν(B2) = (µ⊗ ν)(B1 ×B2) ,

λ(B1 ×B2) 6 lim
k→∞

µnk
(B1)α = µ(B1)α = 0 = (µ⊗ ν)(B1 ×B2) .
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and similarly in the remaining case.

Thus

λ(B1 ×B2) = (µ⊗ ν)(B1 ×B2) for all B1 ×B2 ∈ E
and hence λ = µ ⊗ ν. Hence the τw-relatively compact sequence (µn ⊗
νn)n>1 has a unique cluster point µ⊗ν, and it follows that τw– limn µn⊗
νn = µ⊗ ν. �

Theorem 1.4.9 Let (E, d) be a separable complete metric Abelian group.

Then the space (Mb(E), τw , ∗) with the convolution ∗ defined above is a

commutative metric semigroup, in the sense that

(i) (Mb(E), τw) is a metric space (with the Prokhorov metric inducing

the topology τw),

(ii) (Mb(E), ∗) is a commutative semigroup with neutral element ε0, that

is, ε0 ∗ µ = µ for all µ ∈ Mb(E), and

(iii) the mapping (µ, ν) 7→ µ ∗ ν from Mb(E)×Mb(E) into Mb(E) is

τw-continuous.

Moreover,

(iv) (M1(E), τw, ∗) is a subsemigroup of (Mb(E), τw, ∗).

Proof. In view of the assumed metrizability it suffices to consider se-

quences. So given sequences (µn)n>1, (νn)n>1 with τw– limn µn = µ,

τw– limn νn = ν in Mb(E) we have by Theorem 1.4.8 that τw–

limn µn ⊗ νn = µ⊗ ν. Then Theorem 1.2.12 gives

τw– lim
n
µn ∗ νn = τw– lim

n
m(µn ⊗ νn) = m(µ⊗ ν) = µ ∗ ν .

This proves the continuity of (µ, ν) 7→ µ ∗ ν. The remaining assertions

follow immediately from Properties 1.4.4.2 and 1.4.4.4 of the convolution.

�




