NONSTANDARD ANALYSIS 31

EXERCISES

(10)

(11)

Show that p(0) forms a ring, i.e. it is closed under +, —, -.

Construct (R, +, -, 0, 1) as a quotient field from (*Q, +, -, 0, 1).
Show that *"Q is almost a real closed field in the sense that for any
odd n € N and integers aq, - ,ap, a, 7 0, there is r € *Q such that
apr" +---a1r + ag =~ 0.

If "R is constructed by an ultrapower using a nonprincipal ultrafilter
over w, write down explicitly an infinite number and a nonzero infinites-
imal number.

Given an example of a polynomial of the form p(x) = Zf:/:l anx™,
where a1 = 00, a, € R, N € "N such that p(e) =~ 0 for all large
enough € ~ 0.

Formulate and prove the corresponding overspill and underspill for in-
ternal subsets of "N.

Show that (1 + TN*I)N ~ (1+ erl)M € Fin("R) for any N, M €
N\N and r € Fin(*R). Moreover, let f : R — R be given by f(z) :=
°(1+ rN_l)N, N € "N\N, use the Binomial Theorem to show that
flx+y) = f(z)f(y) for all z,y € R. (Of course, f(z) =e".)

Let N, M € *N\N with M2/N € Fin(*R). Show that

N2 A\Y/N-M\Y e
(N2 M2> <N+M> ce T
Let {ay, }nen C R. Show that ay =~ a for N =~ oo iff {a, }nen contains
a subsequence converging to a.
Is there a chain of vector spaces {V,, |n < N }, for some N € "N, such
that Vo # Vy but Vn < N (Vi = Viuq1)?
Show that

lim lim am, =a if VM ~ codK ~ oo VN > K (aMN za).

m—oo N—0o0

Find a similar characterization for

lim ( lim amn) = lim ( lim amn).
m—o0 | N—0o0 n—oo " m—0oo

Prove the (<) direction in Prop. 1.8 using the overspill only.
Show that f: R — R is uniformly continuous iff

Vs,r € R(s~r= *f(s)~ *f(r)).

Find nonstandard characterizations of continuity and uniform continu-
ity for functions f with open domain Dom(f) C R.
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32 Nonstandard Methods in Functional Analysis

(15) Use nonstandard characterizations to prove that if f : R — R is differ-
entiable at € R then it is continuous at r.

(16) Use nonstandard characterizations to prove that if f is continuous on
a compact set C, then it is uniformly continuous on C.

(17) Find N € "Nso that T D QN|[0, 1], i.e. T contains all rational numbers
in the unit interval.

(18) Use infinitesimals to prove the chain rule of differentiation.

(19) Prove Prop. 1.12. Use this to prove the Fundamental Theorem of Cal-
culus.

(20) Let st : "R — R U {£o0} be given by st(r) = °r, if r € Fin(*R), and
st(r) = sgn(r) - oo otherwise. Show that st[A] is closed for any internal
AC R
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NONSTANDARD ANALYSIS 33

1.5 Application: Measure Theory

Any nonstandard measure is convertible to an ordinary measure.
Measure algebras are given nonstandard recognition.

A measure is a function defined on some collection of sets and its definition
originated from the usual length function which assigns a total length to a
finite union of intervals from R. Measure theory is not only an important
collection of tools applicable in functional analysis, it is also a major source
of examples investigated by functional analysts.

We first begin with some necessary precise definitions and terminologies.
For properties and definitions of the topological notions mentioned in this
section, confer § 1.6 if needed.

1.5.1 Classical measures

Given a set , an algebra over ) is some collection B C P(2) which is
closed under U, N and complement in Q. In particular, §, @ € B. So an
algebra B over a set forms a Boolean algebra w.r.t. the set operations. We
sometimes call such B a set algebra.

If B is also closed under countable union (equivalently, under countable
intersection), then B is called a o-algebra.

If C € P(Q), the algebra generated by C is obtained by iterating arbi-
trarily finitely many times the operations of finite intersection, finite union
and complement. The result is the intersection of all subalgebras of P(w)
that include C. Likewise, the o-algebra generated by C is obtained by iterat-
ing arbitrarily finitely many times the operations of countable intersection,
countable union and complement. It coincides with the intersection of all
o-subalgebras of P(w) that include C.

The o-algebra generated by C is denoted by oC.

Given either an algebra or a o-algebra over €, the pair (Q, B) is called
a measurable space.

With attention to a given measurable space (Q, B), elements of B are
called measurable subsets of ().

Given measurable spaces (Ql, Bl) and (927 Bg), a function f : Q; — Qs
is called a measurable function if f_l[Bg] C By, ice. f71X] € By for
every X € By. We also say that f is By-measurable for emphasis.

Let F temporarily denote any one of the following sets:

{0,1}, [0,1], [0,00), [0,00], R, RU{oc}, C,
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34 Nonstandard Methods in Functional Analysis

with the usual meaning attached to 0 and +.
Given a measurable space (Q,B), a finitely additive measure on B
is a function p : B — F such that

o u(0) =0
e VX, Y eB((XNY =0)= (WX UY) =p(X)+ pnY))).

We also say p is a finitely additive measure on € if the reference to B is
implicitly understood.

Note that if F does not include oo, the first condition is redundant. Also,
additivity holds for any finitely many disjoint sets from B by iterating the
second condition.

That is, if X1, ..., X, is a list of finitely many pairwise disjoint elements
from B, then

p(X1U--UXy,) = pw(X1) 4+ -+ p(Xn).

In the case that B is a o-algebra, the term o-additive measure is used
for a finitely additive measure p on B that satisfies the following countable
additivity condition:

o w(UnenAn) = en #(Xy) for any pairwise disjoint {X,,}nen C B.

Here it is required that 3 .y u(X,) converges absolutely if
1 Upen Xn) is finite. In the case F C (R U {oo}) and (U, ey Xn) = o0,
the countable additivity condition is only required when u(X,,) > 0 for all
n € N.

In particular, the limit given by »° _ypu(X,) remains unchanged for
any permutations of the X,,’s.

By a measure on B we mean either a finitely additive measure or a
o-additive measure when the context makes it clear which is meant.

In either case, the triple (Q,B, ,u) is then called a measure space.
Note the difference between a measurable space and a measure space. For
emphasis, we may specifically mention either a finitely additive or o-
additive measure space.

Elements of BB in a measure space (Q, B, u) are celled p-measurable.

Let (Ql,Bl,,ul) and (QQ,BQ,,ug) be measure spaces. Then we call a
function f : Q; — Q9 a measure preserving function if f is surjective
and f1[X] € By with py (f1[X]) = p2(X) for every X € B,.

Let © be a measure on 2. The following is a list of common types of
measures.
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NONSTANDARD ANALYSIS 35

o If F = {0,1}, then u is called a {0,1}-measure, i.e. a zero-one-
measure.

o If F = [0,1], then p is called a probability measure, or simply a
probability, and (Q,B, u) is called a probability space.

o If 4(Q) is finite, then p is called a finite measure, or a bounded
measure. Otherwise, it is an infinite measure or an unbounded
measure.

o If there are , € B such that p(£2,) is finite for all n € N and
limy, 00 p(25) = 1(€2), then p is called a o-finite measure.

o If F C [0,00], then p is called a positive measure.

o If F C R, then p is called a real-valued measure, or a R-valued
measure.

e If F = C, then p is called a complex measure or a C-valued mea-
sure.

e Similarly, F-valued measures refer to measures p: 2 — F.

o If F C RU {oo}, then p is called a signed measure.

Given a o-additive complex measure space (Q, B, u), the total varia-
tion of p is the function |u|: B — [0, o0] given by

ul (X) :=sup Y _ |u(X,)|, X €B,
n=1

where the supremum is over all partitions of X, i.e. disjoint sets
{X}nen C B such that X = UpenX,.

The resulted |u| remains unchanged if only finite partitions are used in
the definition.

It can be shown that the total variation of a o-additive complex measure
is a bounded positive measure. (See [Rudin (1987)].)

Given a o-additive signed measure p : B — (R U {oo}) a classical
result known as the Hahn-Jordan Decomposition shows that there are
unique c-additive measures p; : B — [0,00] and pg : B — [0,00) so that
= p1 — pa. (See [Rudin (1987)].)

For a o-additive real measure space (Q,B, ,u)7 by regarding p as
complex-valued, it is easy to see that the Hahn-Jordan decomposition is
given by iy = 5 (|p| + p) and pz = 5(|ul — ).

A o-additive complex measure p naturally decomposed as p = 1 +ipg,
where 1, o are the real and imaginary part of p respectively. Clearly
11, o are real-valued measures, hence it follows from the Hahn-Jordan
Decomposition that g = (u11 — p12) + @91 — po2) for some finite real-
valued o-additive measures 11, 412, 421, f422-
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36 Nonstandard Methods in Functional Analysis

A o-additive measure space (£, B, ) is said to be complete, if when-
ever Y C X € B is such that u(X) =0, then Y € B. Of course, u(Y) =0
in such case.

For Y C Q, if there is X € B such that Y C X and u(X) = 0, we say
that Y is a null set or a pu-null set. Hence (Q,B, ,u) is complete if B
include all null sets.

Given a o-additive measure space (Q, B, ,u), where p is a positive mea-
sure, let N :={Y C Q] 3X € B(u(X) =0AY C X)} and let B be the
o-algebra generated by B U N. Define

fi: B—[0,00] by @(X):=inf{pu(2)|3Z€B(Z>X)}.

Then it is not hard to see that fi is the unique o-additive measure on B
extending p and (€2, B, i) is a complete o-additive measure space.

By the above-mentioned Hahn-Jordan Decomposition results, any o-
additive measure space (Q,B, ;L), where p is either a o-additive signed
measure or a complex measure, extends uniquely to a complete o-additive
measure space (Q,B, ﬁ), called the completion of (Q,B, u). We also say
that B is the completion of B w.r.t. [i.

In many occasions, measures considered in functional analysis have a
topological origin.

If Q is a topological space, the o-algebra generated by the class of open
sets is called a Borel algebra over (), with its elements called Borel sub-
sets of Q2. A o-additive measure p on the Borel algebra B over €2, is called
a Borel measure on €2 and (QJ’)’7 ﬂ) a Borel measure space.

Let (Ql,Bl,m)7 (QQ, Bs, ,ug) be Borel measure spaces. Then any mea-
surable function f : Q; — Qs is called a Borel-measurable function.
That is to say, f~1[X] is Borel whenever X is a Borel subset of 5. Note
that this is equivalent to f~1[U] being Borel for every open subset of Q5.

However, if (Q,B, u) is a measure space and X is a topological space,
a function f: Q — X such that f~1[U] € B for every open U C X is just
called a u-measurable function.

Note that in general a Borel measure algebra is not complete.

Let (Q, B, u) be a Borel measure space.

e 1 is called inner-regular if
w(X) =sup{u(C)|C C X and C is closed}, X € B.
e 1 is called outer-regular if

w(X) =inf{u(U)|U > X and U is open}, X € B.
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NONSTANDARD ANALYSIS 37

e i is called regular if it is both inner-regular and outer-regular.
e 4 is called a Radon measure if it is a completion of a Borel measure
and for any p-measurable X,

w(X) = sup{u(C)|C C X and C'is compact}
= inf{u(U)|U D X and U is open}.

Observe that if a Borel measure is finite, then inner-regularity is equiv-
alent to outer-regularity.

If © is a locally compact Hausdorff space and is a countable union of
compact sets, then every Borel measure on €2 which is finite on compact sets
is regular. Many of the spaces that we will study do satisfy this property
and is also metrizable.

For each n € N, the Lebesgue measure on R” is an example of a Radon
measure which is the completion of a Borel measure.

1.5.2 Internal measures and Loeb measures

First recall the remarks on p.17) concerning the use of *.
By a *finitely additive measure , we mean an internal function

w:B— T

where F = {0, 1}, [0,1], [0, 00), [0, ], R, RU{oc} or C, and where for some
internal €2, the triple (Q,B, u) forms an *measure space, i.e. an internal
measure space.

By transfer, p is hyperfinitely additive. This means that for any
hyperfinite internal sequence {4, }o<n<n C B, where N € "N,

(¥n <m < N (A0 An=0)) = (s( J 42) = D nl4n).

n<N n<N
Observe that the latter is a hyperfinite sum.

e In an internal measure space (Q,B, ,u), w is called a finite internal
measure or a bounded internal measure if |p(Q)| < .

Given a hyperfinite nonempty internal set €2, the probability measure
uoon  that assigns measure |Q|_1 to each singleton {w},w € €, is called
the normalized counting measure, or the counting probability on .
(Recall that || denotes the internal cardinality of €2.)

It follows then that

u(X) = 1X] for every X € "P(Q).
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38 Nonstandard Methods in Functional Analysis

Consider the hyperfinite timeline T from §1.4. For convenience, as |T| =
N + 1, we deviate from the above definition in a non-essential way by
referring to the counting probability on T as the probability measure p
such that ££({0}) = 0 and is the normalized counting measure on T \ {0}.

In Prop. 1.12, the representation of an integral as a hyperfinite sum,
suppose we take f to be the indicator function xs where S C [0,1] is a
Lebesgue measurable subset, then

[e]

1 N
Leb(S) = / xs(x)dx = Z s(nAt) At = u(*SNT),
0 n=0

where g is the counting probability on T. Of course, xs need not be con-
tinuous, but we shall make this connection precise.

Let (Q, B, u) be an internal probability space. Define

“w:B—[0,1],

where, for any A € B, set °u(A) := °(u(A)), the standard part of the
hyperreal p(A), then (Q,B, O,u) is clearly a finitely additive probability
space. In applications, one often encounters sets in o3, so an extension of
°u to a o-additive probability on o8 is desired. (Except in trivial cases, B
is never a o-algebra, see exercises in §1.2.)

Before we construct the o-additive extension, we first define the inner
and outer measure of °u : let A C € be any subset, then

u(A) :==sup{°pu(X): X e BAN X C A} and

a(A) =inf{°u(X): X e BA X D A}.
Tt is easily seen that pu(A) < @(A) holds for any A C Q.
Define L(B) = {A C Q| p(A) = i(A)}. We also define

L(w) s L(B) — 0,1] by L(u)(A) = p(4) (=n(A).
For sets A and B, we write
AAB for (A\ B)U(B\ A4),
the symmetric difference. (Here A\ B denotes {x € A|z ¢ B}.)

Theorem 1.9. Let (Q,B, ,u) be an internal probability space with the
corresponding (€2, L(B), L(11)) given as above. Then

(i) L(B) is a o-algebra extending B.
(ii) (9, L(B), L(w)) forms a o-additive probability space.
(iii) L(B) is the completion of oB w.r.t L(p).
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NONSTANDARD ANALYSIS 39

(iv) (Internal Approximation) VA € L(B)3B € B (L(u) (AAB) = O).

Proof. (i): It is clear that B C L(B).

It is also clear that A € L(B) iff (2 \ A) € L(B). To show that L(B)
forms a o-algebra, it suffices to check that it is a monotone class. (See [Ash
(2000)].) Let A,, € L(B) be increasing and A = |, .y An. Let € € R, then
there are C,, D,, € B with

C, CA,cCD, and u(Dn\On)<2in, n € N.

neN

We can assume that the C),’s are increasing.

Let r :=sup °u(Cy). Then u(A) > r. We now show that r > 7i(A).
neN -

By internal extension Prop. 1.1 and by Prop. 1.6, let N € *"N\N such
that r ~ u(Cy). Then it holds for any m € N that

p((UJ i)\ On) < U (D) Co) i;g%.

n<m n<m

By the overspill and the | J D,,, Cn being internal,

n<m
u(( U Dn) \C’N) < 2¢ for some M € *N.
n<M
Hence *,u(Un<M Dn) < r + 2¢ Since € € RT is arbitrary and A C
Un<ar Dn € B, we have fi(A) <.
Therefore p(A) = r = fi(A), i.e. A € L(B). So we conclude that L(B)
forms a o-algebra.

(iv): Let A € L(B). So there are Cy,, D,, € B such that C,, C A C D,
with p(Dy, \ Cp) = 0. Let C = |J,,cny Cn and D = (1, .y Dy By saturation,
there is B € B such that C ¢ B C D.

In particular, L(u)(AAB) = 0, i.e. A is approximated by some B € B
under L(p).

(ii): Clearly L(u) extends p. So it suffices to show that L(u) is o-
additive.

First let A,, € L(B) with L(u)(A,) =0,n € N. Let e € RT and D,, € B
so that A,, C D,, and u(D,,) < 27 "¢. Extend the D,, to an internal sequence
by Prop. 1.1, then for small N € *N\N, we have

UAnC UD" and u(UDn)SQG.

neN n<N n<N

Therefore L(u U A = 0. i.e. the countable union of null sets is again
neN
a null set under L(u).
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40 Nonstandard Methods in Functional Analysis

Now consider disjoint A,, € L(B), n € N. Write A =
there are B, B,, € BB so that
L(p)(AAB)=0 and L(u)(4,AB,)=0,neN.

Replacing B, by (B, N B)\ U
disjoint subsets of B.
Let e € RT, then by saturation there is D € B such that

UUB.cDcB and wD)<e+ ) °u(Bn).
neN neN
Since this holds for any € € R,

L(:u)( U Bn) < Z O.U(Bn) < L('U')(B) = L(:u)( U An)~ (1'2)

neN neN neN

But °u(By) = L(p)(Ay) and L(u)( U B, A U An> = 0, so by what was

neN neN
just proved about countable union of null sets, we obtain from (1.2)

L) (U 4An) <7 L) (An) < L) (| An).
neN neN neN
Therefore L(u) is o-additive.

(iii): Let A C Q2 be such that A € D and L(u)(D) = 0 for some D €
L(B). But L(p)(D) = (D), hence fi(A) = 0, implying u(A) = 1(A) = 0.
Therefore A € L(B).

Moreover, by (iv), each element in L(B) is approximated within measure

nen An. By (iv),

m<n B,,, we can assume that the B,’s are

zero by an element of B, so L(B) is the least algebra extending B that
contains all null sets, i.e. L(B) is the completion of B w.r.t. L(f). O

The measure constructed in Thm. 1.9 was first given by P. Loeb in
[Loeb (1975)], hence L(B) is called the Loeb algebra of B, L(u) the Loeb
measure of 1 and (€, L(B), L(i)) the Loeb space.

There is an alternative Loeb construction utilizing the fact that
(Q,B, ou) satisfies the Carathéodory’s criteria, i.e. if {4, |n € N} C B
is decreasing to @), then lim, ., °u(A4,) = 0. This is the case because the
A,’s are internal so

{Vn EN(An D Apa) A ﬂ A, zfl)} = {Eln eN(4, = @)],
neN
by saturation. Therefore, by the Carathéodory’s Extension Theorem (see
[Ash (2000)]), °w has a unique o-additive extension Lo(u) : oB — [0, 1].
Let NV be the collection of null sets, i.e.

N:={XcQ|IY €eoB((Lo()(Y)=0)A(X CY)) }.
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NONSTANDARD ANALYSIS 41

Then L(B) is just o(BUN), the o-algebra generated by BUN, and L(u)
is just the unique extension of Lo(u) on L(B).
In either constructions, we obtain:

Theorem 1.10. Let (Q, B, ,u) be an internal probability space, then °u ex-
tends uniquely to a o-additive probability measure on oB with its completion
given by the Loeb space (Q, L(B), L(p)). O

In [Loeb (1975)] the Carathéodory’s Extension Theorem for an un-
bounded internal positive measure g was used to produce a o-additive
measure. In [Henson (1979)](Cf. also [Zivaljevié (1992)]) this extension
was shown to be unique on the og-algebra generated by the internal algebra
on which p is defined.

Given two internal measures p,v on the same internal algebra B, we
write p ~ v if VX € B (u(X) = v(X)).

We use Re and Im to denote the real part and imaginary part of
a complex number. Hence given a complex measure u, Re(u) and Im(u)
denote the measures corresponding to restricting the values of u to its real
part and imaginary part respectively.

The following is an internal version of the Hahn-Jordan Decomposition.

Proposition 1.13. Let (Q,B,u) be a finite internal complex measure
space. Then there are finite internal positive measures p11, (412, 21, 422

such that p = (p11 — p12) + (o1 — p22).
Moreover, the decomposition

(o)

= (g — “pya) +i(por — o)

18 unique.

Proof. Let py := Re(p) and po := Im(u), so p1, po are finite internal
real-valued measures.
Since p; is finite, for some r € Fin(*R), pq : B — [—r,7].
By saturation, there is A € B such that pq(A) ~ infxep p1(X) < 0.
Now define finite internal positive measures p11, 112 : Q@ — [0,7] by

pi1(X) = p1(X\A) and  pga(X)=—um(XNA4), XeB.

Then py ~ p11 — p12.

Note that if 414, 11}, are similarly defined, then (p11—p12) &~ (phy —ls),
hence the decomposition °py = °uy; — °py4 is unique.

The decomposition of o is similar. ([l
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42 Nonstandard Methods in Functional Analysis

Clearly the conclusion in Thm. 1.10 also holds for a finite internal pos-
itive measure space (Q, B, p) by scaling p by a positive finite factor if nec-
essary. Meanwhile, for a finite internal complex measure p, Prop. 1.13
provides the unique decomposition °p = (°uq; — “p1) + (e — pgg)-
Therefore Thm. 1.10 generalizes to the case of finite internal complex mea-
sures. Together with the earlier remark on unbounded internal positive
measures, the following generalization holds.

Theorem 1.11. Let (Q,B, u) be an internal measure space, where [ is
either a finite internal compler measure or an internal F-valued measure,
where F = [r,00] for some r € Fin(*R). Then °u extends uniquely to a
o-additive measure on olB. O

In the F-valued measure case above, if 1 takes an infinite positive hy-
perreal values, we denote the resulted values of °u by oco. It is convenient
to denote the completion of the above measure space as (Q, L(B), L(u)).

1.5.3 Lebesgue measure, probability and liftings

Consider the internal counting probability p : *P(T) — *0,1]. Then there
is measure preserving mapping between (T, P(T), L(u)) and the Lebesgue
measure space on [0, 1], as the following shows.

Theorem 1.12. Let st : T — [0,1] be the standard part mapping t — °t.
Let o be the internal counting probability on T.
Then for any Lebesgue measurable A C [0,1], Leb(A) = L(u)(st~[A]).

Proof. First let A C [0,1] be a Borel subset.
If A= |r,s] for some r,s € QN 0, 1], then
st7HA] = st r, 5] = ﬂ (fr=n"Ys+n1INT),
neN
hence

L(p)(st7'[A]) = lim L(u)([r —n L s+n7N ']I‘)

= lim (s —r+2n"1) = s —r = Leb(A).
Now suppose L(u)(st™'[A4,]) = Leb(A,), where 4, C [0,1], n € N, are
Borel. Then
L) (3671 ) An]) = 200 ( () st71AW]) = Tim L) (st [40])
neN neN
= lim Leb(4,) = Leb( N An).

n— 00
neN
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Similarly, we have L(u) (St_1 [UnGN AnD = Leb (U, An), therefore we
have proved (using the Monotone Class Theorem or by transfinite induction
on the complexity) that L(u)(st™1[A]) = Leb(A) for all Borel A C [0, 1].
Finally, let A C [0,1] and Leb(A) = 0. So for each € € R™ there is Borel
A" C [0,1], such that A C A’ and Leb(A4’) < ¢, then the outer measure
71(A) < L(u)(A’) = Leb(A’) < e. Since € € RT is arbitrary, L(u)(4) = 0.
Since the algebra of Lebesgue measurable subsets of [0, 1] is the com-

pletion of the Borel subsets w.r.t. the Lebesgue measure, we conclude that
L(p)(st1[A]) = Leb(A) for all Lebesgue measurable A C [0,1]. O

Combing with Thm. 1.9(iv), we obtain the following.

Corollary 1.3. Let A C [0,1] be Lebesgue measurable.
Then there is an internal S C T such that L(pu)(SAst™'[A]) = 0 and
Leb(4) = L(p)(S) = u(S). O

Given a measure space (Q, B, ,u), two p-measurable functions fi and fo
are said to be equal almost everywhere (w.r.t. p), if

p({z € Q| fi(x) # falx) }) = 0.

In notation: f; = fo a.e. pu.

We also write “ .- a.e. p” in other similar circumstances.

Let (Q,B,u), be an internal probability space, then by Thm. 1.9 (iv),
for every S € L(B), the indicator function xg is L(u)-measurable and there
is an internal F : Q — *R which is g-measurable and °F = xg a.e. L(u).
(For an internal function F' : Q — *R we let °F be the function x — °F(x),
if F(z) € Fin(*R), and °F(z) = sgn(F(x)) - oo otherwise.)

More generally, for an internal measure space (Q, B, ,u) of the types in
Thm. 1.11, we say that an internal py-measurable function F':  — *Fis a
lifting of a L(p)-measurable f: Q — Fif f = °F a.e. L(u).

(Notice that {x € Q| f(x) = F(z) } € L(B).)

The following characterizes Loeb measurable functions. See [Stroyan
and Bayod (1986)] for its original version.

Theorem 1.13. (Anderson’s Theorem) Let (Q, B, 1) be a finite internal
complex measure space. Let X be a Hausdorff space.

(i) Let F': Q — *X be a p-measurable internal function that lifts f : Q) —
X. Then f is L(u)-measurable.

(ii) Suppose X has a countable basis. If f : Q — X is L(u)-measurable,
then there is a u-measurable internal function F : Q — *X that lifts f.
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44 Nonstandard Methods in Functional Analysis

Proof. First of all, by Prop. 1.13, we only need to deal with the case that
1 is a finite internal positive measure. Scaling by a finite factor if needed,
we can further assume that p is an internal probability.

In the following, a nonstandard characterization of open sets is used. See
Prop. 1.14 in § 1.6.1 if necessary, or consider only the case X C [—o0, 00]|"
for some n € N and replace open sets by hypercubes having rational ver-
tices.

(i): Let F': Q@ — *X be a p-measurable lifting of f : Q — X.
Define Qg :={z € Q| f(z) = F(x)}. Then L(u)(Qp) = 1.
Let U C X be any open subset. Then

ve € Q ((f(@) €U) & (F(z) € D).

Hence (f~1{U] N Q) = (F[*U]N Q) € L(B).
By L(u)(9) = 1, f~1[U] € L(B). Therefore f is L(u)-measurable.

(ii): Let {U, }nen be a countable base of open sets generating the topol-
ogy on X. For a L(u)-measurable f : Q — X, we have f~1[U,] € L(B) for
all n € N. By the Loeb construction, there are A,,, € B, n,m € N such
that

Apm C f7HU,] and L(u)(ffl[Un} \Anm) <m™ L

Clearly, for any finitely many n’s and m’s, there is an internal F' : Q — *X
which is p-measurable and satisfies F[A,,,] C *U, for all n,m from the
finite list.

Therefore, by saturation, there is an internal y-measurable F':  — *X
such that F[A,,] C *U, for all n,m € N.

Then
{zeQ|fx)#F(2)} =] {zecQ|(f(z) €Un) A (F(z) ¢ Un)}
neN
< U (1w (U Aum))-

By o-additivity, the set in the last term is an L(u)-null set, so we conclude
that L(p)({z € Q| f(z) # F(2)}) =0, i.e. F lifts f. O

Observe how the second-countability was used in the above proof to
show that certain set has measure zero.

We mostly use Thm. 1.13 when X is separable and metrizable (hence
second-countable) such as X = R, [—00, 00],C or [—o0,00]™, n € N.

As a consequence of both Thm. 1.12 and Thm. 1.13,
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Corollary 1.4. Let pu be the internal counting probability on T. Then a
function f :[0,1] — R is Lebesque measurable iff fost: T — R is L(p)-
measurable iff f ost has a p-measurable lifting. ]

Likewise, Lebesgue measurable functions on R can be lifted to internal
measurable functions w.r.t. some counting probability.

Recall that for a measure space (Q,B,,u), f:Q — Cis a simple
measurable function if it is of the form > o auxa,, where n € N and
am € C, A, € B with |u(An)| < co. (The latter condition is imposed to
avoid the situation of co — co when 4 takes infinite value.)

Then we define the integral as

/fdu = Z it Am).
m=0

For a signed measure p and a p-measurable f : Q — [0,00), we define the
Lebesgue integral of f w.r.t. u as

/fdu:sup/@du € RU {oo},

where sup is taken over all positive simple functions # dominated by f, i.e.
over simple functions 0 < 6 < f. For any p-measurable f : Q@ — R, we
say that f is Lebesgue integrable w.r.t. yu (or simply as u-integrable) if
J1f] dp < oo. In that case, we let

[ran=[£rau [ dn,

where f* = max{f,0} and f~ = min{f,0}.
If f:Q — C, we say that f is u-integrable iff both the real part Re(f)
and imaginary part Im(f) of f are p-integrable. In this case we define

[ ran= [Re(prdn+ [1m()dn.

This naturally generalizes to the case when p is a o-additive complex mea-
sure by using the Hahn-Jordan Decomposition.

Now consider an internal probability space (Q, B, M)~ Then for a L(u)-
integrable f : Q — C, unless f is bounded, the lifting F' : Q@ — *C given by
Thm. 1.13 is not necessary p-integrable. Even if it is, it is not necessary
true that [ fdL(u) ~ [ Fdp. The correct notion requires an additional
condition.

Given a finite internal complex measure space (2, B, 1), a p-measurable
function F': Q@ — *C is called S-integrable if

/|F| dy € Fin('C) andVAeB(u(A)zo:»/ |F| duz0>.
A
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46 Nonstandard Methods in Functional Analysis

(Here [, fdp is defined as [ f - xadp. )
The proof of the following is not hard and is left as an exercise.

Lemma 1.3. Let (QB,M) be be a finite internal complex measure space.
Suppose F : Q — *C is bounded (i.e. sup,cq |F(x)| < co) and lifts some
f:Q — C. Then F is S-integrable and [ Fdu~ [ fdL(u). O

Theorem 1.14. Let (Q, B, ,u) be a finite complex measure space. Consider
w-measurable f: Q — C. Then

(i) f is L(p)-integrable iff f has an S-integrable lifting w.r.t .
(ii) For any S-integrable lifting F of f, [ fdL(u) ~ [ F du.

Proof. Asin the proof of Thm. 1.13, we assume that (Q, B, ,u) is a prob-
ability space. By dealing with Re(f) and Im(f) separately, we further
assume that f: Q — R.

(i): By Thm. 1.13, let F': Q@ — *R be p-measurable and lift f. Clearly
F*, F~ are respectively u-measurable liftings of f, f~, so we assume
without loss of generality that f > 0 and F > 0.

Write f, = max{f,n}, n € N, and F,, = max{F,n}, n € *N. Then by
Lem. 1.3, each F,,, n € N, is an S-integrable lifting of f, and

Vn e N ( / Fodp ~ / fndL(u)>.

Moreover, because F lifts f, for any N € *N\N, Fy is a p-measurable
lifting of f.

(=) : Assume that f is L(p)-integrable. Since simple functions are
bounded, it follows then lim, o [ |fn — f| dL(1) = 0. Hence

lim |frn — fm]dL(n) =0 and lim |Fy, — Fp| dp = 0.

n,m— o0 n,m— oo

Then for any small N € *N\N, lim,, . ° [(Fn — F,,)du = 0.
In particular, for such N,

/FNd,u% lim /Fndu: lim fndL(ﬂ)z/de(u) < 00.

Now let A € L(B) with u(A) = 0. Since

[ Fvdus [ (Py=F)du+ [ Fudp nen,
A A A
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from lim,, . ° [(Fn — F,)dp = 0 and, by F), - xa being an S-integrable
lifting of f, - xa, we have [, Fdu ~ [, fndL() = 0, consequently
fA FN d,u =~ 0.

Therefore Fy is an S-integrable lifting of f.

(<) : Suppose the lifting F of f is S-integrable. (Still assuming that
F >0, because F is S-integrable iff both F™ and F~ are.)
Since °F = f a.e. L(p),

Lp)({zr € Q| F(z) > N}) =0 forall N € N\N,
hence

/\F—FN|dp§/ |F| dp~0 forall N e N\N,
{F>N}

by the S-integrability of F.
So lim, oo © [(F — F,)dp =0 and lim,, .o ° [ Fdp = ° [ Fdpu.
By approximating the f,,’s by simple functions, we have [ fdL(u) =

lim, oo [ fr dL(p).
Therefore

/de(u): lim /Fndu:/qu<oo,
n—oo
showing that f is L(u)-integrable.

(ii): Let F be any S-integrable lifting of f, then by (i), f is L(u)-
integrable and the proof shows that /de(u) = / Fdpu.
Moreover, if G is another S-integrable lifting of f, then

/Gdu:/ Fdﬂ+/ Gduz/Fd,u,
{F=G} {F#G}

because ({F # G}) ~ 0, and F and G are S-integrable. O
Combining Thm. 1.12 and Thm. 1.14, one obtains

Corollary 1.5. Let pu be the internal counting probability on T. Then a
function f :[0,1] — R is Lebesgue integrable iff fo st : T — R is L(u)-
integrable iff f o st has a S-integrable lifting w.r.t. p. O

As a consequence, Prop. 1.12 is generalized: Lebesgue integrals over the
[0, 1] are represented by hyperfinite sums. (Likewise for integrals over C.)

For p € R™, we say that F': Q — *C is SL? if F? is S-integrable. These
are the internal counterparts of LP-functions, and we will mention them
again in § 2.6.2.
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1.5.4 Measure algebras and Kelley’s Theorem

We end this section with a characterization of measure algebras.

Recall that B = (B,O, 1L,AV, \), is a Boolean algebra if the binary
functions A, V, \ satisfies rules analogous to N, U, \ on subsets of some set
Q, with 0,1 playing the roles of ©,0. In fact, by Stone’s Theorem, any
Boolean algebra is isomorphic to some set algebra over some set (2.

Measures on a Boolean algebra B are defined in the same way as those on
a set algebra. So a finitely additive probability on B is some p : B — [0, 1]
such that u(1) =1 and

Va,be B((aAb=0)= (u(aVb)=p(a)+ ub))).

A Boolean algebra B is called a measure algebra if there is a finitely
additive probability x on it such that Va € B (u(a) =0 < a = 0).

So given a probability space (Q, B, ,u), if we define an equivalence rela-
tion on Bby A =~ B if uy(AAB) = 0, then the quotient algebra B/~ is a mea-
sure algebra. (It is easy to check that B/~ forms a Boolean algebra, where
on the equivalence classes, we define [A|A[B] := [ANB], [A]V[B] := [AUB],
etc.)

Clearly not all Boolean algebras B are measure algebras, so we need to
find ways to identify them.

For A C B, we write

A" = {U’a:{O,...,n}HA},nEN,

and A<Y = U A"™. Then define
neN

- I

a(o) ::max{nlijl ‘ IcHo,...,n}, /\ai 750}7 where 0 € B, n € N.
icl

Note that @(o) is a characteristic of o, as a listing with possible repetition,

not just as a subset, and is invariant under permutations of o.
Given A C B, the intersection number of A is defined as

a(A) :==inf {a(0) |0 € A% }.
and the measure number of A as

B(A) = sup {r €[0,1] | for some finitely additive probability p on the
subalgebra of B generated by A, Va € A (u(a) >1r) }.

Note that 8(A) = 0 whenever 0 € A.
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Let A C B be finite. Then the subalgebra of B generated by A can
be identified with the algebra P({po,...,pr}), with po, ..., pr enumerating
some finite set.

Let A be enumerated as ag, ..., a, and form the following matrix

M = [mz‘j]@:o,...,k, where m;; = Xa, (ps)-

7=0,....,n
For o0 € A<% of the form
J:(aoo..ao a’l...al oooooo ana.aan)’
—— N —
ho h1 R
observe then

n n
. hj
alo) = Orélfxé{k ZO 5 Mijs where h = Z h;.
=

§=0

Now let a € R be minimal such that

Zo «
T e
where zg, ..., 2, € [0,00) with z¢g + -+ + z, > 1.

From linear programming (see [Gass (2003)]), we know that the solution
is given by some extreme point (ayg, ..., an, ) € [0,00)" 2 determined by
a subset of the following hyperplanes:

o+ -+, =1,
mz’0+"'+min$n:xn+17 ’L:O,,k

Since the coefficients m;; = 0, 1, we further conclude that the extreme point
has rational coordinates of the form

(g, .-y, ) = (ho/h,...7hn/h,a)7 for some h; € N, Zhj = h.

3=0
NOW let o = (ao...ao ajp---Qp - - an...an>7 then a(o') = and
—— —— —_————
ho h1 hn,
a(t) > a for all T € A<Y.
That is, a(A) = « and the infimum value is attained.
Next we let 8 € R be maximal such that
Yo B
T N E (1.4)
Yk B
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where yo, ..., yr € [0,00) with yo + - +yp < 1.
Similar to the above, the solution 3 corresponds to some extreme point

(Bos - - - Br, B) € [0,00)*2 having rational coordinates. Moreover, it rep-
resents a probability measure assigning weights (g,...,0r to the points
Do, - - -, Pr. Conversely, any probability measure on the algebra generated

by A with weights f, ..., Ok assigned to the points p, ..., pi satisfies (1.4)
for some ( € R. Therefore 5(A) = 8 and the supremum value is attained.

The problems (1.3) and (1.4) are dual to each other, so, by a theorem
from linear programming, we conclude that o = 3. Hence we have proved
the following;:

Lemma 1.4. Let A C B be a finite subset. Then a(A) = B(A) and both
the infimum and supremum are attained. ([l

Then a combinatorial criteria for measure algebra is given as follows.

Theorem 1.15. (Kelley’s Theorem) A Boolean algebra B is a measure
algebra iff

3{An Ynen C P(B) ((\m €N(a(4,) >0)) AB=|J AU {0}).
neN
Proof. (=):Letpu:B — [0,1] be a probability measure so that u(a) =0
iff a =0.Let A, = {a € B|u(a) >n"'}, n € N. Then for each n € N,
B(A,) > 0, and, by Lem. 1.4,
a(Ay) = inf {a(C) |C C A, is finite }
=inf {B(C)|C C A, is finite } > B(A,) >0,

therefore the conclusion follows.

(<) : Suppose B = {J, oy An U {0}, with a(A,) > 0. By saturation
(more precisely, Lem. 1.1), there is a hyperfinite Boolean algebra B’ such

that B C B’ C *B.
Let n € N and A}, := *A, N B’. Then

BA,) = "a(A,) = a(Ay) 20, neN,
by transferring Lem. 1.4 and A,, C A}, C *A,.

Consequently, there are internal hyperfinitely additive probabilities v,
on the algebra generated by Aj, such that v,(a) > *B(A},) z 0, for each
a € A),. Extend ~, to a hyperfinitely additive probability p, on B’.

For each n € N, define

— —-m—1 o
Mn t= E 2 Vm, Where v, = Pmin{m,n}>
me *N
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then pu,, is hyperfinitely additive probability on B’ so that
’un(a) 2 2—m—1 *ﬁ(Afm) % 07

for each a € A],, m < n.
Extend {u, |n € N} to an internal sequence by saturation (Prop. 1.1)
and fix N € "N\N. Let ¢ : B — [0,1] be given by

p(a) == °un(a), a€bB,
then 4 is a finitely additive probability with u(a) = 0 iff a = 0. |

A o-algebra admitting a o-additive probability u on it so that p(a) =0
iff @ =0 is called a o-measure algebra.

Every Boolean algebra has a partial ordering given by a < biff a—b = 0.
A o-algebra B is weakly w-distributive if for any {a; ;|i,j < w} C Bsuch
that a; j+1 < a; j, there are 6,, : w — w, n € N such that 0, < 6,,41 and

\/ /\ Qij = /\ \/ 5,0, (i) -

0<i<w 0<j<w neN 0<i<w

We leave as an exercise to prove the following:

Theorem 1.16. (Kelley’s Theorem—o-additive version) A o-algebra B is
a o-measure algebra iff B is weakly w-distributive and satisfies the condition
in Thm. 1.15. O

1.5.5 Notes and exercises

During the early development of nonstandard analysis, conversion of an
internal measure to an ordinary measure was met with obstacles, until the
need of the saturation principle was realized and the landmark achievement
of the Loeb measure and Loeb integration theory in [Loeb (1975)]. Soon
afterward, Anderson gave a nonstandard construction of Brownian motion
in [Anderson (1976)], leading to very fruitful applications of nonstandard
methods in probability and measure theory. More details can be found in
[Albeverio et al. (1986)].

Thm. 1.12 is a special case of a general result proved in [Render (1993)]
that any Radon measure is obtainable as the image of a measure preserving
function from a Loeb measure on a hyperfinite set.

There is some work on extending the Loeb measure and Loeb integration
to vector measures, dealing with Banach space-valued measures and Banach
space-valued integrable functions. See § 4.1 and the references mentioned
within.
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Cor. 1.4 is a representation of the Lebesgue measure on [0,1] by the

Loeb measure of an internal probability on a hyperfinite set. In [Anderson

(1982)], this was generalized for all Radon measures.

The Kelley’s Theorems, Thm. 1.15 and Thm. 1.16, were originally

proved in [Kelley (1959)]. The proof here using hyperfinite algebra and
linear programming is reproduced from [Ng (1991)].

EXERCISES

(1)

Let A C T be L(u)-measurable, where p is the internal counting prob-
ability on T. Show that st(A) is Lebesgue measurable.
Give the Loeb measure construction for the counting probability on
Un<nznT, ie.  the internal set {nAt|n < N?}. Then generalize
Thm. 1.12 for the Lebesgue measure on R.
Prove Thm. 1.13.
Prove Lem. 1.3.
Let (Q, B, u) be an internal probability space and F' : 2 — "R a lifting
of f:Q — R. Suppose 6 : R — R is bounded continuous, show that
*0(F) is an S-integrable lifting of 6(f).
Let (Q,B,u) be an internal probability space and F' : Q@ — *R be
p-measurable. Show that F'is S-integrable iff

Vr € ﬂRﬁ\]Rﬁ(/ |F|duz0).

{IF|>r}

Apply Cor. 1.5 to prove the Dominated Convergence Theorem for
Lebesgue measurable functions on the unit interval: Suppose

fus F:10,1] =R, n €N,
where the f,’s are Lebesgue measurable and f is Lebesgue integrable
such that Vz € [0, 1] (limnﬁOo fn(z) €R) and |f,| < f, then
1

lim fn( Ydx = / ( lim fn(x)) dx

n—oo 0 n—oo
Let p be the 1nternal counting probability on T. Let u ® pu be the
counting probability on T2. Suppose f : T? — R is L(u ® u)-integrable.
Prove that

L u)({t € T| f(t,-) L(p)-integrable }) =1
and that

[racwsw = [ ([ 1@ dLw@) i),

(This is a special case of the Keisler’s Fubini’s Theorem. See [Albeverio
et al. (1986)].
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(9) Given an example of a Boolean algebra which is not a measure algebra.
(10) Apply the hyperfinite Boolean algebra method to prove Thm. 1.16.
(11) Let X € V(R), does o( *P(X)) satisfy weakly w-distributivity?
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1.6 Application: Topology

Topological properties are simply properties about monads.
Compactness means no room for further idealization.

A topological space X corresponds to a pair (X, 7x), or simply (X,7),
consisting of a set X together with a topology—some 7 C P(X) containing
() and is closed under arbitrary U and finite N. Elements in 7 are called
open subsets of the space X. A subset C' C X is called closed if (X \ C)
is open. Hence closed sets are closed under arbitrary N and finite U. For
ACX,

A= ﬂ{C’|ACCCX, C'is closed },

the closure of A.

Given two topologies 7; and 75 on X, if 7; C 75 we say that 75 is finer
(or stronger) than 7; and likewise 77 is coarser (or weaker) than 7s.

The finest topology is the discrete topology given by P(X), i.e. every
singleton {z}, x € X, is open. Such X is called a discrete space.

Given a topological space (X,7), and Y C X, the topological space
Y, {UNY, |U € T}) is called a subspace of X.

1.6.1 Monads and topologies

We consider only topological spaces X € V(R), although results here hold
also for topological spaces X in any V().
Given z € X, the monad of = is denoted and defined as

w(x) = pr(z) = px(x) = ({Ulze U, UeT}
The nearstandard part of *X is defined as:
ns(*X) := U w(z).
zeX

The notion of open sets and closed sets can be characterized in terms
of monads.

Proposition 1.14. Let A C X, then

(i) A is open iff Vo € A (u(x) C *A);
(i) A is closed iff Vo € X ((u(x) N *A) £0 =z € A).
(iii) Forx € X, z € A iff p(x) N *A # 0.
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Proof. (i) (=) : follows trivially from the definition.

For («), fix any € A. If VU € T (z € U = 3y € U \ *4), then by
saturation, Jy € (u(z) \ *A), a contradiction.

So, by transfer Vx € AU € T (:c eUC A), and therefore

A=|J{ueT|UCA}.

In particular, A is open.
(ii) follows from a dual statement.
(iii) follows from the saturation. O

For general spaces, the monads {u(x)|x € X} need not be pairwise
disjoint. We will consider in the next subsection a large class of spaces for
which the monads are indeed pairwise disjoint.

If the monads are disjoint, they form a partition of ns(*X), producing
equivalence classes on ns( *X') whose equivalence relation is denoted by =,
~x or simply as = (infinitely close to each other w.r.t. T), i.e.

Vz,y € ns("X) (mwy@ (HZEX(m,yEM(z))).

So, roughly, x = y if there is no separation of x,y originated from (X, 7)
and this signifies the intuitive idea about monads. In this setting, the
definition of a monad extends to all nearstandard elements in a natural
way: let © € ns(*X), we define p(x) as {y € "X |y ~ z}. So = ~ y iff
w(x) = p(y), for z,y € ns(*X). Note that it would not be a good idea here
to define for # € (ns(*X) \ X) its monad as the intersection Nyeper *U.
For example, let ¢ € *R, be a nonzero positive infinitesimal, then € € %0, 1)
and 0 ¢ *(0,1), but we like to keep 0 and e in the same monad.

Still assuming that the monads are disjoint. Let A C X. We write z =~ A
to abbreviate 3y € A(y = z). Then from Prop. 1.14, the openness of A
means Vo € *X (x rA=>zx € *A), which expresses the intuitive meaning
that, ideally, an open set includes all nearby points from *X. Likewise, A
is closed iff Vo € X (:r ~ A= € A), i.e. no new points from X are
admitted into the set through idealization.

A pseudometric on a set X is a function d : X2 — [0,00) with the
property that Va,y,z € X

(d(z,2) = 0) A (d(z,y) = d(y, ) A (d(z,y) < d(z,2) +d(y, 2)),
i.e. a symmetric binary function vanishing on the diagonal and satisfying
the Triangle Inequality.
For x € X and r € R, let B(z,r) := {y € X|d(z,y) < r} and
S(z,r) :={y € X|d(z,y) = r}, the open ball and the sphere. Then a
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repeated application of the union and finite intersection operations to these
B(x,r) generates a topology 7. The resulted (X,7) is called a pseudo-
metric space. We also write (X, d) for such (X, 7).

The above function d : X2 — [0, 00) is called a metric if we strengthen
the condition Vz € X (d(z,z) = 0) to

V:v,yéX(d(x,y) :0<:>:x:y).

Then under the topology generated, the space is called a metric space.
It is possible to have two different pseudometrics (or metrics) d; and ds
generating the same topology 7 on X. In which case we say that d; and do
are equivalent pseudometrics (or equivalent metrics).
Let D be a family of pseudometrics on X. Ford € D,z € X, r € RT,
we define

Bi(z,r):={y € X |d(z,y) <7}

Let 7 be the topology generated by these By(z, ), then the space (X,7)
is called a uniform space.

For a uniform space such as the above we extend the definition of
monad to any points x € *X by

w(zx) == ﬂ *Ba(z,n™1).

deD,neN

Note that here, for z € *X \ ns(*X), the set ({*U |z € *U, U € T } would
not be taken as a useful definition of a monad, for it coincides with *X.

Furthermore, if (X,d) is an internal metric space, the monad of any
x € X is defined as

w(zx) = ﬂ *B(x,n™t).

neN

For these extended definition of monads, we note that y € u(z) implies
that u(y) = p(x), by the symmetry of the pseudometrics. In particular,
{u(z)|s € *X} forms a partition of *X. We then write z ~ y for the
equivalence relation given by the monads and call x, y infinitely close to each
other as before. Clearly, this equivalence relation extends that given before
on ns(*X) (where the monads of elements from X are pairwise disjoint), so
the use of the same symbol & is justified.

The monads of a hyperreal given in §1.4 are of course a special case of
the above. Moreover, under the usual metric topology, ns(*R) = Fin( *R).
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1.6.2 Monads and separation arioms

A topological space (X, 7) is called Hausdorff iff
V:c,yeX(m#y:HU,VeT((UﬂV:[Z))/\(xE UAer))).

Note that in a Hausdorff space, singletons are closed. The class of
Hausdorff spaces includes clearly all metric spaces as well as most spaces
that we will deal with in this book.

Hausdorff spaces are characterized by distinct points having distinct
monads.

Proposition 1.15. A topological space X is Hausdorff iff
Vo,y € X (z#y < pl@)Nnpy) =0).
Proof. Let a,b e X. By the definition of monads and by saturation,
pla)Npd) =0 < m U N ﬂ V=20

acUeT bevVeT
S IVVeT(UNV=0Aac UAbe V),

and so, by transfer,

wa)Npd)=0 < 3, VeT(UNV=0AacUAbeV). .

We remark that in a Hausdorff space, monads form a partition of the
nearstandard part, so we freely use the definition of monads of nearstandard
elements and the relation ~ .

Being Hausdorff means certain separation property is satisfied. Here
are more separation axioms: a topological space X is called

e regular, if Vx € X V closed C C X
(mgéC:HUJ/ET((UHV:(Z))/\(:UGU/\CCV)));
o completely regular, if Vx € X V closed C C X
(av ¢ C = 3 continuous f : X — R ((f(z) = 1) A (f[C] = {0})));

e Tychonoff, if X is completely regular and Hausdorff;
e normal, if V closed C, D C X

(CﬂD:(Z):>HU,VET((UHV:(Z))/\(CCU/\DCV))).
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So in a completely regular space, any closed subset is separated from a
point outside in a continuous manner. Here the continuity of f : X — R
means that f~[U] is an open subset of X whenever U C R is open.

It is not hard to see that completely regular spaces are regular.

An equivalent characterization of regularity is this: X is regular iff

vgceX<VUeT((a:eU):»ﬂVeT(erchU))).
Likewise, X is normal iff V closed C C X
YUeT ((CcU)=3VeT(CcVcCVcl)).

Similar to Prop. 1.15, we have the following:

Proposition 1.16.

(i) X is regular iff Vo € X V closedC C X (z ¢ C) =
pz)n () U =0
ccUueT
(ii) X is normal iff ¥ closed C,D C X (CND =0) =
(N vn () U=0.
CccueT DCcUeT
]

Because of Prop. 1.15, Hausdorff spaces admit a useful notion of monads.
Moreover this class includes most spaces we will be interest in. Therefore
we assume form now on that:

Unless otherwise stated, all topological
spaces (X, T) are Hausdorff.

1.6.3 Standard part and continuity
Now given a topological space X, we define the injection
st :ns("X) —» X

by taking st(z) to be the unique y € X such that x =~ y. Here st(z) is
uniquely defined since X is Hausdorff. We also write °z for st(z).

The function st is referred to as the standard part mapping and st(z)
is called the standard part of x.
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Consequently, Prop. 1.14 can be rewritten as: A C X is open iff
st71[A] C *A and A is closed iff st™*[A] D (*A Nns(*X)), since ns(*X) is
the disjoint union of st ~![A] and st~'[X \ A].

For z € X, note that p(x) = st™1[{z}].

The image of internal sets under the standard part mapping turns out
to be quite simple. The following is a special example.

Proposition 1.17. Let A C *X be the intersection of fewer than k many
internal sets. Then st[A Nns(*X)] is closed.

Proof. Write C' = st[A Nns(*X)]. To avoid triviality, we assume C # {).
Fix a € X such that u(a) N *C # 0.

Define F:={U|acU €T}, so ula) =NF.

For any *U € F, *UN *C # 0, hence UNC # 0, by transfer. So
AN *U # (. Note that F is closed under finite intersection, so for any finite
Fo C F, AN Fo # 0. Then it follows from saturation that A N F,
an intersection of fewer that s internal sets having the finite intersection
property, is nonempty. i.e. AN u(a) # 0, i.e. a € C.

As this holds for all a € X, therefore, by Prop. 1.14(ii), C is closed. O

Let f: X1 — X, where (X;,7;) and (X3, 72) are topological spaces.
Generalizing the real-valued function case, f is said to be continuous at
r e Xqif

VW eTL(flz)eV=3UeT(xcUAfU CV)
and f is continuous if it is continuous at every x € X;.

For simplicity of notation, u stands for monads in either *X; or *Xs.
The following generalizes Prop. 1.8.

Proposition 1.18. f: X; — X5 is continuous at v € X1 iff
flu@)] € p(f(2)), deVye Xi(ymz= "fly) = f(z)).
Proof. (=) : Note that
Su@l=" ) vlc( N vw)c( N V) =u@),
zeUeT zeUeTy fx)eVeT;

where the second inclusion follows from the definition of continuity and
transfer.

(<) : If f(z) € V € Tp are such that VU € Ty (z € U = f[U]\V #0),
then in particular, for any n € N,

VU(),...,U” E’Tl(JZEﬂiSHUi if[[mign UJ \V?é@),
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consequently, by saturation, *f[u(x)]\ *V # 0.
Therefore *f[u(x)] ¢ u(}(x)). 0

Let z € ns(*X), so z = y for some y € X. If f is continuous at y, then

flu()] = “fluly)] € n(*f(y)), so *f(x) = f(y) and *flu(z)] C p(*f(x)).

Hence we have:

Corollary 1.6. f: X7 — X5 is continuous iff

Ve € X1 (flu(@)] € p(f@) i Vo €ns("Xy) (Flu(@)] C u(*f(@)))-
O

Corollary 1.7. f: X; — X5 is continuous iff VV € T (f_l[V] €T).
Proof. By Prop. 1.14(i),
(Wen (' Ven)) & (Wehvee V] (u) C FHV]),
It is not hard to check that the latter is equivalent to
Vo € Xy ("flu(x)] € p(f(2))).

(Saturation is needed in one direction.) O

If 7,7’ are topologies on X; with 7’ finer than 7 and let p and p’
be the corresponding monads, then Vo € X (,u/(x) C u(m)) Moreover, by
Cor. 1.7, any continuous f : X; — X5 w.r.t. 7 is continuous w.r.t. 7".

Other than those *f for some continuous f, there exist other internal
functions that capture continuity using conditions in Cor. 1.6.

Proposition 1.19. Let f : *X; — *X5 be an internal function satisfying
conditions fns(*X1)] C ns(*Xz)] and Yz € ns(*X1) (flu(z)] C p(f(2))).
fi.c. Yo,y € ns("X) (2 ~ y = f(2) ~ f(3).)

Define °f : X1 — X5 by x — °(f(x)). Then °f is continuous.

Proof. Suppose °f is discontinuous at some a € Xj. Then for some
V € 75 with °f(a) € V, we have for each U, where a € U € 77, there is
some b € U such that °f(b) ¢ V, hence f(b) ¢ *V.

Therefore the sets

{ze U|f(x)e "X\'V}, whereaeU €T,

satisfy the finite intersection property. Now, by saturation, let b belong
to the intersection of all these sets, then b =~ a, but f(b) ¢ *V > f(a),
contradicting the assumptions on f. O

NONSTANDARD METHODS IN FUNCTIONAL ANALYSIS - Lectures and Notes
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7466.html




NONSTANDARD ANALYSIS 61

ns(*X7) - ns(*Xo)
\Lst lbt
°f
X1 X2

Fig. 1.3 The commutative diagram for Prop. 1.19.

In Prop. 1.19, we also say that °f is the standard part of the function
f- Note that °z — °(f(x)) is well-defined and is the same as ° f. Therefore
the diagram in Fig. 1.3 commutes.

A mapping f : X1 — X, is said to be open if VU € T; (f[U] € T5).
The following is an analog of Cor. 1.6

Proposition 1.20. Let f: X1 — X5. Then f is open iff
Vo € X1 (*flu(@)] > u(f(x))).

Proof. (=):LetzeXand F={U|zecUe€T}.
Consider z € oz *f[U]. Since F is closed under finite intersection,
the following sets have the finite intersection property:

{y € ﬂ]—'o | *f(y) = = }, with Fy ranging over finite subsets of F.

Therefore, by saturation, for some y € (|F, z = *f(y). i.e.
() “flul c *f[(F] = “fl=)].
UeF
The inclusion in the opposite direction way is trivial, so actually

ﬂUef *flU] = *f[u(z)]. Then
@l =( 0 ) o () = )

zeUeTh f(x)eVeT
where we use the fact that f[U] € T for every U € T;.
(«):Let U €Ty and y € f[U]. So y = f(z) for some x € U. Then

py) = p(f () C “flp(2)] C U],
and therefore f[U] € 75 by Prop. 1.14(i). O

A bijective continuous open mapping f : X; — Xs is called a home-
omorphism. Note in such case that 73 is generated by {f[U] | U € T1}.
When such mapping exists, X; and X5 are said to be homeomorphic. If
f is a homeomorphism, then f~! is also a homeomorphism, making home-
omorphism an equivalence relation between topological spaces.
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Theorem 1.17. (Urysohn’s Lemma) Let X be a normal space, A, B C X
be disjoint closed subsets. Then there is a continuous f : X — [0,1] so that

f~Y0)> A and f~1(1) D B.

Proof. Forn € *N, we define in [0, 1] an increasing sequence of finite sets
T,:={m2 " |m=0,...,2" }.
We first define inductively for n € N two functions

U, :{-1,0,...,2"} =T and f,:X — T,,

so that, for m = —1,...(2" — 1), we have

Up(m) CU,(m+1) and U,(2"—1)NB=10

and where f,, is defined to be

2" —1

foi= > (M +127" XU, (mr1)\U, (m)-

m=—1

So it is only necessary to define the U,.

For all n € N, we set U, (—1) := 0 and U, (2") := X.

For n = 0, we use normality to chose Uy(0) to be any U € 7 such that
ACcUandUNB=0.

Suppose U, is defined. Let U, agree with U,, at even numbers, i.e.

Up+1(2m) :=Uy(m), wherem =0,...,2".

For the odd numbers, apply the inductive hypothesis and normality: for
m=0,...,(2" —2), let U,411(2m + 1) be any U € T such that

Up(m) =U,1(2m) CU CU CUpy1(2m +2) = Uy (m + 1),

and Uy, 41(2" " — 1) is any U € T such that

Uy(2" —1) =Up1(27*1 —2) CU and UNB=0.

Finally, consider *{f, |n € N} i.e. {*f|n € N}.

Fix any N € "N\ N, consider *f : *X — *0,1]. Take z,y € ns(*X)
such that z =~ y. Then z € U,(m) iff y € U,(m) for any n,m € N with
m < 2" therefore *f 5y (z) = *fy(y). Hence

f: X —1[0,1 given by z— °*fy(x)

is well defined and is continuous by Prop. 1.19.
Moreover, as Uy (0) D *A and (Un(2V)\ Uy (2Y — 1)) D *B, we have
f71(0) > Aand f71(1) D B. O
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As an immediate consequence, we have:
Corollary 1.8. Normal spaces are completely regular. U

In a pseudometric space (X, d), a sequence {a, }nen is called Cauchy,
if limy, 1 — 00 d(Gn, am) = 0, i.c.

Ye c RT3IN e N (Vn,m >N (d(an,am) < e) )

Similar to Prop. 1.5, by using the internal extension {a, }ne v it is easy to
see the following.

Proposition 1.21. In a pseudometric space (X,d), a sequence {an tnen is
Cauchy iff YM,N € ("N\N) ("ap =~ “ay).

Moreover, if lim, o an, € X, then VN € (*"N\N) (limnﬂOO Q2 *aN).

([l

A metric space (X,d), is called complete if every Cauchy sequence
{an}nen C X converges in X. That is,

Jda € X lim a, =a; equivalently, Ja € X (VN € ‘N\N (*ay ~ a)).

n—oo
If we are given a double sequence {@nm }nmen in a metric space, it is
easy to see that in general

lim lim ap, # lim lim a,,.

n—oo Mm—0o0 m—00 N—00

Similar to the remark above, one can easily show the following:

Proposition 1.22. Let {anm}n,men be a double sequence in a complete
metric space (X,d). Then

lim  any, exists iff VM, My, Ny, Ny € ("N \N) (*aN1M2 ~ *aNQMQ).

n,m— o0

In such case, limy, 1y o0 pm =~ “anny for any N,M € ("N\N). a

Now we consider a useful uniform boundedness condition that ensures
path-independence of the limit.

Theorem 1.18. Let (X, d) be a complete metric space and {anm }n,men C
X such that, for each n € N, {anm tmen s Cauchy.
Suppose the the following uniform boundedness condition is satisfied:

Ve ¢ Rt 3n € NVny,ny €N ((nl,ng >n) = (Vm € N (d(an,m; Gnym) < e)))
(1.5)
Then the following hold:
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(1) VNl,N27M1,M2 c (*N \N) <*aN1M1 ~ *CLNQM2);
(i) VN, M € "N (*aNM € ns( *X));
(iii) VNV, M € (*N\N)(

lim apm, = O(*aNM)).
n,m—o0

Proof. (i): In (1.5), for each ¢ € R™, choose n. € N such that whenever
ne < ni,no €N, we have Vm € N (d(amm,anzm) < e). Then by transfer,
YN,L e "N ((N,L >no) = (VM € N ("d("anwr, "apn) < e))), (1.6)

where € € RT.
Now, by the Triangle Inequality, for each € € RY,
A) (B)

d("an, My, "an,m,) < Cd(Tany vy, Tan,a) + d(Can, g, an )
+ d(Can mys Tan )+ TA(Tan, vy AN, ) -
(© (D)
Apply (1.6) to (A) for all e € RT, we see that (A)~ 0. By (1.6), we have
both (B), (D)< €. Since {ay, m }men is Cauchy, we have (C)a 0. Therefore

d(*an, u,, Tan,a) S 2€ for any e € RT

* ~ *
hence *an, r, = "an, M, -

(ii): Clearly we only need to show that *ayp € ns(*X) in the case
when at least one of N, M is infinite.

Let n € N and M € ("N \N). Since {anm}men is Cauchy, we have
“anar € ns(*X) and limy, o0 Gm = °(*anar).

Let N € ('N\N) and m € N. By (1.5), {@nm}fnen is Cauchy. An
application of (1.6) shows that

. o % ~ *
lim ( anm) ~ "anm-
n—oo

Hence *anm € ns(*X).

Finally, let N,M € (*N\N). Then as above, we have {*anas}nen C
ns(*X) and lim,, o0 Gpm = °© ( *anM) for each n € N.

Again, by (1.6), we have {°(*anM)}n€N is Cauchy and

lim O(*anM) ~ >|(CLNM,

hence *anps € ns(*X).

(iii): Let N, M € (*N\ N). The computations in the proof of (ii) shows
that limy, e 1My 00 @nm = °(fanar). So, by (i) and Prop. 1.22, we have
liInn,m~>oo Apm = O( *aNM)~ O
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A mapping f: X — X on a metric space (X, d) is called Lipschitz if

3 € [0,00)Va,y € X (d(f(2), f(y)) < rd(z,y)).

When this condition is satisfied, we say that f has Lipschitz constant r.
Clearly, by Prop. 1.18, Lipschitz functions are continuous.
If f has Lipschitz constant € [0, 1), then f is said to be a contraction.
The following basic result is often used in proving fixed point theorems,
i.e. results about a function f having a point a so that f(a) = a.

Theorem 1.19. (Banach Contraction Principle) Let (X, d) be a complete
metric space and f : X — X be a contraction. Then dx € X (f(x) = a?)

Proof. Let f have Lipschitz constant r € [0,1). Fix any a € X.
Then by iterating the Lipschitz condition, we have

vn e N (d(f"(a), f"(@) <" d(f(a),a)). (L.7)
Then for any m < n in N, by the Triangle Inequality and (1.7),
A" @), fr@) < AT @), ) < S d(f(a),a),

0<k<n—m

which — 0 as m — oo.

Hence {f"(a)}neny C X is Cauchy and lim,_,o f"(a) = ¢ for some
c € X. By Prop. 1.21, ¢ ~ *fN(a) for any N € (*N\ N).

Fix any N € ("N\ N). By transferring (1.7), we have

A (N (), Y () <7 d(f(a),a) 0.
This, together with the continuity of f implies that
) = “F(FN () ~ Y (a) ~ e,
hence f(c) = ¢, since both ¢, f(c) € X. O

The most fundamental fixed point theorem is perhaps the following
classical result. See for example [Munkres (2000)] for a proof.

Theorem 1.20. (Brouwer’s Fixed Point Theorem) Let ||-|| be the Eu-
clidean norm on R", n € N. Let B := {x € R"| ||z|| < 1} be the closed unit
ball.

Suppose f : B — B is continuous. Then Iz € B (f(x) = x) O
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1.6.4 Robinson’s characterization of compactness

A subset K C X is said to be compact, if
vF T (Kc|JF= 3% cF (1Rl <Nk c|JR)).

That is, every open cover of K contains a finite subcover of K.

When X is compact, the space X is called a compact space.

The following intuitive and elegant re-formulation of compactness, due
to Robinson, will be quoted frequently throughout.

Theorem 1.21. (Robinson’s Characterization of Compactness) In a topo-
logical space X, a subset K C X is compact iff

Vo e *K (Jy € K (z =~ y)).
(Equivalently, *K C ns(*X) A st[*K] =K.)

Proof. (=) : If there is ¢ € *K \ st7![K], then for any a € K there
is U, € T such that a € U, and ¢ ¢ *U,. Now {U,|a € K } is an open
covering of K and for any finite Ko C K, K ¢ UaeKo U,, for otherwise the
transfer implies ¢ € *K C |, K, Ua, a contradiction.

(<) : Suppose *K C st~![K] and F C 7 such that K C |JF. If for any
finite Fo C F, K ¢ |JFo, then the following internal sets have the finite
intersection property:

K\ U U, where Fy C F is finite.
UeFo

Therefore, by saturation, there is ¢ € *K \ |Jyc# U, and hence there is
c€ K\ st7K]. O

The condition st[*K] = K intuitively captures the fact that the ideal-
ization of K always stays close to K. Note that st[*K] D K always holds
trivially for any K C X.

Since st[*K] = K implies Vz € X ((u(z) N *K # 0) = (z € K)),
compact sets are closed, by Prop. 1.14(ii).

The intersection of a decreasing sequence of nonempty compact sets is
nonempty: Let K, C X, n € N, be compact such that K,, D K, 1 # 0.
Let a, € K,,, n € N. Extend it to an internal sequence, let a = a for some
N € "N\ N. Then a € Nyen *Kn, 80 °a € Npenst[*Ky,] = NpenKn.

Let C C X be closed with *C' C ns(*X). Then by Prop. 1.14(ii),
st[*C] = C, hence C' is compact. In particular, closed subsets of a compact
set are compact.
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If 7, 7' are topologies on X with 7" finer than 7, then, as before, from
Vo € X (1 (z) C p(x)), if K C X is compact w.r.t. 7', then it is compact
w.r.t T.

One also compares Prop. 1.17 with the following.

Proposition 1.23. Let K C ns(*X) be internal. Then st[K] is compact.

Proof. Write C = st[K]. We first present a purely nonstandard proof.

Let a € *X. Suppose a % C. So for each ¢ € C. there is U, € 7 such
that ¢ € U, and a ¢ "U..

But C C J,cc Ue and C = st[K], so K C |J e Ue. Then by satura-
tion, for some finite Cy C C, we have K C U ¢, Ue- By C = st[K] again,
¢cC UCECO U

Apply transfer, then *C' C Uceco *U.. In particular, we have a ¢ *C.

Therefore Va € *C (3¢ € C (z = ¢)), and we conclude that *C' C ns(*X)
and st[*C] C C, so C is compact by Thm. 1.21.

Alternatively, one shows that every open cover of C contains a finite
subcover. Let 7 C 7 such that C C |JF. Then K C Jycr *U. So, by
saturation, K C Uy ¢z, “U, for some finite 7y C F. Hence C C JFp. O

Now let K; C X be compact, ¢ € I. If I is finite, then
UK = st[ | "Ki] = | Jst["Ki] UK,,
el el el el
i.e. a finite union of compact sets is compact. For finite or infinite I,
ﬂK C st m*Ki]Cﬂst [*K;] ﬂK,,
el el el el
giving st[*(ﬂiel Kl)] = (V;es Ki, i-e. the intersection of arbitrarily many
compact sets is compact.
Another useful property is the following.

Proposition 1.24. Let (X,7) be a compact space, C C X be closed and
a € *X. Then °a € C iff a € U for every open U D C.
Consequently, X is a normal space.

Proof. First note that °xz € X is defined for every x € *X, as X is
compact.
Let ¢ = °a. If ¢ € C, then, for every open U D C, a € u(c) C *U.
Conversely, suppose ¢ ¢ C. Then by X being Hausdorff, for each x € C
there are Uy, V,, € T such that c € U,z € V, and U,NV,, = (). In particular,
C C UgzecVy. Since C is a closed subset of the compact X, C is compact,
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so there is finite Cy C C such that C' C Uzec,Va. Let U := Nyec, Uz, and
Vi=UzecyVa, 50 U,V € T and UNV = ), hence *U N *V = ). Moreover,
V> C,but a ¢ *V, as u(c) C *U. Therefore the first statement of the
theorem is proved.

Next let C, D C X be closed and disjoint. As a consequence of the
above, for any a € *X we have

acC & ac ﬂ U and °a€D & ac ﬂ .

CcUeT DCUET
Hence ﬂ TN ﬂ U =0.
ccueT DCUeT
So we conclude from Prop. 1.16(ii) that X is normal. O

In a metric space (X, d), given a subset Y C X and € € RT, we write

Ye .= U Ba(y,e€).

yey

We say that Y is totally bounded if for every e € RT there is finite
Yp C Y such that Y C Yj.

If there is some r € RT such that Vyi,y2 € Y (d(y1,y2) < r) we say
that Y is bounded. Then it is clear that totally boundedness implies
boundedness.

The following is also clear from saturation:

Proposition 1.25. Let Y be a subset of a metric space. ThenY is totally
bounded iff XY C H€ for some hyperfinite H C *Y and € ~ 0. |

Let K C X be compact in a metric space (X, d). By saturation, let H be
hyperfinite such that K C H C *K. Then by Robinson’s characterization of
compactness, Vo € *K Jy € H (:r ~ y) By H hyperfinite, min,c gy *d(x,y)
exists and is infinitesimal for each z € *K. Let

py— 3 3 *
€:= ;eug( min d(x,y).
Then € < n~! for every n € N, hence € ~ 0.

From this point of view, compactness is close to being finite, at least in
a metric space. In fact in many aspects, compactness is a kind of general-
ization of finiteness.

The classical Heine-Borel Theorem says that in an Euclidean space
R™ n € N, a subset Y C R" is compact iff it is closed and bounded.
(Equivalently *Y" C ns(*R™) A st[*Y] =Y. ). While this does not hold in
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a general metric space (see Cor. 2.22, however), we do have the following
result. Part of it was already proved, the rest is left as an exercise.

Theorem 1.22. (Generalized Heine-Borel Theorem) In a metric space, a
subset is compact iff it is complete and totally bounded. O

An important feature of compactness is that the property is preserved
by continuous functions.

Proposition 1.26. Let f : X; — X5 be continuous then f[K] is compact
for any compact K C X;.

Proof. Let K C X7 be compact. Then by Thm. 1.21, *K C ns(*X;) and
st[*K] = K. Together with Cor. 1.6, we have
YUKl U eU@) = [ wf@) € ns(*Xs).
z€st] *K] zeEK
Note that *(f[K]) = *f[*K], hence st[*(f[K])] C f[K] follows from the
above and continuity, giving st[*(f[K])] = f[K]. Therefore f[K] is compact,
by Thm. 1.21 again. O

Given topological spaces (X;,7;), indexed by ¢ € I, we form a product
space (] [;c; Xi, T), where on the Cartesian product [[,.; X; the topology
T is generated by sets of the form

H U;, where U; € 7; and U; = X; for all but finitely manyi € I.

iel
( [Lics Xis T), is called the Tychonoff product of the X;. Unless specified,
product space always refers to Tychonoff product only.

Let X = [[;c; Xi, then "X = [],..; *X;. Notice that under the above
7, we have

ns("X) ={z e "X|Viel(z; ens(*X;))} and

st = (x)ic — (Oxi)iel for every x € ns(*X).

i€l

Now we have a very simple proof of the following classical result, due
to Robinson.

Theorem 1.23. (Tychonoff’s Theorem) Let X;, i € I, be compact, then
[L;c; Xi is compact.

Proof. Since the X,’s are compact, ns(*X) = *X. Moreover,
st[*X] = {(°zi)ier| v € X} = [[Xi = X.
iel
Therefore X is compact by Thm. 1.21. ([l
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1.6.5 The Baire Category Theorem
Given (X, 7T), the interior of a set A C X is defined as:

int(A):=| {UIUeT A UCA}
A space X is called locally compact if
Ve e X (EI compact K C X (z € int(K))).

So locally compact spaces generalize compact spaces. For example, discrete
spaces are locally compact and R is locally compact but not compact. We
can see immediately the following consequence of the proof of Tychonoff’s
Theorem:

Corollary 1.9. Let X;, i € I, be locally compact, then [[;c; Xi is locally
compact. O

We leave as an exercise to check that open sets are determined by com-
pact sets in a locally compact space.

Proposition 1.27. In a locally compact space X, U C X 1is open iff
V compact K C X (K \U is compact). ([l

A subset A C X is called dense if A = X. If X has a countable dense
subset, it is called separable. So, since Q = R, R is separable.
The following is straightforward.

Proposition 1.28. A C X is dense iff Vo € X (,u(x) N *A # (Z)). a
Corollary 1.10. If A, B C X are open dense, then AN B is open dense.

Proof. ANB is clearly open. Suppose it is not dense, let ¢ € X such that
u(c) N (AN B) =0, by Prop. 1.28. Then by saturation, for some U € 7T,
ceUand UN*AN*B=*TUN*ANB)=0.

By A being dense open, U N A # () and open; then by B being dense
open, UN AN B # ), a contradiction. O

The following will be an important topological tool for the coming chap-
ters.

Theorem 1.24. (Baire Category Theorem) Let (X,7T) be either a com-
plete metric space or a locally compact space. Let V,, C X be open dense,

n €N, then (), oy Va is dense.
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Proof. Let f:N — T be given by f(n) =V,. Then *f : "N — *7 and
we denote *f(n) by W,.
In particular, ( ﬂ Vn) = ﬂ W,.

neN ne *N
Fix an arbitrary a € X, we will show that p(a) N *(,cy Vo # 0, i.e.

p(a) N,y Wa # 0. Then the result follows from Prop. 1.28.
Fix any N € "N \N.

The complete metric space case:

Since the hyperfinite intersection (), _ 5 Wy is “open dense, by Cor. 1.10,
there is a nonempty *open ball By C (B(a, N-Hn MNnen Wn) In partic-
ular, By C (pu(a) NNyeny Wa)-

Suppose M > N and Bj;_1 was chosen. Since (), ., Wy is “open
dense, we can find a nonempty *open ball By, C (ﬂn<M W, ﬂBM,l) such
that diameter(Bys) < M1

By *X being “complete, there is a unique b € (\y_ ey Bu. Then
be By C p(a) and b € (¢ oy W Therefore p(a) N(),c . Wan # 0.

The locally compact space case:

Let F={*U|a€Ue€T}. (Sopula) =F.) For any finite Fy C F, by
*X being *locally compact and (1, .y W, “open *dense, there is a “compact
K C (NFoNnN,<n Wa) with int(K) # 0. Then by saturation, we fix some
“‘compact Ky C (NF NN,y Wa) with int(Ky) # 0.

We are going to define for M > N some K); C *X satisfying the
following property ¢as :

(KM is *compact) A (*int(KM) % @) A (KM - ( ﬂ W, N *int(KM,l)))
n<M

By *X being “local compact, [,y Wn being “open *dense and
int (K ) being nonempty *open, clearly such Ky can be found.

Now apply induction internally to M > N in "N. For M > N, if K,
is defined so that ¢, is satisfied, then from ¢ps, *int(Kps) is nonempty
*open, together with the *local compactness of *X and the *openness and
*denseness of ﬂn<M+1 W, there is Kjsy1 satisfying ¢asi1.

The such constructed Kys’s, M > N, are *compact, decreasing and

nonempty, so (- x Kar # 0. Therefore

0#( () Ku)C(Kxnn () Wa) C (ua)n [ Wa).

M>N ne *N ne *N O
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A subset A C X is said to be nowhere dense if int(A) = 0. A set is
said to be of the first category, or meager, if it is a countable union of
nowhere dense sets. Otherwise it is said to be of the second category. A
topological space X is called a Baire space if every nonempty open subset
of X is of the second category.

It is easy to check that the condition in the statement of Thm. 1.24
is equivalent to being a Baire space. Hence complete metric spaces and
locally compact spaces are Baire spaces.

1.6.6 Stone-Cech compactification

Given a topological space X, the Stone-Cech compactification of X is
a compact space, denoted by X, extending X, such that

e X is dense in 5X;

e for every continuous f: X — [0, 1], there is a unique extension of f to
a continuous function 8f : BX — [0, 1];

e (X is unique up to homeomorphism w.r.t above properties.

It is with the above properties that Stone-Cech compactification is con-
sidered to be the largest compactification of a space.

As an illustration, consider X = N with the discrete topology.

Let ON := {u(n) |n € "N}, where we define

u(n) =({Ul(ne U)AUCN)}.

Then the p(n)’s form a partition of *N and behave like monads. Moreover,
there is a correspondence between OGN and the set of ultrafilters over N
by mapping each p(n) to {U C N|n € *U}. It is easy to check that this
correspondence is a bijection. For this reason, ON is also regarded as the
set of ultrafilters over N. Observe that the u(n)’s for n € N correspond
precisely to the principal ultrafilters over N.

The topology on QN is generated by open sets of the form

{p(n)|ne U}, U CN.

The mapping N 5 n — pu(n) is clearly a homeomorphism onto its image, so
we identify N with {u(n) |n € N}. Then for each U C N, we simply let *U
stand for {u(n)|n € *U}.

N is dense in AN, since it holds for each U C N that *U # 0 iff U # 0
iff *UNN 0.
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For any family U; C N, i € I, such that "N = |J,; *U;, there is a finite
Iy C I such that "N = J;c;, *U;. For otherwise it follows from saturation
that there is some n € "N\ J,c; "U;. Therefore BN is a compact space.

Now let f: N — [0,1]. (So f is automatically continuous.) Let n € *N.
So there is y € [0,1] such that *f(n) ~ y. Then for each open V C [0, 1],
if y € V, then *f(n) € *V and hence n € *(f~*[V]). Suppose n’ € "N and
p(n') = p(n). Then n € *(f~1V]) iff n’ € *(f~'[V]) for any open V C
[0, 1], by the continuity of f. Hence °(*f(n)) =y = O(*f(n')) Therefore
the function Sf : SN — [0, 1] given by

(Bf)(u(n)) == °(*f(n)), for each u(n) € BN,

is well-defined. It is clear that Gf extends f.
Moreover, for each open V' C [0, 1], we have

BHTV]I = {un) [ (n € N) A (Bf)(u(n) €V}
= {u(n)[(ne N)A*f(n) € V}="(f"[V]),

which is open in ON. i.e. 8f is continuous.
The fact that this SN is unique up to homeomorphism is a consequence
of the following whose proof is left as an exercise.

Proposition 1.29. Let X be a Tychonoff space. Let 51X and (2X be
compact spaces having X as a dense subspace such that every continuous
function f : X — [0,1] extends uniquely to a continuous function from
G:X — [0,1], for both i =1,2. Then 51X and $2X are homeomorphic. O

We will give a short proof in §3.2.2 that every Tychonoff space has a
Stone-Cech compactification.

Note that in the above, if we replace N by any discrete space X, then
the same proof shows that then 3X, Stone-Cech compactification of X, is
simply the space of ultrafilters over X.

We remark that the Stone-Cech compactification can be equivalently
defined by using any compact spaces instead of the unit interval for the
range of the continuous functions. The proof is left as an exercise.

Proposition 1.30. Let X be a Tychonoff space and X its Stone-Cech
compactification. Then for any compact topological space Y, any continuous
f: X =Y extends to a continuous function Bf : X — Y. O
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1.6.7 Notes and exercises

When the analytic and geometric features of analysis are removed, the
foundation left is just topology, hence its particular relevance to functional
analysis.

The nonstandard approach to the theory of topology was initiated and
developed by Robinson.

The theory of monads was conceived by Leibniz and has philosophical
meanings beyond topology. Both Robinson and Luxemburg are credited
for the modern nonstandard formulation and study of monads.

It seems that so far Brouwer’s Fixed Point Theorem (Thm. 1.20) has
eluded a proof based on nonstandard techniques. However, in the re-
verse mathematics systems of Friedman and Simpson ([Simpson (2009)]),
Brouwer’s Fixed Point Theorem has the same strength as infinite combi-
natorial principals such as the Weak Konig’s Lemma, so a proof based on
properties of hyperfinite sets should be plausible.

The characterization of compactness by Robinson is a very simple but
yet powerful tool having a large variety of applications not only in topology
but in functional analysis and stochastic analysis as well.

The notion of Stone-Cech compactification as well as methods of con-
structing it are due to M.H. Stone and E. Cech for their work in the 1930’s.

For more application of nonstandard methods in the construction of
compactification, see [Salbany and Todorov (2000)].

Consult [Munkres (2000)] for a more thorough coverage of topics in
topology.

EXERCISES

(1) For every x € ns(*X), show that there is U € *7 such that © € U C
().

(2) Prove Prop. 1.16.

(3) Let f: X1 — X5, where (X;,dy) and (X2, ds) are metric spaces. f is
said to be uniformly continuous if

Vee RT 36 € R Va,y € X1 (di(z,y) <6 = dao(f(2), f(y)) <e).
Show that f is uniformly continuous iff
Vr,y € *X (:17 ~ry= *f(r) = *f(y))

(4) Verify Prop. 1.25 and prove Thm. 1.22. Give an example of a complete
and bounded but not compact subset of a metric space.
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Show that a function f : X; — Xo between two topological space is
continuous iff graph(f) := {(z, f(z) |2 € X1 } is closed in the product
space X7 X Xo.

Let f: Xo — X35 and g : X; — X5 be continuous functions between
topological spaces X1, X5 and X3. Show that the composition f o g is
continuous.

Prove Prop. 1.22.

Show that a space (X, 7T) is regular iff Vz € ns(*X)

pa)=({"ClzeC A (X\C)eT}

Prove that locally compact spaces are completely regular and metric
spaces are normal.

Show that the uncountable product of R, i.e. R* for some \ > wy, is
not a normal space

Show that locally compact spaces are regular.

Prove Prop. 1.27 and Prop. 1.28.

Show that compact metric spaces are separable.

Show that a complete pseudometric space is Baire.

Let X7, X5 be topological spaces with X; a Baire space. Suppose fy, :
X7 — X5, n € N, are continuous and f : X; — X5 is given by x —
limy, o0 fr ().

Show that {z € X | f is continuous at x } is dense in Xj.

A net is some {z;};c; C X, where (I, <) is a directed set.

The net convergence, x; — x, is defined as

VUeT((er) = (JielvVj>i(z;e U))).
Show that f : X; — X5 is continuous at a € X; iff for every net
{a;}ier C X1, if a; — a then f(a;) — f(a).

Prove Prop. 1.29.
Prove Prop. 1.30.
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