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Exercises

(1) Show that µ(0) forms a ring, i.e. it is closed under +, −, ·.
(2) Construct

(
R, +, ·, 0, 1

)
as a quotient field from

( ∗Q, +, ·, 0, 1
)
.

(3) Show that ∗Q is almost a real closed field in the sense that for any
odd n ∈ N and integers a0, · · · , an, an 6= 0, there is r ∈ ∗Q such that
anr

n + · · · a1r + a0 ≈ 0.
(4) If ∗R is constructed by an ultrapower using a nonprincipal ultrafilter

over ω, write down explicitly an infinite number and a nonzero infinites-
imal number.

(5) Given an example of a polynomial of the form p(x) =
∑N
n=1 anx

n,

where a1 ≈ ∞, an ∈ ∗R, N ∈ ∗N such that p(ε) ≈ 0 for all large
enough ε ≈ 0.

(6) Formulate and prove the corresponding overspill and underspill for in-
ternal subsets of ∗N.

(7) Show that
(
1 + rN−1

)N ≈ (1 + rM−1
)M ∈ Fin( ∗R) for any N,M ∈

∗N \N and r ∈ Fin( ∗R). Moreover, let f : R → R be given by f(x) :=
◦(1 + rN−1

)N
, N ∈ ∗N \N, use the Binomial Theorem to show that

f(x+ y) = f(x)f(y) for all x, y ∈ R. (Of course, f(x) = ex.)
(8) Let N,M ∈ ∗N \N with M2/N ∈ Fin( ∗R). Show that(

N2

N2 −M2

)N(
N −M
N +M

)M
≈ e−M

2
N .

(9) Let {an }n∈N ⊂ R. Show that aN ≈ a for N ≈ ∞ iff {an}n∈N contains
a subsequence converging to a.

(10) Is there a chain of vector spaces {Vn |n < N }, for some N ∈ ∗N, such
that V0 6= VN but ∀n < N

(
Vn = Vn+1

)
?

(11) Show that

lim
m→∞

lim
n→∞

amn = a iff ∀M ≈ ∞∃K ≈ ∞ ∀N > K
(
aMN ≈ a

)
.

Find a similar characterization for

lim
m→∞

(
lim
n→∞

amn
)

= lim
n→∞

(
lim
m→∞

amn
)
.

(12) Prove the (⇐) direction in Prop. 1.8 using the overspill only.
(13) Show that f : R→ R is uniformly continuous iff

∀s, r ∈ ∗R
(
s ≈ r ⇒ ∗f(s) ≈ ∗f(r)

)
.

(14) Find nonstandard characterizations of continuity and uniform continu-
ity for functions f with open domain Dom(f) ⊂ R.
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32 Nonstandard Methods in Functional Analysis

(15) Use nonstandard characterizations to prove that if f : R→ R is differ-
entiable at r ∈ R then it is continuous at r.

(16) Use nonstandard characterizations to prove that if f is continuous on
a compact set C, then it is uniformly continuous on C.

(17) Find N ∈ ∗N so that T ⊃ Q∩ [0, 1], i.e. T contains all rational numbers
in the unit interval.

(18) Use infinitesimals to prove the chain rule of differentiation.
(19) Prove Prop. 1.12. Use this to prove the Fundamental Theorem of Cal-

culus.
(20) Let st : ∗R → R ∪ {±∞} be given by st(r) = ◦r, if r ∈ Fin( ∗R), and

st(r) = sgn(r) ·∞ otherwise. Show that st[A] is closed for any internal
A ⊂ ∗R.



NONSTANDARD METHODS IN FUNCTIONAL ANALYSIS - Lectures and Notes
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7466.html

March 4, 2010 22:3 World Scientific Book - 9in x 6in NSMFA

Nonstandard Analysis 33

1.5 Application: Measure Theory

Any nonstandard measure is convertible to an ordinary measure.
Measure algebras are given nonstandard recognition.

A measure is a function defined on some collection of sets and its definition
originated from the usual length function which assigns a total length to a
finite union of intervals from R. Measure theory is not only an important
collection of tools applicable in functional analysis, it is also a major source
of examples investigated by functional analysts.

We first begin with some necessary precise definitions and terminologies.
For properties and definitions of the topological notions mentioned in this
section, confer § 1.6 if needed.

1.5.1 Classical measures

Given a set Ω, an algebra over Ω is some collection B ⊂ P(Ω) which is
closed under ∪, ∩ and complement in Ω. In particular, ∅, Ω ∈ B. So an
algebra B over a set forms a Boolean algebra w.r.t. the set operations. We
sometimes call such B a set algebra .

If B is also closed under countable union (equivalently, under countable
intersection), then B is called a σ-algebra .

If C ⊂ P(Ω), the algebra generated by C is obtained by iterating arbi-
trarily finitely many times the operations of finite intersection, finite union
and complement. The result is the intersection of all subalgebras of P(ω)
that include C. Likewise, the σ-algebra generated by C is obtained by iterat-
ing arbitrarily finitely many times the operations of countable intersection,
countable union and complement. It coincides with the intersection of all
σ-subalgebras of P(ω) that include C.

The σ-algebra generated by C is denoted by σC.
Given either an algebra or a σ-algebra over Ω, the pair

(
Ω,B

)
is called

a measurable space .
With attention to a given measurable space

(
Ω,B

)
, elements of B are

called measurable subsets of Ω.
Given measurable spaces

(
Ω1,B1

)
and

(
Ω2,B2

)
, a function f : Ω1 → Ω2

is called a measurable function if f−1
[
B2

]
⊂ B1, i.e. f−1[X] ∈ B1 for

every X ∈ B2. We also say that f is B1-measurable for emphasis.
Let F temporarily denote any one of the following sets:

{0, 1}, [0, 1], [0,∞), [0,∞], R, R ∪ {∞}, C,
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34 Nonstandard Methods in Functional Analysis

with the usual meaning attached to 0 and +.
Given a measurable space

(
Ω,B

)
, a finitely additive measure on B

is a function µ : B → F such that

• µ(∅) = 0;
• ∀X,Y ∈ B

(
(X ∩ Y = ∅)⇒ (µ(X ∪ Y ) = µ(X) + µ(Y ))

)
.

We also say µ is a finitely additive measure on Ω if the reference to B is
implicitly understood.

Note that if F does not include∞, the first condition is redundant. Also,
additivity holds for any finitely many disjoint sets from B by iterating the
second condition.

That is, if X1, . . . , Xn is a list of finitely many pairwise disjoint elements
from B, then

µ
(
X1 ∪ · · · ∪Xn

)
= µ(X1) + · · ·+ µ(Xn).

In the case that B is a σ-algebra, the term σ-additive measure is used
for a finitely additive measure µ on B that satisfies the following countable
additivity condition:

• µ
(⋃

n∈N An
)

=
∑
n∈N µ(Xn) for any pairwise disjoint {Xn}n∈N ⊂ B.

Here it is required that
∑
n∈N µ(Xn) converges absolutely if

µ
(⋃

n∈N Xn

)
is finite. In the case F ⊂

(
R ∪ {∞}

)
and µ

(⋃
n∈N Xn

)
= ∞,

the countable additivity condition is only required when µ(Xn) ≥ 0 for all
n ∈ N.

In particular, the limit given by
∑
n∈N µ(Xn) remains unchanged for

any permutations of the Xn’s.
By a measure on B we mean either a finitely additive measure or a

σ-additive measure when the context makes it clear which is meant.
In either case, the triple

(
Ω,B, µ

)
is then called a measure space .

Note the difference between a measurable space and a measure space. For
emphasis, we may specifically mention either a finitely additive or σ-
additive measure space.

Elements of B in a measure space
(
Ω,B, µ

)
are celled µ-measurable .

Let
(
Ω1,B1, µ1

)
and

(
Ω2,B2, µ2

)
be measure spaces. Then we call a

function f : Ω1 → Ω2 a measure preserving function if f is surjective
and f−1[X] ∈ B1 with µ1

(
f−1[X]

)
= µ2(X) for every X ∈ B2.

Let µ be a measure on Ω. The following is a list of common types of
measures.
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• If F = {0, 1}, then µ is called a {0, 1}-measure , i.e. a zero-one-

measure .
• If F = [0, 1], then µ is called a probability measure , or simply a

probability , and
(
Ω,B, µ

)
is called a probability space .

• If µ(Ω) is finite, then µ is called a finite measure , or a bounded

measure . Otherwise, it is an infinite measure or an unbounded

measure .
• If there are Ωn ∈ B such that µ(Ωn) is finite for all n ∈ N and

limn→∞ µ(Ωn) = µ(Ω), then µ is called a σ-finite measure .
• If F ⊂ [0,∞], then µ is called a positive measure .
• If F ⊂ R, then µ is called a real-valued measure , or a R-valued

measure .
• If F = C, then µ is called a complex measure or a C-valued mea-

sure .
• Similarly, F-valued measures refer to measures µ : Ω→ F.
• If F ⊂ R ∪ {∞}, then µ is called a signed measure .

Given a σ-additive complex measure space
(
Ω,B, µ

)
, the total varia-

tion of µ is the function |µ| : B → [0,∞] given by

|µ| (X) := sup
∞∑
n=1

|µ(Xn)| , X ∈ B,

where the supremum is over all partitions of X, i.e. disjoint sets
{Xn}n∈N ⊂ B such that X = ∪n∈NXn.

The resulted |µ| remains unchanged if only finite partitions are used in
the definition.

It can be shown that the total variation of a σ-additive complex measure
is a bounded positive measure. (See [Rudin (1987)].)

Given a σ-additive signed measure µ : B →
(
R ∪ {∞}

)
a classical

result known as the Hahn-Jordan Decomposition shows that there are
unique σ-additive measures µ1 : B → [0,∞] and µ2 : B → [0,∞) so that
µ = µ1 − µ2. (See [Rudin (1987)].)

For a σ-additive real measure space
(
Ω,B, µ

)
, by regarding µ as

complex-valued, it is easy to see that the Hahn-Jordan decomposition is
given by µ1 = 1

2

(
|µ|+ µ

)
and µ2 = 1

2

(
|µ| − µ

)
.

A σ-additive complex measure µ naturally decomposed as µ = µ1 + iµ2,

where µ1, µ2 are the real and imaginary part of µ respectively. Clearly
µ1, µ2 are real-valued measures, hence it follows from the Hahn-Jordan
Decomposition that µ = (µ11 − µ12) + i(µ21 − µ22) for some finite real-
valued σ-additive measures µ11, µ12, µ21, µ22.
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A σ-additive measure space
(
Ω,B, µ

)
is said to be complete , if when-

ever Y ⊂ X ∈ B is such that µ(X) = 0, then Y ∈ B. Of course, µ(Y ) = 0
in such case.

For Y ⊂ Ω, if there is X ∈ B such that Y ⊂ X and µ(X) = 0, we say
that Y is a null set or a µ-null set . Hence

(
Ω,B, µ

)
is complete if B

include all null sets.
Given a σ-additive measure space

(
Ω,B, µ

)
, where µ is a positive mea-

sure, let N := {Y ⊂ Ω | ∃X ∈ B
(
µ(X) = 0 ∧ Y ⊂ X

)
} and let B be the

σ-algebra generated by B ∪N . Define

µ̄ : B → [0,∞] by µ̄(X) := inf
{
µ(Z) | ∃Z ∈ B

(
Z ⊃ X

)}
.

Then it is not hard to see that µ̄ is the unique σ-additive measure on B
extending µ and

(
Ω,B, µ̄

)
is a complete σ-additive measure space.

By the above-mentioned Hahn-Jordan Decomposition results, any σ-
additive measure space

(
Ω,B, µ

)
, where µ is either a σ-additive signed

measure or a complex measure, extends uniquely to a complete σ-additive
measure space

(
Ω,B, µ̄

)
, called the completion of

(
Ω,B, µ

)
. We also say

that B is the completion of B w.r.t. µ̄.
In many occasions, measures considered in functional analysis have a

topological origin.
If Ω is a topological space, the σ-algebra generated by the class of open

sets is called a Borel algebra over Ω, with its elements called Borel sub-

sets of Ω. A σ-additive measure µ on the Borel algebra B over Ω, is called
a Borel measure on Ω and

(
Ω,B, µ

)
a Borel measure space .

Let
(
Ω1,B1, µ1

)
,
(
Ω2,B2, µ2

)
be Borel measure spaces. Then any mea-

surable function f : Ω1 → Ω2 is called a Borel-measurable function .
That is to say, f−1[X] is Borel whenever X is a Borel subset of Ω2. Note
that this is equivalent to f−1[U ] being Borel for every open subset of Ω2.

However, if
(
Ω,B, µ

)
is a measure space and X is a topological space,

a function f : Ω → X such that f−1[U ] ∈ B for every open U ⊂ X is just
called a µ-measurable function .

Note that in general a Borel measure algebra is not complete.
Let

(
Ω,B, µ

)
be a Borel measure space.

• µ is called inner-regular if

µ(X) = sup{µ(C) |C ⊂ X and C is closed}, X ∈ B.

• µ is called outer-regular if

µ(X) = inf{µ(U) |U ⊃ X and U is open}, X ∈ B.
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• µ is called regular if it is both inner-regular and outer-regular.
• µ is called a Radon measure if it is a completion of a Borel measure

and for any µ-measurable X,

µ(X) = sup{µ(C) |C ⊂ X and C is compact}
= inf{µ(U) |U ⊃ X and U is open}.

Observe that if a Borel measure is finite, then inner-regularity is equiv-
alent to outer-regularity.

If Ω is a locally compact Hausdorff space and is a countable union of
compact sets, then every Borel measure on Ω which is finite on compact sets
is regular. Many of the spaces that we will study do satisfy this property
and is also metrizable.

For each n ∈ N, the Lebesgue measure on Rn is an example of a Radon
measure which is the completion of a Borel measure.

1.5.2 Internal measures and Loeb measures

First recall the remarks on p.17) concerning the use of ∗.
By a ∗finitely additive measure , we mean an internal function

µ : B → ∗F

where F = {0, 1}, [0, 1], [0,∞), [0,∞], R, R∪{∞} or C, and where for some
internal Ω, the triple

(
Ω,B, µ

)
forms an ∗measure space, i.e. an internal

measure space .
By transfer, µ is hyperfinitely additive . This means that for any

hyperfinite internal sequence {An}0≤n<N ⊂ B, where N ∈ ∗N,(
∀n < m < N

(
An ∩Am = ∅

))
⇒
(
µ
( ⋃
n<N

An
)

=
∑
n<N

µ(An)
)
.

Observe that the latter is a hyperfinite sum.

• In an internal measure space
(
Ω,B, µ

)
, µ is called a finite internal

measure or a bounded internal measure if |µ(Ω)| <∞.

Given a hyperfinite nonempty internal set Ω, the probability measure
µ on Ω that assigns measure |Ω|−1 to each singleton {ω}, ω ∈ Ω, is called
the normalized counting measure , or the counting probability on Ω.
(Recall that |Ω| denotes the internal cardinality of Ω.)

It follows then that

µ(X) :=
|X|
|Ω|

for every X ∈ ∗P(Ω).
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Consider the hyperfinite timeline T from §1.4. For convenience, as |T| =
N + 1, we deviate from the above definition in a non-essential way by
referring to the counting probability on T as the probability measure µ

such that µ
(
{0}
)

= 0 and is the normalized counting measure on T \ {0}.
In Prop. 1.12, the representation of an integral as a hyperfinite sum,

suppose we take f to be the indicator function χS where S ⊂ [0, 1] is a
Lebesgue measurable subset, then

Leb(S) =
∫ 1

0

χS(x)dx =
◦ N∑
n=0

∗χS(n∆t) ∆t ≈ µ( ∗S ∩ T),

where µ is the counting probability on T. Of course, χS need not be con-
tinuous, but we shall make this connection precise.

Let
(
Ω,B, µ

)
be an internal probability space. Define

◦µ : B → [0, 1],

where, for any A ∈ B, set ◦µ(A) := ◦(µ(A)
)
, the standard part of the

hyperreal µ(A), then
(
Ω,B, ◦µ

)
is clearly a finitely additive probability

space. In applications, one often encounters sets in σB, so an extension of
◦µ to a σ-additive probability on σB is desired. (Except in trivial cases, B
is never a σ-algebra, see exercises in §1.2.)

Before we construct the σ-additive extension, we first define the inner

and outer measure of ◦µ : let A ⊂ Ω be any subset, then

µ(A) := sup{ ◦µ(X) : X ∈ B ∧ X ⊂ A} and

µ(A) := inf{ ◦µ(X) : X ∈ B ∧ X ⊃ A}.

It is easily seen that µ(A) ≤ µ(A) holds for any A ⊂ Ω.

Define L(B) := {A ⊂ Ω |µ(A) = µ(A)}. We also define

L(µ) : L(B)→ [0, 1] by L(µ)(A) := µ(A)
(

= µ(A)
)
.

For sets A and B, we write

A4B for (A\B) ∪ (B\A),

the symmetric difference . (Here A\B denotes {x ∈ A |x /∈ B}.)

Theorem 1.9. Let
(
Ω,B, µ

)
be an internal probability space with the

corresponding
(
Ω, L(B), L(µ)

)
given as above. Then

(i) L(B) is a σ-algebra extending B.
(ii)

(
Ω, L(B), L(µ)

)
forms a σ-additive probability space.

(iii) L(B) is the completion of σB w.r.t L(µ).
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(iv) (Internal Approximation) ∀A ∈ L(B)∃B ∈ B
(
L(µ)

(
A4B

)
= 0
)
.

Proof. (i): It is clear that B ⊂ L(B).
It is also clear that A ∈ L(B) iff (Ω \ A) ∈ L(B). To show that L(B)

forms a σ-algebra, it suffices to check that it is a monotone class. (See [Ash
(2000)].) Let An ∈ L(B) be increasing and A =

⋃
n∈N An. Let ε ∈ R+, then

there are Cn, Dn ∈ B with

Cn ⊂ An ⊂ Dn and µ
(
Dn \ Cn

)
<

ε

2n
, n ∈ N.

We can assume that the Cn’s are increasing.
Let r := sup

n∈N

◦µ(Cn). Then µ(A) ≥ r. We now show that r ≥ µ(A).

By internal extension Prop. 1.1 and by Prop. 1.6, let N ∈ ∗N \N such
that r ≈ µ(CN ). Then it holds for any m ∈ N that

µ
(( ⋃

n<m

Dn

)
\ CN

)
≤ µ

( ⋃
n<m

(Dn \ Cn)
)
≤

m∑
n=0

ε

2n
≤ 2ε.

By the overspill and the
⋃
n<mDn, CN being internal,

µ
(( ⋃

n<M

Dn

)
\ CN

)
≤ 2ε for some M ∈ ∗N.

Hence ∗µ
(⋃

n<M Dn

)
≤ r + 2ε. Since ε ∈ R+ is arbitrary and A ⊂⋃

n<M Dn ∈ B, we have µ(A) ≤ r.
Therefore µ(A) = r = µ(A), i.e. A ∈ L(B). So we conclude that L(B)

forms a σ-algebra.

(iv): Let A ∈ L(B). So there are Cn, Dn ∈ B such that Cn ⊂ A ⊂ Dn

with µ(Dn \Cn) ≈ 0. Let C =
⋃
n∈N Cn and D =

⋂
n∈N Dn. By saturation,

there is B ∈ B such that C ⊂ B ⊂ D.
In particular, L(µ)(A4B) = 0, i.e. A is approximated by some B ∈ B

under L(µ).

(ii): Clearly L(µ) extends µ. So it suffices to show that L(µ) is σ-
additive.

First let An ∈ L(B) with L(µ)(An) = 0, n ∈ N. Let ε ∈ R+ and Dn ∈ B
so that An ⊂ Dn and µ(Dn) ≤ 2−nε. Extend the Dn to an internal sequence
by Prop. 1.1, then for small N ∈ ∗N \N, we have⋃

n∈N
An ⊂

⋃
n<N

Dn and µ
( ⋃
n<N

Dn

)
≤ 2ε.

Therefore L(µ)
( ⋃
n∈N

An
)

= 0. i.e. the countable union of null sets is again

a null set under L(µ).
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Now consider disjoint An ∈ L(B), n ∈ N. Write A =
⋃
n∈N An. By (iv),

there are B, Bn ∈ B so that

L(µ)(A4B) = 0 and L(µ)(An4Bn) = 0, n ∈ N.
Replacing Bn by (Bn ∩ B) \

⋃
m<nBm, we can assume that the Bn’s are

disjoint subsets of B.
Let ε ∈ R+, then by saturation there is D ∈ B such that⋃

n∈N
Bn ⊂ D ⊂ B and µ(D) ≤ ε+

∑
n∈N

◦µ(Bn).

Since this holds for any ε ∈ R+,

L(µ)
( ⋃
n∈N

Bn
)
≤
∑
n∈N

◦µ(Bn) ≤ L(µ)(B) = L(µ)
( ⋃
n∈N

An
)
. (1.2)

But ◦µ(Bn) = L(µ)(An) and L(µ)
( ⋃
n∈N

Bn4
⋃
n∈N

An

)
= 0, so by what was

just proved about countable union of null sets, we obtain from (1.2)

L(µ)
( ⋃
n∈N

An
)
≤
∑
n∈N

L(µ)(An) ≤ L(µ)
( ⋃
n∈N

An
)
.

Therefore L(µ) is σ-additive.

(iii): Let A ⊂ Ω be such that A ⊂ D and L(µ)(D) = 0 for some D ∈
L(B). But L(µ)(D) = µ(D), hence µ(A) = 0, implying µ(A) = µ(A) = 0.
Therefore A ∈ L(B).

Moreover, by (iv), each element in L(B) is approximated within measure
zero by an element of B, so L(B) is the least algebra extending B that
contains all null sets, i.e. L(B) is the completion of B w.r.t. L(µ). �

The measure constructed in Thm. 1.9 was first given by P. Loeb in
[Loeb (1975)], hence L(B) is called the Loeb algebra of B, L(µ) the Loeb

measure of µ and
(
Ω, L(B), L(µ)

)
the Loeb space .

There is an alternative Loeb construction utilizing the fact that(
Ω,B, ◦µ

)
satisfies the Carathéodory’s criteria, i.e. if {An |n ∈ N} ⊂ B

is decreasing to ∅, then limn→∞
◦µ(An) = 0. This is the case because the

An’s are internal so[
∀n ∈ N

(
An ⊃ An+1

)
∧
⋂
n∈N

An = ∅
]
⇒
[
∃n ∈ N

(
An = ∅

)]
,

by saturation. Therefore, by the Carathéodory’s Extension Theorem (see
[Ash (2000)]), ◦µ has a unique σ-additive extension L0(µ) : σB → [0, 1].
Let N be the collection of null sets, i.e.

N :=
{
X ⊂ Ω

∣∣ ∃Y ∈ σB ((L0(µ)(Y ) = 0) ∧ (X ⊂ Y )
) }
.
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Then L(B) is just σ(B ∪ N ), the σ-algebra generated by B ∪ N , and L(µ)
is just the unique extension of L0(µ) on L(B).

In either constructions, we obtain:

Theorem 1.10. Let
(
Ω,B, µ

)
be an internal probability space, then ◦µ ex-

tends uniquely to a σ-additive probability measure on σB with its completion
given by the Loeb space

(
Ω, L(B), L(µ)

)
. �

In [Loeb (1975)] the Carathéodory’s Extension Theorem for an un-
bounded internal positive measure µ was used to produce a σ-additive
measure. In [Henson (1979)](Cf. also [Živaljević (1992)]) this extension
was shown to be unique on the σ-algebra generated by the internal algebra
on which µ is defined.

Given two internal measures µ, ν on the same internal algebra B, we
write µ ≈ ν if ∀X ∈ B

(
µ(X) ≈ ν(X)

)
.

We use Re and Im to denote the real part and imaginary part of
a complex number. Hence given a complex measure µ, Re(µ) and Im(µ)
denote the measures corresponding to restricting the values of µ to its real
part and imaginary part respectively.

The following is an internal version of the Hahn-Jordan Decomposition.

Proposition 1.13. Let
(
Ω,B, µ

)
be a finite internal complex measure

space. Then there are finite internal positive measures µ11, µ12, µ21, µ22

such that µ ≈ (µ11 − µ12) + i(µ21 − µ22).
Moreover, the decomposition

◦µ = ( ◦µ11 − ◦µ12) + i( ◦µ21 − ◦µ22)

is unique.

Proof. Let µ1 := Re(µ) and µ2 := Im(µ), so µ1, µ2 are finite internal
real-valued measures.

Since µ1 is finite, for some r ∈ Fin( ∗R), µ1 : B → [−r, r].
By saturation, there is A ∈ B such that µ1(A) ≈ infX∈B µ1(X) ≤ 0.
Now define finite internal positive measures µ11, µ12 : Ω→ [0, r] by

µ11(X) = µ1(X\A) and µ22(X) = −µ1(X ∩A), X ∈ B.

Then µ1 ≈ µ11 − µ12.

Note that if µ′11, µ
′
12 are similarly defined, then

(
µ11−µ12

)
≈
(
µ′11−µ′12

)
,

hence the decomposition ◦µ1 = ◦µ11 − ◦µ12 is unique.
The decomposition of µ2 is similar. �
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Clearly the conclusion in Thm. 1.10 also holds for a finite internal pos-
itive measure space

(
Ω,B, µ

)
by scaling µ by a positive finite factor if nec-

essary. Meanwhile, for a finite internal complex measure µ, Prop. 1.13
provides the unique decomposition ◦µ = ( ◦µ11 − ◦µ12) + i( ◦µ21 − ◦µ22).
Therefore Thm. 1.10 generalizes to the case of finite internal complex mea-
sures. Together with the earlier remark on unbounded internal positive
measures, the following generalization holds.

Theorem 1.11. Let
(
Ω,B, µ

)
be an internal measure space, where µ is

either a finite internal complex measure or an internal F-valued measure,
where F = [r,∞] for some r ∈ Fin( ∗R). Then ◦µ extends uniquely to a
σ-additive measure on σB. �

In the F-valued measure case above, if µ takes an infinite positive hy-
perreal values, we denote the resulted values of ◦µ by ∞. It is convenient
to denote the completion of the above measure space as

(
Ω, L(B), L(µ)

)
.

1.5.3 Lebesgue measure, probability and liftings

Consider the internal counting probability µ : ∗P(T)→ ∗[0, 1]. Then there
is measure preserving mapping between

(
T, ∗P(T), L(µ)

)
and the Lebesgue

measure space on [0, 1], as the following shows.

Theorem 1.12. Let st : T→ [0, 1] be the standard part mapping t 7→ ◦t.

Let µ be the internal counting probability on T.
Then for any Lebesgue measurable A ⊂ [0, 1], Leb(A) = L(µ)

(
st−1[A]

)
.

Proof. First let A ⊂ [0, 1] be a Borel subset.
If A = [r, s] for some r, s ∈ Q ∩ [0, 1], then

st−1[A] = st−1[r, s] =
⋂
n∈N

(
[r − n−1, s+ n−1] ∩ T

)
,

hence
L(µ)

(
st−1[A]

)
= lim
n→∞

L(µ)
(

[r − n−1, s+ n−1] ∩ T
)

= lim
n→∞

(s− r + 2n−1) = s− r = Leb(A).

Now suppose L(µ)
(
st−1[An]

)
= Leb(An), where An ⊂ [0, 1], n ∈ N, are

Borel. Then
L(µ)

(
st−1

[ ⋂
n∈N

An

])
= L(µ)

( ⋂
n∈N

st−1[An]
)

= lim
n→∞

L(µ)
(
st−1[An]

)
= lim
n→∞

Leb(An) = Leb
( ⋂
n∈N

An

)
.



NONSTANDARD METHODS IN FUNCTIONAL ANALYSIS - Lectures and Notes
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7466.html

March 4, 2010 22:3 World Scientific Book - 9in x 6in NSMFA

Nonstandard Analysis 43

Similarly, we have L(µ)
(

st−1
[⋃

n∈N An

])
= Leb

(⋃
n∈N An

)
, therefore we

have proved (using the Monotone Class Theorem or by transfinite induction
on the complexity) that L(µ)(st−1[A]) = Leb(A) for all Borel A ⊂ [0, 1].

Finally, let A ⊂ [0, 1] and Leb(A) = 0. So for each ε ∈ R+ there is Borel
A′ ⊂ [0, 1], such that A ⊂ A′ and Leb(A′) ≤ ε, then the outer measure
µ(A) ≤ L(µ)(A′) = Leb(A′) ≤ ε. Since ε ∈ R+ is arbitrary, L(µ)(A) = 0.

Since the algebra of Lebesgue measurable subsets of [0, 1] is the com-
pletion of the Borel subsets w.r.t. the Lebesgue measure, we conclude that
L(µ)(st−1[A]) = Leb(A) for all Lebesgue measurable A ⊂ [0, 1]. �

Combing with Thm. 1.9(iv), we obtain the following.

Corollary 1.3. Let A ⊂ [0, 1] be Lebesgue measurable.
Then there is an internal S ⊂ T such that L(µ)

(
S4st−1[A]

)
= 0 and

Leb(A) = L(µ)
(
S
)
≈ µ(S). �

Given a measure space
(
Ω,B, µ

)
, two µ-measurable functions f1 and f2

are said to be equal almost everywhere (w.r.t. µ), if

µ
(
{x ∈ Ω | f1(x) 6= f2(x) }

)
= 0.

In notation: f1 = f2 a.e. µ.
We also write “· · · a.e. µ” in other similar circumstances.
Let

(
Ω,B, µ

)
, be an internal probability space, then by Thm. 1.9 (iv),

for every S ∈ L(B), the indicator function χS is L(µ)-measurable and there
is an internal F : Ω → ∗R which is µ-measurable and ◦F = χS a.e. L(µ).
(For an internal function F : Ω→ ∗R we let ◦F be the function x→ ◦F (x),
if F (x) ∈ Fin( ∗R), and ◦F (x) = sgn(F (x)) · ∞ otherwise.)

More generally, for an internal measure space
(
Ω,B, µ

)
of the types in

Thm. 1.11, we say that an internal µ-measurable function F : Ω→ ∗F is a
lifting of a L(µ)-measurable f : Ω→ F if f = ◦F a.e. L(µ).

(Notice that {x ∈ Ω | f(x) ≈ F (x) } ∈ L(B).)
The following characterizes Loeb measurable functions. See [Stroyan

and Bayod (1986)] for its original version.

Theorem 1.13. (Anderson’s Theorem) Let
(
Ω,B, µ

)
be a finite internal

complex measure space. Let X be a Hausdorff space.

(i) Let F : Ω→ ∗X be a µ-measurable internal function that lifts f : Ω→
X. Then f is L(µ)-measurable.

(ii) Suppose X has a countable basis. If f : Ω → X is L(µ)-measurable,
then there is a µ-measurable internal function F : Ω→ ∗X that lifts f.
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Proof. First of all, by Prop. 1.13, we only need to deal with the case that
µ is a finite internal positive measure. Scaling by a finite factor if needed,
we can further assume that µ is an internal probability.

In the following, a nonstandard characterization of open sets is used. See
Prop. 1.14 in § 1.6.1 if necessary, or consider only the case X ⊂ [−∞,∞]n

for some n ∈ N and replace open sets by hypercubes having rational ver-
tices.

(i): Let F : Ω→ ∗X be a µ-measurable lifting of f : Ω→ X.

Define Ω0 := {x ∈ Ω | f(x) ≈ F (x)}. Then L(µ)(Ω0) = 1.
Let U ⊂ X be any open subset. Then

∀x ∈ Ω0

((
f(x) ∈ U

)
⇔
(
F (x) ∈ ∗U

))
.

Hence
(
f−1[U ] ∩ Ω0

)
=
(
F−1[ ∗U ] ∩ Ω0

)
∈ L(B).

By L(µ)(Ω0) = 1, f−1[U ] ∈ L(B). Therefore f is L(µ)-measurable.

(ii): Let {Un}n∈N be a countable base of open sets generating the topol-
ogy on X. For a L(µ)-measurable f : Ω→ X, we have f−1[Un] ∈ L(B) for
all n ∈ N. By the Loeb construction, there are Anm ∈ B, n,m ∈ N such
that

Anm ⊂ f−1[Un] and L(µ)
(
f−1[Un] \Anm

)
< m−1.

Clearly, for any finitely many n’s and m’s, there is an internal F : Ω→ ∗X

which is µ-measurable and satisfies F [Anm] ⊂ ∗Un for all n,m from the
finite list.

Therefore, by saturation, there is an internal µ-measurable F : Ω→ ∗X

such that F [Anm] ⊂ ∗Un for all n,m ∈ N.
Then

{x ∈ Ω | f(x) 6≈ F (x)} =
⋃
n∈N

{
x ∈ Ω |

(
f(x) ∈ Un

)
∧
(
F (x) /∈ ∗Un

)}
⊂
⋃
n∈N

(
f−1[Un] \

( ⋃
m∈N

Anm
))
.

By σ-additivity, the set in the last term is an L(µ)-null set, so we conclude
that L(µ)

(
{x ∈ Ω | f(x) 6≈ F (x)}

)
= 0, i.e. F lifts f. �

Observe how the second-countability was used in the above proof to
show that certain set has measure zero.

We mostly use Thm. 1.13 when X is separable and metrizable (hence
second-countable) such as X = R, [−∞,∞],C or [−∞,∞]n, n ∈ N.

As a consequence of both Thm. 1.12 and Thm. 1.13,
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Corollary 1.4. Let µ be the internal counting probability on T. Then a
function f : [0, 1] → R is Lebesgue measurable iff f ◦ st : T → R is L(µ)-
measurable iff f ◦ st has a µ-measurable lifting. �

Likewise, Lebesgue measurable functions on R can be lifted to internal
measurable functions w.r.t. some counting probability.

Recall that for a measure space
(
Ω,B, µ

)
, f : Ω → C is a simple

measurable function if it is of the form
∑n
m=0 αmχAm where n ∈ N and

αm ∈ C, Am ∈ B with |µ(Am)| < ∞. (The latter condition is imposed to
avoid the situation of ∞−∞ when µ takes infinite value.)

Then we define the integral as∫
f dµ :=

n∑
m=0

αmµ(Am).

For a signed measure µ and a µ-measurable f : Ω → [0,∞), we define the
Lebesgue integral of f w.r.t. µ as∫

f dµ := sup
∫
θ dµ ∈ R ∪ {∞},

where sup is taken over all positive simple functions θ dominated by f, i.e.
over simple functions 0 ≤ θ ≤ f. For any µ-measurable f : Ω → R, we
say that f is Lebesgue integrable w.r.t. µ (or simply as µ-integrable) if∫
|f | dµ <∞. In that case, we let∫

f dµ :=
∫
f+ dµ−

∫
(−f−) dµ,

where f+ = max{f, 0} and f− = min{f, 0}.
If f : Ω→ C, we say that f is µ-integrable iff both the real part Re(f)

and imaginary part Im(f) of f are µ-integrable. In this case we define∫
f dµ :=

∫
Re(f) dµ+

∫
Im(f) dµ.

This naturally generalizes to the case when µ is a σ-additive complex mea-
sure by using the Hahn-Jordan Decomposition.

Now consider an internal probability space
(
Ω,B, µ

)
. Then for a L(µ)-

integrable f : Ω→ C, unless f is bounded, the lifting F : Ω→ ∗C given by
Thm. 1.13 is not necessary µ-integrable. Even if it is, it is not necessary
true that

∫
f dL(µ) ≈

∫
F dµ. The correct notion requires an additional

condition.
Given a finite internal complex measure space

(
Ω,B, µ

)
, a µ-measurable

function F : Ω→ ∗C is called S-integrable if∫
|F | dµ ∈ Fin( ∗C) and ∀A ∈ B

(
µ(A) ≈ 0⇒

∫
A

|F | dµ ≈ 0
)
.
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(Here
∫
A
f dµ is defined as

∫
f · χA dµ. )

The proof of the following is not hard and is left as an exercise.

Lemma 1.3. Let
(
Ω,B, µ

)
be be a finite internal complex measure space.

Suppose F : Ω → ∗C is bounded (i.e. supx∈Ω |F (x)| < ∞) and lifts some
f : Ω→ C. Then F is S-integrable and

∫
F dµ ≈

∫
f dL(µ). �

Theorem 1.14. Let
(
Ω,B, µ

)
be a finite complex measure space. Consider

µ-measurable f : Ω→ C. Then

(i) f is L(µ)-integrable iff f has an S-integrable lifting w.r.t µ.
(ii) For any S-integrable lifting F of f,

∫
f dL(µ) ≈

∫
F dµ.

Proof. As in the proof of Thm. 1.13, we assume that
(
Ω,B, µ

)
is a prob-

ability space. By dealing with Re(f) and Im(f) separately, we further
assume that f : Ω→ R.

(i): By Thm. 1.13, let F : Ω → ∗R be µ-measurable and lift f. Clearly
F+, F− are respectively µ-measurable liftings of f+, f−, so we assume
without loss of generality that f ≥ 0 and F ≥ 0.

Write fn = max{f, n}, n ∈ N, and Fn = max{F, n}, n ∈ ∗N. Then by
Lem. 1.3, each Fn, n ∈ N, is an S-integrable lifting of fn and

∀n ∈ N
(∫

Fndµ ≈
∫
fndL(µ)

)
.

Moreover, because F lifts f, for any N ∈ ∗N \N, FN is a µ-measurable
lifting of f.

(⇒) : Assume that f is L(µ)-integrable. Since simple functions are
bounded, it follows then limn→∞

∫
|fn − f | dL(µ) = 0. Hence

lim
n,m→∞

∫
|fn − fm| dL(µ) = 0 and lim

n,m→∞

∫◦
|Fn − Fm| dµ = 0.

Then for any small N ∈ ∗N \N, limn→∞
◦ ∫ (FN − Fn)dµ = 0.

In particular, for such N,∫
FN dµ ≈ lim

n→∞

∫◦
Fn dµ = lim

n→∞

∫
fn dL(µ) =

∫
f dL(µ) <∞.

Now let A ∈ L(B) with µ(A) ≈ 0. Since∫
A

FN dµ ≤
∫
A

(
FN − Fn) dµ +

∫
A

Fn dµ, n ∈ N,
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from limn→∞
◦ ∫ (FN − Fn) dµ = 0 and, by Fn · χA being an S-integrable

lifting of fn · χA, we have
∫
A
Fn dµ ≈

∫
A
fn dL(µ) = 0, consequently∫

A
FN dµ ≈ 0.
Therefore FN is an S-integrable lifting of f.

(⇐) : Suppose the lifting F of f is S-integrable. (Still assuming that
F ≥ 0, because F is S-integrable iff both F+ and F− are.)

Since ◦F = f a.e. L(µ),

L(µ)
(
{x ∈ Ω |F (x) > N }

)
= 0 for all N ∈ ∗N \N,

hence ∫
|F − FN | dµ ≤

∫
{F≥N}

|F | dµ ≈ 0 for all N ∈ ∗N \N,

by the S-integrability of F.
So limn→∞

◦ ∫ (F − Fn)dµ = 0 and limn→∞
◦ ∫ Fndµ = ◦ ∫ F dµ.

By approximating the fn’s by simple functions, we have
∫
f dL(µ) =

limn→∞
∫
fn dL(µ).

Therefore ∫
f dL(µ) = lim

n→∞

∫◦
Fn dµ =

∫◦
F dµ <∞,

showing that f is L(µ)-integrable.

(ii): Let F be any S-integrable lifting of f, then by (i), f is L(µ)-

integrable and the proof shows that
∫
f dL(µ) =

∫◦
F dµ.

Moreover, if G is another S-integrable lifting of f, then∫
Gdµ =

∫
{F=G}

F dµ+
∫
{F 6=G}

Gdµ ≈
∫
F dµ,

because µ
(
{F 6= G}

)
≈ 0, and F and G are S-integrable. �

Combining Thm. 1.12 and Thm. 1.14, one obtains

Corollary 1.5. Let µ be the internal counting probability on T. Then a
function f : [0, 1] → R is Lebesgue integrable iff f ◦ st : T → R is L(µ)-
integrable iff f ◦ st has a S-integrable lifting w.r.t. µ. �

As a consequence, Prop. 1.12 is generalized: Lebesgue integrals over the
[0, 1] are represented by hyperfinite sums. (Likewise for integrals over C.)

For p ∈ R+, we say that F : Ω→ ∗C is SLp if F p is S-integrable. These
are the internal counterparts of Lp-functions, and we will mention them
again in § 2.6.2.
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1.5.4 Measure algebras and Kelley’s Theorem

We end this section with a characterization of measure algebras.
Recall that B =

(
B, 0, 1,∧,∨,r

)
, is a Boolean algebra if the binary

functions ∧,∨,r satisfies rules analogous to ∩,∪, \ on subsets of some set
Ω, with 0, 1 playing the rôles of Ω, ∅. In fact, by Stone’s Theorem, any
Boolean algebra is isomorphic to some set algebra over some set Ω.

Measures on a Boolean algebra B are defined in the same way as those on
a set algebra. So a finitely additive probability on B is some µ : B → [0, 1]
such that µ(1) = 1 and

∀a, b ∈ B
(
(a ∧ b = 0)⇒ (µ(a ∨ b) = µ(a) + µ(b))

)
.

A Boolean algebra B is called a measure algebra if there is a finitely
additive probability µ on it such that ∀a ∈ B

(
µ(a) = 0⇔ a = 0

)
.

So given a probability space
(
Ω,B, µ

)
, if we define an equivalence rela-

tion on B by A ≈ B if µ(A4B) = 0, then the quotient algebra B/≈ is a mea-
sure algebra. (It is easy to check that B/≈ forms a Boolean algebra, where
on the equivalence classes, we define [A]∧[B] := [A∩B], [A]∨[B] := [A∪B],
etc.)

Clearly not all Boolean algebras B are measure algebras, so we need to
find ways to identify them.

For A ⊂ B, we write

An :=
{
σ
∣∣ σ : {0, . . . , n} → A

}
, n ∈ N,

and A<ω :=
⋃
n∈N
An. Then define

α̂(σ) := max
{ |I|
n+ 1

∣∣∣ I ⊂ {0, . . . , n}, ∧
i∈I

σi 6= 0
}
, where σ ∈ Bn, n ∈ N.

Note that α̂(σ) is a characteristic of σ, as a listing with possible repetition,
not just as a subset, and is invariant under permutations of σ.

Given A ⊂ B, the intersection number of A is defined as

α(A) := inf
{
α̂(σ)

∣∣σ ∈ A<ω }.
and the measure number of A as

β(A) := sup
{
r ∈[0, 1]

∣∣ for some finitely additive probability µ on the

subalgebra of B generated by A, ∀a ∈ A
(
µ(a) ≥ r

) }
.

Note that β(A) = 0 whenever 0 ∈ A.
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Let A ⊂ B be finite. Then the subalgebra of B generated by A can
be identified with the algebra P({p0, . . . , pk}), with p0, . . . , pk enumerating
some finite set.

Let A be enumerated as a0, . . . , an and form the following matrix

M :=
[
mij

]
i=0,...,k
j=0,...,n

, where mij = χaj (pi).

For σ ∈ A<ω of the form

σ =
(
a0 · · · a0︸ ︷︷ ︸

h0

a1 · · · a1︸ ︷︷ ︸
h1

· · · · · · an · · · an︸ ︷︷ ︸
hn

)
,

observe then

α̂(σ) = max
0≤i≤k

n∑
j=0

hj
h
mij , where h =

n∑
j=0

hj .

Now let α ∈ R be minimal such that

M ·

 x0

...
xn

 ≤
α...
α

 , (1.3)

where x0, . . . , xn ∈ [0,∞) with x0 + · · ·+ xn ≥ 1.
From linear programming (see [Gass (2003)]), we know that the solution

is given by some extreme point (α0, . . . , αn, α) ∈ [0,∞)n+2 determined by
a subset of the following hyperplanes:

x0 + · · ·+ xn = 1,

mi0 + · · ·+minxn = xn+1, i = 0, . . . , k.

Since the coefficients mij = 0, 1, we further conclude that the extreme point
has rational coordinates of the form

(α0, . . . , αn, α) =
(
h0/h, . . . , hn/h, α

)
, for some hj ∈ N,

n∑
j=0

hj = h.

Now let σ =
(
a0 · · · a0︸ ︷︷ ︸

h0

a1 · · · a1︸ ︷︷ ︸
h1

· · · · · · an · · · an︸ ︷︷ ︸
hn

)
, then α̂(σ) = α and

α̂(τ) ≥ α for all τ ∈ A<ω.
That is, α(A) = α and the infimum value is attained.
Next we let β ∈ R be maximal such that

MT ·

 y0

...
yk

 ≥
β...
β

 , (1.4)



NONSTANDARD METHODS IN FUNCTIONAL ANALYSIS - Lectures and Notes
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7466.html

March 4, 2010 22:3 World Scientific Book - 9in x 6in NSMFA

50 Nonstandard Methods in Functional Analysis

where y0, . . . , yk ∈ [0,∞) with y0 + · · ·+ yk ≤ 1.
Similar to the above, the solution β corresponds to some extreme point

(β0, . . . , βk, β) ∈ [0,∞)k+2 having rational coordinates. Moreover, it rep-
resents a probability measure assigning weights β0, . . . , βk to the points
p0, . . . , pk. Conversely, any probability measure on the algebra generated
by A with weights β0, . . . , βk assigned to the points p0, . . . , pk satisfies (1.4)
for some β ∈ R. Therefore β(A) = β and the supremum value is attained.

The problems (1.3) and (1.4) are dual to each other, so, by a theorem
from linear programming, we conclude that α = β. Hence we have proved
the following:

Lemma 1.4. Let A ⊂ B be a finite subset. Then α(A) = β(A) and both
the infimum and supremum are attained. �

Then a combinatorial criteria for measure algebra is given as follows.

Theorem 1.15. (Kelley’s Theorem) A Boolean algebra B is a measure
algebra iff

∃ {An }n∈N ⊂ P(B)
((
∀n ∈ N (α(An) > 0)

)
∧ B =

⋃
n∈N
An ∪ {0}

)
.

Proof. (⇒) : Let µ : B → [0, 1] be a probability measure so that µ(a) = 0
iff a = 0. Let An = {a ∈ B |µ(a) ≥ n−1 }, n ∈ N. Then for each n ∈ N,
β(An) > 0, and, by Lem. 1.4,

α(An) = inf
{
α(C) | C ⊂ An is finite

}
= inf

{
β(C) | C ⊂ An is finite

}
≥ β(An) > 0,

therefore the conclusion follows.
(⇐) : Suppose B =

⋃
n∈NAn ∪ {0}, with α(An) > 0. By saturation

(more precisely, Lem. 1.1), there is a hyperfinite Boolean algebra B′ such
that B ⊂ B′ ⊂ ∗B.

Let n ∈ N and A′n := ∗An ∩ B′. Then
∗β(A′n) = ∗α(A′n) ≈ α(An) � 0, n ∈ N,

by transferring Lem. 1.4 and An ⊂ A′n ⊂ ∗An.
Consequently, there are internal hyperfinitely additive probabilities γn

on the algebra generated by A′n such that γn(a) ≥ ∗β(A′n) � 0, for each
a ∈ A′n. Extend γn to a hyperfinitely additive probability ρn on B′.

For each n ∈ N, define

µn :=
∑
m∈ ∗N

2−m−1νm, where νm = ρmin{m,n},
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then µn is hyperfinitely additive probability on B′ so that

µn(a) ≥ 2−m−1 ∗β(A′m) � 0,

for each a ∈ A′m, m ≤ n.
Extend {µn |n ∈ N } to an internal sequence by saturation (Prop. 1.1)

and fix N ∈ ∗N \N. Let µ : B → [0, 1] be given by

µ(a) := ◦µN (a), a ∈ B,

then µ is a finitely additive probability with µ(a) = 0 iff a = 0. �

A σ-algebra admitting a σ-additive probability µ on it so that µ(a) = 0
iff a = 0 is called a σ-measure algebra .

Every Boolean algebra has a partial ordering given by a ≤ b iff a−b = 0.
A σ-algebra B is weakly ω-distributive if for any {ai,j | i, j < ω} ⊂ B such
that ai,j+1 ≤ ai,j , there are θn : ω → ω, n ∈ N such that θn ≤ θn+1 and∨

0≤i<ω

∧
0≤j<ω

ai,j =
∧
n∈N

∨
0≤i<ω

ai,θn(i).

We leave as an exercise to prove the following:

Theorem 1.16. (Kelley’s Theorem—σ-additive version) A σ-algebra B is
a σ-measure algebra iff B is weakly ω-distributive and satisfies the condition
in Thm. 1.15. �

1.5.5 Notes and exercises

During the early development of nonstandard analysis, conversion of an
internal measure to an ordinary measure was met with obstacles, until the
need of the saturation principle was realized and the landmark achievement
of the Loeb measure and Loeb integration theory in [Loeb (1975)]. Soon
afterward, Anderson gave a nonstandard construction of Brownian motion
in [Anderson (1976)], leading to very fruitful applications of nonstandard
methods in probability and measure theory. More details can be found in
[Albeverio et al. (1986)].

Thm. 1.12 is a special case of a general result proved in [Render (1993)]
that any Radon measure is obtainable as the image of a measure preserving
function from a Loeb measure on a hyperfinite set.

There is some work on extending the Loeb measure and Loeb integration
to vector measures, dealing with Banach space-valued measures and Banach
space-valued integrable functions. See § 4.1 and the references mentioned
within.
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Cor. 1.4 is a representation of the Lebesgue measure on [0, 1] by the
Loeb measure of an internal probability on a hyperfinite set. In [Anderson
(1982)], this was generalized for all Radon measures.

The Kelley’s Theorems, Thm. 1.15 and Thm. 1.16, were originally
proved in [Kelley (1959)]. The proof here using hyperfinite algebra and
linear programming is reproduced from [Ng (1991)].

Exercises

(1) Let A ⊂ T be L(µ)-measurable, where µ is the internal counting prob-
ability on T. Show that st(A) is Lebesgue measurable.

(2) Give the Loeb measure construction for the counting probability on⋃
n<N2 nT, i.e. the internal set {n∆t |n < N2}. Then generalize

Thm. 1.12 for the Lebesgue measure on R.
(3) Prove Thm. 1.13.
(4) Prove Lem. 1.3.
(5) Let

(
Ω,B, µ

)
be an internal probability space and F : Ω→ ∗R a lifting

of f : Ω → R. Suppose θ : R → R is bounded continuous, show that
∗θ(F ) is an S-integrable lifting of θ(f).

(6) Let
(
Ω,B, µ

)
be an internal probability space and F : Ω → ∗R be

µ-measurable. Show that F is S-integrable iff

∀r ∈ ∗R+ \ R+
(∫
{|F |>r}

|F | dµ ≈ 0
)
.

(7) Apply Cor. 1.5 to prove the Dominated Convergence Theorem for
Lebesgue measurable functions on the unit interval: Suppose

fn, f : [0, 1]→ R, n ∈ N,
where the fn’s are Lebesgue measurable and f is Lebesgue integrable
such that ∀x ∈ [0, 1]

(
limn→∞ fn(x) ∈ R

)
and |fn| ≤ f, then

lim
n→∞

∫ 1

0

fn(x) dx =
∫ 1

0

(
lim
n→∞

fn(x)
)
dx.

(8) Let µ be the internal counting probability on T. Let µ ⊗ µ be the
counting probability on T2. Suppose f : T2 → R is L(µ⊗µ)-integrable.
Prove that

L(µ)
({
t ∈ T

∣∣ f(t, ·) L(µ)-integrable
})

= 1

and that∫
f dL(µ⊗ µ) =

∫ (∫
f(x, y) dL(µ)(x)

)
dL(µ)(y).

(This is a special case of the Keisler’s Fubini’s Theorem. See [Albeverio
et al. (1986)].
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(9) Given an example of a Boolean algebra which is not a measure algebra.
(10) Apply the hyperfinite Boolean algebra method to prove Thm. 1.16.
(11) Let X ∈ V (R), does σ

( ∗P(X)
)

satisfy weakly ω-distributivity?
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1.6 Application: Topology

Topological properties are simply properties about monads.
Compactness means no room for further idealization.

A topological space X corresponds to a pair (X, TX), or simply (X, T ),
consisting of a set X together with a topology—some T ⊂ P(X) containing
∅ and is closed under arbitrary ∪ and finite ∩. Elements in T are called
open subsets of the space X. A subset C ⊂ X is called closed if (X \ C)
is open. Hence closed sets are closed under arbitrary ∩ and finite ∪. For
A ⊂ X,

A :=
⋂
{C |A ⊂ C ⊂ X, C is closed },

the closure of A.
Given two topologies T1 and T2 on X, if T1 ⊂ T2 we say that T2 is finer

(or stronger) than T1 and likewise T1 is coarser (or weaker) than T2.

The finest topology is the discrete topology given by P(X), i.e. every
singleton {x}, x ∈ X, is open. Such X is called a discrete space .

Given a topological space (X, T ), and Y ⊂ X, the topological space
(Y, {U ∩ Y, |U ∈ T }) is called a subspace of X.

1.6.1 Monads and topologies

We consider only topological spaces X ∈ V (R), although results here hold
also for topological spaces X in any V (S).

Given x ∈ X, the monad of x is denoted and defined as

µ(x) = µT (x) = µX(x) :=
⋂
{ ∗U | x ∈ ∗U, U ∈ T }.

The nearstandard part of ∗X is defined as:

ns( ∗X) :=
⋃
x∈X

µ(x).

The notion of open sets and closed sets can be characterized in terms
of monads.

Proposition 1.14. Let A ⊂ X, then

(i) A is open iff ∀x ∈ A
(
µ(x) ⊂ ∗A

)
;

(ii) A is closed iff ∀x ∈ X
(
(µ(x) ∩ ∗A) 6= ∅ ⇒ x ∈ A

)
.

(iii) For x ∈ X, x ∈ Ā iff µ(x) ∩ ∗A 6= ∅.



NONSTANDARD METHODS IN FUNCTIONAL ANALYSIS - Lectures and Notes
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7466.html

March 4, 2010 22:3 World Scientific Book - 9in x 6in NSMFA

Nonstandard Analysis 55

Proof. (i) (⇒) : follows trivially from the definition.
For (⇐), fix any x ∈ A. If ∀U ∈ T

(
x ∈ U ⇒ ∃y ∈ ∗U \ ∗A

)
, then by

saturation, ∃y ∈
(
µ(x) \ ∗A

)
, a contradiction.

So, by transfer ∀x ∈ A∃U ∈ T
(
x ∈ U ⊂ A

)
, and therefore

A =
⋃
{U ∈ T |U ⊂ A }.

In particular, A is open.
(ii) follows from a dual statement.
(iii) follows from the saturation. �

For general spaces, the monads {µ(x) |x ∈ X} need not be pairwise
disjoint. We will consider in the next subsection a large class of spaces for
which the monads are indeed pairwise disjoint.

If the monads are disjoint, they form a partition of ns( ∗X), producing
equivalence classes on ns( ∗X) whose equivalence relation is denoted by ≈T ,
≈X or simply as ≈ (infinitely close to each other w.r.t. T ), i.e.

∀x, y ∈ ns( ∗X)
(
x ≈ y ⇔

(
∃z ∈ X (x, y ∈ µ(z)

))
.

So, roughly, x ≈ y if there is no separation of x, y originated from (X, T )
and this signifies the intuitive idea about monads. In this setting, the
definition of a monad extends to all nearstandard elements in a natural
way: let x ∈ ns( ∗X), we define µ(x) as {y ∈ ∗X | y ≈ x}. So x ≈ y iff
µ(x) = µ(y), for x, y ∈ ns( ∗X). Note that it would not be a good idea here
to define for x ∈

(
ns( ∗X) \ X

)
its monad as the intersection ∩x∈U∈T ∗U.

For example, let ε ∈ ∗R, be a nonzero positive infinitesimal, then ε ∈ ∗(0, 1)
and 0 /∈ ∗(0, 1), but we like to keep 0 and ε in the same monad.

Still assuming that the monads are disjoint. Let A ⊂ X. We write x ≈ A
to abbreviate ∃y ∈ A (y ≈ x). Then from Prop. 1.14, the openness of A
means ∀x ∈ ∗X

(
x ≈ A ⇒ x ∈ ∗A

)
, which expresses the intuitive meaning

that, ideally, an open set includes all nearby points from ∗X. Likewise, A
is closed iff ∀x ∈ X

(
x ≈ ∗A ⇒ x ∈ A

)
, i.e. no new points from X are

admitted into the set through idealization.
A pseudometric on a set X is a function d : X2 → [0,∞) with the

property that ∀x, y, z ∈ X(
d(x, x) = 0

)
∧
(
d(x, y) = d(y, x)

)
∧
(
d(x, y) ≤ d(x, z) + d(y, z)

)
,

i.e. a symmetric binary function vanishing on the diagonal and satisfying
the Triangle Inequality .

For x ∈ X and r ∈ R+, let B(x, r) := {y ∈ X | d(x, y) < r } and
S(x, r) := {y ∈ X | d(x, y) = r }, the open ball and the sphere . Then a
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repeated application of the union and finite intersection operations to these
B(x, r) generates a topology T . The resulted (X, T ) is called a pseudo-

metric space . We also write (X, d) for such (X, T ).
The above function d : X2 → [0,∞) is called a metric if we strengthen

the condition ∀x ∈ X
(
d(x, x) = 0

)
to

∀x, y ∈ X
(
d(x, y) = 0⇔ x = y

)
.

Then under the topology generated, the space is called a metric space .
It is possible to have two different pseudometrics (or metrics) d1 and d2

generating the same topology T on X. In which case we say that d1 and d2

are equivalent pseudometrics (or equivalent metrics).
Let D be a family of pseudometrics on X. For d ∈ D, x ∈ X, r ∈ R+,

we define

Bd(x, r) := {y ∈ X | d(x, y) < r }.

Let T be the topology generated by these Bd(x, r), then the space (X, T )
is called a uniform space .

For a uniform space such as the above we extend the definition of
monad to any points x ∈ ∗X by

µ(x) :=
⋂

d∈D,n∈N

∗Bd(x, n−1).

Note that here, for x ∈ ∗X \ns( ∗X), the set
⋂
{ ∗U | x ∈ ∗U, U ∈ T } would

not be taken as a useful definition of a monad, for it coincides with ∗X.
Furthermore, if (X, d) is an internal metric space, the monad of any

x ∈ X is defined as

µ(x) :=
⋂
n∈N

∗B(x, n−1).

For these extended definition of monads, we note that y ∈ µ(x) implies
that µ(y) = µ(x), by the symmetry of the pseudometrics. In particular,
{µ(x) | s ∈ ∗X} forms a partition of ∗X. We then write x ≈ y for the
equivalence relation given by the monads and call x, y infinitely close to each
other as before. Clearly, this equivalence relation extends that given before
on ns( ∗X) (where the monads of elements from X are pairwise disjoint), so
the use of the same symbol ≈ is justified.

The monads of a hyperreal given in §1.4 are of course a special case of
the above. Moreover, under the usual metric topology, ns( ∗R) = Fin( ∗R).
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1.6.2 Monads and separation axioms

A topological space (X, T ) is called Hausdorff iff

∀x, y ∈ X
(
x 6= y ⇒ ∃U, V ∈ T

(
(U ∩ V = ∅) ∧ (x ∈ U ∧ y ∈ V )

))
.

Note that in a Hausdorff space, singletons are closed. The class of
Hausdorff spaces includes clearly all metric spaces as well as most spaces
that we will deal with in this book.

Hausdorff spaces are characterized by distinct points having distinct
monads.

Proposition 1.15. A topological space X is Hausdorff iff

∀x, y ∈ X
(
x 6= y ⇔ µ(x) ∩ µ(y) = ∅

)
.

Proof. Let a, b ∈ X. By the definition of monads and by saturation,

µ(a) ∩ µ(b) = ∅ ⇔
⋂

a∈U∈T

∗U ∩
⋂

b∈V ∈T

∗V = ∅

⇔ ∃U, V ∈ T
( ∗U ∩ ∗V = ∅ ∧ a ∈ ∗U ∧ b ∈ ∗V

)
,

and so, by transfer,

µ(a) ∩ µ(b) = ∅ ⇔ ∃U, V ∈ T
(
U ∩ V = ∅ ∧ a ∈ U ∧ b ∈ V

)
.

�

We remark that in a Hausdorff space, monads form a partition of the
nearstandard part, so we freely use the definition of monads of nearstandard
elements and the relation ≈ .

Being Hausdorff means certain separation property is satisfied. Here
are more separation axioms: a topological space X is called

• regular , if ∀x ∈ X ∀ closed C ⊂ X(
x /∈ C ⇒ ∃U, V ∈ T

(
(U ∩ V = ∅) ∧ (x ∈ U ∧ C ⊂ V )

))
;

• completely regular , if ∀x ∈ X ∀ closed C ⊂ X(
x /∈ C ⇒ ∃ continuous f : X → R

(
(f(x) = 1) ∧ (f [C] = {0})

))
;

• Tychonoff , if X is completely regular and Hausdorff;

• normal , if ∀ closed C,D ⊂ X(
C ∩D = ∅ ⇒ ∃U, V ∈ T

(
(U ∩ V = ∅) ∧ (C ⊂ U ∧D ⊂ V )

))
.
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So in a completely regular space, any closed subset is separated from a
point outside in a continuous manner. Here the continuity of f : X → R
means that f−1[U ] is an open subset of X whenever U ⊂ R is open.

It is not hard to see that completely regular spaces are regular.
An equivalent characterization of regularity is this: X is regular iff

∀x ∈ X
(
∀U ∈ T

(
(x ∈ U)⇒ ∃V ∈ T (x ∈ V ⊂ V ⊂ U)

))
.

Likewise, X is normal iff ∀ closed C ⊂ X

∀U ∈ T
(
(C ⊂ U)⇒ ∃V ∈ T (C ⊂ V ⊂ V ⊂ U)

)
.

Similar to Prop. 1.15, we have the following:

Proposition 1.16.

(i) X is regular iff ∀x ∈ X ∀ closed C ⊂ X
(
x /∈ C

)
⇒

µ(x) ∩
⋂

C⊂U∈T

∗U = ∅.

(ii) X is normal iff ∀ closed C,D ⊂ X
(
C ∩D = ∅

)
⇒⋂

C⊂U∈T

∗U ∩
⋂

D⊂U∈T

∗U = ∅.

�

Because of Prop. 1.15, Hausdorff spaces admit a useful notion of monads.
Moreover this class includes most spaces we will be interest in. Therefore
we assume form now on that:

Unless otherwise stated, all topological
spaces (X, T ) are Hausdorff.

1.6.3 Standard part and continuity

Now given a topological space X, we define the injection

st : ns( ∗X)→ X

by taking st(x) to be the unique y ∈ X such that x ≈ y. Here st(x) is
uniquely defined since X is Hausdorff. We also write ◦x for st(x).

The function st is referred to as the standard part mapping and st(x)
is called the standard part of x.
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Consequently, Prop. 1.14 can be rewritten as: A ⊂ X is open iff
st−1[A] ⊂ ∗A and A is closed iff st−1[A] ⊃

( ∗A ∩ ns( ∗X)
)
, since ns( ∗X) is

the disjoint union of st−1[A] and st−1[X \A].
For x ∈ X, note that µ(x) = st−1[{x}].
The image of internal sets under the standard part mapping turns out

to be quite simple. The following is a special example.

Proposition 1.17. Let A ⊂ ∗X be the intersection of fewer than κ many
internal sets. Then st[A ∩ ns( ∗X)] is closed.

Proof. Write C = st[A ∩ ns( ∗X)]. To avoid triviality, we assume C 6= ∅.
Fix a ∈ X such that µ(a) ∩ ∗C 6= ∅.

Define F := { ∗U | a ∈ U ∈ T }, so µ(a) =
⋂
F .

For any ∗U ∈ F , ∗U ∩ ∗C 6= ∅, hence U ∩ C 6= ∅, by transfer. So
A∩ ∗U 6= ∅. Note that F is closed under finite intersection, so for any finite
F0 ⊂ F , A ∩

⋂
F0 6= ∅. Then it follows from saturation that A ∩

⋂
F ,

an intersection of fewer that κ internal sets having the finite intersection
property, is nonempty. i.e. A ∩ µ(a) 6= ∅, i.e. a ∈ C.

As this holds for all a ∈ X, therefore, by Prop. 1.14(ii), C is closed. �

Let f : X1 → X2, where (X1, T1) and (X2, T2) are topological spaces.
Generalizing the real-valued function case, f is said to be continuous at
x ∈ X1 if

∀V ∈ T2

(
f(x) ∈ V ⇒ ∃U ∈ T1 (x ∈ U ∧ f [U ] ⊂ V

)
and f is continuous if it is continuous at every x ∈ X1.

For simplicity of notation, µ stands for monads in either ∗X1 or ∗X2.

The following generalizes Prop. 1.8.

Proposition 1.18. f : X1 → X2 is continuous at x ∈ X1 iff
∗f [µ(x)] ⊂ µ(f(x)), i.e. ∀y ∈ ∗X1

(
y ≈ x⇒ ∗f(y) ≈ f(x)

)
.

Proof. (⇒) : Note that

∗f [µ(x)] = ∗f
[ ⋂
x∈U∈T1

∗U
]
⊂
( ⋂
x∈U∈T1

∗f [U ]
)
⊂
( ⋂
f(x)∈V ∈T2

∗V
)

= µ(f(x)),

where the second inclusion follows from the definition of continuity and
transfer.

(⇐) : If f(x) ∈ V ∈ T2 are such that ∀U ∈ T1

(
x ∈ U ⇒ f [U ] \ V 6= ∅

)
,

then in particular, for any n ∈ N,

∀U0, . . . , Un ∈ T1

(
x ∈ ∩i≤nUi ⇒ f [

[
∩i≤n Ui

]
\ V 6= ∅

)
,
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consequently, by saturation, ∗f [µ(x)] \ ∗V 6= ∅.
Therefore ∗f [µ(x)] 6⊂ µ(f(x)). �

Let x ∈ ns( ∗X), so x ≈ y for some y ∈ X. If f is continuous at y, then
∗f [µ(x)] = ∗f [µ(y)] ⊂ µ( ∗f(y)), so ∗f(x) ≈ f(y) and ∗f [µ(x)] ⊂ µ( ∗f(x)).

Hence we have:

Corollary 1.6. f : X1 → X2 is continuous iff

∀x ∈ X1

( ∗f [µ(x)] ⊂ µ(f(x))
)

iff ∀x ∈ ns( ∗X1)
( ∗f [µ(x)] ⊂ µ( ∗f(x))

)
.

�

Corollary 1.7. f : X1 → X2 is continuous iff ∀V ∈ T2

(
f−1[V ] ∈ T1

)
.

Proof. By Prop. 1.14(i),(
∀V ∈ T2

(
f−1[V ] ∈ T1

))
⇔
(
∀V ∈ T2 ∀x ∈ f−1[V ]

(
µ(x) ⊂ ∗f−1[V ])

)
.

It is not hard to check that the latter is equivalent to

∀x ∈ X1

( ∗f [µ(x)] ⊂ µ(f(x))
)
.

(Saturation is needed in one direction.) �

If T , T ′ are topologies on X1 with T ′ finer than T and let µ and µ′

be the corresponding monads, then ∀x ∈ X
(
µ′(x) ⊂ µ(x)

)
. Moreover, by

Cor. 1.7, any continuous f : X1 → X2 w.r.t. T is continuous w.r.t. T ′.
Other than those ∗f for some continuous f, there exist other internal

functions that capture continuity using conditions in Cor. 1.6.

Proposition 1.19. Let f : ∗X1 → ∗X2 be an internal function satisfying
conditions f [ns( ∗X1)] ⊂ ns( ∗X2)] and ∀x ∈ ns( ∗X1)

(
f [µ(x)] ⊂ µ

(
f(x)

))
.

(i.e. ∀x, y ∈ ns( ∗X1)
(
x ≈ y ⇒ f(x) ≈ f(y)

)
.)

Define ◦f : X1 → X2 by x 7→ ◦(f(x)
)
. Then ◦f is continuous.

Proof. Suppose ◦f is discontinuous at some a ∈ X1. Then for some
V ∈ T2 with ◦f(a) ∈ V, we have for each U, where a ∈ U ∈ T1, there is
some b ∈ U such that ◦f(b) /∈ V, hence f(b) /∈ ∗V.

Therefore the sets

{x ∈ ∗U | f(x) ∈ ∗X \ ∗V }, where a ∈ U ∈ T1,

satisfy the finite intersection property. Now, by saturation, let b belong
to the intersection of all these sets, then b ≈ a, but f(b) /∈ ∗V 3 f(a),
contradicting the assumptions on f. �
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ns( ∗X1)
f //

st

��

ns( ∗X2)

st

��
X1

◦f // X2

Fig. 1.3 The commutative diagram for Prop. 1.19.

In Prop. 1.19, we also say that ◦f is the standard part of the function
f. Note that ◦x 7→ ◦(f(x)) is well-defined and is the same as ◦f. Therefore
the diagram in Fig. 1.3 commutes.

A mapping f : X1 → X2 is said to be open if ∀U ∈ T1

(
f [U ] ∈ T2

)
.

The following is an analog of Cor. 1.6

Proposition 1.20. Let f : X1 → X2. Then f is open iff

∀x ∈ X1

( ∗f [µ(x)] ⊃ µ(f(x))
)
.

Proof. (⇒) : Let x ∈ X and F = { ∗U | x ∈ U ∈ T1 }.
Consider z ∈

⋂
U∈F

∗f [U ]. Since F is closed under finite intersection,
the following sets have the finite intersection property:{

y ∈
⋂
F0 | ∗f(y) = z

}
, with F0 ranging over finite subsets of F .

Therefore, by saturation, for some y ∈
⋂
F , z = ∗f(y). i.e.⋂

U∈F

∗f [U ] ⊂ ∗f
[⋂
F
]

= ∗f [µ(x)].

The inclusion in the opposite direction way is trivial, so actually⋂
U∈F

∗f [U ] = ∗f [µ(x)]. Then

∗f [µ(x)] =
( ⋂
x∈U∈T1

∗f [U ]
)
⊃
( ⋂
f(x)∈V ∈T2

∗V
)

= µ(f(x)),

where we use the fact that f [U ] ∈ T2 for every U ∈ T1.

(⇐) : Let U ∈ T1 and y ∈ f [U ]. So y = f(x) for some x ∈ U. Then

µ(y) = µ(f(x)) ⊂ ∗f [µ(x)] ⊂ ∗f [U ],

and therefore f [U ] ∈ T2 by Prop. 1.14(i). �

A bijective continuous open mapping f : X1 → X2 is called a home-

omorphism . Note in such case that T2 is generated by {f [U ] | U ∈ T1}.
When such mapping exists, X1 and X2 are said to be homeomorphic. If
f is a homeomorphism, then f−1 is also a homeomorphism, making home-
omorphism an equivalence relation between topological spaces.
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Theorem 1.17. (Urysohn’s Lemma) Let X be a normal space, A,B ⊂ X
be disjoint closed subsets. Then there is a continuous f : X → [0, 1] so that
f−1(0) ⊃ A and f−1(1) ⊃ B.

Proof. For n ∈ ∗N, we define in [0, 1] an increasing sequence of finite sets
Tn := {m 2−n |m = 0, . . . , 2n }.

We first define inductively for n ∈ N two functions

Un : {−1, 0, . . . , 2n} → T and fn : X → Tn,

so that, for m = −1, . . . (2n − 1), we have

Un(m) ⊂ Un(m+ 1) and Un(2n − 1) ∩B = ∅

and where fn is defined to be

fn :=
2n−1∑
m=−1

(m+ 1)2−n χUn(m+1)\Un(m).

So it is only necessary to define the Un.
For all n ∈ N, we set Un(−1) := ∅ and Un(2n) := X.

For n = 0, we use normality to chose U0(0) to be any U ∈ T such that
A ⊂ U and U ∩B = ∅.

Suppose Un is defined. Let Un+1 agree with Un at even numbers, i.e.

Un+1(2m) := Un(m), wherem = 0, . . . , 2n.

For the odd numbers, apply the inductive hypothesis and normality: for
m = 0, . . . , (2n − 2), let Un+1(2m+ 1) be any U ∈ T such that

Un(m) = Un+1(2m) ⊂ U ⊂ U ⊂ Un+1(2m+ 2) = Un(m+ 1),

and Un+1(2n+1 − 1) is any U ∈ T such that

Un(2n − 1) = Un+1(2n+1 − 2) ⊂ U and U ∩B = ∅.

Finally, consider ∗{fn |n ∈ N } i.e. { ∗fn |n ∈ ∗N }.
Fix any N ∈ ∗N \ N, consider ∗fN : ∗X → ∗[0, 1]. Take x, y ∈ ns( ∗X)

such that x ≈ y. Then x ∈ Un(m) iff y ∈ Un(m) for any n,m ∈ N with
m ≤ 2n, therefore ∗fN (x) ≈ ∗fN (y). Hence

f : X → [0, 1] given by x 7→ ◦ ∗fN (x)

is well defined and is continuous by Prop. 1.19.
Moreover, as UN (0) ⊃ ∗A and

(
UN (2N ) \ UN (2N − 1)

)
⊃ ∗B, we have

f−1(0) ⊃ A and f−1(1) ⊃ B. �



NONSTANDARD METHODS IN FUNCTIONAL ANALYSIS - Lectures and Notes
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7466.html

March 4, 2010 22:3 World Scientific Book - 9in x 6in NSMFA

Nonstandard Analysis 63

As an immediate consequence, we have:

Corollary 1.8. Normal spaces are completely regular. �

In a pseudometric space (X, d), a sequence {an}n∈N is called Cauchy ,
if limn,m→∞ d(an, am) = 0, i.e.

∀ε ∈ R+ ∃N ∈ N
(
∀n,m > N

(
d(an, am) < ε

) )
.

Similar to Prop. 1.5, by using the internal extension {an}n∈ ∗N it is easy to
see the following.

Proposition 1.21. In a pseudometric space (X, d), a sequence {an}n∈N is
Cauchy iff ∀M,N ∈ ( ∗N \N)

( ∗aM ≈ ∗aN).
Moreover, if limn→∞ an ∈ X, then ∀N ∈ ( ∗N \N)

(
limn→∞ an ≈ ∗aN

)
.

�

A metric space (X, d), is called complete if every Cauchy sequence
{an}n∈N ⊂ X converges in X. That is,

∃a ∈ X lim
n→∞

an = a; equivalently, ∃a ∈ X
(
∀N ∈ ∗N \N ( ∗aN ≈ a)

)
.

If we are given a double sequence {anm}n,m∈N in a metric space, it is
easy to see that in general

lim
n→∞

lim
m→∞

anm 6= lim
m→∞

lim
n→∞

anm.

Similar to the remark above, one can easily show the following:

Proposition 1.22. Let {anm}n,m∈N be a double sequence in a complete
metric space (X, d). Then

lim
n,m→∞

anm exists iff ∀M1,M2, N1, N2 ∈ ( ∗N \N)
( ∗aN1M2 ≈ ∗aN2M2

)
.

In such case, limn,m→∞ anm ≈ ∗aNM for any N,M ∈ ( ∗N \N). �

Now we consider a useful uniform boundedness condition that ensures
path-independence of the limit.

Theorem 1.18. Let
(
X, d

)
be a complete metric space and {anm}n,m∈N ⊂

X such that, for each n ∈ N, {anm}m∈N is Cauchy.
Suppose the the following uniform boundedness condition is satisfied:

∀ε ∈ R+ ∃n ∈ N ∀n1, n2 ∈ N
(

(n1, n2 ≥ n)⇒
(
∀m ∈ N (d(an1m, an2m) < ε)

))
.

(1.5)
Then the following hold:
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(i) ∀N1, N2,M1,M2 ∈ ( ∗N \N)
(
∗aN1M1 ≈ ∗aN2M2

)
;

(ii) ∀N,M ∈ ∗N
(
∗aNM ∈ ns( ∗X)

)
;

(iii) ∀N,M ∈ ( ∗N \N)
(

lim
n,m→∞

anm = ◦( ∗aNM )
)
.

Proof. (i): In (1.5), for each ε ∈ R+, choose nε ∈ N such that whenever
nε ≤ n1, n2 ∈ N, we have ∀m ∈ N

(
d(an1m, an2m) < ε

)
. Then by transfer,

∀N,L ∈ ∗N
(

(N,L ≥ nε)⇒
(
∀M ∈ ∗N ( ∗d( ∗aNM , ∗aLM ) < ε)

))
, (1.6)

where ε ∈ R+.

Now, by the Triangle Inequality, for each ε ∈ R+,

∗d( ∗aN1M1 ,
∗aN2M2) ≤

(A)︷ ︸︸ ︷
∗d( ∗aN1M1 ,

∗aN2M1) +

(B)︷ ︸︸ ︷
∗d( ∗aN2M1 ,

∗anεM1)

+ ∗d( ∗anεM1 ,
∗anεM2)︸ ︷︷ ︸

(C)

+ ∗d( ∗anεM2 ,
∗aN2M2)︸ ︷︷ ︸

(D)

.

Apply (1.6) to (A) for all ε ∈ R+, we see that (A)≈ 0. By (1.6), we have
both (B), (D)< ε. Since {anεm}m∈N is Cauchy, we have (C)≈ 0. Therefore

∗d( ∗aN1M1 ,
∗aN2M2) . 2ε for any ε ∈ R+,

hence ∗aN1M1 ≈ ∗aN2M2 .

(ii): Clearly we only need to show that ∗aNM ∈ ns( ∗X) in the case
when at least one of N,M is infinite.

Let n ∈ N and M ∈ ( ∗N \N). Since {anm}m∈N is Cauchy, we have
∗anM ∈ ns( ∗X) and limm→∞ anm ≈ ◦

( ∗anM).
Let N ∈ ( ∗N \N) and m ∈ N. By (1.5), {anm}n∈N is Cauchy. An

application of (1.6) shows that

lim
n→∞

◦( ∗anm) ≈ ∗aNm.
Hence ∗aNm ∈ ns( ∗X).

Finally, let N,M ∈ ( ∗N \N). Then as above, we have { ∗anM}n∈N ⊂
ns( ∗X) and limm→∞ anm ≈ ◦

( ∗anM) for each n ∈ N.
Again, by (1.6), we have { ◦

( ∗anM)}n∈N is Cauchy and

lim
n→∞

◦( ∗anM) ≈ ∗aNM ,
hence ∗aNM ∈ ns( ∗X).

(iii): Let N,M ∈ ( ∗N \N). The computations in the proof of (ii) shows
that limn→∞ limm→∞ anm = ◦( ∗aNM ). So, by (i) and Prop. 1.22, we have
limn,m→∞ anm = ◦( ∗aNM ). �
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A mapping f : X → X on a metric space
(
X, d

)
is called Lipschitz if

∃r ∈ [0,∞)∀x, y ∈ X
(
d(f(x), f(y)) ≤ r d(x, y)

)
.

When this condition is satisfied, we say that f has Lipschitz constant r.

Clearly, by Prop. 1.18, Lipschitz functions are continuous.
If f has Lipschitz constant r ∈ [0, 1), then f is said to be a contraction .
The following basic result is often used in proving fixed point theorems,

i.e. results about a function f having a point a so that f(a) = a.

Theorem 1.19. (Banach Contraction Principle) Let
(
X, d

)
be a complete

metric space and f : X → X be a contraction. Then ∃x ∈ X
(
f(x) = x

)
.

Proof. Let f have Lipschitz constant r ∈ [0, 1). Fix any a ∈ X.
Then by iterating the Lipschitz condition, we have

∀n ∈ N
(
d
(
fn+1(a), fn(a)

)
≤ rn d

(
f(a), a

))
. (1.7)

Then for any m < n in N, by the Triangle Inequality and (1.7),

d
(
fn(a), fm(a)

)
≤

∑
0≤k<n−m

d
(
fm+k+1(a), fm+k(a)

)
≤ rm

1− r
d
(
f(a), a

)
,

which → 0 as m→∞.
Hence {fn(a)}n∈N ⊂ X is Cauchy and limn→∞ fn(a) = c for some

c ∈ X. By Prop. 1.21, c ≈ ∗fN (a) for any N ∈ ( ∗N \ N).
Fix any N ∈ ( ∗N \ N). By transferring (1.7), we have

∗d
(
∗f
( ∗fN ( ∗a)

)
, ∗fN ( ∗a)

)
≤ rN d

(
f(a), a

)
≈ 0.

This, together with the continuity of f implies that

f(c) ≈ ∗f
( ∗fN ( ∗a)

)
≈ ∗fN ( ∗a) ≈ c,

hence f(c) = c, since both c, f(c) ∈ X. �

The most fundamental fixed point theorem is perhaps the following
classical result. See for example [Munkres (2000)] for a proof.

Theorem 1.20. (Brouwer’s Fixed Point Theorem) Let ‖·‖ be the Eu-
clidean norm on Rn, n ∈ N. Let B̄ := {x ∈ Rn | ‖x‖ ≤ 1} be the closed unit
ball.

Suppose f : B̄ → B̄ is continuous. Then ∃x ∈ B̄
(
f(x) = x

)
. �
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1.6.4 Robinson’s characterization of compactness

A subset K ⊂ X is said to be compact , if

∀F ⊂ T
(
K ⊂

⋃
F ⇒ ∃F0 ⊂ F

(
|F0| < ℵ0 ∧K ⊂

⋃
F0

))
.

That is, every open cover of K contains a finite subcover of K.
When X is compact, the space X is called a compact space .
The following intuitive and elegant re-formulation of compactness, due

to Robinson, will be quoted frequently throughout.

Theorem 1.21. (Robinson’s Characterization of Compactness) In a topo-
logical space X, a subset K ⊂ X is compact iff

∀x ∈ ∗K
(
∃y ∈ K (x ≈ y)

)
.

(Equivalently, ∗K ⊂ ns( ∗X) ∧ st[ ∗K] = K.)

Proof. (⇒) : If there is c ∈ ∗K \ st−1[K], then for any a ∈ K there
is Ua ∈ T such that a ∈ Ua and c /∈ ∗Ua. Now {Ua | a ∈ K } is an open
covering of K and for any finite K0 ⊂ K, K 6⊂

⋃
a∈K0

Ua, for otherwise the
transfer implies c ∈ ∗K ⊂

⋃
a∈K0

∗Ua, a contradiction.
(⇐) : Suppose ∗K ⊂ st−1[K] and F ⊂ T such that K ⊂

⋃
F . If for any

finite F0 ⊂ F , K 6⊂
⋃
F0, then the following internal sets have the finite

intersection property:
∗K \

⋃
U∈F0

∗U, where F0 ⊂ F is finite.

Therefore, by saturation, there is c ∈ ∗K \
⋃
U∈F

∗U, and hence there is
c ∈ ∗K \ st−1[K]. �

The condition st[ ∗K] = K intuitively captures the fact that the ideal-
ization of K always stays close to K. Note that st[ ∗K] ⊃ K always holds
trivially for any K ⊂ X.

Since st[ ∗K] = K implies ∀x ∈ X
(
(µ(x) ∩ ∗K 6= ∅) ⇒ (x ∈ K)

)
,

compact sets are closed, by Prop. 1.14(ii).
The intersection of a decreasing sequence of nonempty compact sets is

nonempty: Let Kn ⊂ X, n ∈ N, be compact such that Kn ⊃ Kn+1 6= ∅.
Let an ∈ Kn, n ∈ N. Extend it to an internal sequence, let a = aN for some
N ∈ ∗N \ N. Then a ∈ ∩n∈N

∗Kn, so ◦a ∈ ∩n∈N st[ ∗Kn] = ∩n∈NKn.

Let C ⊂ X be closed with ∗C ⊂ ns( ∗X). Then by Prop. 1.14(ii),
st[ ∗C] = C, hence C is compact. In particular, closed subsets of a compact
set are compact.
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If T , T ′ are topologies on X with T ′ finer than T , then, as before, from
∀x ∈ X

(
µ′(x) ⊂ µ(x)

)
, if K ⊂ X is compact w.r.t. T ′, then it is compact

w.r.t. T .
One also compares Prop. 1.17 with the following.

Proposition 1.23. Let K ⊂ ns( ∗X) be internal. Then st[K] is compact.

Proof. Write C = st[K]. We first present a purely nonstandard proof.
Let a ∈ ∗X. Suppose a 6≈ C. So for each c ∈ C. there is Uc ∈ T such

that c ∈ Uc and a /∈ ∗Uc.
But C ⊂

⋃
c∈C Uc and C = st[K], so K ⊂

⋃
c∈C

∗Uc. Then by satura-
tion, for some finite C0 ⊂ C, we have K ⊂

⋃
c∈C0

∗Uc. By C = st[K] again,
C ⊂

⋃
c∈C0

Uc.

Apply transfer, then ∗C ⊂
⋃
c∈C0

∗Uc. In particular, we have a /∈ ∗C.
Therefore ∀x ∈ ∗C

(
∃c ∈ C (x ≈ c)

)
, and we conclude that ∗C ⊂ ns( ∗X)

and st[ ∗C] ⊂ C, so C is compact by Thm. 1.21.
Alternatively, one shows that every open cover of C contains a finite

subcover. Let F ⊂ T such that C ⊂
⋃
F . Then K ⊂

⋃
U∈F

∗U. So, by
saturation, K ⊂

⋃
U∈F0

∗U, for some finite F0 ⊂ F . Hence C ⊂
⋃
F0. �

Now let Ki ⊂ X be compact, i ∈ I. If I is finite, then

st
[ (∗ ⋃

i∈I
Ki

)]
= st[

⋃
i∈I

∗Ki] =
⋃
i∈I

st[ ∗Ki] =
⋃
i∈I

Ki,

i.e. a finite union of compact sets is compact. For finite or infinite I,

st
[ (∗ ⋂

i∈I
Ki

)]
⊂ st[

⋂
i∈I

∗Ki] ⊂
⋂
i∈I

st[ ∗Ki] =
⋂
i∈I

Ki,

giving st
[ (∗ ⋂

i∈I Ki

)]
=
⋂
i∈I Ki, i.e. the intersection of arbitrarily many

compact sets is compact.
Another useful property is the following.

Proposition 1.24. Let (X, T ) be a compact space, C ⊂ X be closed and
a ∈ ∗X. Then ◦a ∈ C iff a ∈ ∗U for every open U ⊃ C.

Consequently, X is a normal space.

Proof. First note that ◦x ∈ X is defined for every x ∈ ∗X, as X is
compact.

Let c = ◦a. If c ∈ C, then, for every open U ⊃ C, a ∈ µ(c) ⊂ ∗U.
Conversely, suppose c /∈ C. Then by X being Hausdorff, for each x ∈ C

there are Ux, Vx ∈ T such that c ∈ Ux, x ∈ Vx and Ux∩Vx = ∅. In particular,
C ⊂ ∪x∈CVx. Since C is a closed subset of the compact X, C is compact,
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so there is finite C0 ⊂ C such that C ⊂ ∪x∈C0Vx. Let U := ∩x∈C0Ux, and
V := ∪x∈C0Vx, so U, V ∈ T and U ∩ V = ∅, hence ∗U ∩ ∗V = ∅. Moreover,
∗V ⊃ C, but a /∈ ∗V , as µ(c) ⊂ ∗U. Therefore the first statement of the
theorem is proved.

Next let C,D ⊂ X be closed and disjoint. As a consequence of the
above, for any a ∈ ∗X we have

◦a ∈ C ⇔ a ∈
⋂

C⊂U∈T

∗U and ◦a ∈ D ⇔ a ∈
⋂

D⊂U∈T

∗U.

Hence
⋂

C⊂U∈T

∗U ∩
⋂

D⊂U∈T

∗U = ∅.

So we conclude from Prop. 1.16(ii) that X is normal. �

In a metric space (X, d), given a subset Y ⊂ X and ε ∈ R+, we write

Y ε :=
⋃
y∈Y

Bd(y, ε).

We say that Y is totally bounded if for every ε ∈ R+ there is finite
Y0 ⊂ Y such that Y ⊂ Y ε0 .

If there is some r ∈ R+ such that ∀y1, y2 ∈ Y
(
d(y1, y2) ≤ r

)
we say

that Y is bounded . Then it is clear that totally boundedness implies
boundedness.

The following is also clear from saturation:

Proposition 1.25. Let Y be a subset of a metric space. Then Y is totally
bounded iff ∗Y ⊂ Hε for some hyperfinite H ⊂ ∗Y and ε ≈ 0. �

Let K ⊂ X be compact in a metric space (X, d). By saturation, let H be
hyperfinite such that K ⊂ H ⊂ ∗K. Then by Robinson’s characterization of
compactness, ∀x ∈ ∗K ∃y ∈ H

(
x ≈ y

)
. By H hyperfinite, miny∈H ∗d(x, y)

exists and is infinitesimal for each x ∈ ∗K. Let

ε := sup
x∈ ∗K

min
y∈H

∗d(x, y).

Then ε < n−1 for every n ∈ N, hence ε ≈ 0.
From this point of view, compactness is close to being finite, at least in

a metric space. In fact in many aspects, compactness is a kind of general-
ization of finiteness.

The classical Heine-Borel Theorem says that in an Euclidean space
Rn, n ∈ N, a subset Y ⊂ Rn is compact iff it is closed and bounded.
(Equivalently ∗Y ⊂ ns( ∗Rn) ∧ st[ ∗Y ] = Y. ). While this does not hold in
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a general metric space (see Cor. 2.22, however), we do have the following
result. Part of it was already proved, the rest is left as an exercise.

Theorem 1.22. (Generalized Heine-Borel Theorem) In a metric space, a
subset is compact iff it is complete and totally bounded. �

An important feature of compactness is that the property is preserved
by continuous functions.

Proposition 1.26. Let f : X1 → X2 be continuous then f [K] is compact
for any compact K ⊂ X1.

Proof. Let K ⊂ X1 be compact. Then by Thm. 1.21, ∗K ⊂ ns( ∗X1) and
st[ ∗K] = K. Together with Cor. 1.6, we have

∗f [ ∗K] ⊂
⋃

x∈st[ ∗K]

µ(f(x)) =
⋃
x∈K

µ(f(x)) ⊂ ns( ∗X2).

Note that ∗
(
f [K]

)
= ∗f [ ∗K], hence st[ ∗

(
f [K]

)
] ⊂ f [K] follows from the

above and continuity, giving st[ ∗
(
f [K]

)
] = f [K]. Therefore f [K] is compact,

by Thm. 1.21 again. �

Given topological spaces (Xi, Ti), indexed by i ∈ I, we form a product
space (

∏
i∈I Xi, T ), where on the Cartesian product

∏
i∈I Xi the topology

T is generated by sets of the form∏
i∈I

Ui, where Ui ∈ Ti and Ui = Xi for all but finitely many i ∈ I.(∏
i∈I Xi, T

)
, is called the Tychonoff product of the Xi. Unless specified,

product space always refers to Tychonoff product only.
Let X =

∏
i∈I Xi, then ∗X =

∏
i∈ ∗I

∗Xi. Notice that under the above
T , we have

ns( ∗X) = {x ∈ ∗X | ∀i ∈ I
(
xi ∈ ns( ∗Xi)

)
} and

st :x = (xi)i∈ ∗I 7→
( ◦xi)i∈I for every x ∈ ns( ∗X).

Now we have a very simple proof of the following classical result, due
to Robinson.

Theorem 1.23. (Tychonoff’s Theorem) Let Xi, i ∈ I, be compact, then∏
i∈I Xi is compact.

Proof. Since the Xi’s are compact, ns( ∗X) = ∗X. Moreover,

st[ ∗X] = {( ◦xi)i∈I | x ∈ ∗X} =
∏
i∈I

Xi = X.

Therefore X is compact by Thm. 1.21. �
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1.6.5 The Baire Category Theorem

Given (X, T ), the interior of a set A ⊂ X is defined as:

int(A) :=
⋃
{U |U ∈ T ∧ U ⊂ A }.

A space X is called locally compact if

∀x ∈ X
(
∃ compact K ⊂ X

(
x ∈ int(K)

))
.

So locally compact spaces generalize compact spaces. For example, discrete
spaces are locally compact and R is locally compact but not compact. We
can see immediately the following consequence of the proof of Tychonoff’s
Theorem:

Corollary 1.9. Let Xi, i ∈ I, be locally compact, then
∏
i∈I Xi is locally

compact. �

We leave as an exercise to check that open sets are determined by com-
pact sets in a locally compact space.

Proposition 1.27. In a locally compact space X, U ⊂ X is open iff
∀ compact K ⊂ X

(
K \ U is compact

)
. �

A subset A ⊂ X is called dense if Ā = X. If X has a countable dense
subset, it is called separable . So, since Q̄ = R, R is separable.

The following is straightforward.

Proposition 1.28. A ⊂ X is dense iff ∀x ∈ X
(
µ(x) ∩ ∗A 6= ∅

)
. �

Corollary 1.10. If A,B ⊂ X are open dense, then A ∩B is open dense.

Proof. A∩B is clearly open. Suppose it is not dense, let c ∈ X such that
µ(c) ∩ ∗(A ∩ B) = ∅, by Prop. 1.28. Then by saturation, for some U ∈ T ,
c ∈ U and ∗U ∩ ∗A ∩ ∗B = ∗U ∩ ∗(A ∩B) = ∅.

By A being dense open, U ∩ A 6= ∅ and open; then by B being dense
open, U ∩A ∩B 6= ∅, a contradiction. �

The following will be an important topological tool for the coming chap-
ters.

Theorem 1.24. (Baire Category Theorem) Let (X, T ) be either a com-
plete metric space or a locally compact space. Let Vn ⊂ X be open dense,
n ∈ N, then

⋂
n∈N Vn is dense.
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Proof. Let f : N → T be given by f(n) = Vn. Then ∗f : ∗N → ∗T and
we denote ∗f(n) by Wn.

In particular,
(∗ ⋂
n∈N

Vn

)
=
⋂
n∈ ∗N

Wn.

Fix an arbitrary a ∈ X, we will show that µ(a) ∩ ∗
⋂
n∈N Vn 6= ∅, i.e.

µ(a) ∩
⋂
n∈ ∗N Wn 6= ∅. Then the result follows from Prop. 1.28.

Fix any N ∈ ∗N \N.

The complete metric space case:

Since the hyperfinite intersection
⋂
n<N Wn is ∗open dense, by Cor. 1.10,

there is a nonempty ∗open ball BN ⊂
(
B(a,N−1) ∩

⋂
n<N Wn

)
. In partic-

ular, BN ⊂
(
µ(a) ∩

⋂
n<N Wn

)
.

Suppose M > N and BM−1 was chosen. Since
⋂
n<M Wn is ∗open

dense, we can find a nonempty ∗open ball BM ⊂
(⋂

n<M Wn∩BM−1

)
such

that diameter(BM ) < M−1.

By ∗X being ∗complete, there is a unique b ∈
⋂
N<M∈ ∗N BM . Then

b ∈ BN ⊂ µ(a) and b ∈
⋂
n∈ ∗N Wn. Therefore µ(a) ∩

⋂
n∈ ∗N Wn 6= ∅.

The locally compact space case:

Let F = { ∗U | a ∈ U ∈ T }. (So µ(a) =
⋂
F . ) For any finite F0 ⊂ F , by

∗X being ∗locally compact and
⋂
n<N Wn

∗open ∗dense, there is a ∗compact
K ⊂

(⋂
F0∩

⋂
n<N Wn

)
with int(K) 6= ∅. Then by saturation, we fix some

∗compact KN ⊂
(⋂
F ∩

⋂
n<N Wn

)
with int(KN ) 6= ∅.

We are going to define for M > N some KM ⊂ ∗X satisfying the
following property φM :(
KM is ∗compact

)
∧
( ∗int(KM ) 6= ∅

)
∧
(
KM ⊂

( ⋂
n<M

Wn∩ ∗int(KM−1)
))
.

By ∗X being ∗local compact,
⋂
n<N+1Wn being ∗open ∗dense and

∗int(KN ) being nonempty ∗open, clearly such KN+1 can be found.
Now apply induction internally to M > N in ∗N. For M > N, if KM

is defined so that φM is satisfied, then from φM ,
∗int(KM ) is nonempty

∗open, together with the ∗local compactness of ∗X and the ∗openness and
∗denseness of

⋂
n<M+1Wn there is KM+1 satisfying φM+1.

The such constructed KM ’s, M > N, are ∗compact, decreasing and
nonempty, so

⋂
M>N KM 6= ∅. Therefore

∅ 6=
( ⋂
M>N

KM

)
⊂
(
KN ∩

⋂
n∈ ∗N

Wn

)
⊂
(
µ(a) ∩

⋂
n∈ ∗N

Wn

)
.

�
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A subset A ⊂ X is said to be nowhere dense if int(A) = ∅. A set is
said to be of the first category , or meager , if it is a countable union of
nowhere dense sets. Otherwise it is said to be of the second category . A
topological space X is called a Baire space if every nonempty open subset
of X is of the second category.

It is easy to check that the condition in the statement of Thm. 1.24
is equivalent to being a Baire space. Hence complete metric spaces and
locally compact spaces are Baire spaces.

1.6.6 Stone-Čech compactification

Given a topological space X, the Stone-Čech compactification of X is
a compact space, denoted by βX, extending X, such that

• X is dense in βX;
• for every continuous f : X → [0, 1], there is a unique extension of f to

a continuous function βf : βX → [0, 1];
• βX is unique up to homeomorphism w.r.t above properties.

It is with the above properties that Stone-Čech compactification is con-
sidered to be the largest compactification of a space.

As an illustration, consider X = N with the discrete topology.
Let βN := {µ(n) |n ∈ ∗N}, where we define

µ(n) =
⋂{ ∗U | (n ∈ ∗U) ∧ (U ⊂ N)

}
.

Then the µ(n)’s form a partition of ∗N and behave like monads. Moreover,
there is a correspondence between βN and the set of ultrafilters over N
by mapping each µ(n) to {U ⊂ N |n ∈ ∗U}. It is easy to check that this
correspondence is a bijection. For this reason, βN is also regarded as the
set of ultrafilters over N. Observe that the µ(n)’s for n ∈ N correspond
precisely to the principal ultrafilters over N.

The topology on βN is generated by open sets of the form

{µ(n) |n ∈ ∗U}, U ⊂ N.

The mapping N 3 n 7→ µ(n) is clearly a homeomorphism onto its image, so
we identify N with {µ(n) |n ∈ N}. Then for each U ⊂ N, we simply let ∗U
stand for {µ(n) |n ∈ ∗U}.
N is dense in βN, since it holds for each U ⊂ N that ∗U 6= ∅ iff U 6= ∅

iff ∗U ∩ N 6= ∅.
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For any family Ui ⊂ N, i ∈ I, such that ∗N =
⋃
i∈I

∗Ui, there is a finite
I0 ⊂ I such that ∗N =

⋃
i∈I0

∗Ui. For otherwise it follows from saturation
that there is some n ∈ ∗N \

⋃
i∈I

∗Ui. Therefore βN is a compact space.
Now let f : N→ [0, 1]. (So f is automatically continuous.) Let n ∈ ∗N.

So there is y ∈ [0, 1] such that ∗f(n) ≈ y. Then for each open V ⊂ [0, 1],
if y ∈ V, then ∗f(n) ∈ ∗V and hence n ∈ ∗

(
f−1[V ]

)
. Suppose n′ ∈ ∗N and

µ(n′) = µ(n). Then n ∈ ∗
(
f−1[V ]

)
iff n′ ∈ ∗

(
f−1[V ]

)
for any open V ⊂

[0, 1], by the continuity of f. Hence ◦
( ∗f(n)

)
= y = ◦( ∗f(n′)

)
. Therefore

the function βf : βN→ [0, 1] given by

(βf)(µ(n)) := ◦( ∗f(n)
)
, for each µ(n) ∈ βN,

is well-defined. It is clear that βf extends f.
Moreover, for each open V ⊂ [0, 1], we have

(βf)−1[V ] =
{
µ(n) | (n ∈ ∗N) ∧ (βf)

(
µ(n)

)
∈ V

}
=
{
µ(n) | (n ∈ ∗N) ∧ ∗f(n) ∈ ∗V

}
= ∗(f−1[V ]

)
,

which is open in βN. i.e. βf is continuous.
The fact that this βN is unique up to homeomorphism is a consequence

of the following whose proof is left as an exercise.

Proposition 1.29. Let X be a Tychonoff space. Let β1X and β2X be
compact spaces having X as a dense subspace such that every continuous
function f : X → [0, 1] extends uniquely to a continuous function from
βiX → [0, 1], for both i = 1, 2. Then β1X and β2X are homeomorphic. �

We will give a short proof in §3.2.2 that every Tychonoff space has a
Stone-Čech compactification.

Note that in the above, if we replace N by any discrete space X, then
the same proof shows that then βX, Stone-Čech compactification of X, is
simply the space of ultrafilters over X.

We remark that the Stone-Čech compactification can be equivalently
defined by using any compact spaces instead of the unit interval for the
range of the continuous functions. The proof is left as an exercise.

Proposition 1.30. Let X be a Tychonoff space and βX its Stone-Čech
compactification. Then for any compact topological space Y, any continuous
f : X → Y extends to a continuous function βf : βX → Y. �
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1.6.7 Notes and exercises

When the analytic and geometric features of analysis are removed, the
foundation left is just topology, hence its particular relevance to functional
analysis.

The nonstandard approach to the theory of topology was initiated and
developed by Robinson.

The theory of monads was conceived by Leibniz and has philosophical
meanings beyond topology. Both Robinson and Luxemburg are credited
for the modern nonstandard formulation and study of monads.

It seems that so far Brouwer’s Fixed Point Theorem (Thm. 1.20) has
eluded a proof based on nonstandard techniques. However, in the re-
verse mathematics systems of Friedman and Simpson ([Simpson (2009)]),
Brouwer’s Fixed Point Theorem has the same strength as infinite combi-
natorial principals such as the Weak König’s Lemma, so a proof based on
properties of hyperfinite sets should be plausible.

The characterization of compactness by Robinson is a very simple but
yet powerful tool having a large variety of applications not only in topology
but in functional analysis and stochastic analysis as well.

The notion of Stone-Čech compactification as well as methods of con-
structing it are due to M.H. Stone and E. Čech for their work in the 1930’s.

For more application of nonstandard methods in the construction of
compactification, see [Salbany and Todorov (2000)].

Consult [Munkres (2000)] for a more thorough coverage of topics in
topology.

Exercises

(1) For every x ∈ ns( ∗X), show that there is U ∈ ∗T such that x ∈ U ⊂
µ(x).

(2) Prove Prop. 1.16.
(3) Let f : X1 → X2, where (X1, d1) and (X2, d2) are metric spaces. f is

said to be uniformly continuous if

∀ε ∈ R+ ∃δ ∈ R+ ∀x, y ∈ X1

(
d1(x, y) < δ ⇒ d2(f(x), f(y)) < ε

)
.

Show that f is uniformly continuous iff

∀x, y ∈ ∗X
(
x ≈ y ⇒ ∗f(x) ≈ ∗f(y)

)
.

(4) Verify Prop. 1.25 and prove Thm. 1.22. Give an example of a complete
and bounded but not compact subset of a metric space.
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(5) Show that a function f : X1 → X2 between two topological space is
continuous iff graph(f) := {(x, f(x) |x ∈ X1 } is closed in the product
space X1 ×X2.

(6) Let f : X2 → X3 and g : X1 → X2 be continuous functions between
topological spaces X1, X2 and X3. Show that the composition f ◦ g is
continuous.

(7) Prove Prop. 1.22.
(8) Show that a space (X, T ) is regular iff ∀x ∈ ns( ∗X)

µ(x) =
⋂
{ ∗C |x ∈ C ∧ (X \ C) ∈ T }.

(9) Prove that locally compact spaces are completely regular and metric
spaces are normal.

(10) Show that the uncountable product of R, i.e. Rλ for some λ ≥ ω1, is
not a normal space

(11) Show that locally compact spaces are regular.
(12) Prove Prop. 1.27 and Prop. 1.28.
(13) Show that compact metric spaces are separable.
(14) Show that a complete pseudometric space is Baire.
(15) Let X1, X2 be topological spaces with X1 a Baire space. Suppose fn :

X1 → X2, n ∈ N, are continuous and f : X1 → X2 is given by x 7→
limn→∞ fn(x).
Show that {x ∈ X | f is continuous at x } is dense in X1.

(16) A net is some {xi}i∈I ⊂ X, where (I,≤) is a directed set.
The net convergence , xi → x, is defined as

∀U ∈ T
(

(x ∈ U)⇒
(
∃i ∈ I ∀j > i (xj ∈ U)

))
.

Show that f : X1 → X2 is continuous at a ∈ X1 iff for every net
{ai}i∈I ⊂ X1, if ai → a then f(ai)→ f(a).

(17) Prove Prop. 1.29.
(18) Prove Prop. 1.30.


