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The 2D Fully Frustrated XY(FFXY) class of models is shown to contain a new ground-
state in addition to the checkerboard groundstate of the standard 2D XY model. The
spin configuration of this additional groundstate is obtained and its connection to a
broken Zs-symmetry explained. This means that the class of 2D FFXY models belongs
within a U(1) ® Z2 ® Zz-symmetry phase-transition representation. The phase diagram
is reviewed and the central charges of the four multicritical points described. The im-
plications for the standard 2D FFXY-model are discussed and elucidated, in particular

with respect to the long standing controversy concerning the phase transitions of the
standard 2D FFXY-model.

1. Introduction

The two-dimensional (2D) XY-model is one of the prototypes in the area of phase
transitions. It can be viewed as an extension of the Ising model in which the pla-
nar spins of unit lengths are augmented by directions described by angles with
respect to some fixed direction in space. The notable feature is that it undergoes
a Kosterlitz-Thouless (KT) transition from a low-temperature ordered phase to a
high-temperature disordered phase.’»?34 The KT-transition is associated with the
angular U (1)-symmetry of the Hamiltonian for the XY-model. As a result of this
continuous angular symmetry the spin correlation can in two dimensions only be
“quasi” ordered in the low-temperature phase: the spin correlation function has
a power-law decay with distance in the low-temperature phase.® This also means
that the KT-transition is not associated with a local order parameter. Instead the
transition is associated with the helicity modulus which is a global property of the
system.*From a symmetry point of view this means that the /(1)-symmetry of the
Hamiltonian is only “quasi” broken in the low-temperature phase.
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Fig. 1. (a) Schematic diagram of two-dimensional Josephson junction array and (b) the checker-
board type vortex configuration of the groundstate for the 2D FFXY model corresponding to (a).
In (a), crosses denote Josephson junctions and superconducting islands are at each node of squares.
Vortices are marked as crosses at every second plaquettes in (b).

Examples of physical systems which can be described by the XY-model are
magnetic spin systems in which one component of the spins are suppressed and
a superconductor. In case of the superconductor the spin angle corresponds to the
phase of the local superconducting order parameter. In particular a two-dimensional
(2D) Josephson junction array can be very directly mapped to the 2D XY-model
(see Fig. 1a).b

The model of particular interest here is the 2D fully frustrated XY (FFXY)-
model which corresponds to a Josephson array in a perpendicular magnetic field
with the strength of the magnetic field corresponding to a magnetic flux quanta for
every second plaquette of the array (see Fig. 1b).”

The groundstate for the 2D FFXY model is the checkerboard pattern shown
in Fig. 1b. There are two identical possibilities since translating the checkerboard
pattern by one square leaves the Hamiltonian invariant. This reflects that the Hamil-
tonian of the 2DFFXY model in addition to the &/(1)-symmetry also contains a Za-
symmetry associated with the two possible groundstate patterns. This Z-symmetry
is broken for low enough temperatures and is described by a local order parameter.
Thus the Hamiltonian of the 2D FFXY model has two spin symmetries that can be
broken (or “quasi” broken), i.e. a U(1) and a Zs: it can be assigned the combined
symmetry U(1) ® Zs.

The character and the order of the phase transitions for the 2D FFXY-model
have been the subject of a long controversy.®?:10:11:12,13,14,15 Thjs is hecause the two
transitions appear to be extraordinary close. As a consequence a combined single
U(1) ® Z with critical properties described by a single critical point has also been
judged to be consistent with earlier simulations.®?:12:16:14 However, the emerging
consensus is two separate transitions: as the temperature is increased first a KT-
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transition associated with the angular ¢/(1)-symmetry and then at a slightly higher
temperature a Zy-symmetry transition.®

In the present paper, we study an extended class of 2D FFXY models. The
Hamiltonians for this class have the same spin symmetries as the 2D FFXY model:
the spin interaction potential is modified in such a way as to keep all the spin
symmetries. For example the much studied Villain model is obtained from the 2D
FFXY by such a modification and belongs to the extended class.!” One purpose of
this type of modifications is to obtain a better understanding of the original model.
In the present work we study the Two-Dimensional Generalized Fully Frustrated
XY (2D GFFXY) model which belongs to the 2D FFXY-class and parametrizes a
systematic change of the interaction potential.!®The 2D GFFXY-model turns out
to have a complex phase diagram.'®19In the present paper we relate this complexity
to the occurrence of a new groundstate for which the checkerboard Zs-symmetry
is restored. The spin configuration for this groundstate is obtained. In particular
we discuss the implications of this new groundstate for the understanding of the
original 2D FFXY-model.

In section 2 we define the 2D FFXY-model and in section 3 we describe the
structure of the new ground state. In section 4 we describe the order parameter and
the broken symmetry associated with the transition into this new groundstate. We
review the phase diagram in section 5 as well as the conformal charges associated
with the various multicritical points. Finally, in section 6 we discuss the original 2D
FFXY model in view of the results for the 2D GFFXY model.

2. Generalized 2D XY Model

The Hamiltonian which defines the 2D fully frustrated XY-class models on an L x L
square lattice is given by

H=Y Ul(¢y=0i—0; - Ay), (1)
(ig)

with ¢;; € [—m, 7], where the sum is over nearest neighbor pairs. The phase angle 6;
for the ith site at the lattice point (x;,y;) satisfies the periodicity 8,4 1% = ;115 =
;. The magnetic bond angle A;; is defined as the line integral along the link from
itoj,ie., Ay = (2m/ o) fij A - dl with the magnetic vector potential A for the
uniform magnetic field B = ByZ in the z direction. With the Landau gauge taken,
Aij = 2nfx; for the vertical link and A;; = 0 for the horizontal one, where the
frustration parameter f measures the average number of flux quanta per plaquette,
ie., f = Byo/®y with the flux quantum @, (the lattice constant has been set to
a = 1). The fully frustrated case corresponds to f = 1/2 and a half flux quantum
per plaquette on the average. The Boltzmann factor, which determines the ther-
modynamic properties, is given by exp(—H/T) where T is the temperature. The

interaction potential U(¢) = U(¢ £ 27) is periodic in 27 and is given by?2%-2!
2 2 ¢
— 2p
U(9) = (1 — o (), )
p
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Fig. 2. Interaction potentials U(¢) in Eq. (2) at various values of p are compared in (a). The
standard XY model corresponding to p = 1 is also compared with the Villation interaction potential
in (b). All interactions have the same symmetry and have the identical quadratic form at small ¢.

where p = 1 corresponds to the standard FFXY since 2[1 — cos?(¢/2))] = 1 —
cos(¢). The interaction potential U(¢) is shown in Fig. 2a for a sequence of p-
values. The interaction within the 2D XY-class is characterized by being periodic
in 27, quadratic to the lowest order in ¢ so that U(¢) ~ ¢2, and monotonically
increasing from zero in the interval [0, 7r]. The interaction potential defines the class:
the various members of this class are distinguished by the explicit form of U(¢).
In Fig. 2b the interaction potential for the standard XY model U(¢) = 1 — cos(¢)
is compared to the one for the Villain model at the KT-transition (7' = 0.45)
U(g) = —T{>"'—>" _exp(—(¢ — 27n)?/2T)}.}"8. The 2D FFXY model with the
Villain interaction has the same phase transition scenario as the the usual 2D FFXY
model i.e. a U(1) KT-transition followed by a Z, transition (still extremely close
together but a little less close than for the standard 2D FFXY model).® Is this true
for all models within the XY class? The answer is no.!®The reason is connected to
the appearance of a new groundstate.

3. Groundstate

Let us first consider the groundstate for the standard 2D FFXY model on a square
lattice: The spin configuration corresponding to the groundstate checkerboard is
given in Fig. 3a.??2 A square with (without) a flux quanta is denoted by + (—).
The arrows give the spin directions and the thick (thin) links are the links with
(without) magnetic bond angles 7 (0) modulo 27. In this configuration all the links
contribute the same energy U(%) to the groundstate. Thus the energy for the four
links constituting an elementary square is in this configuration 4U(%). The broken
symmetry of the free energy is for T' = 0 directly related to the fact that in order to
change + to — squares in Fig. 3a by continuously turning the spin directions from
the one groundstate to the other, an increase of the energy is required by a finite
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(a) (b)

Fig. 3. Two groups of distinct groundstates of the 2D GFFXY model. (a) When p is smaller than
pe( 1.3479), the gauge-invariant phase difference ¢ = /4 for all edges of a plaquette. (b) When
p > pe, one edge has ¢ = 7 while all other three have ¢ = 0. The wiggled vertical lines denote the
magnetic bond angles A;; = w, arrows indicate phase values, and =+ represents vortex charges.

amount of a number of links. This number of links goes to infinity with the size of
the system: the two groundstates are separated by an infinite energy barrier.

The crucial point in the present context is that the groundstate shown in Fig. 3a
does not remain as the groundstate for all values p. As p is increased the maximum
link energy U(7) decreases and at a particular value p, > 1 the groundstate switches
to the spin configuration shown in Fig. 3b. The energy for the links around a square
is for this configuration given by U(7) + 3U(0). The critical value p. is hence given
by the condition U(m) + 3U(0) = 4U (%) leading to the determination

In(3/4)

Pe =\ STnlcos(r 78] Tn(cos(n/8) 1.3479. (3)
The groundstate for p > p. shown in Fig. 3b has the property that an infinites-
imal change of the middle spin is enough to flip between the two checkerboard
patterns (switching between + and — in Fig. 3b). Thus there is no barrier between
these two checkerboard patterns for p > p.. This means that the broken symmetry
of the free energy associated with the two possible checkerboard patterns states
is restored. However, there is a new infinite barrier between the two degenerate
groundstates on opposite sides of p.: continuously turning the spins to change from
the spin-configuration in Fig. 3a to the spin-configuration in Fig. 3b requires an

infinite energy.

4. Broken Symmetries

We are here interested in the phase transition properties of the 2D GFFXY model.
To this end we need to identify the relevant order parameters associated with the
broken symmetries of the free energy. The broken checkerboard pattern is usually
referred to as the Z5 chirality symmetry. The corresponding order parameter is the
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staggered magnetization m defined as 7

1 &
m:<ﬁ§]4wwﬁ>a (4)
=1

where (- - ) is the ensemble average and the vorticity for the Ith elementary plaquette
at (21,y) is computed from s; = (1/m) 37,y ¢; ¢i; = £1 with the sum taken in the
anti-clockwise around the given plaquette. The broken symmetry is reflected in
the following way: for any finite system the quantity # Zlel(—l)g”““sl can with
finite probability acquire any value in the range [—1, 1] allowed by the Hamiltonian.
However, in the thermodynamic limit L = oo only values in the either the range
[—1,0] or the range [0, 1] can be acquired. In the latter case m # 0 whereas in the
former case when the symmetry is unbroken m = 0.

The broken symmetry between the two groundstates shown in Fig. 3a and b is
associated with an additional Zs-symmetry of the free energy. The quantity related
to this symmetry breaking is the kink density nj defined as

ni = <%Z|st|>, )

where the square lattice has been divided into L?/4 squares numerated by ¢ where
each consists of four elementary plaquettes. Here s; is the sum of the phase difference
around a four-plaquette s; = (1/m) > ;. ¢, i; Which means that [s;| can be 0,1 or
2. The kink concept is illustrated in Fig. 4: start from a checkerboard pattern. The
thick dotted line is a boundary between the two possible checkerboard patterns. The
90 degree turn of this line is associated with a four-plaquette with s; = 1 which is
denoted as thick solid line surrounding four plaquettes in Fig. 4. The kink density
ng plays the same role as the density in a usual liquid-gas transition: the order
parameter is the density-difference, Any, between a low- and high-density phase.
Just as for a liquid-gas transition it is associated with a Z5 broken symmetry.

As mentioned above U(1)-symmetry is at most “quasi” broken and can hence
not be associated with a local order parameter. Instead it can be monitored by the
increase of the free energy caused by a uniform twist § of the spin angles across the
system. Expanding the free energy F(J) for small values of ¢ to lowest orders gives

FO)=Y—=+Y,—. (6)

Here, Y is the helicity modulus. It is finite in the low-temperature phase and
zero in the high-temperature phase.? Y, is the fourth order modulus and can be
used to verify that the helicity modulus Y makes a discontinuous jump to zero
at the transition.?? This discontinuous jump is a key characteristics of the KT-

transition.2425
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Fig. 4. Two checkerboard states with the boundary between them (denoted as thick dotted line).
A kink exists where the boundary makes a 90-degree turn, and the kink density nj is measured
by Eq. (5). For the four plaquettes surrounded by thick full line, |s¢| = 1 whereas all other four
plaquettes have even number of vortices and thus |s¢| = 0.

O 1 1 1 1 1 1 1 1 1 >

0 01 02 03 04 05 06 07 08 09
T

Fig. 5. Phase diagram of the 2D GFFXY model in the (p, T') plane. The staggered magnetization
m and the helicity modulus Y give us all four combinations, all of which are realized in the phase
diagram. The horizontal dotted line at p = 1 corresponds to the standard FFXY model which has
two distinct, extremely close transitions.

5. Phase Transitions and Phase Diagram

The phase diagram of the 2D GFFXY model was obtained in Ref. 18 by Monte
Carlo Simulations and is shown in Fig. 5. It contains 4 sectors characterized by the
four possible combinations of the two order parameters m and Y: (m, Y)=(0, 0),
(0,# 0), (# 0, 0) and (3 0, # 0). The standard 2D FFXY model corresponds to
the dotted line p = 1 and as the temperature increases from 7' = 0 it departs from
the checkerboard groundstate characterized by (m, Y) = (#£ 0, # 0), makes a KT
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Fig. 6. (a) Zaz-chirality symmetry breaking transition is detected by the staggered magnetization
m at T = 0.1 as p is varied. The Z3 transition in (a) is not accompanied by the U(1) transition as
shown in (b) for the helicity modulus Y which remains non-zero in either side of the transition.
In inset of (b), Y is shown as a function of L, confirming Y # 0 in thermodynamic limit. (c) Y in
the (p,T) plane. The cusp-like structure at low T disappears as T is increased.

transition at T' &~ 0.446 into (m, Y)=( 0, 0) followed by Z>-transition at T' ~ 0.454
into the high-temperature phase (m, Y)=(0, 0) for which all broken symmetries are
restored. The notable feature is the extreme narrowness of the (m, Y)=(# 0, 0)-
phase. As mentioned in the introduction this narrowness caused a long controversy
as to whether in fact there is just one joint transition and no intermediate phase
(m, Y)=(#0, 0).

The new groundstate is associated with phase (m, Y)=(0, # 0) appearing for p
slightly larger than 1 (see Fig. 6). As is clear from the structure of the groundstate
the staggered magnetization m is zero because there is no infinite energy barrier be-
tween the two checkerboard patterns in this phase: there is no broken Zs-symmetry
associated with the checkerboard pattern in this phase. Figure 6a illustrates how
|m| vanishes with increasing L as the phase line from the (m, Y)=(# 0, # 0) to the
(m, Y)=(0,# 0) is passed at T' = 0.1.1® What is less obvious from the groundstate is
that Y remains non-zero as the same phase line is passed. The fact that Y remains
non-zero is shown in Fig. 6 b: the helicity modulus Y remains non-zero on both
sides of the phase line. It has a small dip right on the phase line but, as the inset
shows, remains non-zero also on the phase line. Figure 6¢ shows in which regions Y
is finite.

As is apparent from Fig. 5 and 6, (m, Y)=(0,0), (0,#£0), (£ 0, 0) and (#£ 0, # 0)
classifies all the possible phases of the 2D GFFXY model. However, the classification
of the the phase transitions and the multicritical points are more complicated. As
illustrated in Fig. 7, the phase diagram contains four multicritical points A B,C,
and D.' The reason for this complicated phase transition scenario is the additional
broken Zs-symmetry associated with the kink density ny. Let us start with the phase
line from (p,T) = (p¢, 0) to A. Figure 8a illustrates that this phase transition line is
associated with a broken symmetry: The double hump in the distribution of nj. This
distribution P(ny) is related to the free energy F by P(ny) ~ exp(—F(ng)/T) and
the two humps are separated by the free energy barrier AF ~ —In[P(ny)] which
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Fig. 7. Expansion of the phase diagram near p. &~ 1.3479 (compare with Fig. 5). There are in
total four multicritical points (see text).
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Fig. 8. (a) The kink density distribution function P(ny) at T = 0.1 and p = 1.3465 (on the phase
transition line starting at 7' = 0 in Fig. 7). The difference between the two peak Anj exhibits
a discontinuous transition. (b) At the multicritical point A in Fig. 7, P(ny) shows continuous
transition which is well described by the critical exponent /v = 0.25 as displayed in (c). (d) At
the multicritical point C in Fig. 7, the helicity modulus Y does not have a finite jump but exhibits
a continuous transition with v = 0.77.
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becomes infinite whenever P(ny) — 0 for large L. This is the case for the minimum
in Fig. 8a. Consequently, the free energy symmetry is broken, since the possible
values are separated by an infinite barrier in the thermodynamic limit. However
this double hump structure ceases to exist beyond the critical point A. On the left-
hand side of A the distance between the two humps remains finite for . — oo which
signals a first order discontinuous transition. To the right of A there is only one hump
and P(ny) remains finite for all values of ny for L — oo. Precisely at the point A
P(ng) — 0 and the distance between the two humps vanishes for L — oo (see Fig.
8b). The order parameter is the distance between the peak position of the two humps
Any,. It vanishes as Any, ~ L~P/7 and this ratio between the critical indices 8 and v
was in ! found to be consistent with 3/v = 0.25 (see Fig. 8c). Thus the symmetry
breaking associated with the kink density ny is from (p,T') = (p¢,0) to A connected
to a first order transition which ends at the second order critical point A. This is
reminiscent of a liquid-gas transition. However, also the staggered magnetization m
makes a transition across the line from (p,T) = (p¢,0) to A because the broken Zs
checkerboard symmetry gets restored. This transition is also contained in the first
order transition which ends at A. The difference is that this checkerboard transition
does not cease but continues to the multicritical point B. On the phase transition line
between the points A and B, m vanishes as |m| ~ L8/ with 8/v = 0.125.'? This
is the same [3/v-value as for the usual Zs-transition of the 2D Ising model. At the
critical point B the checkerboard transition meets the KT-transition coming from
above and both transitions continue as a single joint transition to the multicritical
point C. Along this phase line and also on the critical points B and C, m vanishes
as |m| ~ L78/" with B/v = 0.375.1% At the multicritical point C the joint transition
splits into two separate transitions with the KT transition to the left at lower T
and the checkerboard transition to the right at higher. Finally the critical point D,
at much higher p and lower T is the starting point for the KT-transition line and
the end point of a first order joint ng-KT transition, quite similar to the end point
A of the first order joint ny-m transition.'®

The multicritical point C is of special interest in the present context because
its closeness to and possible influence on the phase transitions of the standard 2D
FFXY-model. At the critical point C (as well as along the phase line between B to
C) the helicity modulus Y does not undergo a KT transition with a discontinuous
jump, but goes to zero as Y ~ L™% where a ~ 0.63 precisely at C. From the finite-
size scaling Y = L~ ((T — Tec) L") also the critical index v ~ 0.77 is found (see
Fig. 8d).1?

6. Central Charge

Conformal field theory in two dimensions establishes a link between the broken
symmetries and the characteristics of the phase transitions.2® This connection can
be expressed as a direct relation between the central charge ¢ and the ratio of critical
indices 3/v given by 8/v = ¢/4.25 The point is that the central charge c is coupled
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to the broken symmetries: a single Zo-transition corresponds to ¢ = 1/2 and a single
U(1) to c =1; amerged Zy® Z,-transition to ¢ = 1; a merged U(1)® Zs to ¢ = 3/2,
a merged U(1) ® Zy ® Zo-transition to ¢ = 2. This exhausts all the possibilities
for the 2D GFFXY model. Applying this to the phase diagram in Fig. 7 and the
values for §/v obtained from MC simulations, we reach at the following conclusions:
The multicritical point A displays a combined Z3 ® Zs-transition involving the two
broken symmetries related to the checkerboard pattern and the kink density. The
multicritical points B and C is associated with a combined U(1)® Zs-transition (¢ =
3/2 and (/v = 3/8) involving the KT-transition and the checkerboard transition.
This combined transition also describes the critical line between B and C. Finally
the critical point D is a combined U(1) ® Zy-transition involving the KT-transition
and the kink-density transition.

7. Implications for Standard 2D FFXY Model

The usual 2D FFXY model corresponds to the p = 1-line in Fig. 5. The critical
point C for the 2D FFXY class is the closest multicritical point to the actual phase
transitions of the usual 2D FFXY model (compare Fig. 7). The critical point C
is characterized by the critical index v &~ 0.77 and the central charge ¢ = 1.5. A
single Z, transition is characterized by v = 1 and ¢ = 0.5. All the earlier papers,
in which it was concluded that the 2D FFXY model has only one joint transition,
the apparent value of v was in the interval 0.77 < v < 1 (see table 1 in Ref. [8]).In
particular in Ref. [12] the values of v and ¢ were independently determined and
given by v = 0.80(4) and ¢ = 1.61(3). Thus the apparent multicritical point for the
usual FFXY model appeared to have critical properties inconsistent with a single
Zo-transition and with critical v-values in between a single Zs-transition and the
real U(1) ® Z; multicritical point C for the 2D FFXY class. Furthermore, the
closeness of the v-values and c-values, v ~ 0.77 and ¢ = 1.5 for C, respectively,
v = 0.80(4) and ¢ = 1.61(3) determined for the usual FFXY model in Ref. 12,
suggests that the apparent multicritical point found for the 2D FFXY model is an
artifact of the closeness to the real critical point C for the 2D FFXY class.

The present consensus is that the 2D FFXY model undergoes two separate
transition, a KT transition at Tk followed by a Zs-transition at Tz, with Tz <
Tz,.® In particular Korshunov in Ref. [15] has given a general argument which
purportedly states that Twkr < Tz, should be true not only for the 2D FFXY
model, but also for the 2D FFXY class provided that the interaction is such that
its groundstate is the broken symmetry checkerboard state. This is in contradiction
with the existence of the multicritical point C which does correspond to such an
interaction potential. We suggest that the reason for this fallacy of the argument is
connected to the closeness to the (m, Y)=(0,70)-phase.

The most striking feature of the phase transition for 2D FFXY model is the
closeness between T'xr and Tz,. The phase diagram in Fig. 7 gives a scenario for
which this feature becomes less surprising: The point is that the checkerboard tran-
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sition and the KT-transition merge and cross as a function of p for the 2D GFFXY
model. It then becomes more narural that for some values of p the transitions can
be extremely close. The value p = 1, which corresponds to the usual FFXY model

happens to be such a value.
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