Chapter 1

Nonholonomically constrained
motions

1.1 Newton’s equations

An English translation! of Newton’s formulation of his second law reads:
“A change in motion is proportional to the motive force impressed and
takes place along a straight line in which that force is impressed.” The
current formulation reads: mass times acceleration is equal to the force. It
uses the term acceleration for change of motion.

We will use a suitably generalized version of Newton’s second law as
our starting point in our presentation of the dynamics of nonholonomically
constrained systems on manifolds. The main point of our generalization
of Newton’s equations is giving an appropriate definition of the notion of
acceleration.

When configuration space is R?, the motion of a particle is described by
giving its position vector q as a function of time, namely, ¢t — q(¢). In this

case, its velocity v(t) = dg(t) and acceleration a(t) = d‘égt) are well defined

vectors in R3. If one interi:)rets force F as a vector in R3, then the usual
formulation of the second law reads

ma(t) =F, (1)
where m is the mass of the particle. The force F acting on the particle may
depend on q(t), v(¢), and t. The kinetic energy of a particle with mass
m and velocity v is k = $m (v,v), where (, ) is the standard Euclidean
metric on R3. Thus k is one half of length of v with respect to the kinetic

energy metrick =m ().

For a system of n interacting particles in R?, the configuration space is
(R3)™ = x R2. The position q of the system, its velocity v and acceleration
a=1

ISee page 417 of [83].
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2 Nonholonomically constrained motions

a are vectors in (R®)™. In this case the second law reads
Maan(t) =Fy, fora=1,...,n. (2)

Here the subscript « labels the individual particles having mass m,, accel-
eration a,, and subjected to a force F,. In this case the kinetic energy of
the system is one half the square of the length of the velocity with respect
to the kinetic energy metric

kzzma<v>av (3)

where (, ), is the standard Euclidean metric on R3,. If we interpret the
force F imposed on the system as a covector on (R?)", then the left hand
side of (2) can be interpreted as the covector given by evaluating the kinetic
energy metric k, given by (3), on the vector a(t). Since the coefficients of k
are constant, the derivative of the velocity v(t) coincides with the covariant
derivative of v(t) with respect to the Levi-Civita connection V associated
to the kinetic energy metric k. This interpretation enables us to extend
Newton’s equations to manifolds.

Consider now a mechanical system with configuration space @, which is
a smooth manifold. The kinetic energy of the system defines a Riemannian
metric k on @ such that for each v € T;Q, the kinetic energy of the motion
of the system with velocity v is k(v) = 4 k(v,v). We shall refer to k as the
kinetic energy metric on the manifold @Q of the system. The metric k gives
rise to the vector bundle isomorphisms k” : 7Q — T*Q and k! : T*Q — TQ

where
(K°(v) | u) = k(v,u) for every u,v € T,Q, (4)
and kf = (k*)~1.

Let t — ¢(t) be a smooth curve on @ which describes a motion of our
system. Let ¢ — v(t) = ¢(t) be its tangent lift to T'Q. In other words, v(t)
is the wvelocity of the system at time ¢. Define the acceleration of the system
as the covariant derivative of its velocity with respect to the Levi-Civita
connection V associated to the kinetic energy metric k. In other words, the
acceleration a(t) of the system at time ¢ is

a(t) = Vyo(t) = §(t). ()
A connection is needed to interpret acceleration as a tangent vector.
Throughout the rest of this chapter we will use the Levi-Civita connec-
tion associated to the kinetic energy metric.
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1.2. Constraints 3

Let mg : T"Q — Q and 7g : TQ — @ be the cotangent and tangent
bundle projection maps, respectively and observe that 7 = mg ok’. A
force acting on a mechanical system, which is in the configuration ¢ € @,
is a covector in T;Q). Consider a map ¢ : R x T'Q — T™(Q such that
TQOY = TQ °Pry, where pry : R x TQ — TQ : (t,vq) +— vg. Then ¢
describes the dependence of the force on time, position and velocity of
the system. In other words, if ¢t € R and v, € T,Q, then ¢(t,v4) is the
force acting on the system at time ¢, position ¢, and velocity v,. Newton’s
equations for the motion ¢ +— ¢(t) of the system are

K ((t)) = @(t, 4(t)). (6)

In what follows we shall show that our formulation of Newton’s equations
motion for a mechanical system subject to a linear nonholonomic constraint
is equivalent to all other standard formulations of its equations of motion.

1.2 Constraints

Constraints in dynamics are restrictions on positions and velocities of the
system. Phenomenological constraints are introduced instead of unknown
forces to describe observed motions. For example, a rigid body is a system of
material points with fixed distances between each pair of points. Another
example is the no slip condition in the motion of a rolling body. This
constraint requires that the relative velocity of the point of contact of the
rolling body vanishes. In the first example, the constraint depends only on
the position of the material point. Such constraints are called holonomic. In
the second example, the no slip condition is a linear relation on the velocity
of the motion. Such conditions are called linear nonholonomic constraints.
Nonlinear nonholonomic constraints appear in control theory, but they will
not be considered here, see [74]. Neither shall we consider inhomogeneous
linear nonholonomic constraints, which appear in the problem of a sphere
rolling on a turntable when regarded in rotating coordinates [89].

There are two ways of dealing with holonomic constraints. First, we
can modify the configuration space by imposing the holonomic constraints.
Alternatively, we can present the holonomic constraints as linear nonholo-
nomic constraints by extending the tangent bundle of the constraint mani-
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4 Nonholonomically constrained motions

fold to a distribution on configuration space. Recall that a distribution on
a smooth manifold M is a smooth vector subbundle of the tangent bundle
TM of M. The original (holonomic) constraint manifold is then an integral
manifold of this distribution.

Let D be a distribution on @ describing the linear nonholonomic con-
straints under consideration. A motion ¢ — ¢(¢) of the system is dynami-
cally allowed if its velocity ¢(t) at time t lies in Dg(yy. If D is involutive,?
then we are dealing with a family of holonomically constrained systems.
Here each integral manifold M of D describes a holonomic constraint.

Our nonholonomically constrained mechanical system is acted on by an
external force ext and a reaction force of the constraints @constr- We have
hypothesized that the constraints do not depend on time. In particular,
the reaction force of the constraint depends only on the velocity and has
no explicit dependence on time. We assume that the external force is
conservative, that is, there is a potential function V- € C*°(Q) such that
Yext = —dV. Then Newton’s equation for the nonholonomically constrained
system is

K ((t)) = =75 AV (q(t)) + Peonst (d(t))- (7)

In order to be able to solve equation (7) we have to make an assumption
on the nature of the reaction force of the constraints. Let D° C T*Q be
the set of all covectors which annihilate the corresponding vector in the
constraint distribution D. In other words, for each ¢ € @,

D2=DOHT;Q:{p€T;Q|<p|U>=O for every v € Dy} (8)

Interpreting covectors in T*Q as forces, we see that D is the set of all
forces which do no work on virtual displacements in D. We now make the
following

Hypothesis 1.2.1. The work of the reaction force of the constraints on
virtual displacements in D wvanishes. In other words,

Oeonstr (V) € D?_Qw) for every v € D.

Constraints satisfying this hypothesis are called perfect. A motion given
by a curve t — ¢(t) in Q with ¢(t) € D), which satisfies Newton’s equa-
tion (7) with constraint force @constr, is called dynamically admissible. We
summarize the above discussion as

2Frobenius’ theorem states that if D is involutive, then D is integrable.
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1.3. Lagrange-d’Alembert equations 5

Theorem 1.2.2. (d’Alembert principle) A smooth curve q : (tg,t1) C
R — Q@ :tw— q(t) is a dynamically admissible motion of a mechanical
system with kinetic energy k(v) = $k(v,v) and potential energy V subject
to the linear nonholonomic constraint D C T'Q if and only if

K (i) + AV (a(t)) € D%y and d(t) € Dy, (9)
for allt € (to,t1).

1.3 Lagrange-d’Alembert equations

The formulation of the dynamics of constrained motion given in (9) can
be expressed in terms of the Lagrangian ¢ = k — 75V : TQ — R for
the unconstrained system. Here 75V = V °7q is the pull back of V by
the tangent bundle projection map 7g. Let ¢ : R — Q : t — c(t) be a
smooth curve on @ and let ¢ : R — T'Q : t — Tc(t) be its tangent lift to
TQ. The Lagrange derivative of £ at ¢(t) is a 1-form on T,)@, which is
defined as follows. Let {q'} be local coordinates on @ and let {¢*,v*} be the
corresponding local coordinates on T'Q). Then the curves ¢ and ¢ are given
by £ > q(t) = (¢°(t)) and ¢ — (q(t), 4(t)) = (¢'(), (1)), respectively. The
Lagrangian ¢ along ¢ is a function of (¢(t),¢(t)). Its Lagrange derivative 6¢
at (q(t),q(t)) is the 1-form on Ty @Q

d o¢ ot
Mq(t),q(t) =9 —=— — —
(Q( )7 Q( )) {dt aqz 8(]1 }
where summation is performed over repeated indices. The Lagrange deriva-

tive is a natural operator which takes the same form in all coordinate sys-
tems, see [65], [60].3

(10)

Lemma 1.3.3. For every smooth curve ¢ : R — Q : t — q(t) on Q, the
Lagrange derivative of the kinetic energy k(v) = %k(v, v) along ¢ is

Sk(a(t), q(t) = k(a()) (V4d(t), (11)
for all t.

3What we mean by this is the following. Let Q and @ be configuration spaces which are
diffeomorphic by the diffeomorphism ¢. The map ¢ induces a diffeomorphism T*¢ of the
cotangent bundle T*Cj onto the cotangent bundle T*@Q, which is defined as follows. For
every § € Q and every ag € T Q, we have T* ¢ (@g) is the cotangent vector (T;9~ 1) (a7)

to @ at q. Here the superscript T' denotes transpose. If £: TQ — R and ‘0 TQ — R
are Lagrangians, where £ = £°Tp, then 50 = 6¢°T*p. As Lagrange [65] observed, the
preceding formula follows from the interpretation of the Lagrange derivative 0¢ as the
variational derivative of [ £dt.
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6 Nonholonomically constrained motions

Proof. We compute
. d 0k Ok : d . L Okjy
o0k(q(t ) =4 —— — —= Yd¢’* = { — (ks it L qgt
(Q( ),(I( )) {dtaqz 8(]"} q {dt( JQ) 2 81QQ} q

d .. ok | Okjo .
:{k”dtq + 8qj i‘¢ -1 8lq }d

. d 8k]n 8kjé 8kn€ e ol i
_{k”dtq +3 (aq o &;J‘)q " ¢ dg

d . ; N
:k {dtq +I‘][q q }dq’—k‘ij (qu)J.

Here

Okin  Okje  Okne
T =1 I EA 12
isTne = <3q " g 3q3> (12)

are the Christoffel symbols of the Levi-Civita connection V of the kinetic
energy metric k on Q. O

From (9) it follows that if £ = k — 7"V, then
50(q(t),4(t)) = 0(k — 7o V)(a(t), 4(t)) = k(q(t),4(t)) + dV(q(?))
=K({(t)) + AV (q(t)).
Hence, we are led to the Lagrangian form of the equations of motion for

a nonholonomically constrained system.

Theorem 1.3.4. (Lagrange-d’Alembert principle) A smooth curve
¢: (to,t1) — Q : t — q(t) is a dynamically admissible motion of a non-
holonomically constrained mechanical system with constraint distribution D
and Lagrangian £ =k — 15V if and only if for every t € (to,t1)
0l(q(t),q(t)) € Dq(t) and ¢(t) € Dyw). (13)

Corollary 1.3.5. The total energy function h = k + oV is constant on
all dynamically admissible motions.

Proof. Since <§—§ | ¢) =k(q)(4,q) = k(q)(¢), we may write

hla.d) = (i |0 a.d) (14)
Let ¢t — ¢(t) be an admissible motion. Then differentiating (14) gives
PRI (2 (55) 19+ G 10— (G 10 - (519
= (6€(q(t), (1)) | 4(t)) = 0,
using (13). O
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1.4. Lagrange derivative 7

1.4 Lagrange derivative in a trivialization

We now show how to compute the Lagrange derivative in a trivialization
of TQ.

Suppose that @ is an n-dimensional smooth manifold. We say that the
tangent bundle 7g : T'Q — @ of @ is trivial if there is a smooth mapping
k:TQ — @ x R™ such that x|T,Q is a linear isomorphism with R™. The
map k is called a trivialization. Recall that the tangent bundle of @ is locally
trivial, that is, about every point of @) there is an open neighborhood U such
that the bundle |75 (U) : 75" (U) — U is trivial. Let A : Q@ x R" — TQ
be the inverse of the trivialization x. Using the standard basis {e;},—, of
R", we see that

Xi:Q—=TQ:q— Mg, e)

is a smooth vector field on @ such that {X;(q)};—, is a basis of T,Q for
every ¢ € Q. In other words, {X;},_, is a moving frame on Q. Conversely,
suppose that {X;}_, is a moving frame on Q). For each ¢ € R" define a
vector field ¢? on @ by

q) =) i Xi(q)- (15)
i=1

Then X; = e? and ¢ — ¢9 is a linear mapping.* Therefore the map
A QxR = TQ: (q,¢) = q) = ¢ (16)

is the inverse of a trivialization of the tangent bundle. In this way we see
that moving frames on @ and trivializations of T'Q) are equivalent objects.

Let £ : TQ — R be a smooth function, called a Lagrangian, and let
A @Q X R" — TQ be the inverse of a trivialization of T'Q. Define the
Lagrangian in the trivialization \=' to be £ = o)X : Q x R® — R. The
following proposition gives a formula for the Lagrange derivative of £.

Proposition 1.4.6. Let v be a smooth curve on Q). Define a smooth curve
c: R = R":tw c(t) by requiring that N(~(t),c(t)) = A(t), which lies in
Ty»n@Q- For any a € R™ we have

4In §30 of chapter II Whittaker [118] calls the ¢; quasi-coordinates.
5Formula (17) is due to Poincaré [92], see next page.
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8 Nonholonomically constrained motions

(OL((#), (1)) | @)

d oL oL
=G e=c(t) @)~ <3_q(qvc(t)) o | 0y
_ <g_€(7(t),c) o | )\;(lt)([c(t)Q, aQ]'y(t))>' (17)

Here [c(t)%, a®] denotes the Lie bracket of the vector fields ¢(t)? and a@
on Q.

Proof. We compute

oL ol tel4

e = (= ' Q. 18
(5. (@:0) [a) = (5.(a:¢F) [ af) = (5509 q:chaq> (18)
We now use local coordinates on (. Substituting ¢ = ~(t), ¢ = ¢(t),
Gg=5(@) = C?(t) into (18), and then differentiating the result with respect
to t gives

d oL
<EE(V(7§),C) o | a)
_ 4ot Q ot , Q
={q9gV®:9) o | a5 + (55010, ) o | DaZ,) e(t) )
But
oL o ol ol
= - = Qy — = ; ot : o R
9g 99 = g,\0cd) = 5 (a:9) s + 9@ d) s Deg .
Consequently,
d oL oL
(59 0 e |a) — <a—q(q,6( ) | ) = (60(v(1),4(1) | afy)
ol .
+ <a_q(7(t)»Q) 0 | (Da (t) c(t ) y(t) De(t ) ~ ()& '?(t)>>

This implies (17) because dL(7y(t), c(t)) = 64(~(t),¥(t)) and the Lie bracket
of two vector fields X and Y in local coordinates is given by [X,Y](q) =
DY(q)X(g) = DX(¢)Y (q)- O
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1.5. Hamilton-d’Alembert equations 9

We now look at the special case of proposition 1.4.6 when @ is a Lie
group G with Lie algebra g. The standard left trivialization of T'G is

kTG — G xg:(g,9) — (9. = TLy1g). (19)

Here L, : G — G : h — gh is multiplication on the left by g. Another way
to define ¢ is to take the derivative of the curve t — g(0)~1g(t) at t = 0,
where t — g(t) is a smooth curve in G with ¢g(0) = g and ¢(0) = ¢g. The
inverse of k is given by

A:Gxg—TG:(g,8) — T.Ly&. (20)

Corollary 1.4.7. Using the standard left trivialization \™' of TG, the
Lagrangian derivative of L =4£°\ is

d oL oL
OL(Y(t),c(t)) = E&(W(t% c) o - E(W(t)a c) (o)adc(t)
c=c(t c=c(t
oL
= ——(g,c(t)) °Ay(t)- (21)
9q qa="(t) !

Here t +— ~(t) is a smooth curve on G with the curve ¢ : R — g : t — ¢(t)
defined by requiring that Y(t) = A(v(t),c(t)). Moreover, ade : g — g:n —
[§,m] for every € € g.

1.5 Hamilton-d’Alembert equations

In this section we derive the Hamilton-d’Alembert formulation of dynamics
of a nonholonomically constrained system. Because the constraints are
given by a distribution D C T'Q, it is more convenient to work in wvelocity
space T'Q) than in momentum space T*Q.

The canonical 1-form 0 on T*@ is defined by
{0o(p) | up) = {p| Trq(up)) for all u, € Tp(T"Q). (22)

The canonical symplectic form on T*(Q is wg = — dfg. We use the notation
0 = (K)*0g and w = (k’)*wg. Since k” is a diffeomorphism, it follows that
w is a symplectic form on T'Q). Moreover, w = — df.

Lemma 1.5.8. For every w € T,,(TQ) with u € TQ, we have (0(u) | w) =
k(u, T1o(w)).
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10 Nonholonomically constrained motions

Proof. Because mg °k’ = 7 we get
(O(w) | w) = (k)0 (u) | w) = (O (K (u)) | TK’ (w))
= (K’(u) | Tro(TH (w))) = k(u, T1o(w)).
O
Since the fiber of 7 : TQ — @ is a vector space, for each ¢ € @) and
each u € T,Q, we have a vector space isomorphism ¢, : T,Q — kerT,7q

such that for every v € T;Q and every f € C*(T'Q), the fiber derivative of
f in the direction ¢, (v) is

Flu+ tv). (23)
t=0

(V) f = Q@

Lemma 1.5.9. For every u,v € T,Q, w € T,(T'Q) we have
w(w, 1y, (v)) = k(TTo(w),v).
Proof. For each ¢ € Q, u € T,Q and w € T,,(T'Q),

(0(u) | w) = (K (u) | Tro(w)). (24)

Every vector w € T,,(T'Q) can be extended to a vector field on T'Q) which
projects to a vector field on @ under 7g. Therefore,
w(w, tu(v)) = (u(v) < dO(w) | w) = 1u(0){0(u) | w)
d
=— k(u+tv,T1g(w)) = k(v,Trg(w)).
dt|,_,
o

On the right hand sign of the first equality | denotes the left interior
product (contraction). In other words, for every pair of vector fields X and
X' onTQ, (X Jw|X') = w(X, X").

The 2-form w on T'Q is symplectic. In other words, w is nondegenerate
and closed. For every function h € C*°(T'Q), the Hamiltonian vector field
corresponding to h is the vector field X} on (T'Q,w) such that

X Jw = dh. (25)

Lemma 1.5.10. The projection from (TQ,w) to @ under 7o of an
integral curve of the Hamiltonian vector field Xy of the kinetic energy
k(v) = %k(v,v) is a geodesic of the Levi-Civita connection V associated
to k.
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1.5. Hamilton-d’Alembert equations 11

Proof. In terms of local coordinates {¢'} on @ and induced local coordi-
nates {¢%, v/ = ¢;} on TQ, we have
Okij v

w = =d(kye') Ndg’ = =iy dv' Adg? = F3v

dg’ A dg?

and

dk = ki o' dv’ + 1 8;[ vivd dgt.

If Xj, = ¢ 5% + 0" g5, then

Xp Jw = —kijo' dg’ + kij¢’ dv' — Ok i ¢ dg? + %IZ” ‘¢ dg’

oq eV
i1 ok; Ok . .
= kij¢’ dv' — {k”v + 94 ZJ vigt — 8qzj v’qé} de’.
Hence, X, Il w = dk implies that ¢/ = v/ and
ak‘l] ’L 0 aki[ il aklz ’L Z
kl]v—’_a[ q 8q'7vq __8'7
Therefore,
. g i 8kn€ Vi 8kn€ [ 8knm 0
vjzk“”{——amv" +8m " wra — "
; Okne ok
— kim {% a :annvé agm o™ Z} _Fzév ’U
where k™™k,,,; = 6;; and I'?,, is the Christoffel symbol (12). Consequently,
Xp(v) =wv 5 —T¢ ”Za - (26)

If t — wo(t) is an integral curve of Xj and t — q(t) = 7o (v(t)) is its
projection to @, then

d. L -
(1) + Th(a(0)d" () (1) = 0.
Thus ¢t — ¢(t) is a geodesic of the Levi-Civita connection V associated to

the kinetic energy metric k. O

Lemma 1.5.11. Let (tg,t1) — Q : t — q(t) be a smooth integral curve of
Xk and let t — u(t) = ¢(t) be its tangent lift to TQ, that is, Tq(u(t)) = q(t).
Then

u(t) = Xi(4(t) = 140 (Vaq(t)) (27)
for allt € (to,t1).
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12 Nonholonomically constrained motions

Proof. Since u(t) = ¢(t) it follows that u(t) = v*(t) 8?;1‘ +00(t) 52

(26) implies that
. . 0
u(t) — Xe(q(t)) = (0" + T omok) 500

(00 + Data" 0 0) 5

= Vadlt) o = 1q00(Vad(1).

The set
F={weT(TQ)|Trg(w) € D} (28)
is a distribution on . To see this let v € D. Since the map T,7¢g :
Tu(TQ) — Tryw)@ is surjective, (TuTQ)’lDTQ(u) is a linear subspace of
T.(T'Q), which has constant dimension and depends smoothly on u. There-

fore [[,cp(Tutq) ' Dy (u) is a smooth vector subbundle of Tp(T'Q), the
bundle of tangent vectors to T'Q with base point in D.

Denote by F° the annihilator of F, that is, for every u € TQ,
={peTiHTQ)|{p|w)y=0 forallwe F,}. (29)
Theorem 1.5.12. (Hamilton-d’Alembert principle) A curve (to,t1)
— Q : t— q(t) with lift t — u(t) = ¢(t) € D is a dynamically admissi-
ble motion corresponding to the Hamiltonian h = k + 75V subject to the
nonholonomic constraint D if and only if

w(t) Jw —dh(q(t)) € FS i) (30)
for every t € (to,t1).

Proof. For each w € Fy(), from lemma 1.5.11 we obtain
(a(t) dw | w) = wli(t), w) = w(Xk(q(t), w) + 14 (Vgq), w)
w(Xi(q(t)), w) + w(eq) (Vid), w)
(dk [ w) = k(V4q, Tmq(w))
= (dh | w) = (dV | Trq(w)) — k(V4q, T1q(w))
= (dh | w) = (K (V4g) + dV | Trg(w)).

Hence, u(t) 1w — dh(¢(t)) € F0 if and only if k*(V44(t)) + dV(q(t)) €
Dg(t) By hypothesis ¢(t) € D The theorem follows from d’Alembert’s
principle 1.2.2. O
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1.6. Distributional Hamiltonian formulation 13

Corollary 1.5.13. The Hamiltonian function h is constant on every ad-
missible motion.

Proof. Because 1u(t) € Fy) we get
0=1u(t)J (u(t) Jw—dh) = w(i,a) — dh(a(t)) = — dh(u(t)).

1.6 Distributional Hamiltonian formulation

In this section we give a distributional Hamiltonian formulation of the equa-
tions of motion of a nonholonomically constrained system.

1.6.1 The symplectic distribution (H,w)

Since D is a distribution on @), it is a submanifold of TQ. We denote by
T“D the symplectic annihilator of T'D. In other words, for every u € D,

T:D ={w e T,(TQ) | w(w,v) =0 for all v € T,,D}. (31)

T“D is a distribution on D being a vector subbundle of T (TQ), which is
the bundle of tangent vectors to T'Q) whose base point lies in D. Similarly,
we denote the symplectic annihilator of the distribution F' (28) by F“, that
is, for every u € D,

F={weT,(TQ) | w(w,v) =0 forallveF,}. (32)

Theorem 1.6.1.14. The vector bundle Tp(TQ) has two direct sum decom-
positions

TH(TQ)=F“®TD = F®T“D. (33)

Proof. First we show that F¥ N TD = {0}. Because kerT'rg is a La-
grangian distribution on (T'Q,w), that is, w|ker T'tg = 0 and dimker T'rg =
% dimT(TQ), and ker T'rg C F, it follows that F“ C ker T'rg. Hence,

FYNTD = F* N (TD NkerT).

Let w € D and w € T, DN F. Then w € TD NkerT7g and is of the
form w = ¢, (v) for some v € D, (,). Moreover, w € F which implies
that w(ty,(v),w") = w(w,w’) = 0 for every w’ € F,. Using lemma 1.5.9 we
get k(v, Ttg(w')) = 0 for all w' € F,. Since T7g(F) = D, we can choose
w' so that T7g(w’) = v. Thus k(v,v) = 0, which implies that v = 0 and
w = ty(v) = 0. Therefore, F* NTD = {0}.
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14 Nonholonomically constrained motions

If d is the rank of the distribution D and n = dim @, we have dim F,, =
n+d, dmF? = 2n —dimF, = n —d, and dim7, D = n + d. Hence,
dim FY + dimT,,D = 2n = dim T,(T'Q). Since FY NT,D = {0}, it follows
that T,,(TQ) = F*®T,D. Taking symplectic annihilators we get T,,(TQ) =
F,eTyD. O

Let H be the intersection of F' (28) and the tangent bundle of D, that
is,
H=FnNTD. (34)
H is a distribution on D.

Proposition 1.6.1.15. For each v € D,
Hy,NkerT1g = {tu(v) | v € D7y }-

Proof. For every u,v € Dy, u+ sv € D, for all s € R. Hence, ¢, (v) € T'D.
Since ¢, (v) € ker T'tg C F, it follows that ¢, (v) € H,. Consequently,
{tu(v) v € D7y} € Hy Nker T'g.

Conversely, suppose that w € H, NkerT7g. Then T7g(w) = 0 which
implies that there exists v € Ty, ()@ such that w = t,(v). If v ¢ D, (),
then there exists a 1-form 7 on @ with values in D such that (n | v) # 0.
The hypothesis that 1 has values in D° implies that the function f : TQ —
R : v+ (n|v’) vanishes on D. But

d
(df [w) = (M lutsv)=(n|v)#0
Sls=0
which contradicts the assumption that w = ¢, (v) € H C TD. O

For each u € D write
(35)

Wy = Wy

HyxHy,'

Corollary 1.6.1.16. (H,w) is a symplectic distribution on D, that is, for
every u € D the 2-form w,, is nondegenerate.

Proof. Let {v1,...,v4} be a k-orthonormal basis of Dy. For each u € Dy, let
w; € T, D be a lift of v;, that is Trg(w;) = v;. Then {wn, ..., wq, tu(v1), ...,
tu(vq)} is a basis of H,,.

Suppose that w = >~ (a’w; + b'1,,(v;)) is in the kernel of the restriction
of w to H,, that is, w(w,w’) = 0 for all w’ € H,,. Taking w’' = ¢,,(v;), from
lemma 1.5.9 we obtain
0 = w(w, Ly (v;)) = k(vs, TTQ(Z(ajwj +1u(v4)))) = k(vi, Zajvj) = a;.

J J
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1.6. Distributional Hamiltonian formulation 15

Hence, w = >, b4, (v;). Similarly, taking w’ = w;, we get
0= w(w,w;) = w(z Viw(v;), wi) = ijw(bu(vj),wi)

J
:—Zb]k v;, To(w;)) Zb]k (vj,v;) = —b;.
J
Therefore w = 0, that is, the restriction of w to H, is nondegenerate. In
other words, (H,w) is a symplectic distribution on D. (]

In order to get a clearer idea of the distributions D, F', and H defined
above, we express them in local coordinates. Let ¢ = {¢‘} be local coordi-
nates on Q. Then (q,v = ¢) = {¢*,v" = ¢’} and (q,v,q,v) = {¢*,v%,¢*, 0}
are induced local coordinates on T'QQ and T(TQ), respectively. The tan-
gent bundle projection 7¢ : TQ — Q is 79(¢,v) = ¢ and its tangent
Tt : T(TQ) = TQ is T1q(q, v, 4,0) = (¢, 4)-

We have (¢,v) € D, if and only if locally on @ there are ¢ linearly
independent 1-forms {aj}ﬁzl such that («;(q)|v) = 0 for every 1 < j < /.
From the definition (28) of the distribution F we see that

F(q,v) = {(q,v) € T(q,v) (TQ)|((], Q) € Dq < TQQ}
Consequently, the distribution H (34) is the set of (¢,?) € T{q,.,)(T'Q) such
that

0= {a;(a)lg) = ((a;(q),0)I(¢,?))

0= (a;(q)|?) + (Daj(g)dlv) = ((Da;(a))'v, a;(a)l(d,))
for j = 1,...,¢, where Daj(q) denotes the derivative of «; at g.
Clearly, H, . is a linear subspace of T(,,)(T'Q) of codimension 2¢ and
L 4,0yep Hg,v) is a smooth vector subbundle of Tp(7T'Q). In local coordi-
nates the symplectic form w on T'Q is

Wi ((6,9), (¢, 9)) = (K (8")]¢) — (K (0)ld') = (=1 (0), K" (@)I(d, 8")),

where k is a Riemannian metric on Q.

36)

We now give an alternative proof of corollary 1.6.1.16.

Proof of corollary 1.6.1.16. Suppose that (¢,7) € H(4.) and that for
every (¢',0") € Hq.) we have 0 = w(q,v)((4,),(¢',?")). From (36) and
the local expression for the symplectic form w, it follows that for 1 < j </
there are (\;, uj) € R? such that

J4
(=K (9),k’(q)) = Z [X(aj (), 0) + 415 ((Derj(9)) v, 05 (a)) ]
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16 Nonholonomically constrained motions

that is,
4 4
Z“ ) and — k(0 Z [\ aj(q) + 1 (Daj(q)'] . (37)

Since (¢,0) € H(q,v), the first equation in (36) reads

J4
={a Q)lkﬁ(ZNj a;(q Zﬂj (ci(q |k (a;(9))) (38)
j=1

for every 1 < ¢ < ¢, using the first equatlon in (37). But k is a nonde-
generate symmetric bilinear form. Thus its £ x £ matrix ({a;(q)|k*(«;j(q))))
is invertible. Hence (38) implies that p; = 0 for every 1 < j < £. Since
(4,9) € H(q,v), using the second equation in (37) and the fact that pu; =0
for every 1 < j < ¢, the second equation in (36) reads

ZA (@)K (a(g))), 1<i<t.

Since k is nondegeneraute7 we obtain A; = 0 for every 1 < j < ¢. Thus
(d4,0) = (0,0), using (37). O

1.6.2 H and w in a trivialization

In this subsection we determine the distribution H and the symplectic form
w in a trivialization.

First we define a trivialization of the constraint distribution D on Q.
Suppose that {X; } _, is a moving frame on the distribution D. Then

Ap:QxXRY = DCTQ:(q,¢c=(c1,...cq)) — (q,ZciXi(q)) (39)

is the inverse of a trivialization of the distribution D, thought of as a vector
subbundle of T'Q whose fibers have dimension d.

Second we determine what the distribution H on D is in the trivializa-
tion A5'. From (34) we see that the vector subbundle H of T'D is defined
by H, = T,D N (T,7q) Y(D,) for every u € D. Here q = 7¢o(u), where
7 : TQ — @ is the tangent bundle projection map. Let

T =70° p: QxR = Q:(g,¢) — q. (40)
Then
Tig.om = Tutq ° T(goAp : TyQ x T.R? — T,Q : (vq, &) — vy,
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1.6. Distributional Hamiltonian formulation 17

where u = Ap(q, ¢). From the fact that Ap is a diffeomorphism, we obtain
(Tq.)Ap) ™ Hu = (T(g0Ap) " (TuD N (Turq) ™" (Dy))

= T, (Q X BRY) N (T(g,pm) ~H(Dy)
= Dq x T.RY = D, x R%. (41)

Thus the distribution H in the trivialization )\Bl is the distribution Hg e
defined by

(Hgoxri)(g,c) = Dq x R (42)

Finally we determine what the symplectic form @ on D restricted to the
distribution H is in the trivialization )\Bl. Let k be a Riemannian metric
on T'Q. Then on T'Q we have the symplectic form w = (kb)*wQ, where wq
is the canonical 2-form wg = — dfg on T*@ and g is the canonical 1-form,
see (22). Pulling w back by Ap gives the 2-form p*wg on @ x R? where

p=k °\p:Q deHT*Q:(q,c: (c1y...,¢q)) — (q,Zciai(q)) (43

and a;(q) = k°(¢)(Xi(q)). In other words, the 1-forms {ai}?zl define a
moving coframe on the vector subbundle D* = k”(D) of T*Q.

To determine the 2-form wgyre = p*wg on Q X R? we compute

N*GQ (q7 C) = eQ (q7 C) T(q )M

= Z i i(q) °Ty(q,e)7Q ° T(q,c) i,  uSing (43)

:E ci i(q) ° T(g,e)m1 = E ci (g
i=1

where we view ¢; as a function on Q x R?%. Therefore we get

d
wWoxre = P (—dbg) = (' 0g) = Z de; Ao + ¢y (dag)). (44)
i=1

To give an explicit expression for wgyga restricted to Hgypa, we argue
as follows. For a = (a1,...,aq) € R? let a%(q) = 2?21 a; Xi(q), where
X:(q) = Ap(q,e;). Then a% is a vector field on Q with values in D. For
every a € R? define two vector fields a®, and a? on Q with values in
Hgyra € D x R? by

a(q) = (a%(q),0) and af(q) = (0,a). (45)
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18 Nonholonomically constrained motions

From the definition of a?, a?, and the mapping m; it follows that
Tiq.pm a2 (q) = a®(q) and T(em af(q) = 0. (46)
Moreover,
(dei(g,e) | a%(g)) = 0 and (dei(g,0) | af () = as. (47)
Also
(mrai(q) | a2(q)) = (@i(q) | Tg,epm a%(@)) = (ai(g) | a®(q)), using (46)
= k(¢)(X;(q), aQ (¢)), by definition of «;.
We are now in position to calculate wgyga, which is the restriction of

woxrd t0 Hgyra X Hgypa. Using (44) we find that for every a, b, a,beR?
we have

d
= 2_(dei Amiai)(a,e) (a2 (g) + b3(0),@% (9) + b5 (q))
d
+ 2 imi(dad)(a,0) (a2 (g) + b7 (0), a2 (g) + b7 ()
d
= =3 (deslas) | 5200) {mis(a) | a2.(a))
+ (dei(g, ) | 0 (q)) (i aslq) | a2 (q)))
d
+ 2 cimildad)()(a2 (g),af (g)),  using (47)
d d
- ZE- k(q)(Xi(q),a%(q)) + Z bi k(q)(Xi(q),a%(q))

d
£ e dau(0) (@ (0),3(a)).

So the symplectic form w on D restricted to the distribution H on D in
the trivialization )\Bl is

@oxra(q,¢) (a2 (q) + 07 (), a2 (q) + b7 (q))
= k(q)(a%(q),b%(q)) — k(q)(@%(q),5%(q))

d
— Y i dai(q)(a®(q),a%(q)), (48)
=1
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1.6. Distributional Hamiltonian formulation 19

where o;(q) = k’(¢)(Xi(q)). Therefore de;(q) = d(k°(X;))(¢), which im-
plies

Z ¢; da (g Z ¢ d(K’(X;))(q)

—dkbzcz i) d(k’(c?))(a)- (49)

In other words, with respect to the basis {((Xi(q),0), (0,€;))};<;<q Of the
space (Hgygra)(q,c), the matrix of wgypa(q, ) s (2 f‘g) Here A = A(q) is

- (0. )

and B = B(q ) is the d x d antisymmetric matrlx (Be.m Where
B = 3" 1 des(a) (X4(0). X @) = L, (6%, X)) 0
i=1

— Lx,, (k(c9, X0))(9) = k(a)(c%(@), [Xe, Xl (). (50)
To obtain the last equality in (50), we have used the fact that for a 1-form

the d x d positive definite symmetric matrix® (4;;) =

[ its exterior derivative evaluated on the vector fields X and Y is
dB(X,Y) = Lx(Y 1 3) — Ly (X 1 8) — B([X, Y]).
Using (49) we can rewrite (50) as
AR () (@)(Xe, Xin) = Lx,(Xin AKX (c?))(@) = L, (Xe LK (¢))(9)

= ([Xe, Xin] 1 d(K(c9)))(9),
which is bilinear in X,(¢) and X,,(¢). Thus we obtain

d
Zci dai(a®(q),a%(q)) = d(k’(c?))(a%(q),a%(q))

= Lee(@% 11K(¢?))(q) — Laa (a? 2K (¢?))(q)

— ([a9,a% 1K (c?)(q). (51)
Consequently

@qxzi(a,¢) (a2(q) + b7 (0),a% (a) + 7 (0))
:k(Q)(aQ(Q)vbQ(Q)) k(q)(a®(q),b%(q))
- d(kb(CQ)) (a®(q),a%(q)) (52)
= k(q)(a®(q),b%(q)) — k() (@%(q),b°(q))
= Lo (@2 1K (c9))(q) + Lze(a® 1K (c?))(q)
+ ([a?, a9 X (c?))(q). (53)

6Note that A = I if and only if {X;(q )}Z 1 is a k-orthogonal basis of Dy.
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20 Nonholonomically constrained motions

Lemma 1.6.2.17. For any w € D the form w, is a symplectic form on
H,.

Proof. We have to show that wgxr,(¢,¢) is nondegenerate for every
(g,¢) € Q x RL This holds if and only if the matrix (fA f[‘f) is invert-
ible, that is, if and only if A is invertible. But A is invertible because it is
positive definite. O

1.6.3 Distributional Hamiltonian vector field

We return to developing the general theory of distributional Hamiltonian
systems.

Let H* be the symplectic annihilator of H in (T(TQ),w), that is, for
each u € D,
HY ={w e T,(TQ) | w(w,v) =0 forallve H,}. (54)
Since H is symplectic, it follows that H“ is also symplectic. The bundle
Tp(TQ) has a direct sum decomposition
Tp(TQ)=H & H". (55)

Let @ be the restriction of the symplectic form w on T'Q to H x H and w*
the restriction of w to H¥ x H“. Both of these 2-forms are nondegenerate.
Moreover,

w|Tp(TQ) =w & w*. (56)

Similarly, for every f € C°°(TQ), we denote by dnf and Jyw f the re-
strictions of df to H and H¥, respectively. Thus we obtain the following
decomposition

df[Tp(TQ) = 0u f ® Ou-f. (57)

Lemma 1.6.3.18. FNHY = F¥. Moreover, for every u € D each w € F
is of the form w = i,(u), where v is k-orthogonal to D and {(df | w) =0
for each f € C(TQ).

Proof. Since H = FNTD, it follows that H¥ = F*+T“D. From theorem
1.6.1.14, it follows that F NT“D = {0}. Hence,
FNH* = FN(F“4+T“D)=FNFY+FNT*D = FNF* = F¥ Cker T'ng.

Therefore, each w € F, N HY is of the form w = ¢, (v) for some v € T, Q.
Since w € HY, taking lemma 1.5.9 into account we get

0=w w)=ww, i) = kv, Trgw"))
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1.6. Distributional Hamiltonian formulation 21

for every w' € H,. However, T1g(H,) = D, Therefore v is k-
orthogonal to D. This implies that
d

(df |w) = (df | tu(v)) = o . (3 k(u+ sv,u+sv) + V(rg(u)) (58)

= k(u,v) =0, because u € D.
O

We now define the distributional Hamiltonian vector field of h € C*°(D)
with respect to the symplectic distribution (H,w) on D to be the unique
vector field Yy, on D with values in H such that

Y), 1w = 0gh. (59)
Since the skew symmetric bilinear form w on H C T'D is nondegenerate,
it follows that Y}, is well defined for every h € C°°(D). Moreover, equation
(33) and lemma 1.6.3.18 imply that for every extension heC® (TQ) of
h € C*°(D) the H-component of the restriction of the Hamiltonian vector
field X5 on (T'Q,w) coincides with Y},. If the symplectic distribution (H, w)
on D is understood, we shall refer to Y}, as the distributional Hamiltonian
vector field of h.

Lemma 1.6.3.19. Let t — u(t) be an integral curve of the distributional
Hamiltonian vector field Yy, of h and t — q(t) = 1o (u(t)). Then u(t) = ¢(t)
for all t.

Proof. By proposition 1.6.1.15, H, NkerT7q = {tu(v) | v € Dy}
Hence lemma 1.5.9 ensures that w(w, ¢, (v)) = k(v, T'7g(w)) for each w € D
and each v € D, (). Now

0=(Yy Jdw—0uh| t(v)) =w(¥n(u),t,(v)) = (dh | tu(v))
=k(v, Tq(Yr(u))) —k(v,u) = k(v, T1o(Yn(uw)) — u).
Thus T'7q(Yn(u)) — u is k-orthogonal to every vector v € Dy, ). But,
T7q(Yn(u)) —u € Dyy (4, which gives T7q(Ys(u)) —u = 0. In other words,
T7o(Yn(u)) = w for all w € D. This implies that every integral curve
t — u(t) of Y}, is the lift of its projection ¢ — ¢(t) to @ by 7¢, that is,
u(t) = ¢(t) for all ¢. O

Theorem 1.6.3.20. A curve t — q(t) in Q is a dynamically admissible
motion of a system on (TQ,w) with Hamiltonian h = k + oV subject to
the linear nonholonomic constraint D if and only if it is the projection to
Q under 7g of an integral curve t — u(t) of the distributional Hamiltonian
vector field Yy, of h.
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22 Nonholonomically constrained motions

Proof. Suppose that ¢ — ¢(t) in @ is a dynamically admissible motion of
a system with Hamiltonian h = k + 75,V and nonholonomic constraint D.
Let u(t) = ¢(t). Since ¢(t) € Dy it follows that 7(t) € T'D. Moreover,
the motion t — ¢(t) = 7 (u(t)) satisfies the constraint ¢ € D. But ¢(t) =
T1o(4(t)) which implies that @(t) € F. Hence u(t) € H.

Each w € Fyt) can be decomposed as w = wy + wye with wy € H
and wy~ € HY. Now

(4(t) dw—dh|w) = (W) Jw—dh | wyg +wpe)
= (u(t) dw — Ogh | wy) — (Ogeh | wyw), (60)

since u(t) € Hy(y). By the Hamilton-d’Alembert principle 1.5.12, 4(t) 1 w—
dh(4q(t)) € Fg(t). Because H C F, we obtain

U(t) J w = Omh, (61)
and
(dh|u)y =0 forallue FnHY, (62)

using (60). Equation (61) just says that ¢ — u(t) = ¢(t) is an integral curve
of the distributional Hamiltonian vector field Y}, of h.

Conversely, if ¢ — u(t) is an integral curve of the distributional Hamil-
tonian vector field Y}, of h, then equation (61) is satisfied. Moreover, by
lemma 1.6.3.18, equation (62) is also satisfied. Hence, equation (60) implies
that (t) d w—dh € Fg(t). In addition, if ¢ — ¢(t) = 7g(u(t)) is the projec-
tion of ¢ — u(t) to @, then ¢(¢) = u(t) for all ¢ by lemma 1.6.3.19. Hence,
the Hamilton-d’Alembert principle 1.5.12 ensures that the curve t — ¢(¢)
is a dynamically admissible motion. O

An equation for integral curves t — wu(t) of the distributional Hamilto-
nian vector field Y, of h can be written in the form

a(t) 1w = O h(u(t)). (63)

We shall refer to (63) as the distributional form of Hamilton’s equations
of motion. We shall refer to the quadruple (D, H,w, h), where D is a
manifold, (H,w) is a symplectic distribution on D and h € C*°(D) as a
distributional Hamiltonian system. The vector field Y}, is determined by the
restriction of dh to the distribution H, which implies that it is determined
by the restriction of A to the constraint distribution D. However, this last
statement uses the symplectic form w on H, which is not determined by
the restriction of the Lagrangian ¢, the kinetic energy, or the total energy
to D.
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1.6. Distributional Hamiltonian formulation 23

We now give an alternative proof of theorem 1.6.3.20 using the local
coordinates that we introduced in proving corollary 1.6.1.16.

Proof of theorem 1.6.3.20. Suppose that the curve t — ¢(t) is an ad-
missible motion of the nonholonomic system on (T'Q),w) with Hamiltonain
h and constraint distribution D. Recall that in our local coordinates

1. (g,v) lies in D if and only if locally on @ there are linearly inde-
pendent 1-forms {o‘j}§:1 such that (a;(q)lv) =0for 1 <j <.
2. (4,) lies in Fig .y if and only if T'7q(q,v,q,9) = (¢,q4) € Dy.
3. (¢,v) lies in H(q. if and only if {(a;(g)[v) = 0 and (a;(q)|v) +
(Daj(q)glv) =0for 1 < j <¢.
Because t — ¢(t) is an admissible motion, the curve t — wu(t) =
(g(t),4(t)) € D. Since

Tro(u(t),u(t)) = Tro(q(t),4(),4(t),4(t) = (q(t),4())

lies in D, it follows that u(t) € Fiyu),q)- Now u(t) = (4(t),q(t)) €
Hq(t),4(t))- To see this note that

0= (a;(q(t))l4(t)), (64)
since (q(t),q(t)) € D. Differentiating (64) with respect to ¢ gives
0= {a;(q()1q(1)) + (Dej (q(£))d(8)]4(2))- (65)

By item 3 above, equations (64) and (65) imply that u(t) = (4(¢),{(t)) €
Hgt),4¢))- Since t +— ¢(t) is an admissible motion, the Hamilton-
d’Alembert principle 1.5.12 holds, that is, for every (¢',7") € F(q4) we

have
((4,4) S w)(d',0') = dh(g, 4)(¢',7") = 0. (66)
But H(g,4) € Fiq,4)- So (66) holds for all (¢',7") € H(q,4). Thus (66) reads
il w = dgh. (67)
If (¢/,0") € H{ 4 N Flgg), then (66) reads dh(q,q)(¢',9") = 0 because
(4,4) € Hg,4)- In other words,
(dh|u) =0 forallue H*NF. (68)

This verifies the = implication of theorem 1.6.3.20.
We now prove the converse. Suppose that (67) and (68) hold. Note that
F=(FnH)®(FNH*) = H® (FNHY). (69)
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24 Nonholonomically constrained motions

From (67) we see that (66) holds for every (¢',%") € H(q,4); while from (68)

it follows that (66) holds for every (¢',%') € Hf; ;) N Fiq,4)- Thus from (69)

we find that equation (66) holds for every (¢',7") € Fiq4). In other words,
the Hamilton-d’Alembert principle holds for the curve ¢ — g(t).

Let ¢t — wu(t) = (q(t),r(t)). Then by (66) the curve ¢t — u(t) =

(g(t),7(t)) satisfies
w(g,r)((4,7), (qlvbl)) = dh(‘]ﬂa)(q./v’[/) (70)

for every (¢',9') € F(q,). Using the local expression for the symplectic
form w and differentiating the Hamiltonian h = k + 75V, we see that (70)
is equivalent to

k(g)(¢,?") = k(a)(7,¢') = 5 (Dk(a))(r,7) + k(q)(r,¥) + DV (g)g  (71)
for every (¢',7") € Fig,ry. Set ¢’ = 0. Then (71) becomes

k(q)(¢,v") = q(r,?") for every o'

This implies that » = ¢, since k(g) is nondegenerate. Hence u(t) =

D. In other words, the curve t — (q(t), ¢(t)) lies in the constraint distribu-
tion D. Hence t — ¢(t) is an admissible motion. O

1.7 Almost Poisson brackets

1.7.1 Hamilton’s equations

In this section we define an almost Poisson bracket and give a formulation of
Hamilton’s equations of the distributional Hamiltonian system (D, H, @, h)
in terms of this bracket.

Define a bracket {, } on C*°(D) by

{f,9}(u) = @(u)(Yy(u), Yy (u) = (dg(u) | Yy (u)), (72)
for every f,g € C*°(D) and every u € D. Here Y; and Y, are the distribu-

tional Hamiltonian vector fields (59) corresponding to f and g, respectively.
Because {f,g} = Ly, g, the bracket {, } satisfies Leibniz’ rule

{fag'h}:{fag}'h+g'{fah}v (73)

for every f,g,h € C>°(D). Here (f - g)(u) = f(u)g(u) for every u € D.
Therefore the bracket {, } defines an almost Poisson structure on C*°(D),
that is, an antisymmetric bilinear map {, } : C°(D) x C*(D) — C>=(D).
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1.7. Almost Poisson brackets 25

Because the distribution D need not be integrable, the bracket {, } need
not satisfy the Jacobi identity. Thus an almost Poisson bracket on C*°(D)
need not be a Poisson bracket on C*°(D).

We can use the almost Poisson structure {, } on C*°(D) to rewrite the
distributional form of Hamilton’s equations (63) as

D) _ th, py(uiey (74)
for every f € C*°(D).

Proposition 1.7.1.21. A curve u : R — D : t — u(t) satisfies equation
(74) for every f € C°(D) and all t if and only if it is an integral curve of

the distributional Hamiltonian vector field Yy, that is, dzit) =Y (u(t)).

Proof. Suppose that ¢ — wu(t) is an integral curve of Y} and that f €
C>(D). Then

df (u(t))

= v N))) = (df () | Ya(u(t) = {h, f}(u(t).
Conversely, suppose that (74) holds for every f € C*(D). Recall that
every tangent vector w, to D at u can be identified with the derivation
f = (df(u)|wy). From the definition of the bracket {, }, the derivation
f — {h, f} corresponds to Ly,. Hence the tangent vector to the curve
t = u(t) at u(t) is Ya(u(t)), that is 240 = Y} (u(t)). Therefore t — u(t) is
an integral curve of Y},. O

Corollary 1.7.1.22. The smooth function h : D — R is constant on the
integral curves of Y.

Proof. We have
Ly,h =Y, _1dh= {h, h} =0,
since {, } is skew symmetric. O

For each u € D we have the inclusion map i, : H, — T, D. Because
iy 1s injective, its transpose i, : TXD — H} is surjective. Since the skew
symmetric form w, : H, X H — R is bilinear, there is a linear mapping

. H, — H} defined by (o, (v,) | wy) = wu(vu,wu) for every vy, w, €
Hu. Because w,, is nondegenerate, the map wu is invertible. We denote its
inverse by wf . For each u € D define the map II,, : TD x T*D — R by

I, (v, Bu) = (Bu | i 0w 0l (),
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26 Nonholonomically constrained motions

for every au,, 8y, € Ty D. Then II, : T;;D x Ty D — R is a skew symmetric
bilinear map. Moreover the map u +— II,, is smooth and is called the almost
Poisson structure tensor field II associated to the almost Poisson bracket
({, },C>(D)). Because D is a finite dimensional smooth manifold, for
every u € D we have T;D = span{df(u |for all f € C°(D)}. Therefore
for every f,g € C°(D) and every u € D, we have

I, (df (w), dg(u)) = (dg(w) | iu(wa* (il,(df (1))
= (dg(w) | Yy (w)) = {f, g}(w). (75)
Since II,, is bilinear, it induces a linear map II¥, : 7D — T, D defined by

(Bu | T () = L, (v, Bu) for every au, 3, € T'D. The map u +— II% is
smooth.

Lemma 1.7.1.23. For every u € D, we have
H, =imIl}, = span{Yf(u)|for every f € C*(D)}. (76)

Proof. We show that the first equality in (76) holds. By definition
H” W(df(u) = iu(wh (@ (df (v)) = Yf( ) for every f € C*(D). But

: T*D — HY is surjective and w! : H* — H, is bijective. Therefore
im Hiﬂ =H,.

Next we prove the second equality in (76). Suppose that f €
C>*(D). Since Y;(u) € H, C T,D, it follows that span{Yf(u)|
for every f € C>*°(D)} C H,. Conversely, suppose that v, € H,. Then

@’ (v,) € Hf. Since if, : H: — T¥D is surjective and T:D =
span{dg |for all g € C*°(D)}, there is a smooth function f on D such

that i, (df(u)) = @’ (v,). In other words, v, = @k (it (df(u))) = Y (u).
Therefore H, C span{Yf |f0r every f € C°°(D)}. This proves the
lemma. O

Now we show how to recover a symplectic generalized distribution start-
ing from an almost Poisson structure tensor field. Suppose that M is a
smooth manifold and that {, } is an almost Poisson structure on C*°(M),
that is, {, } : C°(M) x C*®°(M) — C°°(M), which is bilinear, skew sym-
metric, and satisfies Leibniz’ rule

for every f,g,h € C°(M). For every m € M define the map
o - T, M x Ty M — R : (df(m),dg(m)) — {f, g}(m).

Recall that the cotangent space T M to M at m is equal to
span{df(m)| f € C>(M)}. Then II,, is bilinear and skew symmetric.
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1.7. Almost Poisson brackets 27

Moreover, 11, depends smoothly on m. We call the map m +— II,, the
almost Poisson tensor field 11 on M associated to the almost Poisson
structure {, } on C*°(M). Because II,, is bilinear, there is an associ-
ated linear map II%, : T M — T,,M defined by (dg(m) | TI%,(df(m))) =
L, (df(m),dg(m)), which depends smoothly on m. For f € C>®(M) let
Pr(m) = TI% (df(m)). Then m ~— P¢(m) is a smooth vector field on M
called the almost Poisson vector field associated to f.

Lemma 1.7.1.24. For each m € M let H,, = imIl} . Then the map
m +— H,, is a generalized distribution H on M, in the sense that it is
locally spanned by smooth vectors on M.

Proof. By definition H,,, = span{Py(m) € TmM| feC>®(M)}. For each
m € M choose fi,..., fn, € C°(M) such that {Pf,(m)}" spans Hy,.
Since the function M +— Z<g : m +— n,, is lower semi-continuous, there is
an open neighborhood U of m in M such that it attains a maximum N.
Therefore for every m € U we have H,,, = span { P, (m)}fil Consequently,

m — H,, is a generalized distribution on M. O

For each m € M by definition of H,, the linear map I, : T, M — H,,
is surjective. Therefore the induced linear map I1%, : T0* M/ ker 11}, — H,,
is a bijective linear map.

Lemma 1.7.1.25. The linear map
Gm T M) ker I8 — HY - oy + ker I — o |Hop,
is bijective.
Proof. To see that the map j,, is well defined it suffices to show that

kerIT¥, |H,, = 0. Let 3, € kerII¥, and let v,, € H,,. Since 1T}, : Tx M —
H,, is surjective, there is a 7, € T,;, M such that H,ﬁn (Ym) = Um. Therefore

B (vm) = ﬁm(HBn(Vm)) =1L (Ym: Bm)
—IL,,(Brms Ym), since I, is skew symmetric

= —m(IT (Bm)) = 0, since B, € kerIT¢, . (77)

Therefore j,, is well defined. Clearly it is linear.

Since the inclusion map 4,, : H,, — T, M is injective, its transpose
it, T M — H}, is surjective. Let 3,, € H} . Then there is v, € T M
such that i, () = Bm. For v, € H,,, we have

B (vm) = (ifn(%n))(vm) = Y (im (Vm)) = Ym (vm),
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28 Nonholonomically constrained motions

that is, Yim|Hpm = Bm. So j;m(fym +kerIl¥)) = vu|Hy = Bm. There-
fore j,, is surjective. Since II¥, is a bijective linear map, it follows that
dim T M/ ker II}, = dim H,, = dim H},. Therefore j,, is bijective. |

Let @’ = jmo(If)"' : H, — H?,. Then @, is a bijective linear
mapping associated to the skew symmetric bilinear map

Wi Hi X Hyy — R (U, wiy) — (w‘,’n(vm) | Wi ).

Thus we have proved

Proposition 1.7.1.26. The generalized distribution (H,w) on M is sym-
plectic.

Corollary 1.7.1.27. For every f € C*(M) the Hamiltonian vector field
Yy with respect to the generalized symplectic distribution (H,w) is equal to
the almost Poisson vector field Py.

Proof. For every m € M we have
Py(m) = II5, (df (m)) = T, (df (m) + kerIT},) € Hn,
by definition of H,,. So
@,,,(Py(m)) = @, (1T}, (df (m) + ker IT},)) = jim (df (m) + ker IT},)
= df(m)|Hy = @), (Yy(m)).
b

Therefore Py(m) = Yy(m) because wy, is invertible. O

1.7.2 Nonholonomic Dirac brackets

Next we give a procedure for finding an almost Poisson bracket on D
in terms of the Poisson bracket on (T'Q,w), defined by (72). Suppose
that the nonholonomic constraint D is a distribution on @ given by
D, = ﬂle ker ¢;(q), where ¢;, i = 1,...,¢, are 1-forms on @ such that
¢i(q) are linearly independent on T,;Q for every ¢ € Q. Since D is a dis-
tribution, it is a submanifold of T'Q, defined by the common zeroes of the
constraint functions

¢ :TQ—R:um (pi(rg(u))lu), 1<i<d. (78)

Here g : TQ) — @ is the tangent bundle projection. Note that for every
vy €Ty (TQ)

ci(u) = (rgpi(u) [ vu), (79)
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1.7. Almost Poisson brackets 29

because
(1Qpi(u) [ o) = (pi(T(w)) | Tutquu) = (pi(1q(u)) | w).
Now consider the constraint map ¢: TQ — R’ : u— (c1(u),... co(u)).
Then

Fact 1.7.2.28. 0 is a regular value of the map c.

Proof. First we show that for every u € TQ the 1-forms {dci(u)}f:1
are linearly independent. Suppose that 0 = Zle a; de;(uw).  Then
0= Zle i d7gypi(u), using (79), which implies 0 = 7'5(25:1 o; dpi(q)),
where ¢ = 7g(u). Hence 0 = Ele a; dpi(q). But then «; = 0 for all
1 <4 < ¢ because {dgpi(q)}le are linearly independent. Since {dci(u)}f:1
are linearly independent, the derivative of the map c is surjective. o

Next we show that

Fact 1.7.2.29. ¢ 1(0) = D.

Proof. To see this note that
ci(u) =0 foralli < (p;(to(u))|u) =0 for all i
<= u € kerp;(q) for all i, where ¢ = 7(u)

<= u€ D,
O
We now prove
Fact 1.7.2.30. For every u € D we have
T2 D = span{ X, (u), ..., Xc,(u)}. (80)

Proof. For every v, € T, D,

wy (X, (1), vy) = (de;(u) | vy) = 0.
So X,,(u) € T*D. Therefore {X,,(u)}'_, C T*D. Note that {X,,(u)}'_,
are linearly independent because if

¢ ¢
0= Z a; X, (u) = wﬁ(Zai de;(u)),

then 0 = Zle a; dc;(u). But this implies a; = 0 for 1 < ¢ < ¢. From
fact 1.7.2.28 it follows that (T}, D) ° = span {dci(u)}le. Moreover, w is

a bijective linear map from (T, D) ° onto T¥D. Therefore dim T*D = ¢,
which completes the proof. O
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30 Nonholonomically constrained motions

By definition, F' (28) is the distribution on T'Q) whose image under T'7g
is the distribution D. In our situation we have

Fact 1.7.2.31. For every u € TQ
FY = span{wﬁ(Tégoi(u)ﬂ i=1,...,0}. (81)

Proof. To see this we argue as follows. By definition, wg(ré‘?% (u)) is the
unique vector in Ty, (T'Q) such that for every w € T,(T'Q)

{pi(@)|TrQu) = (hpi(u)lw) = w(Wi(Thei(w), w), (82)
where ¢ = 7o (u). Now

w € F, & Trgu € Dy & (1H0i(u) | v) = (pi(1q(u))|[TTqu) =0 Vi
From (82) it follows that wg(Té%(u)) e FY.

Conversely, suppose that w’ € F. Let ¢ = 7g(u). Since w' € Tp(TQ),
lemma 1.6.3.18 implies that there is a v/ € T,Q k-orthogonal to D, such
that w’ = ¢, (v"). Consider the 1-form on @ defined by ¢(q) = k(q)b(v’).
Then for every u' € D, we have (p(q) | ') = k(v',u’) = 0 because v’ is
k-orthogonal to Dy. Thus ¢(g) is a linear combination of the 1-forms ¢; (q).
For every w € T,,(TQ) we have

w(u)(w',w) = k(q)(v', Trqu) = (pi(rq(u))[Trqu) = (4ei(u)lw),
which implies

w' e span{wﬁ(ré‘?%)(uﬂ i=1,...,0}.
This proves (81). O

By definition of the symplectic distribution H = FNT' D (34) on D, using
theorem 1.6.3.20 we have F¥ NTwD = {0} for every u € D. Consequently,

HY=T’D®F;
= span{Xe, (u), ... , Xe, (w), Wi (01 (), .. Wi (TG0 (w)}  (83)
is a wy-symplectic subspace of (T3, (TQ), w,,) of dimension 2¢.

The Poisson bracket [f1, f2] of f1, fa € C°°(TQ), with respect to the
symplectic form w, can be expressed in terms of the differentials df; and
de as

[f1, 2] = w(wh(dfr), w?(df2)).
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1.7. Almost Poisson brackets 31

In the above formula, we can replace differentials by arbitrary 1-forms and
extend the notion of the Poisson bracket to one forms which need not be
exact. In particular, we can write

(596 595] = W (150:), wH(1595)), (84)
{ci, 7505} = w(wh(de;), wH(T505)).-
Since Tp(TQ) = H & H¥, for every f € C®(TQ), we can express the
restriction of Xy to points in D in the form Xy p = Yy + Zy, where Y}
has values in H and Z; has values in H¥. Similarly, for g € C*(T'Q), the
restriction dg |7,7q of dg to points in D can be written as dg |7, (rg)=
0pg ® Ogwg, where Oy g annihilates H¥ and Jy«g annihilates H. Hence,
restriction of [f, g] to D can be expressed as
Fogl], = (g | X7)|
=(dg | Yy +2;)|, = (Oug ®0ueg | Yy) +(dg | Zy)
— (Oug | Yy) + (dg | Zg) = {f] 0] .} + (g | Zp),
where {f ‘D, g|D} is the nonholonomic almost Poisson bracket of f ‘D and
g‘D in C*°(D). From equation (83) that
Zp(u) = a1 () Xe, (u) + ... + ae(u)Xe,(u)
Fag (w) Wi (The1 (W) + - aze(u) Wi (TG00 (1))
for every u € D. We can express the coefficients aj(u),...,as(u) and
b1(u), ..., be(u) in terms of Poisson brackets of ¢4, ..., ¢, and TOPL - THPL

with f as follows. Since (dc; | Yy) = 0 and (759, | Yy) = 0 for all
ji=1,...,¢, we get

[fie;] = (dej | Xy) = (dej | Zy)

4 4
= ai(dej | Xe,) + Y ayi (dej | Wi (7500)),
=1 i=1
[f, 16051 = (1505 | Xi) = (1095 | Z)
4 4
=3 ai (50; | Xe) + Y arri (th05 | W (7501)).-
=1 =1

Using the definition of the extended Poisson brackets (84) we are led to

a system of 2¢ linear equations
¢ ‘ N
Doim1 @i [cisci] + Y i aeyi [TH9i ¢5] = [f, ¢4 (55)
¢ X ¢
> im @i [Ciy @]+ D0y aevilTh e THRi) = [ OS]
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32 Nonholonomically constrained motions

for aj, ...,az¢. This system can be written in terms of matrices as Aa = b,

(el | epmied)
A= <<[T5goj,cz~]> ([Tcssoj,rggsoi]))' (86)

where

Claim 1.7.2.32. The matrix A is invertible.

Proof. We compute each block of A. First,
wu(Xe; (u), Xe; (u)) = (dej(u) | Xe, (u)) = [¢j, ¢il,,-

Next

wu(WH (1501 (W), Xey () = (thpi(u) | Xe, (w) = [e, 501,
Finally
wa(WH (1 pi(u), wH (i () = (Thei(u) | Wi (Thei(w)) = (159, 15,
Therefore the matrix A = (A;;) is the matrix of the symplectic form w with
respect to the basis (83) of H¥. Hence A is invertible because (HY, w,,) is

a symplectic subspace of (T3, (TQ), wy,). O
Let A= = (4A%) = ( ((b”‘)_) Ezjg) be the inverse of the matrix A. Solving
(85) gives
¢
a; = Z (bij [f> 5] + cij [f, 7505])
j=1
¢
Qoyi = Z (=cji lf, ¢5] + di [f, H4])
j=1

when written out in components. Now

4
(g | Zp) = (aildg | Xe,) + arvildg | wH(m500)))
=1

|
M~

(ailg,ci] + aeyilg, Tg*)%'])

=1
JA
ZZ iJ f?cj +Cz][f7TQSDJ]) [gaci]+
=1 j=1
(=cji [f, 5] + dij [f 7H05]) L9, o0l
4

4
Zgacz (%) fvcj] [gacl] CU [fvTQ@J]

i=1 j=1
=g, 74wl cji lf 5] + [g, TG wi] dij [f s 7O 05

M
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This implies that

- [facj]
Ul ot =1ral], - 3 ([g,cA,[g,Tgm)A”([ ) (57)

1<i,5<t 1 Té%]

In chapter 5 in order to find the equations of motion for Carathéodory’s
sleigh, we use the special case of (87) when ¢ = 1. Written out explicitly,

we get
{f] 9], =f4],
. , 0 lenmpe)( el (88)
+[cmz‘2m([9’cl]’[Q’TQ%])(—[%T&%] 0 >([f775501}.

1.8 Momenta and the momentum equation

In this section @ is a smooth manifold with a Riemannian metric k.

1.8.1 Momentum functions

Let Z be a smooth vector field on (). The momentum function associated
to Zis puz : T*Q — R:ay — (aq | Z(q)). Let ps : Q@ — Q be the flow of
Z. Then the flow of the cotangent lift Zr~g of Z to T*Q is

Bs :T*Q = T*Q : ag — (Typ—s)'ay.
Note that T'mgeZr-qg = Z°ng, where mg : T*Q — @ is the cotangent

bundle projection map.

Lemma 1.8.1.33. Zrp-q is the Hamiltonian vector field X,,, on (T*Q,wq)
corresponding to the momentum function pz. Here wg = —dfg, where O¢
is the canonical 1-form on T*Q.

Proof. First we show that fg is invariant under the flow of Z7«g. For
u€T,Q, a eT;Q, and vy € T, (T*Q) we have

(@s0q() | va) = (0q(#s(@)) | Tupsva) = (ps(a) | Tu(Tq °Ps)va)
where 7 is the tangent bundle projection map

= (@s() | Tos(Tutqua)) = (a | u) = (B () | va)-
Therefore

0= (Lz;.,00)(a) = (Zr+q - dig)(a) + d(fg(a) | Zr-q(a)),
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34 Nonholonomically constrained motions

that is,
(Zr+q Jwq)(a) = d(bg(a) | Zr-q(a))
=(a|Trq Zr+q(a)) = (a | Z(rg(a)) = pz(a).
O

Using the vector bundle isomorphism k* : TQ — T*Q, we pull back
the momentum function gz to a smooth function Pz on T'Q. In other
words, Pz(vq) = k(q)(vq, Z(q)) for every ¢ € Q and every vy € T,Q. Pz
is the momentum function on T'Q associated to the vector field Z with
respect to the Riemannian metric k. Let Xp, be the Hamiltonian vector
field corresponding to Pz on the symplectic manifold (T'Q,w), where w =
(k*)*wg. The tangent lift Z1¢ of the vector field Z is the vector field on
TQ whose flow B, : TQ — TQ is B,(vq) = Typs vy for every ¢ € Q. Note
that T'rg°Zrg = Z°1q.

Lemma 1.8.1.34. We have
TrgeXp, = Z°Tg. (89)

Also Xp, = Zrq if and only if the flow of Z preserves the Riemannian
metric k.
Proof. Pulling back both sides of X, _1wg = duz by k® gives

(1€)X, d o = (K)" X0, 1 (K) wg = K (X,., Jwg)

= (&) dpz = d((K)*uz) = dP;.
Therefore Xp, = (k*)*X,,,,. From Tmg ok’ = T'rg it follows that
TrgoXp, = Trngok o (K)*X,, = Trg°X,, °k’
= Zomgok’ = Zog.

This proves (89).

Since Xp, = (k°)*X,, and X, = Zr-q, it follows that Xp, = Z7¢
if and only if Zrg = (k*)*Zr-g. This equality holds if and only if Ty, =
(K*)~Lo(Tp_s)tok®, that is, for every ¢ € Q and every v, € T,Q we have

K (05(0)) (Typsvg) = K (@) (0g) T, (q) Ps- (90)
Evaluating both sides of (90) on T,psw,, where wy € T,Q), we get

k(ps(9))(Tqpsvg, Typswq) = k(q)(vg, wq),

for every ¢ € @ and every vy, wq; € T;(Q). In other words, the flow of Z is
an isometry. O
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1.8.2 Momentum equations

Let (D, H,w,h) be a distributional Hamiltonian system with constraint
distribution D on @ and symplectic distribution (H,w) on D.

A smooth curve v : I C R — TQ satisfies the second order equation
condition for f € C*(Q) if and only if for every t € T

TGO _ agaey | vioy. (81)

where q(t) = 7q(v(t)) and v(t) = (t) € Ty Q. Note that (91) is equivalent
to

([df (@) | Tyym(3(8))) = (df (v(8) [ 0(8)) (92)
for every t € I.

Lemma 1.8.2.35. For every f € C™(Q) the following statements are
equivalent.

1. Y7 defines a second order differential equation. In other words, if I C
R—DCTQ:t~ (q(t),v(t)) is an integral curve of Yy, then v(t) = d‘é—(tt)
for every t € 1.

2. There is a function V € C*(Q) such that

f(qvvq) = %k(q)(quvq) + V(q)v (93)
for every (q,vq) € D.
Proof. Using a local trivialization of D and the notation of §1.6.3, we

may write Yy = a_, + by, see (45). Writing u = (¢,v) € D, we have
by (uv) = tu(a®(u)). Therefore

(df () | ta(2)) = k(g)(a®(w), 2), (94)
for every z = b9 (u) € D,. Because a®(u) = T,7qY¢(u), statement 1 is
equivalent to a®(u) = v. Therefore (94) is equivalent to

& t:Of(’u + tz) = k(‘])(vv Z)v (95)

for every z € Dy. But (95) is equivalent to (93). O

A smooth curve v : I C R — T'Q satisfies the momentum equation for
the smooth vector field Z on @ if and only if

P200) _ pp, b0, (96)
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36 Nonholonomically constrained motions

for every t € I.

Theorem 1.8.2.36. Every integral curve I C R — D : t — u(t) of the
distributional Hamiltonian vector field Yy, associated to the distributional
Hamiltonian system (D, H,w, h) satisfies the second order equation condi-
tion for every f € C*(Q) and the momentum equation for every smooth
vector field Z on Q, which takes values in the constraint distribution D.
Conversely, let v : I CR — D CTQ :t — u(t) = (q(t),v(t)) be a
smooth curve. Let F be a collection of smooth functions f on @Q such
that span{df ;)| Dy} = Dq(r) for every t € I and let Z be a collection of
smooth vector fields on Q with values in D such that span{Z(q(t))} = Dy
for every t € I. If v satisfies the second order equation condition for every
f € F and the momentum equation for every Z € Z, then 7y is an integral
curve of Yp,.

Proof. Suppose that v: I CR — D CTQ : t — u(t) = (q(t),v(t)) is an
integral curve of Y. From lemma 1.8.2.35 it follows that T°,47q(¥(t)) =
v(t). Therefore (92) holds for all ¢ € I, that is, the second order equation
condition holds for every f € C*°(Q). Let Z be a smooth vector field on @
with values in D. Since T7g°Xp, = Z°1g and Z(Q) C D, it follows that
Xp, has values in the distribution F' (28). Therefore

LY;LPZ =Y, _1dP; = w(Yh,XpZ)
= —w(XpZ,"}/) =—-Xp, | dh = —Lpzh.

Consequently, the Hamiltonian h satisfies the momentum equation for Z.
To prove the converse we start by observing that because v is a
smooth curve in D, it follows that v(t) € Dy and Typn(t) € Dy
for every t € I. Since (92) holds, we obtain T, ¥(t) = v(t). From
Ty (Ya(y(t))) = v(t), it follows that T TQA(t) = 0 for every t € I,
where A(t) = ¥(t) — Yn(y(t)). In addition, we have A(t) € Ty D N Ty 7q,
since 4(t) and Y, (v(t)) both lie in T’y D. Therefore for every ¢t € I we
see that A(t) € D), if we identify ker T’ ;y7q with T, )@Q. On the other
hand, the assumption that the momentum equation holds for « implies
Yy 1 dPz = —Lx, h = (dPz | %). Consequently, (dPz | A(t)) = 0 for
every Z € Z. Because \(t) belongs to the tangent space of each fiber of the
tangent bundle projection map 7o and the fiber derivative of Py is kb(Z ),
see (95), it follows that k(v(¢))(Z(y(t)), A(t)) = 0 for every Z € Z. Because
spange z{Z(y(t))} = D), we obtain A(t) = 0 for every t € I. In other
words, ¥(t) = Y, (y(t)) for every t € I, that is, t — ~(t) is an integral curve
of Yh. O
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1.8.3 Homogeneous functions

Because we have assumed that the nonholonomic constraints are linear, the
constraint manifold D is a smooth vector subbundle of the tangent bundle
T'Q of configuration space Q). For every nonnegative integer k let Cp°(D)
be the set of all smooth functions f on D such that for each ¢ € @ the
restriction f|Dg of f to the wector space D, is a homogeneous function of
degree k, that is, f(rug) = r* f(u,) for every r € R\ {0} and every u, € D,,.
For fixed ¢ € @ the function f|D, is smooth at the origin of D,. Therefore
f|Dy is a homogeneous polynomial on D, of degree k.

Let C§°(D) be the space of smooth functions on D which are constant
on the fibers of the vector bundle 7 = 7g|D : D C TQ — Q. Then
Ce(D)y={r*f¢€ COO(D)| f€C>(Q)}. This proves

Lemma 1.8.3.37. The map 7 : C*°(Q) — C{°(D) is an isomorphism of
algebras.

Define the space
Cy(D)={f¢€ COO(D)| fqlDq : Dy C T,Q — R is linear for every ¢ € Q}.
Because kZ|Dq : Dy CTyQ — Dy CT;Q is alinear isomorphism, there is a
unique Z(q) € D, such that k(q)(Z(q), uq) = (f|Dq)(uq) for every uq € D,.
Moreover, the map ¢ — Z(q) is smooth. Therefore f = Pz|D, where Py is
the momentum function corresponding to the vector field Z on Q.

Let X°°(Q, D) be the space of smooth vector fields on @ with values in
the distribution D. The discussion above proves

Lemma 1.8.3.38. The mapping
xX*°(Q,D) — C°(D) : Z — Pz|D

is an isomorphism of vector spaces.

Let C22. (D) be the vector space of smooth homogeneous functions on D.

Lemma 1.8.3.39. C° (D) is a graded almost Poisson algebra. In partic-

hom

ular, if f € C°(D) and g € C°(D), then {f,g} € C5,_ (D).
Proof. For any » € R\ {0} let m, : T,Q — T4Q : vy — rvg. Then
m - T;Q — T;Q : ag — ray. Let g be the canonical 1-form on T*Q.
Then for every oy € T*Q and w, € To(T*Q) we get
<(mi)*9Q(aq) | wa> = <9Q(7° aq) | Taqmr wa>
= (rag | T(tg°omy)wa) = (rag | TTQwa) since 7g °m, = 19
= (rag | Trqwa) = r (0o(ag) | wa).
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38 Nonholonomically constrained motions

So (ml)*8g = r6g. Therefore
(m.)"'wq = (my)" (= dfg) = —d ((m)"0g) = —d(rfg) = —rdig =rwq

Note that the map m, leaves the distribution D invariant and T'm,. leaves
the distribution H invariant. Since f € Cp°(D) if and only if m} f = r* f,
we obtain

(my)*df = d(m;f) = d(r* f) =" df.

Therefore for each u,u’ € D we have

Fw(Yy(u),u') = (df (me(w) | Twme(u'))
= w(m (U))(Yf(mr( ))) | Twmi(u')
= ((mL)*w) (u)(miYy(u),u'),
that is,
miYy = r*1 Yy (97)
Consequently,

my({f,91)(w) ={f, g} (mr(u)) = {dg(mr(u)) | Yi(mq(u)))
=" (dg(m,(u)) | Tum,Y}(u)), using (97) and f € C°(D)
=" ((my)*(dg) (u) | Yy (u))
= rF =1 (dg(u) | Yy (u)), because g € C°(D)
=" g} ().

1.8.4 Momenta as coordinates

Let U be an open subset of Q. With ¢! € C°(D) let {¢'};_, be a system
of coordinates on U. Let {Zj}?zl be smooth vector fields on U such that
Z;(U) C D.

The functions {7*¢'};_,, where 7 = 7g|D, together with the momenta
{Pj = Pz, }j=1 form a system of coordinates on V.= 7=Y(U) in D if and

only if for each ¢ € U the vectors {Zj(q)};l:1 form a basis of D,;. The map

NUXxR' -V CD: ch

GEOMETRY OF NONHOLONOMICALLY CONSTRAINED SYSTEMS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7509.html



1.9. Projection principle 39

is the inverse of a trivialization of the vector bundle 7: V C D — U C Q.
Substituting v = Z;l:l ¢; Zj(q) into the definition of the momentum P; =
Pz, gives the relation

Pj(q,v) = Pz,(q,v) = k(@)(Z;(a),v) = Y _k(a)(Z;(q), Ze(@)) e (98)
=1

between the coordinates P; and ¢, on U. Note that ¢; = P; for 1 <j <d
if and only if {Zj(q)};l:1 is a k-orthonormal basis of D, for every g € U.

In terms of the coordinates {7*¢!,...,7%p", P,...P,} on V C D the
equations of motion are

X

o' = (Zj)i ¢, for 1 <i<n (99)

M-

<
Il
-

Py =—(Lp,h)|V, for 1 <j<d. (100)

Here equation (99) is the second order equation condition for ¢?, where
(Z;) = (d¢" | Z;) are the components of the vector field Z; with respect to
the coordinates {¢'};_, on U C Q. Solving (98), the ¢;’s can be expressed
in terms of the P;’s. Equation (100) is the momentum equation for Z;,
where the right hand side has to be expressed in terms of ' and P;.

Using the fact that b = $k(q)(v,v) + V(q), where T = 1k(q)(v,v) €
C3°(D) and V € C§°(D) and lemma 1.8.3.39, we obtain
p' = {h,¢'} ={T.¢'} € C7*(D),
which is a {¢'};_,-dependent linear form on D and
P; = {h, P} = {T, P;} + {V. B},
where {T, P;} € C$°(D) is a {¢'};_,-dependent quadratic form in {P; };l:l
and {V, P;} € C§°(D) is a function of {¢'};_|.

1.9 A projection principle

In this section we describe a projection method to obtain the distributional
Hamiltonian equations of motion (63).

Equation (55) enables us to decompose X;|D, the restriction to D of
the Hamiltonian vector field X of f, into its components X¢ g and Xy g
in H and H%, respectively. In other words,

Xy lp=Xpu+ Xgme. (101)
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40 Nonholonomically constrained motions

Taking equations (56), (57) and (59) into account, we see that the distribu-
tional Hamiltonian vector field Y} of f is equal to the H{-component of the
Hamiltonian vector field X of f with respect to the decomposition (101).
In other words, Yy = Xf g.

On the other hand, the first equality in (33) allows us to decompose
Xy |p into its components Xy po and Xy prp in F“ and TD, respectively.

Lemma 1.9.40. Xy7p =Y.

Proof. Since H CTD and F* C H“, we can intersect the decompositions
Tp(TQ)=F“®TD and Tp(TQ) = H* ® H to obtain

Tp(TQ)=F*@® (H*NTD)® H. (102)
We know that H is a symplectic distribution on D, and F* C kerT'rq is
isotropic. Since F¥ @ (HY NTD) = H¥ and dim F¥ = dim(H* NTD), it
follows that F“ and H* NTD are Lagrangian in H¥. Using the decompo-
sition (102) write Xy = X} 4+ X7 + X} where X} has values in F*, X7 has
values in H* N TD, and X j3 has values in H. In a similar fashion, using
(102) we can write

df = 0pe f ®Ogenrpf ®Ouf.
Taking into account the decomposition (56) we get
Xfdw=(X;+X;+X}) 1 (wpe ® wp)

= (X} dwope) ® (XF Jwpe) & (X} Jwg)

= Opw f ® Opernrpf ® On f.
Since X} —l wyw annihilates F'“, and XJ%_I whe annihilates H* NTD, it
follows that

X}J wye = 0genrp f, X]%_I wye = Opw f, and X?J wy =0 f.

Lemma 1.6.3.18 implies that Op. f = 0. Hence, X7 = 0. Therefore, X} =
Xspe = Xy po, and X.?:Xj;TD:XfyH:Yf. O

Let P : Tp(TQ) — TD be the projection along the fibers of F“ cor-
responding to the direct sum decomposition Tp(TQ) = F¥ ® TQ. The
statement of theorem 1.6.3.20 can be reformulated as the following projec-
tion principle.

Proposition 1.9.41. A dynamically admissible motion of a distributional
Hamiltonian system (D, H,w,h) is the image under the tangent bundle
projection Tg to Q of an integral curve of P Xy, |p.
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1.10. Accessible sets 41

1.10 Accessible sets

An abstract structure of a Hamiltonian system with linear nonholonomic
constraints is given by a quadruple (D, H,w, h), where D is a manifold,
(H,w) is a symplectic distribution on D, and h is a smooth function on
D. For each f € C*(D), the distributional Hamiltonian vector field of
f is defined as the unique vector field Yy on D with values in H satisfy-
ing the equation Yy I w = Oy f. By theorem 1.6.3.20 the evolution of our
nonholonomically constrained system is given by the distributional Hamil-
tonian vector Y}, of the Hamiltonian h.

This abstract structure was obtained in §6.3 as the result of an analysis
of dynamics of a Hamiltonian system with configuration space @, Hamilto-
nian h € C*(T'Q), and linear nonholonomic constraints given by a distribu-
tion D on ). However, once we have obtained the symplectic distribution
(H,w) on D we can forget about the linear structure of D and its embed-
ding into T'Q), and retain only the manifold structure of D.

In the following we shall need the notion of a generalized distribution
on D, that is a linear subset H of the tangent bundle T'D of D locally
spanned by smooth vector fields. For w € D, the number of linearly in-
dependent vector fields spanning H,, C T, D is called the rank of H at u.
A distribution is a generalized distribution of constant rank. An accessible
set of a generalized distribution H on D is the set of points of D that can
be connected by piecewise integral curves of vector fields with values in H.
Accessible sets of H are also called reachable sets of H or orbits of the
family of local vector fields with values in H.

Theorem 1.10.42. (Sussmann’s theorem) Fuvery accessible set of a
generalized distribution on D is an immersed submanifold of D.

Proof. See [112]. O

Let L € D be an accessible set of H. According to theorem 10.1 it is
an immersed submanifold of D. The restriction Hy, of H to points in L
is contained in T'L. Hence, Hj is a distribution on L. Let wy be the
restriction of w to Hy. By construction w;y, is a nondegenerate 2-form on
the distribution Hy. For each f € C°°(D), let f1 be the restriction of f
to L. Clearly fr, is a smooth function on L. Let Y7, be the distributional
Hamiltonian vector field of f; on L relative to the symplectic distribution
(Hr,wr). In other words, Yy, is the unique vector field on L with values
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42 Nonholonomically constrained motions

in Hy, such that
YfL N, = 8HLfL- (103)

Since Y}, has values in H, it follows that Y, (u) = Y}, (u) for all u € L.
Hence, L is preserved by the evolution of our nonholonomic Hamiltonian
system. This proves

Lemma 1.10.43. For every accessible set L of H, the monholonomic
Hamiltonian system (D, H,wo, h) induces on L the structure of a nonholo-
nomic Hamiltonian system (L, Hy,, oy, hy,).

Since accessible sets of H form a partition of D, we can write

(D,H,w,h)= |J (L,Hp, @, hy). (104)
Las.H
Here the union is taken over accessible sets L of H. We say that a non-
holonomic Hamiltonian system (D, H,w,h) is simple if D is the unique
accessible set of H. Since each accessible set L of H is a unique accessible
set of Hy,, it follows that (104) is the decomposition of (D, H, w, h) into its
simple components.

Accessible sets of our symplectic distribution (H, @) on D are important
because they provide restrictions on the evolution of the system given by
integral curves of the vector field Y},.

Theorem 1.10.44. (Stefan’s theorem) Accessible sets of a generalized
distribution on D defines a structure of a smooth foliation with singularities
on D.

Proof. See [111] O

Taking into account the fact that D is a distribution on @, the following
proposition relates accessible sets of H to accessible sets of D.

Proposition 1.10.45. Let M C @ be the unique accessible set of D
through qo € Q, and let ug € Dgy,. Then the restriction Dy = Tél(M) NnD
of D to points of M is the accessible set of H through uyg.

Proof. Let X be a vector field on @ with values in D. Consider the function
f € C°°(D) defined by f(u) = k(X (17g(u)),u) for all uw € D. Let ¢t — u(t)
be an integral curve of Yy with ¢ — ¢(t) = 7o (u(t)) its projection to Q.
Evaluating both sides of the equation u(t) 1w = df(u(t)) on vectors in
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1.11. Constants of motion 43

TyyD of the form ¢,,4)v, where v € Dy, and taking into account lemma
1.5.9, we get
k(v, Trq(i(t))) = (u(t) A @ | u@yv) = {(df(u(t)) | u@v)
= c?_s S:Of(u(t) +sv) = ;—S s:Ok(X(q(t)),u + sv)
=k(X(q(t)),v), forallveD.
Since T'rg(u(t)) and X (q(t)) lie in D, it follows that Tro(u(t)) = X (q(t)).
But, T7g(4(t)) = ¢(t). Therefore, t — ¢(t) is an integral curve of X.
In theorem 1.6.3.20 we have shown that an integral curve ¢t — ¢(t) of
a vector field on @ with values in D lifts to a curve ¢t — w(t), which is an
integral curve of a vector field on D with values in H. This shows that if
L is the accessible set of H through ug € D and u € L, then the whole
fiber D, (u) is contained in L. Consequently, if M is the accessible set of D
containing gy = 7¢(up) then Dy = Tél(M) N D C L. On the other hand,
the restriction Hp,, of H to points in Djs is contained in 7'Dj,. Hence
Hp,, is a distribution on Dj;. Thus the accessible set L of H through
ug € Dy is contained in Dy;. Therefore, L = Dyy. O

Corollary 1.10.46. A nonholonomic system is simple if and only if Q is
the unique accessible set of D.

The upshot of the above discussion is that accessible sets provide re-
strictions on the evolution of a nonholonomically constrained system which
are independent of external forces and depend only on the constraint dis-
tribution.

1.11 Constants of motion

Additional restrictions on the evolution of a nonholonomically constrained
system are provided by constants of motion.

Theorem 1.11.47. (Nonholonomic Noether theorem) A function
f € C>®(D) is a constant of motion of the distributional Hamiltonian sys-
tem (D, H,w,h) if and only if its distributional Hamiltonian vector field
Y} preserves the Hamiltonian h.

Proof. The dynamics on D is given by the distributional Hamiltonian
vector field Y}, of the Hamiltonian h. Hence,

f=(df | Yn) ==Y, Ys) = —w(Vp, Yy) = —(dh | Yy).
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44 Nonholonomically constrained motions

Therefore, f = 0 if and only if Y} preserves h. O

Theorem 1.11.47 is a nonholonomic counterpart of the Noether’s the-
orem relating symmetries and conservation laws in unconstrained Hamil-
tonian systems. In the unconstrained case, a function f € C*(TQ) is a
constant of motion if and only if its Hamiltonian vector field X preserves
the Hamiltonian. However, X also preserves the symplectic form w. So it
is an infinitesimal symmetry of the Hamiltonian system (T*Q,w, k). In the
presence of constraints, the relationship between symmetries and constants
of motion is more involved. The condition that the distributional Hamilto-
nian vector field Y preserves the Hamiltonian h does not imply that it is an
infinitesimal symmetry of the nonholonomic Hamiltonian system, because
it need not preserve either H or w. Conservation laws corresponding to
symmetries of a nonholonomically constrained system will be discussed in
chapter 3.

Lemma 1.11.48. Suppose that the nonholonomic system (D, H,w,h)
is simple. Then the only Casimir functions of its almost Poisson algebra
(C>(D),{, }) are the constant functions.

We now consider a special case of the conservation law given in theorem
1.11.47. Let Z be a vector field on @ and let ®; : Q — @ be the local 1-
parameter group of local diffeomorphism of @) generated by Z. The tangent
map T®, : TQ — TQ forms a local group of local diffeomorphisms of T'Q)
generated by the tangent lift Z7g of Z to T'Q). Let Pz be a function on
TQ defined by

Pz (u) =k(u, Z(1g(u))), for each u € TQ. (105)

Proposition 1.11.49. If Z is a vector field on Q with values in D
such that its tangent lift Zpq preserves the Lagrangian ((u) = 3 k(u,u) —
V(rg(uw)), then Py is a constant of motion of the nonholonomically con-

strained system with Lagrangian ¢ and constraint distribution D.

Proof. Since Zrq preserves the Lagrangian ¢, it follows that it preserves
the kinetic energy k(u) = 1 k(u, u) and the potential V(¢ (u)), separately.
Hence, Zr¢ preserves the Hamiltonian h(u) = 3 k(u,u) + V(7g(u)). More-
over, Z preserves the kinetic energy metric k, that is Lzk = 0. By lemma
1.8.1.33, Zrq is the Hamiltonian vector field of Pz defined by equation
(105).

Using decomposition (55) we can express the restriction of Zpg to D
as the sum of its components in H and H*. In other words, Zrg |p=
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7 "+ 7 H«. Moreover, 7 = Yp, is the distributional Hamiltonian vector
field of Pz. From the fact that Z has values in D, it follows that Zrg has
values in F, and Z g has values in F N H¥. Therefore by lemma 1.6.3.18
(dh | Zgw) = 0 which implies that Zy. preserves h. Since Z1q preserves
h, it follows that Yp, = Z H = 47qQ — Z He preserves h. Then theorem
1.11.47 ensures that Py is a constant of motion. O

Suppose that we have k conserved functions fi, ..., fx. For each accessi-
ble set L of H and each ¢ = (c,) € R¥, consider the level set

Lo={ueD| folu)=c, a=1,...,k}.

Suppose that locally L. is a submanifold of L. Since the functions f, are
constants of motion, the restriction of Y}, to L. is a vector field Y3 1, on L.
with values in Hy,, = HNTL.. Let wr, be the restriction of w to Hy,,
and hr, the restriction of h to L.. We want to describe the vector field
Y}, L. in terms of the data (L., Hy,,,wr., hr,). Equation (59) restricted to
Hp_ implies that

Yhch Jdwp, = dhLC- (106)

If w1, is nondegenerate, then Y}, 1 is the distributional Hamiltonian vector
field of hy, relative to a symplectic distribution (Hy,,,wr,) on L., which
we will denote by Y}, . Hence, we have proved

Theorem 1.11.50. Suppose that locally L. is a submanifold of L and that
(Hr.,wr,) is a symplectic distribution on L.. Then the evolution of Yy, in
L. is given by the distributional Hamiltonian vector field Yy, of hr, relative
to (HLC;WLC)-

If the hypotheses of proposition 1.11.49 are satisfied for every acces-
sible set L of H and for every value ¢ € R? of the constants of motions
f1s -y fa, then the decomposition (104) of the nonholonomic Hamiltonian
system (D, H, o, h) admits a refinement, namely,

(DaHawah): U U (chHchchath)' (107)
La.s.H ceR4

We can refine the above decomposition further by considering accessible
sets of Hr,. Let M be an accessible set Hr_ . By Sussmann’s theorem
1.10.42, M is an immersed submanifold of L.. The restriction Hp; of H to
points in M coincides with Hy,, N T M. Let wys be the restriction of wry,

GEOMETRY OF NONHOLONOMICALLY CONSTRAINED SYSTEMS
© World Scientific Publishing Co. Pte. Ltd.

http://www.worldscibooks.com/mathematics/7509.html



46 Nonholonomically constrained motions

to Hyr and hjps the restriction of hy, to M. Applying the decomposition
(104) to (L¢, Hr,,wL., hr.) we obtain
(D,H,wh)= ) | U M Hy o, ha). (108)
Las.H ccRY Ma.s. Hp,

In some examples, every distribution Hy_ is involutive and on every
integral manifold M of Hy_ the 2-form wys on Hy = TM gives rise to a
symplectic form wps on M. When this happens, the distributional Hamil-
tonian systems (M, Hys,wpr, har) are Hamiltonian systems (M, was, hay)
and the original distributional Hamiltonian system (D, H,w, h) defines a
foliation of D by Hamiltonian systems, namely,

D, H=n= ) U U @Mwewhy) (109

Las. H ccRY Ma.s. Hp,

1.12 Notes

We review the standard approach to dynamics of systems with linear non-
holonomic constraints. Our only addition is the systematic use of the Levi
Civita connection of the kinetic energy metric. We note that hypothesis
2.1, which leads to the Lagrange-d’Alembert principle, has been verified
experimentally by Lewis and Murray [67].

We use the name the Lagrange-d’Alembert principle on the basis of
an analogy with the formalisms of d’Alembert and Lagrange. But they
themselves never applied their formalisms to nonholonomically constrained
systems. These applications are definitely of a later date, namely the second
half of the 19" century with a lot of confusion, which was only cleared up
at the end of that century.

Here is a brief account of the history. Whittaker [118] refers to Ferrers
[43] as the first one who wrote down the equations of motion for a non-
holonomically constrained system. But we do not understand what Ferrers
meant. In §240 Routh [96] uses the Lagrange-d’Alembert principle in our
form. Then Lindelof [70] and Appell in the first edition of [4] and others
used, in the case of a translation invariant nonholonomically constrained
system, the wrong principle, namely, they take the Lagrangian on the tan-
gent bundle of the orbit space of the translation symmetry; and then apply
the Euler-Lagrange equation. Both Chaplygin [23], who refers to Lindelof
[70], and Korteweg [62], who refers to the first edition of Appell [4], correct
this error. Appell corrected his mistake in the second edition of [4]. For a
more detailed discussion of this point see §4 of chapter 3. From this time on
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the Lagrange-d’Alembert principle has been accepted as giving the “right”
equations of motion.

More recently Arnol’d et al. [7] has introduced vakonomic mechanics
which have nonholonomic constraints but the equations of motion are based
on a variational principle. Vakonomic systems are of interest, but rolling
without slipping is not vakonomic.

For an up to date treatment of nonlinearly nonholonomically con-
strained systems see Marle [74].

Our presentation of the distributional Hamiltonian formulation of non-
holonomically constrained systems follows the theory developed in [13] and
[32]. It is a special case of the partially symplectic formulation proposed
by Bocharov and Vinogradov [17].

Dalsmo and van der Schaft [36] placed nonholonomically constrained
systems in the context of Dirac structures. We recall the definition of a
Dirac structure. The Pontryagin bundle of a manifold M is the direct sum
of its tangent and cotangent bundles, that is, TM &y T*M. We endow
the total space of the Pontryagin bundle with a nondegenerate symmetric
bilinear form of signature (dimM,dimM) given by

((u,p), (v,9)) =g | uw) +(p|v)

for every (u,p), (v,q) € TnM @ T;;, M. A Dirac structure on a manifold M
is a subbundle B of the TM &T* M which is maximal isotropic with respect
of the above bilinear form, see Courant [29]. We now show that the dis-
tributional Hamiltonian system (D, wo, H, h) with nonholonomic constraint
distribution D C T'Q), Hamiltonian h, and symplectic distribution (H,w)
on D is a Dirac structure. Here the symplectic form w is the restric-
tion to H of the symplectic form w on T'Q, which is obtained by pulling
back the canonical symplectic form on T*@Q by the Legendre transforma-
tion k* : TQ — T*Q given by the kinetic energy metric k of the system.
Following Yoshimura and Marsden [119] the Dirac structure corresponding
to (D, w, H, h) is given by

{(u,p)€TD®DT*D|u6Handp—u_lw€H0 }.

Here HY is the annihilator of H in 7% D. The pair (Y, dh), where Y, 1 @ =
Ogh, is a section of this Dirac structure.

The projection principle in the text is due to Marle [73]. However,
projection principles were first used by Gibbs [47] and by Appell in the
second edition [4] to derive what Pars [89] calls the Gibbs-Appell equations
of motion for a nonholonomically constrained system.
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Van der Schaft and Maschke [113] introduced an almost Poisson bracket
to study nonholonomically constrained Hamiltonian systems. Equation
(87) is the nonholonomic almost Poisson bracket analogue of the formula
for the Dirac bracket given in [39]. The intrinsic relation between the al-
most Poisson bracket and the symplectic distribution (H, <) was given by
Koon and Marsden [61]. The term almost Poisson bracket was coined by
Cantrijn, de Ledn, and de Diego [19].

Results on accessible sets of distributions used here are taken from pa-
pers of Stefan [111] and Sussmann [112].

In [103] there is a proof of a nonholonomic version of Noether’s theorem
of §11. A foliation of the constraint manifold by Hamiltonian systems given
by constants of motion was discovered by Kemppainen in the dynamics of
a rolling disk [57].

Bloch, Krishnaprasad, Marsden and Murray establish the momentum
equation in [16], but only for G-invariant vector fields which were tangent
to G-orbits on configuration space @ under the hypothesis that the action
of G on @ is free and proper. The version in the text is based on [105].
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