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Chapter 4

Scattering Theory

Given a hamiltonian Ĥ , the goal of this chapter is to solve the Schrödinger

equation for a scattering problem and derive general expressions for the

S-matrix, T -matrix, and transition rate, many of whose consequences have

already been examined in Vol. I.1 We work in the abstract Hilbert space.

4.1 Interaction Picture

Assume the hamiltonian can be split into two parts Ĥ = Ĥ0 + Ĥ1, the

first part of which leads to an exactly solvable problem, for example, free

quanta with no interactions. Ĥ1 may, or may not, have an explicit time

dependence; that depends on the problem at hand.2 We then want to solve

the Schrödinger equation

Ĥ = Ĥ0 + Ĥ1

i~
∂

∂t
|Ψ(t)〉 = Ĥ |Ψ(t)〉 ; Schrödinger-equation (4 .1)

D efine a new state vector |ΨI(t)〉 by

|ΨI(t)〉 ≡ e
i
~

Ĥ0t|Ψ(t)〉 ; interaction picture

|ΨI(0)〉 = |Ψ(0)〉 ; coincide at t = 0 (4 .2)

1For a comprehensive treatment of scattering theory, see [Goldberger and Watson
(2004)].

2Scattering in a given external field, for example, may lead to an explicitly time-
dependent Ĥ1(t).
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What equation of motion does this new state satisfy? J ust compute

i~
∂

∂t
|ΨI(t)〉 = −Ĥ0 e

i
~

Ĥ0t|Ψ(t)〉+ e
i
~

Ĥ0t i~
∂

∂t
|Ψ(t)〉

= −Ĥ0 |ΨI(t)〉+ e
i
~

Ĥ0t(Ĥ0 + Ĥ1)e
− i

~
Ĥ0t|ΨI(t)〉 (4 .3 )

T he terms in Ĥ0 cancel, and thus

i~
∂

∂t
|ΨI(t)〉 = ĤI(t)|ΨI(t)〉 ; interaction picture

ĤI(t) ≡ e
i
~

Ĥ0t Ĥ1 e
− i

~
Ĥ0t (4 .4 )

T he advantage of this new formulation is that in the limit Ĥ1 → 0, the

state |ΨI(t)〉 becomes time-independent; the free time variation, which can

be extremely rapid, has been explicitly dealt with. E quations (4 .2) and

(4 .4 ) are said to be a formulation of the problem in the interaction picture.

4.2 A d iab atic A pproach

We will find that when we try to solve the resulting equations and generate

the S-matrix, there will be infinite time integrals to carry out over oscil-

lating integrands. In order to give the theory a well-defined mathematical

meaning, we introduce an adiabatic damping factor e−ε|t| with ε ≥ 0, and

use the following interaction in the interaction picture

Ĥε
I (t) ≡ e−ε|t|ĤI(t) ; adiabatic damping (4 .5 )

The theory is then defined to be what is obtained in the limit as

ε→ 0.3

T his is a somewhat archaic approach, and there are more sophisticated

ways of doing formal scattering theory, which, however, can easily lead

to spurious results if one is not very careful and thoughtful. T he great

advantage of this adiabatic approach is that it allows one to do well-defined

mathematics at each step.

O ne can imagine that the interaction in E q. (4 .5 ) is being turned on

and off very slowly (“ adiabatically” ) as the time t → ± ∞, that is, in

the infinite past and infinite future.4 T his allows us to easily specify the

initial and final states in any scattering process, since now as t → ± ∞,

3T here may, or may not, be other limits — w e w ill not go there.
4E xplicitly dealing w ith the scattering of w ave pack ets can play the same role.
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the hamiltonian simply reduces to Ĥ0, and we know how to solve the non-

interacting problem

Ĥ = Ĥ0 ; t→ ± ∞

i~
∂

∂t
|Ψ(t)〉 = Ĥ0 |Ψ(t)〉

|Ψ(t)〉 = e−
i
~

E0t |ψ〉 (4 .6 )

Here |ψ〉 is simply a solution to the free, time-independent, S chrödinger

equation

Ĥ0 |ψ〉 = E0|ψ〉 (4 .7 )

T he interaction-picture state vector in E q. (4 .2) is then given in this same

limit by

|ΨI(t)〉 = e
i
~

Ĥ0t |Ψ(t)〉 = |ψ〉 ; t→ ± ∞

i~
∂

∂t
|ΨI(t)〉 = 0 (4 .8 )

T hus, in summary, with the adiabatic approach in the interaction picture,

one has

|ΨI(t)〉 = |ψ〉 ; t→ ± ∞

Ĥ0 |ψ〉 = E0|ψ〉 (4 .9 )

O ne starts with an initial state of this type, and then slowly turns on and

off the interaction. T he transition amplitude into a final state of this type is

then calculated. T he (transition probability)/ (time interval the interaction

is on) gives the transition rate,5 and the path from the transition rate to a

cross section was detailed in Vol. I.

It is then necessary to determine what happens when the interaction

in E q. (4 .5 ) is turned on and off adiabatically. T his is done through the

construction of the time-development operator for the problem.

5We shall get more sophisticated here and actu ally derive a general expression for the
transition rate itself.
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4.3 Û -O perator

L et us look for an operator that develops our system in time

|ΨI(t)〉 = Ûε(t, t0)|ΨI(t0)〉

i~
∂

∂t
|ΨI(t)〉 = i~

∂

∂t
Ûε(t, t0)|ΨI(t0)〉 = Ĥε

I (t)Ûε(t, t0)|ΨI(t0)〉 (4 .10)

If this is to hold for all |ΨI(t0)〉, then Ûε(t, t0) must satisfy the operator

relation

i~
∂

∂t
Ûε(t, t0) = Ĥε

I (t)Ûε(t, t0)

Ûε(t0, t0) = 1 (4 .11)

T his diff erential equation, with its initial condition, can be rewritten as an

integral equation

Ûε(t, t0) = 1−
i

~

∫ t

t0

e−ε|t′| ĤI(t
′)Ûε(t

′, t0) dt
′ (4 .12)

It is readily verified that E qs. (4 .11) are reproduced by this expression.

We will try to find a solution to this equation as a power series in ĤI.
6

L et us substitute this expression for Ûε(t
′, t0) in the integrand on the r.h.s.

Ûε(t, t0) = 1−
i

~

∫ t

t0

e−ε|t′| ĤI(t
′) dt′ +

(

−
i

~

)2 ∫ t

t0

e−ε|t′| ĤI(t
′) dt′

∫ t′

t0

e−ε|t′′| ĤI(t
′′)Ûε(t

′′, t0) dt
′′ (4 .13 )

T his expression is still exact. R epeated application of this process leads to

the following infinite series in ĤI

Ûε(t, t0) =

∞
∑

n=0

(

−
i

~

)n ∫ t

t0

e−ε|t1| dt1

∫ t1

t0

e−ε|t2| dt2 · · ·

∫ tn−1

t0

e−ε|tn| dtn ×

ĤI(t1)ĤI(t2) · · · ĤI(tn) (4 .14 )

6O ne can only expect a pow er series to hold for scattering amplitu des at all energies
in the absence of bou nd states; how ever, w e w ill eventu ally “ z ip things u p again” and
obtain closed forms that are also valid in the presence of bou nd states.
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B y convention, the first term in this series is 1. N ote that it is important

to keep the ordering of the operators ĤI(t) straight in the integrand, since

they do not necessarily commute at diff erent times. It is easy to remember

the ordering since the operators are time-ordered, with the operator at the

latest time appearing furthest to the left.

E quation (4 .14 ) can be rewritten in the following manner

Ûε(t, t0) =
∞
∑

n=0

(

−
i

~

)n
1

n!

∫ t

t0

e−ε|t1| dt1

∫ t

t0

e−ε|t2| dt2 · · ·

∫ t

t0

e−ε|tn| dtn ×

T
[

ĤI(t1)ĤI(t2) · · · ĤI(tn)
]

; t ≥ t0 (4 .15 )

Here

• All the integrals are now over the full range
∫ t

t0
;

• T he “ T -product” carries the instruction that the operators are to be

time-ordered, with the operator at the latest time sitting to the left;

• E ach term in the sum is divided by n!.

T he proof that E q. (4 .15 ) reproduces E q. (4 .14 ) is quite simple. T here

are n! possible orderings of the times in the multiple integral, pick one, say

t1 > t2 > t3 > · · · > tn. All possible time orderings of these integration

variables provides a complete enumeration of the region of integration in

the multiple integral. T he operator in the integrand is time-ordered in each

case. B ut now all of these contributions are identical by a change of dummy

integration variables. T hus E q. (4 .14 ) is reproduced.7

T he scattering operator Ŝ is now defined in the following manner

Ŝ ≡ L imε→0 L imt→+∞ L imt0→−∞ Ûε(t, t0) (4 .16 )

O ne lets the initial time t0 → −∞, the final time t→ +∞, and then, at the

very end, the limit of the adiabatic damping factor ε→ 0 is taken. T hus

Ŝ = L imε→0 Ŝε

= L imε→0

∞
∑

n=0

(

−
i

~

)n
1

n!

∫ ∞

−∞

e−ε|t1| dt1 · · ·

∫ ∞

−∞

e−ε|tn| dtn ×

T
[

ĤI(t1)ĤI(t2) · · · ĤI(tn)
]

(4 .17 )

E verything so far has assumed t ≥ t0 in E qs. (4 .11) and the subsequent

development; however, one can equally well write these equations for t ≤ t0.

7T he explicit demonstration of this eq u ality for n = 2 is assigned as P rob. 4.1 .
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How is the above analysis modified? Write E q. (4 .12) in the following

fashion

Ûε(t, t0) = 1 +
i

~

∫ t0

t

e−ε|t′| ĤI(t
′)Ûε(t

′, t0) dt
′ (4 .18 )

It is readily verified that this expression reproduces E qs. (4 .11), and it

is most convenient since the integral now runs in the positive direction if

t0 ≥ t. A repetition of the above arguments in this case then leads to the

following infinite series

Ûε(t, t0) =
∞
∑

n=0

(

i

~

)n
1

n!

∫ t0

t

e−ε|t1| dt1

∫ t0

t

e−ε|t2| dt2 · · ·

∫ t0

t

e−ε|tn| dtn ×

T
[

ĤI(t1)ĤI(t2) · · · ĤI(tn)
]

; t ≤ t0 (4 .19 )

T he “ T -product” instructs the operators to be anti-time-ordered such that

the operator with the earliest time sits to the left. A simple reversal of the

limits of integration in each integral then gives the equivalent expression

Ûε(t, t0) =

∞
∑

n=0

(

−
i

~

)n
1

n!

∫ t

t0

e−ε|t1| dt1

∫ t

t0

e−ε|t2| dt2 · · ·

∫ t

t0

e−ε|tn| dtn ×

T
[

ĤI(t1)ĤI(t2) · · · ĤI(tn)
]

; t ≤ t0 (4 .20)

We are now in a position to exhibit some of the properties of Ûε(t, t0)

from these series expansions:8

(1) Since the adjoint of a product is the product of the adjoints in the

reverse order, it follows immediately from E qs. (4 .15 ) and (4 .19 ) that

Ûε(t, t0)
† = Ûε(t0, t) (4 .21)

which holds for both t > t0 and t < t0.

(2) If one ends up back at the start time, no matter whether t > t0 or

t < t0, it must be true that

Ûε(t0, t)Ûε(t, t0) = 1 (4 .22)

T his follows from the series expansions, and the explicit demonstration of

this relation for n = 2 is left as P rob. 4 .1.

(3 ) It follows from the results in (1) and (2) that

Ûε(t, t0)
† = Ûε(t, t0)

−1 ; unitary (4 .23 )

8N ote that relations (1 )– (4) hold for finite ε.
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T he time-evolution operator is unitary. We know this must be true, since

the Schrödinger equation preserves the norm of the states. T his is now

readily verified from the relation

〈ΨI(t)|ΨI(t)〉 = 〈ΨI(t0)|Ûε(t, t0)
†Ûε(t, t0)|ΨI(t0)〉

= 〈ΨI(t0)|Ûε(t, t0)
−1Ûε(t, t0)|ΨI(t0)〉

= 〈ΨI(t0)|ΨI(t0)〉 (4 .24 )

(4 ) If one propagates the system from t0 → t1, and then from t1 → t2,

the result must be the same as propagation from t0 → t2. T hus the time-

evolution operator must obey the group property

Ûε(t2, t1)Ûε(t1, t0) = Ûε(t2, t0) ; group property (4 .25 )

L et us demonstrate this result for t2 > t1 > t0. T he result in (2) can then

be used to extend it to any relative times. F or example, if t1 > t2, just

write

Ûε(t2, t1)Ûε(t1, t0) = Ûε(t2, t1)Ûε(t1, t2)Ûε(t2, t0)

= Ûε(t2, t0) ; t1 > t2 (4 .26 )

Write out the νth term in the sum on the r.h.s. of E q. (4 .25 )

Û (ν)
ε (t2, t0) =

(

−
i

~

)ν
1

ν!

∫ t2

t0

e−ε|t′1| dt′1 · · ·

∫ t2

t0

e−ε|t′ν | dt′ν ×

T
[

ĤI(t
′
1)ĤI(t

′
2) · · · ĤI(t

′
ν)
]

(4 .27 )

N ow note:

• T here are ν!/n!m! ways to partition the times t′1 · · · t
′
ν so that n times

are greater than the intermediate time t1, and m times are less than t1
— pick one;

• N ow integrate over all possible relative orderings of the times within

this particular partition;

• T hen sum over all possible choices of the times within this particu-

lar partition. T his provides a complete enumeration of the regions of

integration for a given (n,m) ;

• T he contributions in the sum are identical by a change of dummy in-

tegration variables, giving ν!/n!m! equal contributions;
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• T hen sum over all values of (n,m) for which m+ n = ν. T his provides

a complete evaluation of the multiple integral in E q. (4 .27 )

Û (ν)
ε (t2, t0) =

1

ν!

∑

n+m=ν

(

−
i

~

)n+m
ν!

n!m!
× (4 .28 )

∫ t2

t1

e−ε|t′1| dt′1 · · ·

∫ t2

t1

e−ε|t′n| dt′n T
[

ĤI(t
′
1) · · · ĤI(t

′
n)
]

×

∫ t1

t0

e−ε|t′n+1| dt′n+1 · · ·

∫ t1

t0

e−ε|t′n+m| dt′n+m T
[

ĤI(t
′
n+1) · · · ĤI(t

′
n+m)

]

• F inally, use
∑

ν

∑

n+m=ν =
∑

n

∑

m. T his establishes E q. (4 .25 ).

4.4 Û -O perator for F inite T im es

We started from the hamiltonian

Ĥε = Ĥ0 + e−ε|t| Ĥ1 (4 .29 )

In the end, we are to take the limit ε → 0, which restores the proper

hamiltonian. L et us assume that we have used the preceding analysis to

propagate the system from its initial state at t0 → −∞ to a finite time such

that

|t| � 1/ε ; finite time (4 .3 0)

N ow, for this time,

Ĥ = Ĥ0 + Ĥ1 ; full Ĥ (4 .3 1)

In this case, we can write a formal solution to the full Schrödinger equation

as9

|Ψi(t)〉 = e−
i
~

Ĥt|Ψi(0)〉 (4 .3 2)

Here |Ψi(0)〉 = |Ψi
I(0)〉 is the state that has propagated up to the time t = 0

from the initial state |ψi〉 prepared at t0 → −∞ [see E qs. (4 .2)]. With the

aid of the previous time-evolution operator, one can write this state as

|Ψi(0)〉 = |Ψi
I(0)〉 = Ûε(0,−∞)|ψi〉 ≡ |ψ

(+)
i 〉 (4 .3 3 )

9We assu me here and henceforth that Ĥ1 now has no explicit time dependence.
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T his relation defines |ψ
(+)
i 〉. A combination of E qs. (4 .3 2) and (4 .3 3 ) allows

the solution to the Schrödinger equation at a finite time, which satisfies

E q. (4 .3 0), to be expressed as

|Ψi(t)〉 = e−
i
~

Ĥt|ψ
(+)
i 〉 (4 .3 4 )

Some comments:

• T his is the full Schrödinger state vector that develops from the state

|ψi〉 at t0 → −∞ ;

• O ne needs the adiabatic damping factor to bring that state vector up

to finite time with |Ψi(0)〉 = Ûε(0,−∞)|ψi〉 ≡ |ψ
(+)
i 〉 ;

• F rom there, one can use the formal solution to the full Schrödinger

equation in E q. (4 .3 4 ).

We note that under the conditions that one can indeed use the formal

solution to the full Schrödinger equation, it follows that the interaction-

picture state vector at the time t is given by

|ΨI(t)〉 = e
i
~

Ĥ0t|Ψ(t)〉 = e
i
~

Ĥ0te−
i
~

Ĥ(t−t0)|Ψ(t0)〉

= e
i
~

Ĥ0te−
i
~

Ĥ(t−t0)e−
i
~

Ĥ0t0 |ΨI(t0)〉 (4 .3 5 )

Here |ΨI(t0)〉 is the interaction-picture state vector at the time t0. B ut now

we can immediately identify the time development operator Û(t, t0) from

the first of E qs. (4 .10)!

Û(t, t0) = e
i
~

Ĥ0te−
i
~

Ĥ(t−t0)e−
i
~

Ĥ0t0 ; |t|, |t0| � 1/ε (4 .3 6 )

It is only necessary to keep careful track of the ordering of the operators,

and make sure that one never interchanges factors that do not commute.

Several of our previous properties of the time-development operator

follow immediately from the expression in E q. (4 .3 6 ):

Û(t, t0)
† = Û(t0, t)

Û(t, t0)
† = Û(t, t0)

−1 ; unitary

Û(t1, t2)Û(t2, t3) = Û(t1, t3) ; group property (4 .3 7 )

4.5 T h e S-M atrix

T he interaction-picture state vector in the infinite future |ΨI(+∞)〉 that

develops from the interaction-picture state vector in the infinite past
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|ΨI(−∞)〉 is obtained with the scattering operator in E q. (4 .17 )

|ΨI(+∞)〉 = Ŝ |ΨI(−∞)〉 ; scattering operator (4 .3 8 )

N ow, with the adiabatic damping factor, the interaction state vectors in

the infinite past and infinite future are simple, they are just the individual

non-interacting state vectors in E q. (4 .9 ), or linear combinations of them.

T hus, if one starts with one such prepared state |Ψi
I(−∞)〉 = |ψi〉, and

asks for the probability for finding a particular state |ψf 〉 in the final state

|Ψi
I(+∞)〉 that evolves, in the presence of all the interactions, from that

initial prepared state, one has

Pfi = |〈ψf |Ψ
i
I(+∞)〉|2 = |〈ψf |Ŝ |Ψ

i
I(−∞)〉|2 = |〈ψf |Ŝ|ψi〉|

2 (4 .3 9 )

T his is the probability of finding the initial state |ψi〉 in the final state |ψf 〉

after the scattering has taken place. Here |ψi〉 and |ψf 〉 are eigenstates of

the free hamiltonian Ĥ0. T he amplitude for this process to take place is

given by the S-matrix

Sfi ≡ 〈ψf |Ŝ|ψi〉 ; S-matrix (4 .4 0)

It was argued in Vol. I that the general form of the S-matrix for a

scattering process is

Sfi = δfi − 2πiδ(Ef − Ei) T̃fi (4 .4 1)

where T̃fi is the T -matrix. T here will always be an energy-conserving delta

function here coming out of any calculation.10

T he probability of making a transition to a state f 6= i is therefore

Pfi = |2πiδ(Ef − Ei)|
2|T̃fi|

2 ; probability of transition (4 .4 2)

It was argued in Vol. I that the square of the energy-conserving δ-function

is to be interpreted as

|2πiδ(Ef − Ei)|
2 = 2πδ(Ef − Ei)

1

~

∫ T /2

−T /2

dt e
i
~
(Ef−Ei)t

=
2π

~
δ(Ef − Ei)T ; T → ∞ (4 .4 3 )

10 C ompare E q . (4.5 3 ) and P rob. 4.8 . In V ol. I w e removed some additional factors in
the definition of the T -matrix element Tfi [see E q I. (7 .3 6) and E q . (7 .3 8 )].
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where T → ∞ is the total time the interaction is turned on. T he transition

rate is then given by

ωfi =
Pfi

T

ωfi =
2π

~
δ(Ef − Ei)|T̃fi|

2 ; transition rate (f 6= i) (4 .4 4 )

T his is the transition rate into one final state in the continuum. T o get the

transition rate into the group of states that actually get into our detectors

when the states are spaced very close together, one must multiply this

expression by the appropriate number of states dnf . T o get a cross section,

one divides by the incident fl ux

dσ =
2π

~
δ(Ef − Ei)|T̃fi|

2 dnf

Iinc
; cross section (4 .4 5 )

Some comments:

• All of these expressions were discussed and utilized frequently in Vol. I;

• E q. (4 .4 4 ) is the full expression for F ermi’s Golden R ule, to all orders

in the interaction;

• T he derivation of the result for the transition rate involves some refine-

ment when adiabatic switching is invoked, in contrast to the sudden

turn-on and turn-off of the interaction in Vol. I; however, a proper

derivation of the transition rate in this case, which we shall subse-

quently carry out, gives essentially the same result

Sfi = δfi − 2πiδ(Ef − Ei) T̃fi

ωfi =
2

~
δfi Im T̃ii +

2π

~
δ(Ef − Ei)|T̃fi|

2 ; transition rate (4 .4 6 )

4.6 T im e-Ind epend ent A nalysis

We will now perform some formal manipulations on the above results. L et

us try to explicitly carry out the time integrations in the general term in the

S-matrix in E q. (4 .17 ), which we rewrite in its initial time-ordered form

〈ψf |Ŝ
(n)
ε |ψi〉 =

(

−
i

~

)n ∫ ∞

−∞

e−ε|t1| dt1

∫ t1

−∞

e−ε|t2| dt2 · · ·

∫ tn−1

−∞

e−ε|tn| dtn

×〈ψf |e
i
~

Ĥ0t1Ĥ1e
− i

~
Ĥ0t1e

i
~

Ĥ0t2Ĥ1e
− i

~
Ĥ0t2 · · ·

· · · Ĥ1e
− i

~
Ĥ0tn−1e

i
~

Ĥ0tnĤ1e
− i

~
Ĥ0tn |ψi〉 (4 .4 7 )
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Here we have simply written out 〈ψf |ĤI(t1) · · · ĤI(tn)|ψi〉 in detail.

We will change variables in the integrals as follows

x1 = t1 ; t1 = x1

x2 = t2 − t1 ; t2 = x1 + x2

x3 = t3 − t2 ; t3 = x1 + x2 + x3

...
...

xn = tn − tn−1 ; tn = x1 + x2 + · · · + xn (4 .4 8 )

F irst, let the hamiltonians Ĥ0 on either end of the operator in E q. (4 .4 7 )

act on |ψi〉 and |ψf 〉, which are eigenstates of Ĥ0 with eigenvalues E0 and

Ef respectively. E quation (4 .4 7 ) then can be written as

〈ψf |Ŝ
(n)
ε |ψi〉 =

(

−
i

~

)n ∫ ∞

−∞

e−ε|t1| dt1

∫ t1

−∞

e−ε|t2| dt2 · · ·

∫ tn−1

−∞

e−ε|tn| dtn

×〈ψf |e
i
~
(Ef−E0)t1Ĥ1e

− i
~

Ĥ0(t1−t2)e
i
~

E0(t1−t2)Ĥ1e
− i

~
Ĥ0(t2−t3)e

i
~

E0(t2−t3) · · ·

· · · e−
i
~

Ĥ0(tn−1−tn)e
i
~

E0(tn−1−tn)Ĥ1|ψi〉 (4 .4 9 )

N ext, introduce the change in variables in E qs. (4 .4 8 ), starting from the

right

〈ψf |Ŝ
(n)
ε |ψi〉 =

(

−
i

~

)n ∫ ∞

−∞

e
i
~
(Ef−E0)x1e−ε|x1| dx1 ×

〈ψf |Ĥ1

∫ 0

−∞

dx2 e
{− i

~
(E0−Ĥ0)x2−ε|x1+x2|} Ĥ1 ×

∫ 0

−∞

dx3 e
{− i

~
(E0−Ĥ0)x3−ε|x1+x2+x3|} Ĥ1 × · · ·

· · · Ĥ1

∫ 0

−∞

dxn e
{− i

~
(E0−Ĥ0)xn−ε|x1+ · · · +xn|} Ĥ1|ψi〉 (4 .5 0)

N ow do all the integrals starting on the right, keeping all the other variables

fixed while so doing.

C onsider the first integral over dxn at fixed (x1, · · · , xn−1). What we

really need is L imε→0 〈ψf |Ŝ
(n)
ε |ψi〉. Since the damping factors are just there

to cut off the oscillating exponentials, we should get the same results no

matter how we go to that limit, if the theory is to make sense. We claim

that in the limit, we can replace e−ε|x1+ · · · +xn| .= eεxn in the integral over

xn, since it is only important for very large negative xn. R epetition of this
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argument, as we do the integrals from right to left, allows us to replace

L im ε→0

∫

· · ·

∫

e−ε|x1|e−ε|x1+x2| · · · e−ε|x1+ · · · xn| · · · =

L im ε→0

∫

· · ·

∫

e−ε|x1|eεx2 · · · eεxn · · · (4 .5 1)

T he integrals now factor, and they can all be immediately carried out

〈ψf |Ŝ
(n)
ε |ψi〉 =

(

−
i

~

)n

2π~ δ(Ef − E0)×

〈ψf |Ĥ1
1

−i(E0 − Ĥ0)/~ + ε
Ĥ1

1

−i(E0 − Ĥ0)/~ + ε
Ĥ1 · · ·

· · ·
1

−i(E0 − Ĥ0)/~ + ε
Ĥ1|ψi〉

(4 .5 2)

T he operator Ĥ1 appears n times in this expression. T his equation has

meaning in terms of a complete set of eigenstates of Ĥ0 inserted be-

tween each term. With the redefinition ε~ ≡ ε, one arrives at the time-

independent power series expansion of the S-matrix

L imε→0 〈ψf |Ŝε|ψi〉 = 〈ψf |ψi〉 − L imε→0 2πiδ(Ef − E0)×

〈ψf |Ĥ1

∞
∑

n=0

(

1

E0 − Ĥ0 + iε
Ĥ1

)n

|ψi〉 (4 .5 3 )

Several comments:

• T he n = 0 term is exactly F ermi’s Golden R ule (see Vol. I);

• T he +iε in the denominator, with the sign coming from the correct

convergence factor in the integrals, just determines the correct boundary

conditions to put in the Green’s function (see later);

• We have proceeded to take the ε→ 0 limit in the final factor

L im ε→0

∫ ∞

−∞

dx1 e
{ i

~
(Ef−E0)x1−ε|x1|} = 2π~ δ(Ef − E0) (4 .5 4 )

• T he T -matrix can now be identified from E qs. (4 .4 1) and (4 .5 3 )

T̃fi ≡ 〈ψf |T̂ |ψi〉

〈ψf |T̂ |ψi〉 = 〈ψf |Ĥ1

∞
∑

n=0

(

1

E0 − Ĥ0 + iε
Ĥ1

)n

|ψi〉 ; T -matrix (4 .5 5 )
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• T his last relation can be rewritten as

〈ψf |T̂ |ψi〉 = 〈ψf |Ĥ1|ψ
(+)
i 〉

|ψ
(+)
i 〉 ≡

∞
∑

n=0

(

1

E0 − Ĥ0 + iε
Ĥ1

)n

|ψi〉 (4 .5 6 )

We show below that this is indeed identical to the state |ψ
(+)
i 〉 pre-

viously introduced in E q. (4 .3 3 ). If the first term is separated out in

E q. (4 .5 6 ), and the series for |ψ
(+)
i 〉 again identified in the second, this

relation can be rewritten as

|ψ
(+)
i 〉 = |ψi〉+

1

E0 − Ĥ0 + iε
Ĥ1|ψ

(+)
i 〉 ; L ippmann-Schwinger (4 .5 7 )

In this form, when projected into the coordinate representation, one

has an integral equation for |ψ
(+)
i 〉. T his is the L ippmann-S chwinger

equation [L ippmann and Schwinger (19 5 0)], which has a meaning that

extends beyond the power series expansion though which it has been

derived. N ote that from E q. (4 .5 7 ), one observes

(E0 − Ĥ0)|ψ
(+)
i 〉 = Ĥ1|ψ

(+)
i 〉

or (E0 − Ĥ)|ψ
(+)
i 〉 = 0 ; Ω→∞

ε→ 0 (4 .5 8 )

T hus the state |ψ
(+)
i 〉, in the limits as the quantization volume Ω→∞,

and as the adiabatic damping factor ε → 0, is a scattering state that

is an eigenstate of the full Ĥ with eigenvalue E0.
11 T his is the same

energy we started with at t→ −∞ in the interaction picture.

• O ne therefore does not generate all of the eigenstates of Ĥ in this

manner, if there are bound states, but only the continuum scattering

states.12

• T he terms with n ≥ 1 in E q. (4 .5 6 ) give the higher B orn approx imations

for the scattering amplitude. T his is just “ old-fashioned” perturbation

theory, except that with the +iε in them, we now know what to do

when the denominators vanish.

• P eople tried to do Q E D with this perturbation scheme; however, by

singling out the time integration, the scattering amplitude is no longer

11A lthou gh the dependence on Ω is not explicit, w e k now , for example, that w ith a
potential V (r) in a big box w ith rigid w alls there w ill be a finite shift in the energy levels
as the interaction is tu rned on; this energy shift only vanishes in the limit Ω → ∞.

12T he completeness relation is now
∑

i |ψ
(+ )
i 〉〈ψ

(+ )
i | +

∑

b n d sta te s |ψb〉〈ψb| = 1̂ .
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explicitly covariant. Infinities arise from various sources, which are not

interpretable in a non-covariant approach. We will find that by leaving

the time integrations in, and starting from E q. (4 .17 ), we are able to

maintain a covariant, gauge-invariant S-matrix, which proves essential

to developing a consistent renormalization scheme.13

4.7 S cattering S tate

T he H eisenberg picture for the state vector is defined as follows

|ΨH〉 ≡ e
i
~

Ĥt |Ψ(t)〉 ; Heisenberg picture (4 .5 9 )

C orrespondingly, an operator in the Heisenberg picture is defined by

ÔH ≡ e
i
~

Ĥt Ô e−
i
~

Ĥt ; Heisenberg picture (4 .6 0)

It follows from E q. (4 .3 2) that the Heisenberg state vector is independent

of time14

i~
∂

∂t
|ΨH〉 = 0 (4 .6 1)

T he interaction-picture state vector is defined in E q. (4 .2). T he state vec-

tors in all the diff erent pictures coincide at t = 0

|ΨH〉 = |Ψ(0)〉 = |ΨI(0)〉 (4 .6 2)

T his provides further motivation for looking at the scattering state |ψ
(+)
i 〉

defined in E q. (4 .3 3 ) by

|ψ
(+)
i 〉 ≡ Ûε(0,−∞)|ψi〉 (4 .6 3 )

T he nth order contribution to Ûε(0,−∞) explicitly contains n powers

of Ĥ1

Û (n)
ε (0,−∞)|ψi〉 =

(

−
i

~

)n ∫ 0

−∞

eεt1 dt1

∫ t1

−∞

eεt2 dt2 · · ·

∫ tn−1

−∞

eεtn dtn ×

e
i
~

Ĥ0t1Ĥ1e
− i

~
Ĥ0(t1−t2)Ĥ1e

− i
~

Ĥ0(t2−t3) · · · e−
i
~

Ĥ0(tn−1−tn)Ĥ1e
− i

~
Ĥ0tn |ψi〉

(4 .6 4 )

13See the discu ssion in V ol. I.
14We remind the reader of the assu mption, at this point, that Ĥ has no explicit time

dependence.
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In comparing with our starting point in E q. (4 .4 7 ) from which we proceeded

to explicitly carrying out the time integrations, we note two diff erences:

• All the times satisfy t ≤ 0, hence the adiabatic damping factors in all

cases become e−ε|t| = eεt ;

• T here is no eigenstate |ψf 〉 on the left, and hence the operator Ĥ0 on

the left can no longer be replaced by its eigenvalue Ef .

We may proceed to change variables as in E qs. (4 .4 8 )– (4 .5 0). T his time,

instead of e−ε|x1+x2+ · · · +xn|, for example, we have eε(x1+x2+ · · · +xn) so that

all the adiabatic damping factors can simply be moved to their appropriate

position in the multiple integral. T hus we arrive at

Û (n)
ε (0,−∞)|ψi〉 =

(

−
i

~

)n ∫ 0

−∞

dx1 e
nεx1e

i
~
(Ĥ0−E0)x1 Ĥ1 ×

∫ 0

−∞

dx2 e
(n−1)εx2e

i
~
(Ĥ0−E0)x2 Ĥ1

∫ 0

−∞

dx3 e
(n−2)εx3e

i
~
(Ĥ0−E0)x3 Ĥ1 × · · ·

· · · Ĥ1

∫ 0

−∞

dxn e
εxne

i
~
(Ĥ0−E0)xn Ĥ1|ψi〉 (4 .6 5 )

All the integrals now explicitly factor, and they can immediately be done

just as before with the result

Û (n)
ε (0,−∞)|ψi〉 =

1

E0 − Ĥ0 + inε
Ĥ1

1

E0 − Ĥ0 + i(n− 1)ε
Ĥ1 · · ·

· · ·
1

E0 − Ĥ0 + iε
Ĥ1|ψi〉 (4 .6 6 )

Again, we are interested in the limit as ε → 0. E ach of the in̄ε in the

denominators, where n̄ = (1, 2, · · · , n), simply serves to define how one

treats the singularity in the individual Green’s functions.15 Hence, we can

simply replace them all by iε in the limit. T hus we indeed reproduce the

previously employed expression in E q. (4 .5 6 )

|ψ
(+)
i 〉 = Ûε(0,−∞)|ψi〉

=

∞
∑

n=0

(

1

E0 − Ĥ0 + iε
Ĥ1

)n

|ψi〉 ; scattering state (4 .6 7 )

Again, by separating out the first term in the second line, and then re-

15T hey serve to define a contou r in the evalu ation of the Green’s fu nctions (see later).
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identifying the series for |ψ
(+)
i 〉, this can be rewritten as an integral equation

|ψ
(+)
i 〉 = |ψi〉+

1

E0 − Ĥ0 + iε
Ĥ1|ψ

(+)
i 〉 (4 .6 8 )

and the integral equation has a meaning, even when the power series solu-

tion to it does not.

L et us also consider the fully interacting state |ψ
(−)
f 〉 ≡ |Ψf

I (0)〉 that as

t→ +∞ reduces to the state |ψf 〉, so that |ψ
(−)
f 〉 = Ûε(0,+∞)|ψf 〉. If we go

back to E q. (4 .19 ), and go through the arguments leading from E q. (4 .6 4 )

to (4 .6 7 ), we see that the only changes are the replacements E0 → Ef and

ε→ −ε (see P rob. 4 .3 ). T hus

|ψ
(−)
f 〉 ≡ Ûε(0,+∞)|ψf 〉

=

∞
∑

n=0

(

1

Ef − Ĥ0 − iε
Ĥ1

)n

|ψf 〉 ; scattering state (4 .6 9 )

T his can again be written as an integral equation, which has meaning even

when the power series solution for it does not

|ψ
(−)
f 〉 = |ψf 〉+

1

Ef − Ĥ0 − iε
Ĥ1|ψ

(−)
f 〉 (4 .7 0)

T he state |ψ(+)〉 is known as the outgoing scattering state, and |ψ(−)〉 as

the incoming scattering state.16

T here are some important properties of these scattering states that fol-

low immediately:

(1) T he unitarity of the Ûε operator implies that

〈ψ
(+)
i′ |ψ

(+)
i 〉 = 〈ψi′ |Ûε(0,−∞)†Ûε(0,−∞)|ψi〉 = 〈ψi′ |ψi〉 = δi′i (4 .7 1)

Similarly17

〈ψ
(−)
f ′ |ψ

(−)
f 〉 = δf ′f (4 .7 2)

16T he Green’s fu nction in the former case has ou tgoing scattered w aves, w hile in the
latter case they are incoming [compare E q . (4.1 07 ) and P rob. 4.9].

17T he completeness relation can also be w ritten
∑

f |ψ
(−)
f

〉〈ψ
(−)
f

| +
∑

b n d sta te s

|ψb〉〈ψb| = 1̂ .
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(2) F urthermore, from E q. (4 .21) and the group property of Ûε, it follows

that

〈ψ
(−)
f |ψ

(+)
i 〉 = 〈ψf |Ûε(0,+∞)†Ûε(0,−∞)|ψi〉

= 〈ψf |Ûε(+∞, 0)Ûε(0,−∞)|ψi〉

= 〈ψf |Ûε(+∞,−∞)|ψi〉 (4 .7 3 )

T hus the inner product of |ψ
(−)
f 〉 and |ψ

(+)
i 〉 is just the S-matrix!

〈ψ
(−)
f |ψ

(+)
i 〉 = 〈ψf |Ŝ|ψi〉 ; S-matrix (4 .7 4 )

(3 ) Since taking the adjoint merely reverses the order of the operators and

changes the sign of the iε, the T -matrix in E q. (4 .5 5 ) can also be written

in the case Ef = E0 as

〈ψf |T̂ |ψi〉 = 〈ψf |Ĥ1

∞
∑

n=0

(

1

E0 − Ĥ0 + iε
Ĥ1

)n

|ψi〉

= 〈ψf |

[

∞
∑

n=0

(

1

E0 − Ĥ0 − iε
Ĥ1

)n
]†

Ĥ1|ψi〉

= 〈ψ
(−)
f |Ĥ1|ψi〉 ; Ef = E0 (4 .7 5 )

(4 ) T hus, in summary, in addition to the explicit power-series expansions

in E qs. (4 .5 3 ) and (4 .5 5 ), we have expressions for the S-matrix and

T -matrix in terms of the incoming and outgoing scattering states that

are more general than the power-series solutions through which they

were derived

〈ψf |Ŝ|ψi〉 = 〈ψ
(−)
f |ψ

(+)
i 〉 ; S-matrix

= 〈ψf |ψi〉 − 2πiδ(Ef − E0)〈ψf |T̂ |ψi〉

〈ψf |T̂ |ψi〉 = 〈ψf |Ĥ1|ψ
(+)
i 〉 = 〈ψ

(−)
f |Ĥ1|ψi〉 ; T -matrix (4 .7 6 )

4.8 T ransition R ate

We now calculate the transition rate directly, in the presence of the adia-

batic switching. T he derivation is from [Gell-M ann and Goldberger (19 5 3 )],

in their classic paper on scattering theory. T he only subtlety in the cal-

culation is identifying those expressions that are well-defined in the limit

ε→ 0, and knowing when to take that limit. T his takes a little experience.
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T he Schrödinger state vector at the finite time t for a system that started

as |ψi〉 at t→ −∞ is

|Ψi(t)〉 = e−
i
~

Ĥt|Ψi(0)〉 = e−
i
~

ĤtÛε(0,−∞)|ψi〉 = e−
i
~

Ĥt|ψ
(+)
i 〉 (4 .7 7 )

T he states that one observes experimentally in scattering, decays, etc. are

the free-particle states

|Φf (t)〉 = e−
i
~

Ef t|ψf 〉 (4 .7 8 )

F rom the general principles of quantum mechanics, the probability of

finding the system in the state |Φf (t)〉 at the time t, if it started in |ψi〉 at

t→ −∞, is then

Pfi(t) = |〈Φf (t)|Ψi(t)〉|
2 ≡ |Mfi(t)|

2 (4 .7 9 )

T his is the probability of having made a transition to the state |Φf (t)〉 at

the time t. T he transition rate is the time derivative of this quantity

ωfi =
d

dt
Pfi(t) = M?

fi(t)
d

dt
Mfi(t) + c.c. (4 .8 0)

We will show that this transition rate is independent of time for times such

that |t| � 1/ε. In the end, we will again let Ω → ∞, and ε → 0, where Ω

is the quantization volume. L et us proceed to calculate the transition rate.

F rom E qs. (4 .7 7 )– (4 .7 9 ) one has

Mfi(t) = 〈Φf (t)|Ψi(t)〉

= 〈ψf |e
i
~

Ef te−
i
~

Ĥt|ψ
(+)
i 〉 (4 .8 1)

T his relation may be diff erentiated with respect to time to give

d

dt
Mfi(t) = −

i

~
〈ψf |(Ĥ − Ef )e

i
~

Ef te−
i
~

Ĥt|ψ
(+)
i 〉 (4 .8 2)

T he observation that (Ĥ −Ef )|ψf 〉 = (Ĥ0 + Ĥ1 −Ef )|ψf 〉 = Ĥ1|ψf 〉 gives

d

dt
Mfi(t) = −

i

~
e

i
~

Ef t〈ψf |Ĥ1 e
− i

~
Ĥt|ψ

(+)
i 〉 (4 .8 3 )

N ow E q. (4 .5 8 ) states that in the above limit

(E0 − Ĥ)|ψ
(+)
i 〉 = 0 ; Ω→∞

ε→ 0 (4 .8 4 )
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U se of this relation in E qs. (4 .8 3 ) and (4 .8 1) then gives

d

dt
Mfi(t) = −

i

~
e

i
~
(Ef−E0)t〈ψf |Ĥ1|ψ

(+)
i 〉

Mfi(t) = e
i
~
(Ef−E0)t〈ψf |ψ

(+)
i 〉 (4 .8 5 )

Substitution of these relations into E q. (4 .8 0) then expresses the tran-

sition rate as

ωfi =
2

~
Im 〈ψf |Ĥ1|ψ

(+)
i 〉〈ψf |ψ

(+)
i 〉? (4 .8 6 )

T his expression now has the following properties:

• It is independent of time;

• It is well-defined in the limit Ω →∞, ε→ 0.18

F rom our previous analysis in E qs. (4 .7 6 ) and (4 .6 8 ), we have

〈ψf |Ĥ1|ψ
(+)
i 〉 = 〈ψf |T̂ |ψi〉 = T̃fi

|ψ
(+)
i 〉 = |ψi〉+

1

E0 − Ĥ0 + iε
Ĥ1|ψ

(+)
i 〉 (4 .8 7 )

T he inner product of the second relation with |ψf 〉 gives

〈ψf |ψ
(+)
i 〉 = 〈ψf |ψi〉+

1

E0 − Ef + iε
T̃fi (4 .8 8 )

Substitution of this relation and the first of E qs. (4 .8 7 ) into E q. (4 .8 6 ) then

gives

ωfi =
2

~
δfi Im T̃ii +

2

~
Im

1

E0 − Ef − iε
|T̃fi|

2 (4 .8 9 )

F inally, we make use of the relation

1

E0 − Ef − iε
= P

1

E0 − Ef
+ iπδ(E0 − Ef ) (4 .9 0)

Here P denotes the C auchy principal value, defined by deleting an infinites-

imal symmetric region of integration through the singularity, and then let-

ting the size of that region go to zero. E quation (4 .9 0) is a statement on

18H ere w e w ill simply ju stify this observation a posteriori, throu gh the many applica-
tions of the final expression. N ote that by tak ing this limit too early in the derivation,
one can arrive at spu riou s resu lts [for example, try su bstitu ting the second of E q s. (4.8 5 )
into E q . (4.7 9)].
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contour integration; it is derived in P rob. B .4 . With the use of this relation,

E qs. (4 .8 9 ) and (4 .7 6 ) become

ωfi =
2

~
δfi Im T̃ii +

2π

~
δ(E0 − Ef )|T̃fi|

2 ; transition rate

Sfi = δfi − 2πiδ(E0 − Ef )T̃fi ; S-matrix (4 .9 1)

T hese expressions are exact. T hey are the results quoted in E qs. (4 .4 6 ) and

used extensively in Vol. I.

4.9 U nitarity

T he first term on the r.h.s. of ωfi in E q. (4 .9 1) only contributes if f = i;

it is there to take into account the depletion of the initial state. R eturn to

E q. (4 .7 9 ). With the completeness of the states |Φf (t)〉, and the normal-

ization of the state |Ψi(t)〉, a sum over all final states gives19

∑

f

Pfi(t) =
∑

f

〈Ψi(t)|Φf (t)〉〈Φf (t)|Ψi(t)〉

= 〈Ψi(t)|Ψi(t)〉 = 1 (4 .9 2)

T his is the statement of conservation of probability— the initial state must

end up somewhere. T he time derivative of this sum then vanishes

d

dt

∑

f

Pfi(t) =
∑

f

d

dt
Pfi(t) =

∑

f

ωfi = 0 (4 .9 3 )

Here the transition rate has been identified from E q. (4 .8 0). A substitution

of the expression for the transition rate in E q. (4 .9 1) into this relation then

gives

−
2

~
Im T̃ii =

∑

f

2π

~
δ(Ef − E0)|T̃fi|

2 ; unitarity (4 .9 4 )

T his relation for the imaginary part of the elastic T -matrix, refl ecting con-

servation of probability and depletion of the initial state, is known as uni-

tarity.

19T his su m now inclu des the state f = i; the reader shou ld note that there is no su m
over the repeated index i implied in E q s. (4.91 ) and (4.94).
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4.10 E xam ple: Potential S cattering

T o see one practical application of the preceding scattering theory, con-

sider the elastic scattering of a non-relativistic particle of mass m from a

spherically symmetric potential Ĥ1 = V (|x̂|) in three dimensions. F irst we

calculate the Green’s function, or propagator.

4.10 .1 Green’s Function (Propagator)

T he Green’s function in this case is defined by the following matrix element

taken between eigenstates of position

G0(x− y) = 〈x|
1

Ĥ0 − E0 − iε
|y〉 ; Green′s function (4 .9 5 )

Here

Ĥ0 =
p̂2

2m
; E0 ≡

~
2k2

2m
(4.96)

As usual, we start in a big cubical box of volume Ω where the eigenstates

of momentum are plane waves satisfying periodic boundary conditions

p̂ |t〉 = ~t |t〉

〈x|t〉 = φt(x) =
1√
Ω
eit·x ; p.b.c. (4.97 )

T he eigenstates of momentum satisfy the completeness relation
∑

t

|t〉〈t| = 1̂ (4.98 )

Insert this expression in E q . (4.95 ), and use E q s. (4.96) and (4.97 )

G0(x− y) =
2m

~2

∑

t

〈x|t〉 1

t2 − k2 − iε〈t|y〉

=
2m

~2

1

Ω

∑

t

eit·(x−y) 1

t2 − k2 − iε (4.99)

W e have redefi ned (2m/~2)ε→ ε in this expression.

N ow tak e the limit as the volume Ω → ∞ , in which case the sum over

states becomes an integral, in the familiar fashion,
∑

t → Ω(2π)−3
∫

d3t.

In this limit

G0(x− y) =
2m

~2

1

(2π)3

∫

d3t eit·(x−y) 1

t2 − k2 − iε (4.10 0 )
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It remains to do this integral. T ak e r ≡ x − y to defi ne the z-axis. T hen

t · (x − y) = tr cos θ and d3t = t2dt dφ sin θ dθ. T he angular integrations

are then immediately performed

∫ 2π

0

dφ

∫ π

0

sin θ dθ eitr c o s θ = 2π

∫ 1

−1

dx eitr x = 4π
sin tr

tr
(4.10 1)

W e are left with

G0(x − y) =
2m

~2

4π

(2π)3
1

r

∫ ∞

0

tdt sin tr
1

t2 − k2 − iε (4.10 2)

N ow write the integral as
∫ ∞

0

tdt sin tr · · · =
∫ ∞

0

tdt
1

2i
(eitr − e−itr ) · · ·

=
1

2i

∫ ∞

−∞

tdt eitr · · · (4.10 3 )

H ere we have simple changed variables t → −t in the second term, and

combined it with the fi rst (the rest of the integrand is a function of t2).

T he req uired integral is then reduced to

G0(x− y) =
2m

~2

4π

(2π)3
1

2ir

∫ ∞

−∞

tdt eitr 1

t2 − k2 − iε ; r ≡ x− y (4.10 4)

where the integral now runs along the entire real t-axis. T here is suffi cient

convergence in the integrand that closing the contour with a semi-circle in

the upper-1/ 2 t-plane mak es a vanishing contribution to the integral in the

limit as the radius R of that semi-circle becomes infi nite.20 T hus the free

G reen’s function has been reduced to a contour integral where the contour

C is that illustrated in F ig. 4.1.

T he integral is then evaluated using the complex-variable techniq ues

summarized in appendix B . T he integrand is an analytic function of t except

at the poles where the denominator vanishes. T hat denominator can be

rewritten as

1

t2 − k2 − iε =
1

(t− k − iε)(t+ k + iε)
(4.10 5 )

where we have again redefi ned ε→ 2kε (here k > 0 ), and neglected O(ε2).

T he integrand thus has simple poles at t = k+ iε and t = −k− iε, only the

fi rst of which lies inside C.

20S e e P ro b . 4 .4 .
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k+i

C

t

-k- i

R

- p la n e

F ig . 4 .1 C o n to u r fo r th e e v a lu a tio n o f th e G re e n ’s fu n c tio n G0(x − y) in th e c o m p le x
t-p la n e , to g e th e r w ith th e sin g u la rity stru c tu re a rriv e d a t w ith a d ia b a tic d a m p in g . H e re
R →∞.

T he integral is then given by 2πi× (residue at k). T hus

G0(x− y) =
2m

~2

4π

(2π)3
1

2ir
2πi

(

eik r

2

)

(4.10 6)

H ence we arrive at our fi nal result for the free G reen’s function in potential

scattering

G0(x− y) =
2m

~2

eik r

4πr
; r ≡ x− y (4.10 7 )

T his is recognized as the familiar G reen’s function for the scalar H elmholtz

eq uation (see [F etter and W aleck a (20 0 3 )]).

4 .1 0 .2 Scattering Wave Function

T he scattering state |ψ(+ )
i 〉 can be similarly projected onto eigenstates of

position. W ith the use of the completeness relation for these eigenstates,

and the defi nition of the G reen’s function in E q . (4.95 ), one has21

〈x|ψ(+ )
i 〉 = 〈x|ψi〉 −

∫

d3y 〈x| 1

Ĥ0 − E0 − iε
|y〉V (y) 〈y|ψ(+ )

i 〉 (4.10 8 )

W ith the defi nition 〈x|ψ(+ )
i 〉 ≡ ψ

(+ )
i (x)/

√
Ω, this becomes an integral eq ua-

tion for the scattering wave function

〈x|ψ(+ )
i 〉 ≡ 1√

Ω
ψ

(+ )
i (x)

ψ
(+ )
i (x) = eik·x −

∫

d3y G0(x− y)V (y)ψ
(+ )
i (y) (4.10 9)

21 W e h a v e u se d V (|x̂|) |y〉 = V (y) |y〉 w h e re y ≡ |y|; n o te th e sig n o f th e se c o n d te rm .
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4 .1 0 .3 T -m atrix

T he T -matrix can also be expressed in the coordinate representation as

T̃fi =

∫

d3y 〈kf |y〉V (y) 〈y|ψ(+ )
i 〉 (4.110 )

where the fi nal state is now written explicitly as an eigenstate of momentum

|ψf 〉 ≡ |kf 〉. W ith the introduction of the corresponding wave functions,

one has

T̃fi =
1

Ω

∫

d3y e−ikf ·y V (y)ψ
(+ )
i (y) (4.111)

4 .1 0 .4 C ross Section

T he diff erential cross section follows from the transition rate according to

E q . (4.45 )

dσ =
2π

~
δ(Ef − E0)|T̃fi|2

dn f

Iin c
(4.112)

In this expression:

(1) T he incident wave function is ψi(x) = eik·x/
√

Ω. T his yields an inci-

dent probability fl ux of

Iin c =
1

Ω

~k

m
(4.113 )

(2) T he number of fi nal states in a big box with periodic boundary condi-

tions is

dn f =
Ω

(2π)3
d3kf =

Ω

(2π)3
k2

fdkf dΩf (4.114)

(3 ) T he integral over the energy-conserving delta function gives
∫

δ(Ef − E0)k
2
fdkf =

2m

~2

kf

2
; |kf | = |k| (4.115 )

(4) A combination of the results in E q s. (4.112)– (4.115 ) gives

dσ

dΩf

=
2π

~

[

Ω

(2π)3
mk

~2

] [

Ωm

~k

]

|T̃fi|2 (4.116)

T he factors of Ω cancel, as they must, and the fi nal result for the

diff erential cross section for elastic scattering of a particle of energy



ADVANCED MODERN PHYSICS - Theoretical Foundations
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7555.html

J a n u a ry 27 , 2010 10:37 W S P C / B o o k T rim S iz e fo r 9 in x 6 in V 2ro o t

94 A d vanced M od ern P hysics

E0 = ~
2k2/2m from the potential V (|x|) tak es the form

dσ

dΩf

= |f(k,θ)|2

f(k,θ) ≡ − 1

4π

2m

~2

∫

d3y e−ikf ·y V (y)ψ
(+ )
i (y) (4.117 )

T he minus sign is conventional.

(5 ) T he scattering wave function ψ
(+ )
i (x) in this expression is the solution

to the integral eq uation

ψ
(+ )
i (x) = eik·x − 2m

~2

∫

d3y
eik |x−y|

4π|x− y| V (y)ψ
(+ )
i (y) (4.118 )

4 .1 0 .5 U nitarity

T he scattering amplitude f(k,θ) and the T -matrix are related through

E q s. (4.117 ) and (4.111), and thus

− 2

~
Im T̃ii =

4π

Ω

~

m
Im f(k, 0 ) (4.119)

T he unitarity relation in E q . (4.94) states that

− 2

~
Im T̃ii =

∑

f

2π

~
δ(Ef − E0)|T̃fi|2 (4.120 )

W ithin a factor of the incident fl ux, the r.h.s. of this relation is just the

total cross section σto t. T hus E q . (4.120 ) can be rewritten as

− 2

~
Im T̃ii = Iin c σto t =

1

Ω

~k

m
σto t (4.121)

A comparison of E q s. (4.119) and (4.121) then leads to the op tical th eorem

relating the imaginary part of the forward elastic scattering amplitude and

the total cross section22

Im f(k, 0 ) =
k

4π
σto t ; optical theorem (4.122)

T he analysis of potential scattering in this section provides the under-

lying basis for the study of scattering in q uantum mechanics, as presented,

for example, in [S chiff (1968 )].23

22S o fa r, th e re is o n ly e la stic sc a tte rin g in th is p o te n tia l m o d e l, b u t th e o p tic a l th e o re m
is m o re g e n e ra l a n d h o ld s in th e p re se n c e o f a d d itio n a l in e la stic p ro c e sse s.

23 P ro b le m s 1.1– 1.5 in [W a le ck a (2 0 0 4 )] ta k e th e re a d e r th ro u g h th e e sse n tia ls o f th e
p a rtia l-w a v e a n a ly sis o f th e sc a tte rin g p ro b le m .


