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Chapter 3

Atomic Hydrogen

‘The two most common things in the Universe

are Hydrogen and Stupidity.’

– Harlan Ellison (1934)

3.1 Overview

Spectra of atomic hydrogen, H, are of paramount astronomical impor-

tance. This is because approximately 90% of atomic matter by number is

hydrogen. This occurs in a variety of forms: H+ or protons, H atoms, H2

molecules and indeed the molecular ions H+
2 and H+

3 . The spectral lines

of hydrogen are prominent in a great variety of astronomical objects and

are much studied. All aspects of hydrogen spectroscopy therefore need to

be considered in detail.

The spectrum of atomic hydrogen also plays an important role in the

theory of quantum mechanics. Hydrogen is the simplest atom, comprising

a single electron and a proton. It is the only atom for which exact quantum

mechanical solutions can be found for its energy levels and wavefunctions.

These solutions will be used extensively here but will not be derived. Such

derivations are a standard part of most introductory courses in quantum

physics [see Rae (2002) in further reading].

3.2 The Schrödinger Equation of Hydrogen-Like Atoms

Any atom comprising a single electron orbiting a nucleus of charge Z can

be described as hydrogen-like. The Hamiltonian operator for this system

17
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can be written

Ĥ =
−~2

2µ
∇2 −

Ze2

4πε0r
, (3.1)

where r is a vector, of length r, linking the electron to the nucleus. This

Hamiltonian comprises two terms. The fi rst term, given by the L aplacian

operator, is the kinetic energy operator for the electron. The second term

is the potential energy term, in this case the C oulomb attraction between

the electron, charge −e, and the nucleus, charge +Ze.

The Hamiltonian (3.1) contains a number of constants. It is often given

in terms of atomic units, which scale the dimensions of the problem to the

atomic scale. In atomic units (see Sec. 3.4 for details), the charge on an

electron e, the mass of an electron me, ~ = h

2π
and 4πε0 all equal one. This

simplifi es the Hamiltonian to:

Ĥ = −
1

2µ
∇2 −

Z

r
. (3.2)

In general the Schrödinger equation for a system of energy E and with

wavefunction ψ is written

Ĥψ = Eψ . (3.3)

F or the particular case of the hydrogen-like atom in atomic units, the ex-

plicit form of the Schrödinger equation is therefore
[

−
1

2µ
∇2 −

Z

r
− E

]

ψ(r) = 0 . (3.4)

3.3 R educed M ass

The hydrogen atom is actually a two-particle problem, concerning the mo-

tion of an electron of mass me and a nucleus of mass M . To solve for the

internal motion of this system it is necessary to rewrite the equations-of-

motion of the system into one equation representing the overall translation

of the whole system, with mass M +me, in space, and a second equation

representing the internal motions. The Schrödinger equation (3.4) is the

quantum mechanical equation representing this internal motion of the hy-

drogen atom once the equations governing the translational motion of the

whole system through space have been separated. In this Schrödinger

equation, the effective mass of the reduced system is denoted µ and is

known as the red u ced mass.
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F or a system with two particles of mass m1 and m2,

µ =
m1m2

m1 +m2

. (3.5 )

C learly, if m = m1 = m2, then µ = m

2
.

F or the case of the hydrogen-like atom,

µ =
meM

M +me

. (3.6 )

In the limit of an infi nite nuclear mass, i.e. M = ∞, µ = me. In practice,

M is very much bigger than me. F or example, for H itself, M is about

18 36 me. Under these circumstances the reduced mass is very close to me.

However, as discussed in Secs. 3.7 and 3.11, the small shift implied by a

correct treatment of the reduced mass is important for astronomical obser-

vations as it means that hydrogen and deuterium give distinct spectra that

can be distinguished at moderate resolution.

3.4 Atomic U nits

Atomic units provide a complete integrated unit system in the manner

of SI units but with quantities scaled to the dimensions of the atom. In

atomic units:

Unit of mass is the electron mass, me = 1.6605402× 10−27 kg,

Unit of electric charge is the electron charge, e = 1.602188× 10−19 C ,

Unit of length, the B ohr radius a0 = 4πε0~
2

me2
= 5.29177249× 10−11 m,

P lanck’s constant divided by 2π, ~ = 1 a.u. = 1.05457× 10−34 J · s,

Similarly 4πε0 = 1.

In this unit system, the atomic unit of energy is known as the Hartree and

is denoted Eh. 1Eh = 2R∞ = 27.2113661 eV = 4.3597482 × 10−18 J,

where R∞ is the Rydberg constant (see Sec. 3.7). The atomic unit of time

is 2.41884× 10−17 s and the speed of light c is 137.035 99 a.u.

Atomic units are often denoted a.u. and must be carefully distin-

guished from the somewhat larger Astronomical Unit, AU, or indeed the

less well-defi ned ‘arbitrary units’.
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3.5 W avefunctions for Hydrogen

The Schrödinger equation (3.4) can be solved analytically by working in

spherical polar coordinates, i.e. r = (r, θ, φ). In these coordinates the

wavefunction is separable into radial and angular solutions

ψ(r, θ, φ) = Rnl(r)Ylm(θ, φ) . (3.7)

The radial solutions, Rnl, can be expressed analytically in terms of L a-

guerre polynomials [see Rae (2002) in further reading]. F igure 3.1 shows

both the wavefunctions and the probability distribution of the lowest few
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F ig. 3.1 W avefunctions (left) and probability distribution (rig h t) for the radial coordinate of
the hydrogen atom. (T.S. M onteiro, private communication.)
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F ig. 3.2 W avefunctions for the angular motions of the hydrogen atom which are given in
terms of spherical harmonics, Yl, m(θ, φ). P lots are for the x–z plane except for the l =
2, m = 2 plot for which the x–y plane is shown. The plots give the absolute value of the
spherical harmonic as a distance from the origin for each angle; the signs indicate the sign of
the wavefunction in each region. (S.A. M organ, private communication.)

radial solutions. An important feature of these wavefunctions is the nodes

which are the points where the wavefunctions pass through z ero.

The angular solutions for the hydrogen atoms, Ylm, are called sph erical

h armonics. These functions are complex for m 6= 0. F igure 3.2 depicts the

fi rst few of these spherical harmonics. Readers familiar with chemistry

will recognise these shapes as the s, p and d orbitals used to represent

atomic structure and chemical bonds.

3.6 Energy Levels and Q uantum N umb ers

F or bound states, the solutions of the Schrödinger equation (3.4) occur

with discrete energies given by the formula

En = −
µZ2e4

8h2ε20

1

n2
= −R

Z2

n2
, (3.8 )

where the z ero of energy is taken to be a completely separated electron

and nucleus with z ero kinetic energy. The constant R in Eq. (3.8 ) is the

R yd b erg constant discussed in the next section.
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Each bound state of the H atom is usually characterised by a set of four

quantum numbers (n, l, m, sz). Each of these is defi ned below, along with

a fi fth quantum number s.

n is the principal quantum number. It takes the values n =

1, 2, 3, . . . ,∞. n determines the energy of the atom according to

Eq. (3.8 ).

l is the electron orbital angular momentum quantum number. The ac-

tual angular moment is given by ~[l(l + 1)]
1

2 . l can take the values

0, 1, 2, . . . , n− 1. B y convention, the values of l are usually designated

by letters (see Table 3.1).

m is the magnetic quantum number, so called because it determines the

behaviour of the energy levels in the presence of a magnetic fi eld. m~

is the projection of the electron orbital angular momentum, given by l,

along the z-axis of the system. It can take (2l + 1) values −l, −l +

1, . . . , 0, . . . , l − 1, l.

s is the electron spin quantum number. The electron spin angular mo-

mentum is given by ~[s(s + 1)]
1

2 which, for a one-electron system,

equals
√
3

2
~, since an electron always has spin one-half.

sz gives the projection of the electron spin angular momentum, given by

s, along the z-axis of the system. This projection is actually ~sz . In

general, sz can take (2s + 1) values given by −s, −s + 1, . . . , s − 1, s.

F or a one-electron system, this means sz can take one of two values:

− 1

2
or + 1

2
.

The simplest notations for the various states of H is to denote each state

by its nl quantum numbers. Thus the ground state is denoted 1s; the fi rst

excited states are 2s and 2p; the n = 3 states are 3s, 3p and 3d. (See F ig. 3.3.)

These notations leave the m and sz quantum numbers unspecifi ed since

these quantum numbers are really only signifi cant for H in the presence

of an external fi eld. This means that each nl confi guration is 2(2l+ 1)-fold

degenerate. Such confi gurations are used to build up basic atomic struc-

Table 3.1 L etter designations for orbital angu-
lar momentum quantum number l.

0 1 2 3 4 5 6 7 8 . . .
s p d f g h i k l . . .
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F ig. 3.3 Schematic energy levels of the hydrogen atom with various spectral series identi-
fi ed; vertical numbers are wavelengths in Å. [Adapted from P .W . M errill, L ines of th e C h emical
E lements in Astronomical Spectra (C arnegie Institute of W ashington P ublications, 195 6 ).]

ture (see Sec. 4.4). M ore complete and complicated spectroscopic notations

used to denote states of H and other atoms are discussed in Sec. 4.8 .

3.7 H-Atom D iscrete Spectra

The spectrum of the hydrogen atom comes from electrons jumping be-

tween different levels in the atom. G iven that the energy levels depend

only on the quantum number n, this means that the electronic spectrum

of the H atom comes from changes in n. The wavelengths, λ, for these

transitions are given by the Rydberg formula:

1

λ
=

1

hc
(En1

− En2
) = RH

(

1

n2
1

−
1

n2
2

)

, n1 < n2 . (3.9)

This formula was constructed by the Swedish physicist Johannes Rydberg

(18 5 4–1919) to model the experimental observations of B almer and others.
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O f course, the formula agrees perfectly with the energy differences that

one obtains using the quantum mechanical expression for the energy

levels given in Eq. (3.8 ). In this expression,R is the Rydberg constant. This

constant takes slightly different values for different H-like atoms since

it incorporates the reduced mass µ (see Sec. 3.3). F or hydrogen itself,

RH is particularly well-determined experimentally; it takes the value

1096 77.5 8 1 cm−1.

The Rydberg constant for a system of infi nite nuclear mass is denoted

by R∞ and is related to RH by

RH =
µ

me

R∞ =

(

MH

MH +me

)

R∞ , (3.10)

where R∞ = 109737.31 cm−1. Rydberg constants for other species such as

deuterium, can be derived using the formula above with the appropriate

reduced mass.

The spectrum of H is divided into a number of series linking different

upper levels n2 with a single lower level n1 value. Each series is denoted

according to its n1 value and is named after its discoverer. Table 3.2 sum-

marises the six main H-atom series.

The range of each H-atom series is given by the lowest frequency tran-

sition, between the levels n1 and n2 = n1 + 1, and the series limit, which

is the transition between n1 and n2 = ∞. As discussed in Sec. 3.8 .1, the

series limit is not always observable. Table 3.2 gives the spectral region

in which each series is observed. As the B almer series lies in the visible

region, it is particularly easy to observe from Earth. As a result, B almer

lines have been particularly important in the study of H-atom spectra.

W ithin a given series, individual transitions are labelled by G reek

letters. These letters denote the change in n or ∆n. In this notation:

∆n = 1 isα,

∆n = 2 isβ,

∆n = 3 isγ,

∆n = 4 is δ,

∆n = 5 is ε.

Thus L yα is the transition between n1 = 1 and n2 = 2, and Hγ is that

between n1 = 2 and n2 = 5. G reek letters are usually only used for the

most important transitions with low ∆n. Transitions with high ∆n are

commonly labelled by the number n2. Thus, H15 is the B almer series tran-

sition between n1 = 2 and n2 = 15.
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Table 3.2 Spectral series of the H atom. Each series comprises the transitions
n2 − n1, where n1 < n2 <∞.

Range/ cm−1

n1 N ame Symbol Spectral region n2 = n1 + 1 n2 =∞

1 L yman L y ultraviolet 8 225 7 – 1096 77
2 B almer H visible 15 237 – 27427
3 P aschen P infrared 5 5 32 – 1218 6
4 B rackett B r infrared 246 8 – 6 8 5 5
5 P fund P f infrared 1340 – 438 7
6 Humphreys Hu infrared 8 08 – 3047

The wavelength of each individual transition can be predicted using

the Rydberg formula. F or example L yα lies at

1

λ
= RH

(

1−
1

4

)

=
3

4
RH = 82258.2 cm−1 , (3.11)

meaning that

λ = 1.21568× 10−5 cm = 1215.68 Å = 121.168 nm.

All hydrogen series transitions between bound states are described as

bound–bound transitions. F igures 3.4, 3.5 , 3.6 and 3.7 give sample H-atom

spectra recorded in very different astronomical environments. F igure 3.4

shows an optical spectrum of the B -type star Θ1 B O ri. Absorption by

the B almer series up to H14 (n2 = 14) is clearly visible. F igure 3.5

shows L yman series absorption in a shell of gas expanding about a hot,

W olf-Rayet star. F igure 3.6 shows higher members of the P aschen series

recorded in absorption in a spectrum from a soft X -ray transient binary

star. F igure 3.7 shows infrared emissions due to P fund and B rackett lines

recorded in the gas ejected from supernova 198 7a.

The reduced mass factor means that deuterium spectral lines are

shifted with respect to H-atom spectra. In principle, one can detect D and

H together (see F ig. 3.8 ). However, the cosmic abundance of deuterium is

about 2 × 10−5 that of hydrogen. This makes it diffi cult to measure abun-

dance ratios directly using neighbouring transitions as the H transitions

are likely to be optically thick if those of D can be observed. F igure 3.9

shows high-resolution simultaneous observations of heavily red-shifted

H and D L yα lines. These data need to be interpreted very carefully since

H absorptions with a different D oppler shift to the main peak, such as

the peak on the left of the fi gure, can be confused with absorptions by
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F ig. 3.4 Spectrum of B -type star Θ1 B O ri showing B almer series absorptions recorded at
the Anglo-Australian Telescope. (X -W . L iu, private communication.)

F ig. 3.5 Satellite spectrum recorded from shell nebula G RB 021004. The doublet structure
in the L yman series absorptions is caused by D oppler effects in the shell. [Adapted from N .
M irabel et al., Astroph ys. J . 5 9 5 , 935 (2003).]

D . This particular spectrum was taken as part of a systematic study of

the absorption of light from distant quasars which has fi rmly established

the primordal D to H ratio, one of the fundamental parameters of the B ig

B ang. It should be noted that since deuterium is heavier, its lines should

have smaller D oppler widths.
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F ig. 3.6 Spectrum soft X -ray transient (SRT) binary star G RO J16 5 5 -40 recorded with the
Anglo-Australian Telescope, showing higher members of the P aschen series. P 13, P 15 and
P 16 are blended with the C a II triplet transitions discussed in Sec. 6 .5 . [Adapted from R. Soria,
K. W u and R.W . Hunsted, Astroph ys. J . 5 39 , 445 (2000).]

F ig. 3.7 Infrared spectrum of supernova 198 7a taken using the Anglo-Australian Telescope
192 days after the initial explosion. Strong B rackett and P fund emissions from atomic hy-
drogen are clearly visible. This spectrum gave the fi rst-ever detection of the molecule H+

3

outside the solar system; its spectrum is modelled by the solid line. The structure in the spec-
trum about 3.2 µm is due to telluric effects in this region. [Analysis reported by S. M iller et
al., N atu re 35 5 , 420 (1992).]
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F ig. 3.8 L yman absorption spectrum for hydrogen and deuterium recorded using the F USE
satellite along a line of sight towards B -type star HD 1918 77. [Adapted from C .G . Hoopes et
al., Astroph ys. J . 5 8 6 , 1094 (2003).]

W orked Ex ample: H-atom Hα emission occurs at 15 237 cm−1. At what

wavenumber is the corresponding transition for the D atom?

The Rydberg formula for Hα gives:

15237 cm−1 = RH

(

1

4
−

1

9

)

. (3.12)

The Rydberg constant for deuterium, RD, is given by

RD =
µD

µH

RH , (3.13)

where µH and µD are the reduced masses of the hydrogen and deuterium

atom, respectively.

µH

µD

=
MH +me

MHme

MDme

MD +me

=
(MH +me)MD

(MD +me)MH

= 1.00027 , (3.14)

where the masses MH = 1836.1 me and MD = 3670.4 me have been

used. Using these numbers gives Hα for D as 15 233 cm−1, compared to

15 237 cm−1 for H.
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F ig. 3.9 Hubble Space Telescope spectrum of L yα absorption against quasar Q SO 1009+ 295 6
which lies at redshift z = 2.5. The continuous lines give the results of models which fi t
several L y series absorptions. The vertical lines give line centres; the three lines near 425 8 Å
are due to D ; other absorption features are all due to H. [Adapted from S. B urles and D . Tytler,
Astroph ys. J . 5 0 7 , 732 (1998 ).]

Although the Rydberg constant is known very precisely, the wave-

lengths of various transitions in hydrogen do not coincide completely with

the values predicted by the Rydberg formula. It should be noted that this

formula is only correct within certain assumptions which neglect small ef-

fects due to relativity and the fi nite siz e of the hydrogen nucleus. F or this

reason, the measured wavelengths should be used if high accuracy is de-

sired.

3.8 H-Atom Spectra in D ifferent Locations

3.8 .1 Balmer series

B almer series lines are the most studied H-atom lines since they are in the

visible. Indeed, Hα emissions at 6 5 6 3 Å can be clearly seen with the naked

eye as the red light surrounding the Sun during a total eclipse. In fact,
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Hα and Hβ lines were labelled C and F respectively in F raunhofer’s solar

spectrum (see F ig. 1.1).

Stellar envelopes are fairly high density environments. This means that

the population of the different atomic energy levels is thermal and given

by the B oltz mann distribution:

Pi =
gi

Q
exp

(

−
∆Ei

kT

)

, (3.15 )

where Pi is the population of the ith level given as the proportion of the

whole population of that atom. Pi can therefore take values between z ero,

meaning no atoms in level i, and one, meaning all the atoms are in level

i. In Eq. (3.15 ), gi is the degeneracy (statistical weight) of level i, and the

energy above the ground state is ∆Ei. Q is the partition function which

ensures that the sum over all populations is unity. k is B oltz mann’s con-

stant. W hen analysing spectra, it is useful to remember that k = 0.695

cm−1 K−1.

However the temperature, T , varies between stars, which results in

very different spectral characteristics. Since the centre of the star generates

bright radiation, spectral lines are seen in absorption. The strength of these

absorptions depends on the spectral type of the star.

Hydrogen B almer lines are strongest for A0 stars which have a tem-

perature of about 10000 K. F ew other transitions are seen in these stars.

C ooler stars have less population in the n = 2 level of H, so the B almer

line absorption diminishes. Indeed, in the coolest stars (T < 5000K),

molecules form and little atomic H remains. F or stars signifi cantly hot-

ter than 10000 K, H atoms become increasing ionised and the strength of

the B almer series drops again.

This discussion illustrates a general point. Atoms lose electrons to be-

come ions. As the environment gets hotter, the degree of ionisation in-

creases. Since this is essentially a thermal effect, for every atom, there is a

particular ionisation stage which is dominant at a particular temperature.

At this temperature, the spectral lines of this ion will be at their strongest.

F urthermore, successive ions of particular atoms have spectra quite unlike

each other; for example H ions are protons which have no spectrum at all!

F igure 3.10 shows the temperature distribution of iron ions. The Ro-

man numerals in this fi gure are used to designate ionisation stages. Thus,

F e I corresponds to neutral iron F e; F e II to singly ionised iron F e+; F e III

to F e2+, and so forth. F e X X V I denotes F e25+ which is H-like, i.e. it has

one electron. F e X X V II is a bare iron nucleus. Strictly speaking, Roman
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numerals label a spectrum, but they are often used to indicate an ion.

F or hydrogen, it is usual to talk of H I regions where H is neutral. O f-

ten, no optical H-atom spectrum is seen from these regions. C onversely, in

H II regions, the H atoms are ionised. As discussed below, H I recombina-

tion spectra are seen from H II regions.

Spectra are sensitive to pressure effects. The width of spectral lines

depends on pressure, and information on the luminosity class of a star can

be obtained by measuring these line-widths. If the pressure is low, higher

members of the B almer series can be seen (see F ig. 3.4). However, the com-

plete series is never observed in stars and the spectrum shows a discon-

tinuity known as the B almer ju mp (see F ig. 3.11). The jump occurs

at the point where continuous (bound-free) absorption switches on. The

position of the B almer discontinuity shifts to longer wavelengths at higher

pressure.

To understand why, it is necessary to consider the physical siz e of the

H atom. The approximate radius of the electron orbit in the B ohr atom, rn,

F ig. 3.10 Abundance of iron ions with different ionisation stages as a function of temper-
ature. These results are taken from the coronal model of J.M . Schull. [Adapted from A.
D algarno and D . L ayz er (eds.), Spectroscopy of Astroph ysical P lasmas (C ambridge University
P ress, 198 7).]
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is given by the formula:

rn = n2 4πε0~
2

m2
e
Z

=
n2

Z
a0 , (3.16 )

where for H(1s), r1 = 1 a0 and a0 = 0.529× 10−10 m. At high pressure, the

mean atom–atom distance will be smaller than some rn, and higher orbits

will not be found since they will be destroyed by atom–atom collisions.

W orked Ex ample: The Sun has a number density, N , of about 1017 cm−3.

W hat is the highest H-atom n level that one would expect to fi nd?

The approximate radius of an electron orbit in the H atom is:

rn = n2 × 0.529× 10−10 m.

Therefore the approximate volume of an H atom in state n is

Vn ≈
4

3
πr3n ≈

4

3
πn6 × 1.48× 10−31 m3.

O n the surface of the Sun, N ≈ 1017 cm−3 = 1023 m−3. This means that

each atom occupies a maximum volume of about 10−23 m3.

F ig. 3.11 M odel spectrum of an A5 -type star showing both the B almer and P aschen discon-
tinuities. (R.J. Sylvester, private communication.)
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Assuming that the highest n value corresponds to the maximum volume

allowed for each atom gives

4

3
πn6 × 1.48× 10−31 ≈ 10−23 ,

which gives n ≈16 as the highest level that one would expect on the Sun.

3.8 .2 L y man series

The L yman series is expected to be strong in absorption spectra of hot

stars which have signifi cant ultraviolet continuum. However, there are a

number of technical issues that need to be considered as it is not possible

to observe such ultraviolet transitions from the ground.

So far, only a few satellites with the capability of recording spectra this

far into the ultraviolet have been launched. The Hubble Space Telescope,

for example, does not possess this capability; its best region for spec-

troscopy is given by λ ≥ 1300 Å, whereas L yα lies at 1216 Å. The highly

successful International Ultraviolet Explorer (IUE) satellite, which oper-

ated for 19 years starting from 1978 , covered L yα but no higher L yman

lines. However, this situation changed with the launch of N ASA’s F USE

(F ar Ultraviolet Spectroscopic Explorer) satellite in 1999 (see F ig. 3.8 ).

F USE covers λ = 900–1200 Å at good resolution and sensitivity. F USE’s

range thus extends below the L y series limit at 912 Å.

L yman absorption comes from the H-atom ground state. It is thus

dominated by a strong interstellar component. See F ig. 3.9 for an exam-

ple. Interstellar H atoms are all in their ground states, and are thus only

sensitive to L y wavelengths. This complicates the interpretation of any

L y emission spectrum.

Spectra taken in the locality of the earth are contaminated by strong

geocoronal L yα emission (see F ig. 3.12) which is caused by sunlight re-

fl ected from H atoms that surround the earth. Such emissions are present

in IUE spectra, which were taken in geosynchronous orbit, and also some

Hubble Space Telescope spectra, for which F ig. 7.7 gives an example. F ig-

ure 10.13, which was recorded with F USE, shows the clear signature of

geocoronal L yβ emission.

L yα can be used as a probe of the Universe at earlier epochs. Q uasars

emit ultraviolet light with a quasi-continuous distribution. Absorption of

this light by H atoms via the L yα transition can be monitored with differ-

ent epochs being distinguished by their differing redshifts.
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F ig. 3.12 Schematic L yman α emission line showing geocoronal emission and, in the wings,
absorption against starlight from the interstellar medium.

F ig. 3.13 Spectrum of the high redshift Q SO Q 1422+ 231, obtained with the High Resolution
Echelle Spectrograph on the Keck telescope in Hawaii showing numerous L yα absorptions
by the intervening interstellar medium. These absorptions are known collectively as the L yα
forest. (M . P ettini, private communication.)

F igure 3.13 shows a high-resolution spectrum of a high redshift quasar.

The strong and broad L yman α emission line is observed at a wavelength

of 5 6 22 Å, indicating that the quasar is at a redshift z = 3.625. The spec-

trum of the quasar at shorter wavelengths is eaten away by a great num-

ber of narrow absorption lines. M ost of these are single L yα lines formed

in gas located between the quasar and us; they therefore appear at many
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discrete redshifts between z = 3.625 and 0. These absorption lines are col-

lectively known as the L yman α forest. They are a powerful probe of phys-

ical conditions in galaxies and the intergalactic medium at early times in

the evolution of the universe.

3.8 .3 I n frared lin es

The H-atom series higher than B almer absorb and emit in the infrared.

These can be seen in a number of locations. F or example, F ig. 3.7 shows the

spectrum of the outer expanding shell of supernova 198 7a taken 192 days

after the initial supernova explosion. This spectrum was used to report the

discovery of the H+
3 molecular ion in the expanding gas, however it also

shows strong B rα emission and several P fund series lines.

3.9 H-Atom Continuum Spectra

3.9 .1 P ro c esses

The continuum of a proton and an electron is not quantised. Therefore an

H atom in its 1s state can be ionised by any photon with λ < 912 Å, i.e.

beyond the L yman series limit.

H(1s) + hν → H+ + e− . (3.17)

This process is called ph otoionisation; it is a bound-free transition. Similarly,

the B almer continuum is observed for λ < 3646 Å (see F ig. 3.11). The

probability of photoionisation is greatest when near threshold and drops

away as λ decreases. See F ig. 3.14 which illustrates bound–bound and

bound–free (photoionisation) spectra for B almer lines absorbing against

the black body radiation curve of a star.

The reverse process,

H+ + e− → H(nl) + hν , (3.18 )

is called rad iativ e recomb ination; it is a free–bound transition. The probabil-

ity that an electron will emit a photon as it passes the proton is low, so this

is a very unlikely process. However, the chances increase if the electron is

travelling slowly, i.e. near threshold.

Radiative recombination is essential, if ineffi cient, for cooling. F or ex-

ample the recombination era, which started about 300000 years after the

B ig B ang and lasted for about 1 million years, was the period in which
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Balmer series absorption lines

Balmer series limit

Blackbody spectrum

f (λ)

λ365 nm

Balmer continuum

F ig. 3.14 Schematic stellar spectrum showing the hydrogen B almer lines and continuum.
There is a large departure from a black body spectrum at ultraviolet wavelengths below the
B almer series limit.

neutral H and He formed in the early Universe. This is the earliest epoch

of our Universe for which it is theoretically possible to record spectra.

3.9 .2 H - at o m emissio n in H I I reg io n s

F igure 3.15 shows many higher B almer lines recorded in O rion. These

emissions come from H II regions — ionised regions around hot stars where

there are strong ultraviolet fl uxes and gases with temperatures of about

10000 K. Under these conditions any H atom will be rapidly photoionised.

Although the recombination of an electron and a proton to produce

an H atom is an ineffi cient process, it still happens continually in H II re-

gions. This produces continuum emissions and a small proportion of neu-

tral H atoms. Typically, about 1% of the protons are in the form of neu-

tral atomic H. Recombination can occur at different levels of the atom. If

the atom is formed in an excited level, it can decay by a series of emis-

sion lines (see F ig. 3.16 ). Since the emission lines follow in a series, the

process is sometimes referred to as a cascad e. D ifferent routes are possi-

ble and which is preferred depends on the relative values of the different

Einstein A coeffi cients. The ratio of the A coeffi cients, which determine the

relative importance of the competing pathways, are known as b ranch ing

ratios.

H-atom lines from H II regions occur as a result of recombination from

the continuum. They are called recomb ination lines.



December 21, 2010 8:41 World Scientific Book - 9in x 6in book

Atomic H yd rog en 37

F ig. 3.15 Spectrum of the O rion nebula (M 42) recorded using the ESO 1.5 2 m telescope in

C hile. The vertical scale gives the observed fl ux in units of 10−16 ergs · cm −2
· s−1

· Å
−1
·

arcsec−2. Also shown are are polynomial fi ts to the continuum bluewards and redwards of
the B almer jump at 36 46 Å. These can be used to determine the temperature of the nebula.
[Adapted from X .-W . L iu et al., Astroph ys. J . 4 5 0 , L 5 9 (1995 ).]

F ig. 3.16 Recombination spectra start with the emission of a continuum photon followed by
a cascade of emission lines known as recomb ination lines.

C ollisional excitation of H in lower energy levels is not important in

H II regions — a ground state atom is much more likely to be photoionised.

P opulations of different levels are therefore determined by radiative pro-

cesses and not a B oltz mann distribution.

Recombination and collisional excitation thus form competing mech-

anisms for driving emission spectra. In H II regions, the most common

situation is that while the H-atom spectra are dominated by recombination

lines, the spectra of the other atomic species present are driven by colli-

sional excitation. This means that by careful study of both types of emission

spectra, one can obtain a measure of both the density and the temperature

of the nebula, as well as the strength of the radiation fi eld which drives
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Table 3.3 W avelengths, λ, and Einstein A coeffi -
cients for some typical radio frequency hydrogen
atom transitions.

H5 0α H5 0β H5 0γ H15 0α

λ 5 .9 mm 3.0 mm 2.1 mm 15 .5 cm
A/ s−1 18 9.4 6 .1 0.008

the ionisation process. This means that by studying spectra one can get

information on both the nebula and the central star that powers it.

3.10 R adio R ecomb ination Lines

As discussed in Sec. 3.8 .1, the B almer series is truncated in the atmo-

spheres of stars by pressure effects. This means that the long wavelength

transitions between higher levels cannot be observed. D ensities in plan-

etary nebulae are much lower, about 103−104 cm−3, compared to about

1017 cm−3 at the Sun’s surface region, or about 1019 cm−3 in the Earth’s

atmosphere at sea level. At very low densities, bound states with large n

can exist. The B ohr radius for an H atom with n = 137 is approximately

1µm, meaning that atoms in this state can only survive at densities signif-

icantly less than 1012 particles · cm−3.

Recombination lines, transitions between neighbouring high values of

n, can be detected at radio wavelengths. These transitions are labelled

using a high n version of the series notation described in Sec. 3.7.

Transitionsn← n+ 1 are called ‘Hnα’,

Transitionsn← n+ 2 are called ‘Hnβ’,

and so forth. It should be noted that ‘H’ here stands for hydrogen and

not B almer. The transition to state n is strongest when ∆n = 1, i.e. the

Hnα transition (see F ig. 3.17). Table 3.3 gives wavelengths and lifetimes

for some radio-frequency transitions.

Transitions with very high n have been observed, such as H76 6 α,

where the siz e of the H atom involved approaches 0.1 mm. C ertain lines

are observed more than others. F or example, the transitions H109α and

H137β both have wavelengths near 6 cm and can be observed at the same

time. The H16 6 α line is near 21 cm, where many detectors are available for

observing the so-called 2 1 cm transition (see Sec. 3.14).
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F ig. 3.17 M illimeter wavelength hydrogen radio recombination lines observed toward the
very luminous, peculiar star η C arinae using the SEST telescope. N ote that the intensity is
given by the antennae temperature, TA, which is conventional in radio astronomy. [Repro-

duced from P . C ox et al., Astron. Astroph ys. 29 5 , L 39 (1995 ).]

Radio recombination of H atoms can lead to population inversion.

P opulation inversion is one of the conditions necessary for maser (mi-

crowave amplifi ed stimulated emission of radiation) action (see Sec. 2.4),

a process physically similar to that of a laser. In fact, H atoms can mase in

dense H II regions. Such masing has been observed from M C W 349 via the

nα lines. In this location, maser action has been observed for all transitions

with 7 ≤ n ≤ 90. However, molecular masers are much more common
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and important than those seen in atomic sources. M olecular masers will

be discussed in Sec. 10.5 .

3.11 R adio R ecomb ination Lines for Other Atoms

An important feature of spectroscopy is that any atom, ion or molecule has

a unique spectrum by which it can be readily identifi ed. An exception to

this general rule are the radio recombination lines. W hen a single electron

is promoted to a state with a very high principal quantum number, n, the

electron experiences a potential due to the ion core which feels like that

due to a single point charge such as a proton. This is because this electron

is so far away from the nucleus that the nucleus and the other electrons

appear to it as if they occupy a single point.

Under these circumstances the energy levels of the outer electron

satisfy the H-atom formula, Eq. (3.8 ), with an effective nuclear charge, Zeff ,

equal to one. N ote that a more sophisticated treatment uses quantum de-

fect theory and replaces n2 in Eq. (3.8 ) with (n− µ)2, where µ is known as

the q u antu m d efect. Q uantum defect theory is discussed in Sec. 6 .1.

W ithin the confi nes of the H-atom formula, the only difference between

the high n energy levels, and hence the radio recombination spectrum, of

different atoms arises from the different nuclear masses. These different

masses give rise to reduced masses, and Rydberg constants, which de-

pend on the atom in question in a fairly simple fashion. The reduced-mass

factor differs because the nuclear masses, M , differ between atoms, giving

a scaled Rydberg formula

En = −
R∞

n2

M

M +me

. (3.19)

F igure 3.18 gives a sample radio recombination spectrum showing

lines from hydrogen, helium and carbon; note that the lines are labelled

H, He and C respectively to give the atomic attribution. Radio recombi-

nation lines of H and He atoms have been observed from many ionised

locations. L ines of heavier atoms such as C have also been detected; in-

deed radio recombination lines of carbon with n greater than 1000 have

been observed in supernova remnant, C assiopeia A. Traces of heavier ele-

ments, which could be S or M g, can also be detected sometimes. However

as the atoms get heavier, the frequencies of the recombination lines con-

verge (see Table 3.4), making it very diffi cult to conclusively identify the

species involved. N ote that in F ig. 3.18 the relative strengths and profi les
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Table 3.4 F requencies, f , for the 5 0α radio recombi-
nation lines of hydrogen, helium, carbon and an atom
with an infi nite nuclear mass. The frequencies of the
heavier atoms converge on this value.

H 5 0α He 5 0α C 5 0α M =∞ 5 0α

f / M Hz 5 1,072 5 1,092 5 1,097 5 1,099

of He and C lines differ. This is because recombination and hence the emis-

sion lines arise from different regions. Helium is only ionised in an inner

z one of the H II region which has energetic photons, so it is hot. As a re-

sult, the line is strongly D oppler broadened. C onversely, carbon is ionised

in cooler regions where even the H is neutral (see F ig. 3.19), so the line is

much narrower.

How does the energy balance work in the H II regions from which the

recombination emissions are observed? The heating comes from incoming

radiation, usually from a central star, which is ‘captured’ by photoionisa-

tion in a bound–free transition:

H+ hν → H+ + e− . (3.20)

This is balanced by outgoing radiation, generally at longer wavelengths.

This comes in the form of continuum photons formed by recombination,

F ig. 3.18 Radio recombination lines of hydrogen, helium and carbon observed in the
gaseous nebula W 3. [Adapted from A. D algarno and D . L ayz er (eds.), Spectroscopy of As-
troph ysical P lasmas (C ambridge University P ress, 198 7).]



December 21, 2010 8:41 World Scientific Book - 9in x 6in book

42 Astronomical Spectroscopy

Star
H H

He

H

He

C

H
2+ +

+
+

+ +
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13.624.654.4 11.3 eV

H II H I

Fig. 3.19 Layers of ionised gas about a central hot star. The figures in eV give the energy
required to maintain the ions indicated, and hence the maximum energy of the ultraviolet
radiation, found outside each sphere.

the reverse process to Eq. (3.20), and the resulting cascade emissions. It

also comes from emissions from heavier atoms and from bremsstrahlung.

Bremsstrahlung, a German word meaning ‘braking radiation’, is gener-

ated by electrons changing velocities as they pass close to charged nuclei

(see Fig. 3.20). Bremsstrahlung photons are not quantised; they can thus

form a continuous distribution in frequency. Such transitions are classi-

fied as being free–free transitions as both the upper and lower states are

not bound.

Fig. 3.20 Bremsstrahlung (‘braking radiation’) is emitted when a fast electron is slowed
down by passing a charged nucleus.
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3.12 Angular Momentum Coupling in the Hydrogen Atom

O ne-electron atoms such as hydrogen contain several sources of angular

momentum:

• Electron orbital angular momentum l;

• Electron spin angular momentum s;

• N uclear spin angular momentum i.

The nuclear spin arises from the spin coupling of the various nucleons:

protons and neutrons both have an intrinsic spin of a half. For atomic

spectra it is not necessary to consider the spin of individual nucleons, just

their total spin represented by the quantum number i. For many-electron

atoms however, one has to consider the l and s quantum number for eac h

electron in the system. This situation will be considered in Sec. 4 .7 .

A s in classical mechanics, only the total angular momentum is a con-

served quantity. It is therefore necessary to combine angular momenta

together. This is best done by adding two angular momenta at a time. The

order in which this is done is referred to as a c o up ling sc heme. The choice of

coupling scheme usually refl ects the strength of the actual couplings: the

strongest couplings are considered first.

For hydrogen, the usual coupling scheme is to combine l and s to give

the total electron angular momentum j. These are added vectorially as

l + s = j . (3.21)

O ne then combines the total electron and nuclear spin angular momenta

to give the final angular momentum f :

j + i = f . (3.22)

To do this one needs to know the rules for addition of angular momenta.

This is based on the use of vector addition. N ote that angular momentum

is a vector as it has both a magnitude and an orientation.

In classical mechanics, adding vector a and vector b gives a vector c ,

whose length must lie in the range

|a− b| ≤ c ≤ a+ b , (3.23)

where a, b and c are the lengths of their respective vectors. This is some-

times known as the triangulatio n c o nd itio n since the lengths of the vectors

must allow the vectors to form a triangle.
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In quantum mechanics a similar rule applies except that the results

are quantised. The allowed values of the quantised angular momentum,

c, which arise from adding a and b, span the range from the sum to the

difference of a and b in steps of one:

c = |a− b| , |a− b|+ 1 , . . . , a+ b− 1 , a+ b . (3.24 )

For example, add the two angular momenta l1 = 2 and l2 = 3 together to

give L. This is usually written in vector form

L = l1 + l2 , (3.25 )

and the result is:

L = |l1 − l2|, |l1 − l2|+ 1 , . . . , l1 + l2 − 1, l1 + l2,

= 1, 2, 3, 4, 5 .

3.13 T he F ine S truc ture of Hydrogen

Electron spin arises as part of a relativistic treatment of quantum me-

chanics. R elativistic effects couple electron orbital angular momentum,

l, and electron spin, s, to give the so-called fine structure in the energy

levels which are split according to the value of the total electron angular

momentum j.

For hydrogen, s = 1
2 so that, except for the l = 0 case, j = l ± 1

2 (see

Table 3.5 ). This table labels the resulting levels with the common H -atom

notation nlj , where l is given by its letter designations, s, p, d, etc., and

by spectroscopic notation for which labels of the (2S+ 1)LJ are used. A full

discussion of spectroscopic notation can be found in Sec. 4 .8 .

Table 3.5 shows the fine structure levels of the H atom. This table shows

that the states with principal quantum number n = 2 give rise to three fine-

structure levels. In spectroscopic notation, these levels are 2 2S 1

2

, 2 2Po
1

2

and

2 2Po
3

2

.

So far the discussion on H -atom levels has assumed that all those with

the same principal quantum number, n, have the same energy. In other

words, the energy does not depend on l or j. This is not correct: inclusion

of relativistic (or magnetic) effects split these levels according to the total

angular momentum quantum number j. This splitting, called fi ne struc ture,

hasbeenwell-studied inthe laboratory. A nevenmoresubtleeffectcalledthe

L amb shift, which is due to quantum electrodynamics, can also be observed.

Values of these splittings for the n = 2 levels are given in Fig. 3.21.



December 21, 2010 8:41 World Scientific Book - 9in x 6in book

A to mic H y d ro gen 4 5

Table 3.5 Fine structure effects in the hydrogen atom: splitting of the nl

orbitals due to fine structure effect for l = 0,1, 2, 3. The resulting levels
are labelled using H atom notation, and the more general spectroscopic
notation of terms and levels (see Sec. 4 .8 ).

C onfiguration l s j H atom Term Level

ns 0 1

2

1

2
ns 1

2

n 2S n 2S 1

2

np 1 1

2

1

2
, 3

2
np 1

2

, np 3

2

n 2Po n 2Po
1

2

, n 2Po
3

2

nd 2 1

2

3

2
, 5

2
nd 3

2

, nd 5

2

n 2D n 2D 3

2

, n 2D 5

2

nf 3 1

2

5

2
, 7

2
nf 5

2

, nf 7
2

n 2Fo n 2Fo
5

2

, n 2Fo
7

2

For hydrogen, fine-structure and Lamb-shift splittings are too small

to be important for most astronomical applications. The fine structure is,

however, of great importance for complex atoms and will be discussed

further in C hapters 4 and 6 .

3.14 Hyperfi ne S truc ture in the H Atom

There is one more source of angular momentum in the H atom which has

not yet been included. This is the nuclear spin, i; for H , i = 1
2 . C oupling

i to the total electron angular momentum, j, gives the final angular mo-

mentum, f [see Eq. (3.22)] . For H this means

f = j ±
1

2
. (3.26 )

The ground state of H is 1s1

2

or 2S 1

2

and has j = 1
2 . This means that

nuclear spin coupling can split this state into two levels with f = 0 or 1.

There is a very small, 6 × 10−5 eV, splitting between the lower f = 0

and higher f = 1 levels of H caused by magnetic effects. The f = 0 – 1

transition between these levels has a frequency of 14 20.4 06 M H z which

0.365 cm–1

0.035 cm–1

2
2
P

1/2

2
2
S

1/2

2
2
P

3/2

Fig. 3.21 Splitting in the n = 2 levels of atomic hydrogen. The larger splitting is the fine
structure and the smaller one the Lamb shift.
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corresponds to a wavelength of 21 cm. The 21 cm line is probably the sin-

gle most important line in astronomy. It is used to map H -atom densities

throughout the ISM (see Fig. 3.22 for example).

The 21 cm line is a powerful tool because:

(1) D isplacement of the line gives the line-of-sight velocity;

(2) Its intensity gives the number of atoms. N ote that the line is very weak,

its Einstein A coefficient is 2.9 × 10−15 s−1 which corresponds to a

lifetime of 10 million years, so it is always optically thin;

(3) The line profile can be used to deduce the temperature of the gas.

Thus, for example, Fig. 3.22 suggests that location G23.4 37 –0.207 is

much cooler that G4 3.17 2+0.006 , where the lines appear to be signifi-

cantly D oppler broadened.

(4 ) The Z eeman splitting of the transition can be used to measure the mag-

netic fields, see C hapter 8 .

N ote that the line is seen in both emission and absorption and its analysis

can be complicated by the presence of several clouds along any particular

line of sight.

3.15 Allow ed T rans itions

For hydrogen, transitions which correspond to any change in the principal

quantum number, ∆n, are allowed. H owever transitions are not observed

between all states of the H atom or indeed complex atoms. Transitions are

Fig. 3.22 21-cm-line profiles observed with the Very Large A rray for two galactic lines of
sight recorded as part of a study which constructed a face-on galactic map of the H II region
complexes. The vertical axis of the spectra represents the observed line-to-continuum inten-
sity, which is equivalent to exp(−τlin e). [ A dapted from M .A . K olpak et al., A stro p hy s. J . 5 8 2,
7 5 6 (2003).]
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governed by selection rules which determine whether they can occur. The

selection rules can be derived rigorously using the rules of quantum me-

chanics [see Schiff (196 9) in further reading], but will simply be stated here.

Strong transitions are driven by electric dipoles. W eaker transitions,

driven by both electric quadrupoles and magnetic dipoles, are observed

astronomically (see Sec. 5 .2), but are not important for hydrogen. R igorous

quantum mechanical analysis shows that for electric dipole transitions in

hydrogen:

∆n any;

∆l = ±1;

∆s = 0, (for H this is always satisfied as s = 1
2 for all states);

∆j = 0 , ± 1;

∆mj = 0 , ± 1.

The last selection rule on mj is only important in a magnetic field.

Thus if one considers the H α transition which corresponds to n = 2−3,

the ∆l = ±1 condition shows that not all transitions between sub-levels

occur. Specifically, the transitions 2s – 3p, 2p – 3s and 2p – 3d are allowed

whereas the transitions 2s – 3s, 2p – 3p and 2s – 3d are not allowed.

If fine structure effects are considered, then the selection rules can give

further constraints. C onsidering only the H α transitions designated al-

lowed above, the selection rule on j shows that

2s1

2

– 3p 1

2

is allowed;

– 3p 3

2

is allowed;

2p 1

2

– 3d 5

2

is not allowed;

– 3s1

2

is allowed;

– 3d 3

2

is allowed;

2p 3

2

– 3s1

2

is allowed;

– 3d 3

2

is allowed;

– 3d 5

2

is allowed.

3.16 Hydrogen in N eb ulae

H ydrogen atom emissions in H II regions and planetary nebulae are very

similar but the latter are generally brighter, which means that more weak

line emissions can be observed. In particular, lines belonging to the Balmer
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Table 3.6 Lifetimes, τ , for decay by spontaneous emission for low-lying
excited states of the hydrogen atom.

Level 2s 2p 3s 3p 3d

τ / s 0.14 1.6× 10−9 1.6× 10−7 5.4× 10−9 2.3× 10−7

series are often seen strongly in emission. Indeed, the characteristic red

colour seen in many nebulae comes from H α.

Balmer or other spectral series are obtained from excited atoms spon-

taneously emitting photons. Every excited state has a half-life τ , similar to

that encountered in radioactive decay, which is related to the strength of

emission. Thus excited states which decay only by weak line emission are

long-lived and those which decay via strong transitions are short-lived.

H owever, most excited states can emit to more than one other state.

The lifetime of excited state i is given by

τi =





∑

j

Aij





−1

, (3.27 )

where Aij is the Einstein A coefficient (see Sec. 2.2).

1s

2s

Fig. 3.23 D ecay of the metastable 2s state of hydrogen giving two continuum photons.

Lifetimes for allowed atomic transitions are short, perhaps a few times

10−9 s. Table 3.6 gives some examples for the H atom. A glaring exception

in Table 3.6 is the lifetime of the 2s level of H . This state has a lifetime of

∼ 0.14 s, i.e. it lives 108 times longer than the 2p state. This is because the

transition 2s → 1s is strongly forbidden. The 2s state is metastable which

means that on the atomic scale, it is long-lived.

So how does the 2s state decay? By the process of two-photon emis-

sion, which is an inefficient process and in this case has an Einstein A

coefficient of 7 s−1 which can be compared to A (2p→ 1s) = 6.3 × 108 s−1.
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The combined energy of the photons emitted must correspond to the en-

ergy difference E(2s)− E(1s) but the photons themselves can take any

energy within this constraint (see Fig. 3.23). The photons thus appear as

continuous emission radiation. Indeed the two-photon decay of the H 2s

state is responsible for approximately one half the continuum emission

observed from H II regions.

P rob lems

3.1 Give an expression for the energy levels of the hydrogen atom in terms

of the R ydberg constant RH. A ssuming a value RH = 109677.58 cm−1,

derive a wavenumber for the Lyα transition of atomic hydrogen

in cm−1. Explain why the R ydberg constant, R∞ = 109737.31cm−1,

is more appropriate than RH for a heavy one-electron atom. H ence

obtain an estimate for the wavenumber of the Lyα transition of

hydrogen-like iron, Fe25+ . From what astronomical environments

would such transitions occur and how might they be observed?

3.2 A proton and an electron recombine to form atomic hydrogen in its

4 p state. A t what wavelengths will recombination lines be observed?

Label each wavelength by its standard series notation. H ow would the

observed emissions differ if the atoms had recombined to the 4 s level?

3.3 H ydrogen H α has a rest wavelength of 6 5 6 4 .7 1 ˚A . A t what rest wave-

length would you expect to observe deuterium H α? W hat telescope

resolution (R = λ
∆λ

) would be required to resolve this difference?

H ow does this compare to the resolution required to resolve H and

D Lyα transitions? Given a high enough resolution telescope, what

other problems do you anticipate in obtaining the D
H abundance by

observing a single spectral line such as H α? The mass of H is 18 36 .1

and D is 36 7 0.4 in atomic units. In these units the mass of an electron

is one.

3.4 A typical star has a number density, N , of about 1016 cm−3, while in

an H II region the number density is more typically 104 cm−3. In each

case what is the highest level of atomic hydrogen that is likely to be

occupied? State any assumptions made in obtaining this answer. The

partition function for atomic hydrogen can be written as:

z =

∞
∑

n= 1

2n2 exp

(

−
RH

n2kT

)

.
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This series cannot be summed as it diverges. C an you suggest why, in

practical astromical applications, the partition function for the H atom

is finite?

3.5 U se the R ydberg formula to obtain the wavelength of the 80α radio

line for an atom of infinite mass. H ence, taking the mass of the hydro-

gen nucleus to be 18 36 .1 electron masses, obtain the frequency of the

80α transition of atomic hydrogen. W hat resolving power would be

required to separate the two transitions?


