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Chapter 1

TURBULENT DISPERSION: HOW RESULTS FOR THE
ZERO MOLECULAR DIFFUSIVITY CASE CAN BE

USED IN THE REAL WORLD

NILS MOLE∗, PHILIP CHRISTOPHER CHATWIN† and

PAUL J. SULLIVAN‡

We consider the dispersion of contaminants in turbulent flows at high Péclet
number. Except at the smallest scales, molecular diffusion acts slowly by com-
parison with turbulent advection. Molecular diffusion is still important be-
cause it is the only means by which the concentration in a fluid particle can be
changed. Exact solution of the full problem, including both turbulent advection
and molecular diffusion, is not possible because of the well-known turbulence
closure problem. But exact results for moments and the probability density
function (pdf) of concentration can be derived for the hypothetical case of zero
diffusivity. For high Péclet number these results can be expected to hold in
certain ranges of space and time with only slight modification. We outline the
results in the absence of molecular diffusion, and consider how the results for
the moments can be modified to account for the presence of slowly acting diffu-
sion. The model expressions for the moments involve the mean concentration,

and a set of parameters which vary slowly with distance from the source, or
with time since release. The corresponding form of the pdf is considered, and
results for large concentrations are presented. It is shown that many of the
results obtained with this approach agree well with experimental observations.
Areas needing further work are also suggested.
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1. Introduction

We present a review of a novel approach to the modelling of turbulent dis-
persion which has been developed over the last twenty years or so. Rather
than attempting to solve the Navier-Stokes and advection-diffusion equa-
tions for the full problem, or applying closures directly to those equations,
this approach involves deriving exact results for the hypothetical case of
no molecular diffusion, and then making physical arguments for how these
results should be modified in the presence of diffusion.

Two fundamental physical processes govern the dispersion of a passive
conserved scalar in a turbulent flow: advection by the turbulent velocity
field, and molecular diffusion. The relative importance of these processes
can be roughly quantified using the Péclet number Pe = ul/κ, where u and
l are appropriate velocity and length scales for the turbulent fluctuations,
and κ is the molecular diffusivity. In most environmental and engineering
applications the Péclet number is very largea. In such cases turbulent
advection acts on a much shorter timescale than molecular diffusion, the
ratio of the timescales being given by Pe−1 if the length scales for the
velocity and concentration fields are comparable. Advection acts to stretch
the scalar cloud or plume out into thin sheets and strands [4], as observed
experimentally [2, 5–7]. Molecular diffusion is a much slower process, but
it is nevertheless an important one, since it is the only means by which
the scalar concentration in a fluid particle can be altered, and it limits the
smallest scales which can be present in the scalar field. For Schmidt number
ν/κ of order 1 or greater, where ν is the kinematic viscosity, this smallest
scale is of the order of the conduction cut-off length λc = (νκ2/ε)1/4 [8],
where ε is the turbulent energy dissipation rate per unit mass. Molecular
diffusion also has the effect of dissipating the variance and higher moments
of the concentration [8–10].

Nevertheless, it seems likely that at high Pe, and for times t and posi-
tions x not too far from the source values, the effect of molecular diffusion
can be described by appropriate modification of the results when there is

aFor example, for heat, water vapour, carbon monoxide, methane or propane dispersing
in air, κ is of order 10−5 m2s−1 [1–3], so even values as small as u = 0.1ms−1 and
l = 0.1m would give Pe of order 103. For salt, methane, ethanol, toluene or urea
dispersing in water, κ is of order 10−9 m2s−1, and for heat dispersing in water it is of
order 10−7 m2s−1. So even for scales as small as u = 10−3 ms−1 and l = 0.1m we would
have Pe of order 105 and 103, respectively. In many applications the typical velocity and
length scales would be larger than the values given here, leading to even larger values of
Pe.
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no molecular diffusion. This approach was initiated in [11], and taken fur-
ther in many papers, especially [12–14]. This article is an appraisal of the
present position.

In Sec 2 we derive results for the moments and probability density func-
tion (pdf) of concentration for the case of no molecular diffusion. In Sec 3
we show how the results for the moments can be modified to include the
effects of diffusion, and in Sec 4 we discuss the implications for the pdf,
including its behaviour at high concentrations. Finally, in Sec 5, we discuss
the successful aspects of this approach, and suggest areas which require
further work.

2. The case of no molecular diffusion

2.1. Uniform source

In [11] the following results for the case of no molecular diffusion and a
uniform concentration source were derived. The only possible concentra-
tions are then zero and the source concentration θ1. The pdf, p(θ;x, t), of
concentration Γ (x, t) is defined by

p(θ;x, t) =
d
dθ

Prob(Γ (x, t) ≤ θ),

and can then be written as

p(θ) = (1 − π)δ(θ) + πδ(θ − θ1), (1)

where π(x, t) is the probability that (x, t) is in fluid which originated in the
source, and δ is the Dirac delta-function. Note that π(x, t) is completely
determined by the statistical properties of the turbulent velocity field.

The mean concentration C(x, t) = E {Γ (x, t)}, where E {·} denotes the
expected value, or ensemble mean, is then given by

C = (1 − π)
∫

θδ(θ) dθ + π

∫
θδ(θ − θ1) dθ = πθ1, (2)

and the nth central moment

μn(x, t) = E {[Γ (x, t) − C(x, t)]n}
is given by

μn = (1 − π)
∫

(θ − C)nδ(θ) dθ + π

∫
(θ − C)nδ(θ − θ1) dθ

= (1 − π)(−C)n + π(θ1 − C)n.

5Turbulent Dispersion
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This can be rewritten, using Eq. (2), as

μn

θn
1

=
C

θ1

(
1 − C

θ1

)n

+ (−1)n

(
1 − C

θ1

) (
C

θ1

)n

. (3)

2.2. Non-uniform source

We now consider the more general case of random, non-uniform, source con-
centration. [15] included random, but stationary and homogeneous, source
concentration, while [12] derived results for a non-random, spatially varying
instantaneous source. Here we generalise to the case of random source con-
centration whose distribution may vary in space and time. A smokestack
is a practical example of a case where the concentration of effluent at the
source will be a random function of spatial position (within the stack exit
cross-section) and of time. The development given below follows that of [12],
but is applied to these more general source conditions.

Let the source concentration be ΓS(x, t), with ΓS random, and let the
probability that fluid at (x, t) came from a volume-time element dV (y) dτ

about (y, τ) be P (y, τ ;x, t) dV (y) dτ . Then the pdf of Γ (x, t) can be writ-
ten as

p(θ;x, t) =
∫

a.s.t.

pS(θ;y, τ)P (y, τ ;x, t) dV (y) dτ,

where a.s.t. denotes that the integration takes place over all space and for
all times satisfying τ � t, and pS(θ) is the pdf of ΓS . This is essentially
equation (10.5) of [16], applied to the pdf of concentration rather than to
the concentration itself.

We assume that the source occupies a finite volume V0. Then

p(θ;x, t) =
∫

y/∈V0,τ�t

δ(θ)P (y, τ ;x, t) dV (y) dτ

+
∫

y∈V0,τ�t

pS(θ;y, τ)P (y, τ ;x, t) dV (y) dτ

= [1 − π(x, t)] δ(θ) +
∫

y∈V0,τ�t

pS(θ;y, τ)P (y, τ ;x, t) dV (y) dτ,

(4)

where

π(x, t) =
∫

y∈V0,τ�t

P (y, τ ;x, t) dV (y) dτ (5)

N. Mole, P.C. Chatwin and P.J. Sullivan6
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is the probability that fluid at (x, t) came from the source.
Far from the source, the initial location of a fluid particle within the

source is “forgotten”. If we take the origin to be within V0, we then have

P (y, τ ;x, t) ≈ P (0, τ ;x, t)

for y ∈ V0, and

π(x, t) ≈ V0

∫
τ�t

P (0, τ ;x, t) dτ. (6)

This gives

p(θ;x, t) ≈ [1 − π(x, t)] δ(θ) +
∫

τ�t

dτ P (0, τ ;x, t)
∫

y∈V0

dV (y) pS(θ;y, τ).

(7)
If pS(θ;y, τ) does not depend on τ then the time and space integrals

decouple, and we are able to derive a result analogous to Eq. (1). This
is the case if either (a) the source concentration distribution is stationary,
or (b) the release is instantaneous. In both of these cases we find, using
Eq. (6), that

p(θ;x, t) ≈ [1 − π(x, t)] δ(θ) +
π(x, t)

V0

∫
y∈V0

dV (y) pS(θ;y). (8)

In this formulation, all (x, t) dependence is accounted for by the variation
of π(x, t). Thus, for a wide class of source conditions, very simple results
can be derived in the zero molecular diffusivity case.

For a uniform source, pS(θ;y) = δ(θ − θ1) and Eq. (1) is recovered
from Eq. (8). It can also be shown that Eq. (8) is consistent with results
in [12, 15] – for details see Appendix A.

Here we consider the case of a random source concentration ΓS(x, t)
which varies in space and time, but has a pdf pS which does not depend
on time, so that Eq. (8) applies. The absolute moments mn of Γ therefore
satisfy

mn(x, t) =
∫

θnp(θ;x, t) dθ =
π(x, t)

V0

∫
y∈V0

mSn(y) dV (y), (9)

where

mSn(x) =
∫

θnpS(θ;x) dθ

7Turbulent Dispersion
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is the nth absolute moment of ΓS(x, t). If we let the mean source concen-
tration be θ1(x) = mS1(x), then the mean concentration C(x, t) is given
by

C(x, t) = m1(x, t) =
π(x, t)

V0

∫
y∈V0

θ1(y) dV (y). (10)

Define the constant concentration scale θ0 by

θ0 =

∫
y∈V0

mS2(y) dV (y)

∫
y∈V0

θ1(y) dV (y)
. (11)

Then the central moments μn = μn(x, t) for n � 2 can easily be shown to
be given by⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

μ2(x, t) = C(x, t) {θ0 − C(x, t)}
μ3(x, t) = C(x, t)

{
λ2

3θ
2
0 − 3θ0C(x, t) + 2C(x, t)2

}
μ4(x, t) = C(x, t)

{
λ3

4θ
3
0 − 4λ2

3θ
2
0C(x, t) + 6θ0C(x, t)2 − 3C(x, t)3

}
...

(12)
where the non-dimensional constants λn are defined for n � 3 by

(λnθ0)n−1 =

∫
y∈V0

mSn(y) dV (y)

∫
y∈V0

θ1(y) dV (y)
. (13)

(Note that Eq. (11) and Eq. (13) for n = 2 are consistent with taking
λ2 = 1.) Apart from trivial changes of notation, Eq. (12) is the same as
equation (10) of [12], and Eq. (13) is the generalisation of equation (11)
of [12].

3. The effects of molecular diffusion

For the real case with molecular diffusion, we consider the analogue of
Eq. (1) and Eq. (4). Suppose we let fs(θ;x, t) be the pdf of Γ (x, t) con-
ditional on being in fluid that came from the source, and fa(θ;x, t) be the
pdf of Γ (x, t) conditional on being in ambient fluid that did not come from

N. Mole, P.C. Chatwin and P.J. Sullivan8



ADVANCES IN ENVIRONMENTAL FLUID MECHANICS 
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7575.html

September 14, 2009 14:34 World Scientific Review Volume - 9in x 6in efmchapter

the source. As outlined by [15], it follows from the law of total probability
that for any source the pdf of concentration can then be written as

p(θ;x, t) = π(x, t)fs(θ;x, t) + {1 − π(x, t)} fa(θ;x, t), (14)

where π(x, t), as before, is the probability that fluid at (x, t) came from the
source. This probability is not affected by molecular diffusion, but depends
only on the velocity field, so Eq. (5) still applies.

3.1. Intermittency

In turbulent dispersion applications the concept of intermittency is used
by many authorsb. The aim is to characterise the contrast between con-
centrations close to zero (found mainly in ambient, non-source, fluid) and
relatively large concentrations (which can often be many standard devi-
ations larger than the mean) found mainly in fluid originating from the
source. Such authors usually define intermittency to be the probability of
non-zero concentration (see, for example, [17]). There are two problems
associated with this definition. Firstly, [15] pointed out that the solution
of the advection-diffusion equation for Γ will have non-zero values for all x
for all times after release, so this definition of intermittency would strictly
give a value of 1 everywhere. Secondly, small measured concentrations will
be contaminated with noise. The most usual methods for dealing with this
have been the use of a threshold, or the fitting of a Gaussian distribu-
tion to small concentrations. The measured value of intermittency depends
strongly on the arbitrary choice of threshold, or on the method chosen to
fit the Gaussian.

[15] proposed instead that intermittency be defined as π(x, t), the prob-
ability that fluid at (x, t) comes from the source. Intermittency is then well-
defined, and conveys valuable information about the effect of the velocity
field. To measure π experimentally one can make the reasonable assump-
tion that the mean concentration is little affected by molecular diffusion.
Eq. (10) then gives

π(x, t) ≈ V0C(x, t)∫
y∈V0

θ1(y) dV (y)
. (15)

bIn the theory of turbulence itself, “intermittency” is used in a different sense, to denote
the spatial patchiness of dissipation.

9Turbulent Dispersion
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This is consistent with equation (15) of [12], which applies to a homogeneous
source for which θ1(x) is a constant. A practical advantage of this (albeit
approximate) method of estimating the intermittency π(x, t) is that it will
be little affected by measurement errors associated with noise and/or lack
of resolution.

3.2. Concentration moments

[11] argued that, since molecular diffusion is a slow process, the structure
of the moments will be close to that in the absence of molecular diffusion.
They proposed that for self-similar dispersion in stationary turbulent flows,
downwind of a uniform source Eq. (3) could be modified in two ways to take
account of the effect of molecular diffusion.

Firstly, they replaced the constant source concentration θ1 by a repre-
sentative local value αC0, where α is a constant and C0 is the mean concen-
tration on the plume centreline for a steady release (or at the cloud centre
for an instantaneous release [12]). Secondly, constants of proportionality
were introduced to take account of dissipation of concentration moments
and of the increased background concentration resulting from diffusion out
of the sheets and strands of source fluid with high concentrations:

μn

(αC0)n
= βn

{
Ĉ(1 − Ĉ)n + (−1)n(1 − Ĉ)Ĉ n

}
, (16)

where

Ĉ =
C

αC0
.

(Note that [11] used β1/2 where we use β in Eq. (16), i.e. we follow the more
convenient usage of [12].) Because of dissipation, β would be expected to be
less than or equal to 1 and, to avoid negative variance, we need α � 1. [11]
found that observations from a number of experiments could be fitted well
by Eq. (16) with a constant value of α, and β approximately constant in
the crosswind direction.

Normalised moments, in particular the skewness K3, kurtosis K4 and
higher order equivalents Kn, defined by

Kn =
μn

μ
n/2
2

for n = 3, 4, . . . , (17)

are useful in many contexts. [13] showed that Eq. (16) implies that{
K4 = K2

3 + 1

K5 = K3
3 + 2K3,

(18)

N. Mole, P.C. Chatwin and P.J. Sullivan10
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and gave a general expression for Kn as a function of K3. Analysis of
experimental data from a steady release close to the ground in the field
suggested that Eq. (18) ought to be replaced by

{
K4 = a4K

2
3 + b4

K5 = a5K
3
3 + b5K3,

(19)

where a4, b4, a5 and b5 are constants. Eq. (19) has been shown to be a good
approximation in a variety of experiments, including plumes in atmospheric
boundary layers under various stability classes [13, 18], clouds in the wind
tunnel with varying density and with different forms of fence [19], and
plumes in wind tunnels [20, 21]. Figure 1 shows an example for the steady
line source, grid turbulence, releases of [22], which were analysed further
by [12].

Fig. 1. An example of the fit of Eq. (19) to data from the steady line source, grid
turbulence, releases of [22] at downwind distance 50mm from the source. The fitted
values are a4 = 1.161, b4 = 2.025, a5 = 1.485, and b5 = 5.647. The squares are the
measured values, and the solid curves are the fits of Eq. (19). (a) Kurtosis K4 against
skewness K3, (b) K5 against K3. The dashed curves show the relationships given by
Eq. (18).

[12] argued that Eq. (16) would describe the lateral moment struc-
ture, with α and β varying with time for an instantaneous release, or with
downwind distance for a steady release. For the case of non-uniform source
concentration they applied the same argument that led to Eq. (12), to

11Turbulent Dispersion
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obtain ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

μ2

(αβC0)2
= Ĉ(1 − Ĉ)

μ3

(αβC0)3
= Ĉ

(
λ2

3 − 3Ĉ + 2Ĉ2
)

μ4

(αβC0)4
= Ĉ

(
λ3

4 − 4λ2
3Ĉ + 6Ĉ2 − 3Ĉ3

)
...

(20)

for some parameters λ3, λ4, . . . If λn = 1 for all n then Eq. (20) reduces to
the uniform source case Eq. (16). Since we expect a non-uniform source to
increase the spread of concentration values by comparison with a uniform
source, and since Ĉ � 1, we expect λn � 1 in general. This is supported
by the fitted values given in Table 1 of [21]. The λn would be expected
to vary in time for an instantaneous release, or with downwind distance
for a steady release, in the same way as for α and β. [12] fitted these
parameters to data from a steady line source experiment in wind tunnel
grid turbulence [22], finding that they varied very slowly with downwind
distance (see Table 1 of [21]). We would also expect the parameters a4,
b4, a5, b5 and higher order equivalents to be approximately constant in the
crosswind direction, but to vary slowly with time or downwind distance.
This has been confirmed for the experiments of [22] by [20, 21]. [20] also
showed that the expression for K4 in Eq. (19) followed approximately from
Eq. (20). The relationships between the moments proposed by [11, 12]
have been found to agree reasonably well with measurements from a range
of experiments, including jets, wakes, plumes, uniformly sheared flow and
buoyant jets [11, 12, 23, 24]. Figure 2 shows an example from the steady
line source releases of [22].

[14] argued that β is mainly a measure of the dissipation accomplished
by molecular diffusion, so that β tends to zero in the limit of large diffusion
time. Therefore β would not be expected to be constant across the whole
plume cross-section. Any source material arriving far from the centreline
will have taken a long time to get there, because of the large distance
involved. So it will have been acted on by diffusion for a long time, implying
that β tends to zero far from the centreline. But the distance from the
centreline at which β becomes small compared with its centreline value will
be much greater than the downwind distance from the source and, hence,
the plume width, which is the distance at which C becomes small. Where
C is very small, it is usually difficult to obtain reliable measurements, so we

N. Mole, P.C. Chatwin and P.J. Sullivan12
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Fig. 2. Fits of Eq. (20) to data from [22] at 50mm downwind of the source. The fitted
values are α = 1.729, β = 0.871, λ2

3 = 1.161 and λ3
4 = 1.511. The horizontal axis is the

distance Z from the mean plume centreline divided by the mean plume width L. The
squares are the measurements, and the curves are the fits. (a) Gaussian fit to C/C0, (b)
Second moment μ2/C2

0 , (c) Third moment μ3/C3
0 , (d) Fourth moment μ4/C4

0 .

expect measured values of β to be approximately constant in the crosswind
direction over the range of distances for which measurements are usually
made, consistent with the results described above.

The successful agreement of Eq. (19) and Eq. (20) with data from a
wide variety of experiments encourages us to develop the argument further,
especially to the pdf itself.

4. The probability density function of concentration

4.1. The overall pdf

The pdf is the principal function describing the distribution of concentration
in turbulent diffusion. This fact is now, but belatedly, well recognised (and
there is also recognition that, in itself, the mean concentration is of little
value, theoretically and practically). The pdf is also practically important;
for example, if the lower and upper flammable limits of a flammable gas

13Turbulent Dispersion
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are θL and θU , the probability that the mixture at (x, t) is flammable is

∫ θU

θL

p(θ;x, t) dθ.

Many other examples can be given.
For a uniform source the exact pdf of concentration in the absence

of molecular diffusion is given by Eq. (1), and consists of delta-functions
located at zero concentration (corresponding to non-source fluid), and at the
source concentration θ1. The corresponding model moments when diffusion
is included, given by Eq. (16), satisfy the first of Eq. (18). But the theory of
probability distributions shows that this implies that the pdf must consist of
two delta-functions (see, for example, the appendix of [13]). [24, 25] showed
that this pdf, with moments given by Eq. (16), is

p(θ) = (1 − Ĉ)δ(θ − θmin) + Ĉδ(θ − θmax), (21)

where

θmin = (1 − β)C � 0 and θmax = (1 − β)C + αβC0 � αC0, (22)

with equality in both cases when β = 1, which corresponds to being at the
source, where we also have α = 1 and C0 = θ1. In the absence of diffusion,
αC0 = θ1, Ĉ = C/θ1 = π and β = 1, so Eq. (1) is recovered. (It takes some
time for the cumulative effects of molecular diffusion to become important,
so at small times after release, or at small downwind distances from the
source, the κ = 0 results will still give a good approximation.)

This model captures the effect of molecular diffusion in reducing the
largest concentrations and increasing the smallest concentrations. Since it
only has two possible concentrations, θmin and θmax, it fails to represent
the continuous distribution of concentrations in real turbulent dispersion.
However, Eq. (21) can give a good indication of the structure of the real
pdf. [24, 25] analysed experimental data for line and point sources in grid
turbulence, and for a buoyant jet in a boundary-layer cross flow, and showed
that in cases when the pdf had 2 peaks, the location and height of the peaks
corresponded quite well to the location and size of the delta-functions in
Eq. (21).

If we non-dimensionalise the concentration by Γ̂ = Γ/(αβC0) then we
can rewrite Eq. (21) for a uniform source as

p̂(θ̂) = (1 − Ĉ)δ(θ̂ − D) + Ĉδ(θ̂ − D − 1), (23)

N. Mole, P.C. Chatwin and P.J. Sullivan14
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where p̂ is the pdf of Γ̂ and

D =
(

1
β
− 1

)
Ĉ.

For a non-uniform source we can write the pdf corresponding to the mo-
ments Eq. (20), and analogous to Eq. (23), in the form

p̂(θ̂) = p̂D(θ̂ − D),

where p̂D(θ̂) is a pdf with mean Ĉ, second absolute moment Ĉ, and nth
absolute moment λn−1

n Ĉ for n = 3, 4, . . . (these results are a consequence
of the choice of θ0 in Eq. (11)). Details of the derivation of these results
are given in Appendix B. At first sight it might appear that p̂D should be
given by the appropriately normalised version of p in Eq. (8). In that case
the normalisation θ̂ = θ/θ0 and Ĉ = C/θ0 gives first and second absolute
moments equal to Ĉ, and higher absolute moments equal to λn−1

n Ĉ. But
this is inconsistent with our present normalisation, which is θ̂ = θ/(αβC0)
and Ĉ = C/(αC0). This means that, in general, p̂D cannot be obtained
from Eq. (8).

If λn = 1 for all n, then p̂D(θ̂−D) = (1−Ĉ)δ(θ̂−D)+Ĉδ(θ̂−D−1) and
Eq. (23) is recovered. Given the dependence of the moments of p̂D on Ĉ,
it would be natural to look for a general solution in the form p̂D(θ̂ − D) =
(1 − Ĉ)δ(θ̂ − D) + Ĉf̂(θ̂ − D) for some pdf f̂ , so that Ĉ was scaled out of
the moments. Thus f̂ would have first and second absolute moments equal
to 1, and higher moments equal to λn−1

n . However, this gives zero variance
for f̂ , so f̂ would have to be a single delta-function, and this form is only
possible if λn = 1 for all n, i.e. the uniform source case. The fitted values
of λn in [12, 21] are close to 1, so we would expect p̂D to be bimodal, with
molecular diffusion having the effect of smoothing out the delta-functions
of the no-diffusion case.

4.2. Large concentrations

For a general, non-uniform, source, while we are unable to produce a simple
exact closed form expression for p̂D, and hence for p̂ or p, there are some
questions of practical interest for which we do not need this. One such
is applications to toxic and malodorous gases where we want to know the
distribution of large concentration values, but we do not necessarily need
to know the form of the distribution for smaller concentrations.

Statistical extreme value theory provides a framework for analysing the
distribution of large concentration values. Of particular use is the work
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of [26] on values above a high threshold. Let Pc(θ; θT ) be the distribu-
tion function of the conentration Γ , conditional on Γ being greater than a
threshold θT , i.e.

Pc(θ; θT ) = Prob(Γ < θ|Γ > θT ) =

∫ θ

θT
p(φ) dφ

1 − ∫ θT

0 p(φ) dφ
for θ � θT .

The pdf pc(θ; θT ) of Γ , conditional on Γ � θT , is then

pc(θ; θT ) =
d

dθ
Pc(θ; θT ) =

p(θ)

1 − ∫ θT

0
p(φ) dφ

for θ � θT .

For large θT , [26] showed that, subject to some conditions which are satisfied
in most cases,

pc(θ; θT ) ≈ g(θ − θT ; k, a), (24)

where g(θ; k, a) is the pdf of the generalised Pareto distribution (GPD) and
is given by

g(θ; k, a) =
1
a

(
1 − kθ

a

)1/k−1

. (25)

Here k is the shape parameter and a (> 0) is the scale parameter. In the
present application the maximum possible concentration θmax is finite (less
than or equal to the largest possible source concentration), in which case
we expect k > 0 so that g(θ; k, a) has a finite upper endpoint a/k. We then
have

θmax = θT +
a

k
. (26)

It is straightforward to show from Eq. (25) that increasing the threshold θT

does not change the form of the asymptotic distribution nor the value of
the shape parameter k, but does change the value of the scale parameter a.
Eq. (26) shows that this change can be calculated by Δa = −kΔθT , where
Δa and ΔθT are the changes in a and θT . Thus a higher threshold gives a
smaller value of the scale parameter.

The standard statistical approach is to fit Eq. (25) to excesses over a
high threshold, using maximum likelihood (for examples of applications to
turbulent dispersion see [27–30]). This does not, however, lend itself to
modelling based on expressions for concentration moments, like Eq. (20).
[14] presented an alternative method, which allows k, a and, hence, θmax

to be derived from the moments. In [14] the overall pdf was expressed as

p(θ) = (1 − η)f(θ) + ηg(θ; k, a),

N. Mole, P.C. Chatwin and P.J. Sullivan16
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for some function f and parameter η (> 0), with f assumed to make a
negligible contribution for large θ. The upper endpoint of the distribution
given by p(θ) is then a/k, so

θmax =
a

k
.

If p(θ) ≈ ηg(θ; k, a) for all θ above some threshold θT , then it is straight-
forward to show that

pc(θ; θT ) ≈
(
1 − kθ

a

)1/k−1

a
(
1 − kθT

a

)1/k
= g(θ − θT ; k, a − kθT ) for θ � θT ,

consistent with Eq. (24). [14] found for a line source experiment that the
upper 50% or more of the concentration range is well-approximated by the
GPD.

For large n, the absolute moment mn could be expected to be dominated
by the contribution from large concentrations, so that

mn ≈ η

∫ θmax

0

θng(θ; k, a) dθ. (27)

[14] showed that this implied that, for sufficiently large n,

mn−1

mn
≈ 1

a

(
1
n

)
+

k

a
. (28)

Thus, the parameters k and a can be identified from the linear relationship
between the ratio of successive moments, mn−1/mn, and 1/n. This method
shares with the standard statistical approach the advantage that the fits
are hardly affected by baseline and/or noise problems at low measured
concentrations. It also has the advantage that it can be used when only
moments are known, as in the model described in Sec. 3.2. Figure 3 shows
examples of some fits of the GPD to concentration tails, carried out in this
way, for the data of [22].

[14] also considered the behaviour in Eq. (20) far from the plume cen-
treline, for a steady line source release (the same arguments would also
apply for a steady point source). They deduced that

λn−1
n = anλ

2(n−2)
3 , (29)

where the an are defined by Eq. (19). By combining this result with Eq. (28)
far from the centreline, they derived the relationship

an−1

an
=

1
r

{
1 − 20

n

(
a2
4 − a5

5a2
4 − 4a5

)}
, (30)

17Turbulent Dispersion



ADVANCES IN ENVIRONMENTAL FLUID MECHANICS 
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7575.html

September 14, 2009 14:34 World Scientific Review Volume - 9in x 6in efmchapter

Fig. 3. Examples of the measured pdf of θ/C0 (points), and GPD (curves) for fitted k
and a values, for the data of [22]. The right-hand panels show blow-ups of the tails. X
is the downwind distance from the source.

where

r =
a4a5

5a2
4 − 4a5

,

and also showed that
θmax

C0
≈ α

{
βλ2

3r + (1 − β)Ĉ
}

= αβ(λ2
3r + D). (31)

Note that for a uniform source we have λn = 1 and an = 1 so that, as
desired, Eq. (31) reduces to Eq. (22). Equation (31) has strictly only been
shown to be valid far from the centreline, i.e. as Ĉ → 0, but since α, β,
λ3, a4 and a5 are expected to be roughly constant over the distances over
which Ĉ becomes small, it seems likely that Eq. (31) can also be applied
near the centreline. The results of [14] support this.

Equation (31) suggests that as we go very far from the centreline, ul-
timately θmax/C0 → 0, since we expect that β → 0 in that limit. Since,
as noted earlier, β → 0 more slowly than Ĉ, being controlled by diffusion
rather than advection, the first term in Eq. (31) will give the leading or-
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Fig. 4. Downwind variation of θmax/C0 for the data of [22]. X is the downwind distance
from the source. The crosses are the model values calculated from Eq. (31); the squares
are calculated directly from the measurements by least-squares fits to the moment ratios
for n = 4 to n = 8; and the triangles are calculated directly from the measurements by
a linear fit to the moment ratios for n = 7 and n = 8.

der behaviour. Far downwind we expect β → 0, since diffusion has had a
long time to act, so Eq. (31) suggests that θmax/C0 → αĈ = C/C0, i.e.
θmax → C. [14] argued that both of these results would be expected on
physical grounds.

Figure 4 compares the downwind variation of θmax/C0 estimated from
Eq. (31) using fitted values of the parameters, with estimates obtained
directly from the concentration data, for the data of [22]. Results of two
different estimation methods are shown — one where Eq. (28) was fitted by
least-squares to the points for n = 4 to n = 8, and one which used a straight
line fit through the points for n = 7 and n = 8. The model values are larger
than the direct estimates, and are not shown at the furthest downwind
distances (where they become unreliable, because the denominator in r

becomes close to zero). The direct estimate using only n = 7 and n = 8
is a little larger than that using n = 4 to n = 8, suggesting that n is
not yet large enough to have attained the asymptotic result Eq. (27), and
that θmax/C0 may well be underestimated. So the model may be in better
agreement with the true values of θmax/C0 than indicated by this figure.
Given the difficulty of making accurate estimates of the upper endpoint
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of a distribution, the degree of agreement here is very promising. Further
investigation into the optimal fitting of Eq. (28) is required, and also of the
standard errors and biasses of the estimates.

5. Discussion

The models described here were derived by considering the hypothetical
case of no molecular diffusion, for which many exact results can be obtained,
and then taking account of the physical effects of molecular diffusion. These
models have proved highly successful at reproducing a number of aspects of
turbulent dispersion, thus allowing results for the zero molecular diffusivity
case to be used in the real world.

The models, given by Eq. (16) and Eq. (20), for the crosswind variation
of concentration moments have been shown to fit experimental data very
well. For example, excellent fits were found by [11] for point, jet and wall
sources in boundary layers and grid turbulence, and by [12] for a line source
in grid turbulence. One feature of the latter experiment which is captured
particularly well is the downwind evolution of the cross-plume structure of
the variance. Near the source the variance is bimodal (corresponding to
α < 2), with peaks located symmetrically about the mean plume centre-
line. Further downwind the variance becomes unimodal (corresponding to
α > 2), with a single peak on the centreline, and far downwind it becomes
bimodal again. The relationship between skewness and kurtosis (and also
higher order equivalents), given by Eq. (19), approximates a variety of ex-
periments well, including steady sources and clouds, and cases with and
without fences (further details were given in Sec. 3.2). The most recent
work, in [14], shows very promising results when these models are extended
to tackle the highly challenging problem of large concentrations, in partic-
ular that of estimating the largest possible concentration.

There are a number of pieces of work which would improve these models
and make them even more useful for real world problems. The first is to
develop better models for the evolution (with time since release or with
distance from the source) of the parameters involved in the models. This
will require further investigation of suitable closure schemes, similar to those
discussed by [31–35]. The second is to carry out a thorough analysis of the
moment-based method (i.e. that using Eq. (28)) for fitting the generalised
Pareto distribution (GPD) for large concentrations. This will aim to answer
questions about the optimum choice of moments to use, and about biasses
and standard errors of the resulting estimates. Finally, further work on
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identifying the form of the pdf p̂ corresponding to the moments Eq. (20)
would give valuable insight into the underlying structure of the model.
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Appendix A.

We show here that Eq. (8) is consistent with the results obtained previously
by [12, 15].

In [15] it was assumed that the source was stationary and homogeneous,
i.e. that the probability distribution of the source concentration ΓS(x, t)
was independent of x and t. This case corresponds to applying Eq. (8) with
pS(θ;y) = pS(θ). Thus∫

y∈V0

dy pS(θ;y) = V0 pS(θ),

so Eq. (8) becomes

p(θ;x, t) ≈ [1 − π(x, t)] δ(θ) + π(x, t) pS(θ),

which is equation (14) of [15].
In [12] it was assumed that the release occurred instantaneously at t = 0,

with spatially-varying but non-random concentration ΓS(x). This corre-
sponds to taking pS(θ;y) = δ (θ − ΓS(y)), so that Eq. (8) immediately
gives equation (8) of [12].

Appendix B.

Let us define a pdf q(θ̂) for 0 � θ̂ � ∞ by q(θ̂) = p̂D(θ̂ − D), where

D =
(

1
β
− 1

)
Ĉ and p̂D(θ̂) has mean Ĉ, second absolute moment Ĉ, and

nth absolute moment λn−1
n Ĉ for n = 2, 3, . . . Let q(θ̂) have mean μq, and

nth central moment μqn for n = 2, 3, . . . Then

μq = Ĉ + D =
1
β

Ĉ =
C

αβC0
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and

μqn =
∫ ∞

0

(
θ̂ − μq

)n

q(θ̂) dθ̂ =
∫ ∞

−D

(
s − Ĉ

)n

p̂D(s) ds

=
n∑

i=0

(
n

i

) (
−Ĉ

)n−i

m̂Di,

where m̂Di is the ith absolute moment of p̂D(θ̂).
Thus we have

μq2 = Ĉ(1 − Ĉ),

and for n � 3

μqn = Ĉ

{
(n − 1)(−Ĉ)n−1 +

(
n

2

)
(−Ĉ)n−2 +

n∑
i=3

(
n

i

)
λi−1

i (−Ĉ)n−i

}
.

Thus the central moments of q(θ̂) are just the right-hand sides of Eq. (20).
The left-hand sides of Eq. (20) are the central moments of p̂(θ̂) (since the
normalisation is Γ̂ = Γ/(αβC0)). Since p̂(θ̂) also has mean C/(αβC0) = μq,
we can identify p̂ with q, and hence obtain

p̂(θ̂) = p̂D(θ̂ − D).
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