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Chapter 2

No-Go Theorems and

Graded Lie Algebras

2.1 The Theorems of Coleman-Mandula and Haag,

 Lopuszański, Sohnius

We now discuss the two theorems already referred to in the Introduction.1

2.1.1 The Theorem of Coleman–Mandula

The following theorem2 was established by S. Coleman and J. Mandula [23]:

Let G be a connected symmetry group of the S-matrix, i.e. a
group whose generators commute with the S-matrix, and make
the following five assumptions:

(i) Lorentz invariance: G contains a subgroup which is locally
isomorphic to the Poincaré group.

(ii) Particle finiteness: All particle types correspond to positive-
energy representations of the Poincaré group. For any finite
mass M , there is only a finite number of particles with mass
less than M .

1A.O. Barut and R. Ra̧czka [8], p. 43, also give considerations concerning the unifica-
tion of the Poincaré algebra with internal symmetry algebras. Stronger group theoretical
lemmas are given on p. 629, and it is pointed out (p. 630) that the infinite-parameter
Lie algebra associated with noncompact dynamical groups (which lead to infinite particle
multiplets (cf. pp. 411, 609)) does not contradict these theorems.

2See also the discussion in S. Weinberg [118].
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(iii) W eak elastic analy ticity : E lastic scattering amplitudes are
analytic functions of centre-of-mass energy sq uared s and
invariant momentum transfer sq uared t in some neighbour-
hood of the physical region, except at normal thresholds.

(iv) O ccu rrence of scattering: Let |p〉 and |p′〉 be any two one-
particle momentum eigenstates, and let |p, p′〉 be the two-
particle state constructed from these. Then

T |p, p′〉 6= 0,

where T is the T -matrix defined by

S =
�
− i(2π)4δ4(pµ − p′µ)T,

except, perhaps, for certain isolated values of S. In simpler
terms this assumption means: Two plane waves scatter at
almost any energy.

(v) T ech nical assu m p tion: The generators of G, considered as
integral operators in momentum space, have distributions
for their kernels.

Then the group G is locally isomorphic to the direct product of
a compact symmetry group and the Poincaré group.

We recall briefl y some basic results of scattering theory. The H ilbert space

H is the direct sum of an infinite number of subspaces, i.e.

H = H(1) ⊕H(2) ⊕ · · · .

H ere H(n) denotes the n-particle subspace. It is a subspace of the direct
product (symmetric or antisymmetric in accordance with the generalized
exclusion principle) of n H ilbert spaces, each being isomorphic to H(1). The
S-matrix is a unitary operator on H. A unitary operator U on H is said to
be a sy m m etry transform ation of the S-matrix if

(i) U transforms one-particle states into one-particle states,

(ii) U acts on many-particle states as if they were tensor products of one-
particle states,

(iii) U commutes with S.
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Thus the theorem of Coleman and Mandula, stated here without proof,3

demonstrates that the most general Lie algebra of symmetries of the S-
matrix contains the energy momentum operator Pµ, the Lorentz rotation
generator Mµν , and a finite number of Lorentz scalar operators Bl, i.e.

[

Pµ, Bl

]

= 0,
[

Mµν , Bl

]

= 0,

where the Bl constitute a Lie algebra,

[

Bl, Bm

]

= ic k
lm Bk,

and the c k
lm are the structure constants of the Lie algebra of the compact

internal symmetry4 group (e.g . SU(2, � )).

2.1.2 The Theorem of Haag,  Lopuszański and Sohnius

Supersymmetries avoid the restrictions of the Coleman-Mandula theorem by
relaxing one condition.5 R . H aag, J.T.  Lopuszański and M.F. Sohnius [5 4]
generalize the notion of a Lie algebra to include algebraic systems whose
defining relations involve in addition to the usual commutators also anti-
commutators. These algebras6 are called su peralgebras or grad ed Lie alge-

bras. The generalization of the Poincaré algebra to a superalgebra is obtained
in its simplest version by the following procedure. O ne adds to the Poincaré
algebra a Majorana spinor charge with components Qa, a = 1, . . . , 4. These
operators are called sp inor ch arges. They have the following properties:

{

Qa, Qb

}

= 2(γµ)abPµ,
[

Qa, Pµ

]

= 0, (2.1)
[

Qa,M
µν

]

= (σ4µν)abQb.

We shall see later that

{

Qa, Qb

}

= −2(γµC)abPµ,

3F or a proof of the theorem see the book of S. Weinberg [118].
4In general symmetries are classified as geo m etric sy m m etries and in tern a l sy m m etries.

G eometric symmetry transformations operate on spacetime coordinates (such as Lorentz
or Poincaré transformations), whereas internal symmetry transformations do not aff ect the
spacetime manifold but operate on objects (e.g . scalar fields, spinor fields), defined on the
spacetime manifold.

5In this sense, the H aag- Lopuszański-Sohnius theorem is a natural ex tension of the
C oleman-M andula theorem.

6In the mathematical literature, the first who considered groups with commuting and
anticommuting parameters were F .A. Berezin and G .I. K ac [11].
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where (cf. E q . (1.207 f)):

σµν
4 =

i

4

[

γµ, γν
]

and
Qa =

(

Q†γ0

)

a
.

The operators Pµ and Mµν are the usual generators of d isp lacem ents and
h om ogeneou s Lorentz transform ations of spacetime. In order to incorporate
an internal symmetry in a nontrivial way it is often convenient to rewrite
E q s. (2.1) in terms of two-component W ey l sp inors QA and QȦ. Then:

{

QA, QB

}

= 0,
{

QȦ, QḂ

}

= 0,
{

QA, QḂ

}

= 2(σµ)AḂPµ,
[

QA,Mµν
]

= i(σµν
2 ) B

A QB,
[

QA, Pµ

]

= 0,
[

QȦ, Pµ

]

= 0, (2.2)

the σµν
2 being defined by E q . (1.138 a). In E q . (2.2) the dotted and undotted

indices assume values A = 1, 2 and Ȧ = 1̇, 2̇ respectively and refer to the
(0, 1/2) and (1/2, 0) repesentations of the spinor group SL(2, � ).

We now assume that we have a set of generators, i.e. spinor charges7

Qα
A, α = 1, . . . , N , which transform according to some representation of a

compact Lie group G, such as SU(3, � ), which represents the internal sym-
metry group. Then the generators of G are the Lorentz scalars Bl. The Q

α
Ȧ

transform according to the complex conjugate representation of this group.
Then the relations (2.2) generalize as follows:

{

Qα
A, Qβ

B

}

= 0,
{

Q
α
Ȧ, Q

β

Ḃ

}

= 0,
{

Qα
A, Q

β

Ḃ

}

= 2δαβ(σµ)AḂPµ,
[

Qα
A, Pµ

]

= 0,
[

Q
α
Ȧ, Pµ

]

= 0,
[

Qα
A, Bl

]

= iS αβ
l Qβ

A,
[

Qα
A,Mµν

]

= i(σµν
2 ) B

A Qα
B,

[

Bl, Bm

]

= ic k
lm Bk,



































































(2.3)

where the S αβ
l are the H ermitian representation matrices of the representa-

tion containing the charges Qα
A. As mentioned before, the Bl are the genera-

tors of the internal symmetry group. The theorem of H aag,  Lopuszański and

7H ere, N denotes the dimension of the chosen representation of the internal symmetry
group G.
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Sohnius now states that the maximal symmetry of the S-matrix is the direct
product of an internal symmetry with the superalgebra given by relations
(2.3). The only allowed extension is the possible appearance of so-called
central ch arges in the anticommutator of two undotted spinors. Instead of
the first relation of E q . (2.3) one would then have

{

Qα
A, Qβ

B

}

= εABZαβ, Zαβ = −Zβα,

where εAB is given by E q . (1.6 6 ). Furthermore, the Z’s commute with the
B’s, i.e.

[

Zαβ, Bl

]

= 0,

which is the reason why the q uantities Zαβ are called central ch arges.

2.2 Graded Lie Algebras

2.2.1 Lie Algebras

B efore we consider graded Lie algebras it is worthwhile to recapitulate the
definition of a Lie algebra (see e.g . [19 , Chap. 1], [115 , Chap. 2], or [7 2, Chap.
5 ]).

Definition (Lie algebra)

A Lie algebra consists of a vector space L over a field (here � or�
) with a composition rule called product, denoted by ◦, defined

as follows:
◦ : L× L −→ L.

If v1, v2, v3 ∈ L, then the following properties define the Lie alge-
bra:

(i) v1 ◦ v2 ∈ L (closure of L under ◦),

(ii) v1 ◦ (v2 + v3) = v1 ◦ v2 + v1 ◦ v3 (linearity),

(iii) v1 ◦ v2 = −v2 ◦ v1 (antisymmetry),

(iv) v1◦(v2◦v3)+v3◦(v1◦v2)+v2◦(v3◦v1) = 0 (Jacobi identity).

E x am p le: The matrix space of complex 2 × 2-matrices which are traceless
and anti-H ermitian forms a Lie algebra, su(2,

�
), the Lie algebra of the Lie

group SU(2,
�
), provided we define the product as

a ◦ b :=
[

a, b
]

= ab− ba, ∀ a, b ∈ su(2,
�
).
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A basis of the vector space L is given by the three matrices

τi :=
i

2
σi, τ †i = −τi, i = 1, 2, 3,

where the σi are the three Pau li m atrices (cf. E q . (1.103b)).

We verify that the algebra su(2, � ) satisfies items (i) to (iv) of the defi-
nition of a Lie algebra.

(i) C losu re. The product is defined as (see Chapter 1, E q . (1.104b))

τi ◦ τi :=
[

τi, τk

]

= −εijkτk,

where εijk is totally antisymmetric in its indices i, j, k and ε123 = 1.
H ence, the vector space is closed under the product ◦ = [ , ].

(ii) Linearity is demonstrated as follows:

τi ◦
(

τj + τk

)

=
[

τi, τj + τk

]

= τi(τj + τk)− (τj + τk)τi

= τiτj + τiτk − τjτi − τkτi

= τiτj − τjτi + τiτk − τkτi

=
[

τi, τj

]

+
[

τi, τk

]

= τi ◦ τj + τj ◦ τk.

This verifies the linearity of the product ◦ = [ , ].

(iii) The antisy m m etry is shown as follows:

τi ◦ τj =
[

τi, τj

]

= τiτj − τjτi

= −(τjτi − τiτj)

= −
[

τj, τi

]

= −τj ◦ τi.

(iv) It is cumbersome to verify the J acobi id entity ; however, it is well known
that the following relation holds which expresses the same property:

[

τ1, [τ2, τ3]
]

+
[

τ3, [τ1, τ2]
]

+
[

τ2, [τ3, τ1]
]

= 0.
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2.2.2 Graded Algebras

We now define graded algebras. In the simplest case a graded algebra consists
of a vector space L which is the direct sum of two subspaces L0 and L1; i.e.

L = L0 ⊕ L1,

and a product ◦,
◦ : L× L −→ L

with the following properties:

(i) u1 ◦ u2 ∈ L0, ∀ u1, u2 ∈ L0,

(ii) u ◦ v ∈ L1, ∀ u ∈ L0, v ∈ L1,

(iii) v1 ◦ v2 ∈ L0, ∀ v1, v2 ∈ L1.

This algebra is called a � 2-grad ed algebra.
More generally, L is the direct sum of N + 1, N ≥ 1, subspaces Lk, i.e.

L =

N
⊕

k= 0

Lk,

with a product ◦,
◦ : L× L −→ L,

such that if uk ∈ Lk, then

uj ◦ uk ∈ Lj+k m o d (N+1).

A product ◦ with such a property is called a grad ing .

2.2.3 Graded Lie Algebras

A graded algebra becomes a grad ed Lie algebra if one modifies the product
denoted by ◦ in the following way. For simplicity we consider a � 2-graded
algebra.8 Let L0 and L1 be vector spaces and

L := L0 ⊕ L1.

Thus, the vector space L can be written as the direct sum of L0 and L1. We
define the product ◦

◦ : L× L −→ L

with the following properties:

8An elementary presentation of graded Lie algebras, their classification and some prop-
erties of their representations is given in [96]. A mathematical treatment of these topics
can be found in the monograph by B. D eWitt [26], C hap. 3. A general classification of
super Lie groups can be found in [26], C hap.4. See also the dictionary [43].
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(i) G rad ing: For all xi ∈ Li, i = 0, 1,

xi ◦ xj ∈ Li+j m o d 2. (2.4)

Then L becomes a graded algebra according to Sec. 2.2.2.

(ii) S u persy m m etrization: For all xi ∈ Li, xj ∈ Lj, i, j = 0, 1,

xi ◦ xj = −(−1)ijxj ◦ xi. (2.5 )

(iii) G eneralized J acobi id entities: For all xk ∈ Lk, xl ∈ Ll, xm ∈ Lm, k , l,
m ∈ � 2,

xk ◦ (xl ◦ xm)(−1)km + xl ◦ (xm ◦ xk)(−1)lk + xm ◦ (xk ◦ xl)(−1)ml = 0.
(2.6 )

With this definition of the product, L as a vector space becomes a grad ed Lie

algebra. It is important to note that L is not a Lie algebra, since, as defined
in E q . (2.5 ), the product is in general not antisymmetric. To see this, it is
advantageous to write out E q . (2.5 ) explicitly:

(a) i = j = 0, i.e. x0, y0 ∈ L0, then:

x0 ◦ y0 = −(−1)0y0 ◦ x0 = −y0 ◦ x0.

H ence in the subspace L0 the product ◦ is antisymmetric.

(b) i = 0, j = 1, i.e. x0 ∈ L0, y1 ∈ L1, then:

x0 ◦ y1 = −(−1)0y1 ◦ x0 = −y1 ◦ x0.

(c) i = j = 1, i.e. x1, y1 ∈ L1, then:

x1 ◦ y1 = −(−1)1y1 ◦ x1 = y1 ◦ x1.

H ence in the subspace L1 the product ◦ is symmetric.

With the above definition of a graded Lie algebra the subspace L0 spans
an ordinary Lie algebra, because the pair (L0, ◦) satisfies the definition of an
ordinary Lie algebra as given in Sec. 2.2.1. The subspace L1 is not even an
algebra, since according to E q . (2.4) L1 is not closed under the product ◦,
i.e. if x1, y1 ∈ L1, then

x1 ◦ y1 ∈ L1+1 m o d 2 = L0.
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2.3 The Graded Lie Algebra of SU(2,
	
)

As an example we discuss the 
 2 grading of su(2, � ), the Lie algebra of the
group SU(2, � ). As stated above, the subspace L0 in the construction of a
graded Lie algebra is an ordinary Lie algebra. It is natural therefore to take
L0 as the Lie algebra of SU(2, � ) with generators τ1, τ2, τ3 and

[

τi, τj

]

= −εijkτk.

We define the product
◦ : L× L −→ L

on the subspace L0 as

◦ : L0 × L0 −→ L0,

(τi, τj) 7−→ τi ◦ τj :=
[

τi, τj

]

= −εijkτk ∈ L0. (2.7 )

We denote the generators of the subspace L1 by Qa, a = 1, 2, . . . , N,N =
dim L1. We now have to define the product ◦ when multiplying any τi ∈ L0

by Qa, and multiplying two Qa ∈ L1. In the case of the former we have

◦ : L0 × L1 −→ L1.

Thus if we form the product of any τi ∈ L0 with a Qa ∈ L1, then according
to E q . (2.4) we must obtain an element of the subspace L1. We define
therefore:

◦ : (τi, Qa) 7−→ τi ◦Qa = −(ti)abQb ∈ L1. (2.8 )

H ere the (ti)ab are coeffi cients which are restricted by the generalized Jacobi
identity (2.6 ). In the present case we have

xk ∈ Lk, xl ∈ Ll, xM ∈ Lm,

and
τi ∈ L0, τj ∈ L0, Qa ∈ L1,

and so the generalized Jacobi identity is

xk ◦ (xl ◦ xm)(−1)km + xm ◦ (xk ◦ xl)(−1)ml + xl ◦ (xm ◦ xk)(−1)lk = 0,

so that
τi ◦ (τj ◦Qa) + Qa ◦ (τi ◦ τj) + τj ◦ (Qa ◦ τi) = 0,

and, using E q s. (2.7 ) and (2.8 ),

τi ◦ [−(tj)abQb] + Qa ◦ [−εijkτk] + τj ◦ [(ti)abQb] = 0,
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that is
−(tj)ab(τi ◦Qb)− εijk(Qa ◦ τk) + (ti)ab(τj ◦Qb) = 0.

Again using E q . (2.8 ),

(tj)ab(ti)bcQc − εijk(tk)abQb − (ti)ab(tj)bcQc = 0,

so that
[

(ti)ab(tj)bc − (tj)ab(ti)bc
]

Qc = −εijk(tk)acQc,

or since the Qc’s are independent:

[

ti, tj
]

ac
= −εijk(tk)ac. (2.9 )

This relation states that the coeffi cients (ti)ab of E q . (2.8 ) constitute dim
L1× dim L1-matrices which are representation matrices of the algebra L0.
If the dimension of L1 is two, then ti = τi; if the dimension of L1 is three
then (ti)ab = −εiab.

Finally we have to define the product ◦ on the subspace L1. According
to E q . (2.4) we have for Qa, Qb ∈ L1:

Qa ◦Qb ∈ L1+1 = L2
∼= L0.

According to E q . (2.5 ) this product on the subspace L1 has to be symmetric,
i.e.

Qa ◦Qb = −(−1)1Qb ◦Qa = Qb ◦Qa.

H ence we define

◦ : L1 × L1 −→ L0,

Qa, Qb 7−→ Qa ◦Qb = (hi)abτi, (2.10)

where (hi)ab = (hi)ba, and the matrices hi, i = 1, 2, 3, are three symmetric
dim L1 × dim L1 matrices. Again we make use of the generalized Jacobi
identities to find restrictions for the matrices hi. An arbitrary multiplicative
constant factor can be absorbed in the Q’s by a redefinition. Let

τi ∈ L0 and Qa, Qb ∈ L1.

Then the generalized Jacobi identity reads for this case:

τi ◦ (Qa ◦Qb)(−1)0 + Qb ◦ (τi ◦Qa)(−1)1 + Qa ◦ (Qb ◦ τi)(−1)0 = 0,

so that

τi ◦
(

(hj)abτj

)

−Qb ◦
(

−(ti)acQc

)

+ Qa ◦
(

(ti)bcQc

)

= 0,
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or

(hj)ab

(

τi ◦ τj

)

+ (ti)ac

(

Qb ◦Qc

)

+ (ti)bc
(

Qa ◦Qc

)

= 0.

Then:

−(hj)abεijkτk + (ti)ac(hj)bcτj + (ti)bc(hj)acτj = 0.

R ewriting this in the form:

[

(ti)ac(hj)cb + (ti)bc(hj)ca
]

τj = εijk(hj)abτk = εikj(hk)abτj,

so that
[

(tihj)ab + (tihj)ba
]

τj = −εijk(hk)abτj,

and

tihj + (tihj)
> = −εijkhk. (2.11)

If we take N = dim L1 = 2, then ti = τi, i = 1, 2, 3, and the most general
form of hi is given by9

(hi)ab = aiδab + bi(τ3)ab + ci(τ1)ab =







ai +
i

2
bi

i

2
ci

i

2
ci ai −

i

2
bi







ab

,

where ai, bi, ci ∈ � . The matrix τ2 does not appear in this expansion of hi,
because, as stated earlier, (hi)ab has to be symmetric in its indices a and b,
and τ2 is antisymmetric. The nine coeffi cients ai, bi and ci with i = 1, 2, 3,
have to be computed from E q . (2.11), i.e. from the relation

τihj + (τihj)
> = −εijkhk, i, j, k = 1, 2, 3.

P rop osition 2 .1 :

The matrices hi are given by

hi = 2c3

(

τiτ2

)

, i = 1, 2, 3. (2.12)

This result can be guessed, since hi is a 2× 2-matrix, we expect
τi on the right hand side; to make this symmetric we must have
τiτ2; fixing the remaining overall multiplicative factor is a matter
of convention.

9Recall that the hi are symmetric.
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P roof: We consider the various cases separately.

The case i = 1: With

τ1 =
i

2

(

0 1

1 0

)

,

we get

τ1hj =
i

2

(

0 1

1 0

)







aj +
i

2
bj

i

2
cj

i

2
cj aj −

i

2
bj






=

i

2







i

2
cj aj −

i

2
bj

aj +
i

2
bj

i

2
cj






.

This leads to:

τ1hj +
(

τ1hj

)>
=

i

2







i

2
cj aj −

i

2
bj

aj +
i

2
bj

i

2
cj






+

i

2







i

2
cj aj +

i

2
bj

aj −
i

2
bj

i

2
cj







=







−
1

2
cj iaj

iaj −
1

2
cj







!
= −ε1jkhk ( from E q . (2.11))

= −ε1jk







ak +
i

2
bk

i

2
ck

i

2
ck ak −

i

2
bk






.

N ow consider the case i = 1, j = 2. In this case we obtain the matrix
eq uation







−
1

2
c2 ia2

ia2 −
1

2
c2






= −







a3 +
i

2
b3

i

2
c3

i

2
c3 a3 −

i

2
b3






,

leading to

−
1

2
c2 = −a3 −

i

2
b3, ia2 = −

i

2
c3, −

1

2
c2 = −a3 +

i

2
b3,

so that

b3 = 0, a3 =
1

2
c2, a2 = −

1

2
c3.

For the case i = 1, j = 3 we get






−
1

2
c3 ia3

ia3 −
1

2
c3






=







a2 +
i

2
b2

i

2
c2

i

2
c2 a2 −

i

2
b2






,
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such that

−
1

2
c3 = a2 +

i

2
b2, ia3 =

i

2
c2, −

1

2
c3 = a2 −

i

2
b2.

That means:

b2 = 0, a3 =
1

2
c2, a2 = −

1

2
c3.

N ext we evaluate the case i = 2, using

τ2 =
i

2

(

0 −i
i 0

)

,

and obtain

τ2hj =
1

2

(

0 1
−1 0

)







aj +
i

2
bj

i

2
cj

i

2
cj aj −

i

2
bj






=

1

2







i

2
cj aj −

i

2
bj

−aj −
i

2
bj −

i

2
cj






.

Then

τ2hj +
(

τ2hj

)>
=

1

2

(

icj −ibj

−ibj −icj

)

=
i

2

(

cj −bj

−bj −cj

)

.

Consider the case i = 2, j = 1: E q uating the above to −ε213h3 we obtain:

i

2

(

c1 −b1

−b1 −c1

)

=







a3 +
i

2
b3

i

2
c3

i

2
c3 a3 −

i

2
b3






.

H ence with b3 = 0 we find

i

2
c1 = a3 +

i

2
b3 = a3, −

i

2
b1 =

i

2
c3, −

i

2
c1 = a3 −

i

2
b3 = a3.

Thus a3 = 0, c1 = 0, b1 = −c3, and since a3 = 1/2 c2, we have c2 = 0.
N ext we evaluate the case i = 2, j = 3:

i

2

(

c3 −b3

−b3 −c3

)

= −







a1 +
i

2
b1

i

2
c1

i

2
c1 a1 −

i

2
b1






,

leading to:

i

2
c3 = −a1 −

i

2
b1, −

i

2
b3 = −

i

2
c1, −

i

2
c3 = −a1 +

i

2
b1,



INTRODUCTION TO SUPERSYMMETRY  (Second Edition)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7594.html

130 CHAPTER 2 No-Go Theorems and Graded Lie Algebras

so that b3 = 0, c1 = 0, a1 = 0, b1 = −c3. H ence, collecting all terms we have:

a1 = 0, b1 = −c3, c1 = 0,
a2 = −1

2c3, b2 = 0, c2 = 0,
a3 = 0, b3 = 0, c3 undetermined,

and therefore

h1 = −
i

2
c3

(

1 0
0 −1

)

= 2c3

(

τ1τ2

)

, h2 = −
1

2
c3

(

1 0
0 1

)

= 2c3

(

τ2τ2

)

,

h3 =
i

2
c3

(

0 1
1 0

)

= 2c3

(

τ3τ2

)

,

i.e.

hi = 2c3

(

τiτ2

)

.

The constant c3 can be absorbed in redefined generators Qa as mentioned
before.

We finally consider the J acobi id entity for three operators Q. In this case
this relation is:

Qa ◦
(

Qb ◦Qc

)

(−1) + Qc ◦
(

Qa ◦Qb

)

(−1) + Qb ◦
(

Qc ◦Qa

)

(−1) = 0,

and so
Qa ◦

(

(hi)bcτi

)

+ Qc ◦
(

(hi)abτi

)

+ Qb ◦
(

(hi)caτi

)

= 0,

i.e.

(hi)bc
(

Qa ◦ τi

)

+ (hi)ab

(

Qc ◦ τi

)

+ (hi)ca
(

Qb ◦ τi

)

= 0.

U sing E q . (2.8 ) with ti = τi,

(hi)bc(τi)adQd + (hi)ab(τi)cdQd + (hi)ca(τi)bdQd = 0.

U sing E q . (2.12) and the fact that the Q’s are independent of one another

(

τiτ2

)

bc
(τi)ad +

(

τiτ2

)

ab
(τi)cd +

(

τiτ2

)

ca
(τi)bd = 0.

This relation is valid, i.e. satisfied by the τi’s, as can be checked by direct
calculation.

In summary we have the following construction. The graded Lie algebra
of su(2, 
 ) is:

τi ◦ τj = −εijkτk, L0 × L0 −→ L0,

τi ◦Qa = −(τi)abQb, L0 × L1 −→ L0+1 = L1,

Qa ◦Qb =
(

τiτ2

)

ab
τi, L1 × L1 −→ L1+1 = L2

∼= L0.
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The structure of the coeffi cients of the product in L0 × L1 is determined by
the generalized Jacobi identities. The only freedom one has is the choice
of representation for these coeffi cients. The important point is that the co-
effi cient matrix of τi ◦ Qa has to be a representation matrix of the algebra
given by L0. This result is an immediate conseq uence of the generalized
Jacobi identity with one Qa. Thus, the graded Lie algebra su(2, � ) has five
elements: τi, i = 1, 2, 3, and Qa with a = 1, 2, and is written O Sp(1/2)
(‘one slash two’) [108 ]. The dimension of the chosen representation then
determines the dimension of the subspace L1 and therefore the number of
operators Qa; a = 1, 2, . . . , dim L1. O nce the representation has been cho-
sen, the coeffi cient matrices of the product Qa ◦Qb may be found from the
Jacobi identity with two Q’s. For consistency these matrices have to satisfy
the generalized Jacobi identity with three Q’s; this, however, is not always
the case — for example, an extension of SU(2, � ) with an n-dimensional L1

(n > 2) is not possible, since the generalized Jacobi identity for three Q’s
then req uires the hi to be zero.

2.4 � 2 Graded Lie Algebras

We now discuss � 2 graded Lie algebras in more detail. We recall first some
general properties of � 2 graded Lie algebras.

Definition: � 2 grad ed Lie algebra

A linear algebra L := Span {Xµ} is given a � 2 grading if L is the
direct sum of two subspaces L0 and L1, i.e. L = L0 ⊕ L1, where
we set:

L0 = Span
{

Ei

}

, i = 1, . . . , dim L0,

L1 = Span
{

Qa

}

, a = 1, . . . , dim L1,

on which a composition law:

◦ : L× L −→ L

acts as follows:

L0 ◦ L0 ⊂ L0, L0 ◦ L1 ⊂ L1, L1 ◦ L1 ⊂ L0.

The pair (L0, ◦) establishes an ordinary Lie algebra.
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Definition:

We assign to any Xµ ∈ L a d egree g ∈ � 2, by defining:

gµ := g(Xµ) = 0 ⇐ ⇒ Xµ ∈ L0, (2.13)

gµ := g(Xµ) = 1 ⇐ ⇒ Xµ ∈ L1. (2.14)

We say the element Xµ ∈ L is even, if gµ = 0, and the element
Xµ ∈ L is od d , if gµ = 1.

With these definitions of degrees of elements we see that the set of generators
Ei, i = 1, 2, 3, . . . , dim L0, which is a basis of L0, consists of even elements,
whereas the generators Qa, which span the subspace L1, are odd.

The subspace L0 of the graded Lie algebra L, containing the even elements,
is called the bosonic sector, the subspace L1 is called the ferm ionic sector.

Definition:

We define the product ◦ on L by the assignment:

◦ : L× L −→ L

where:

(Xµ,Xν) 7−→ Xµ ◦Xν := XµXν − (−1)gµgνXνXµ. (2.15 )

We now consider this product separately on the two subspaces L0 and L1:

(i) ◦ : L0 × L0 −→ L0

Let Ei, Ej ∈ L0 and according to E q . (2.13):

g(Ei) = g(Ej) = 0.

Then

Ei ◦ Ej
(2.15)
= EiEj − (−1)gigjEjEi = EiEj − EjEi =

[

Ei, Ej

]

. (2.16 )

With this construction we are consistent with the basic req uirement
that the product ◦ be antisymmetric on the subspace L0 (see E q . (2.5 )).

(ii) ◦ : L0 × L1 −→ L1

Let Ej ∈ L0, Qa ∈ L1; then we get

g(Ei) = 0; g(Qa) = 1,

and we find

Ei ◦Qa
(2.15)
= EiQa− (−1)gigaQaEi = EiQa−QaEi =

[

Ei, Qa

]

. (2.17 )

Again the product is antisymmetric on L0 × L1, as demanded by E q .
(2.5 ).
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(iii) ◦ : L1 × L1 −→ L0

Let Qa, Qb ∈ L1 and according to E q . (2.14)

g(Qa) = g(Qb) = 1.

Then

Qa ◦Qb
(2.15)
= QaQb − (−1)gagbQaQb = QaQb + QbQa =

{

Qa, Qb

}

.
(2.18 )

From E q . (2.18 ) we see that the product is symmetric on the subspace
L1.

We next introduce generalized stru ctu re constants. Since Xµ ◦ Xν ∈ L,
the product Xµ ◦Xν must be a linear combination of the basis elements Xω,
i.e.

Xµ ◦Xν = c ω
µν Xω, (2.19 )

where
c ω
µν = −(−1)gµgνc ω

νµ (2.20)

are the generalized stru ctu re constants of the graded Lie algebra L. According
to E q . (2.20) the structure constants are antisymmetric for even-even and
even-odd pairs of elements of L, and symmetric for odd-odd pairs. We now
prove the relation (2.20).

In order to show E q . (2.20) we start from E q . (2.19 ), i.e.

Xµ ◦Xν = c ω
µν Xω and Xν ◦Xµ = c ω

νµ Xω.

O n the other hand using E q . (2.15 ) we have

Xµ ◦Xν = XµXν − (−1)gµgνXνXµ,

Xν ◦Xµ = XνXµ − (−1)gνgµXµXν = XνXµ − (−1)gµgνXµXν ,

and again using E q . (2.15 )

(−1)gµgνXν ◦Xµ = (−1)gµgνXνXµ −
[

(−1)gµgν
]2

XµXν

= (−1)gµgνXνXµ −XµXν

= −
[

XµXν − (−1)gµgνXνXµ

]

= −
(

Xµ ◦Xν

)

.

H ence
Xµ ◦Xν + (−1)gµgνXν ◦Xµ = 0,

and with E q . (2.19 )

c ω
µν Xω + (−1)gµgνc ω

νµ Xω = 0, ∀Xω ∈ L,
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i.e.

c ω
µν = −(−1)gµgν c ω

νµ ,

since the Xω are independent.

We now consider the generalized Jacobi identities. For Xµ,Xν ,Xρ ∈ L,
these are defined by:

[

Xµ ◦
(

Xν ◦Xρ

)]

(−1)gµgρ +
[

Xν ◦
(

Xρ ◦Xµ

)]

(−1)gνgµ

+
[

Xρ ◦
(

Xµ ◦Xν

)]

(−1)gρgν = 0. (2.21)

We demonstrate that the map given in E q . (2.15 ) obeys the generalized
Jacobi identity (2.21):

[

Xµ ◦
(

Xν◦Xρ

)]

(−1)gµgρ +
[

Xρ ◦
(

Xµ ◦Xν

)]

(−1)gρgν

+
[

Xν ◦
(

Xρ ◦Xµ

)]

(−1)gνgµ

=
[

Xµ

(

Xν ◦Xρ

)

− (−1)gµ(gν+gρ)
(

Xν ◦Xρ

)

Xµ

]

(−1)gµgρ

+
[

Xρ

(

Xµ ◦Xν

)

− (−1)gρ(gµ+gν)
(

Xµ ◦Xν

)

Xρ

]

(−1)gρgν

+
[

Xν

(

Xρ ◦Xµ

)

− (−1)gν(gρ+gµ)
(

Xρ ◦Xµ

)

Xν

]

(−1)gνgµ

=
[

Xµ

(

XνXρ − (−1)gνgρXρXν

)

− (−1)gµ(gν+gρ)
(

XνXρ − (−1)gνgρXρXν

)

Xµ

]

(−1)gµgρ

+
[

Xρ

(

XµXν − (−1)gµgνXνXµ

)

− (−1)gρ(gµ+gν)
(

XµXν − (−1)gµgνXνXµ

)

Xρ

]

(−1)gρgν

+
[

Xν

(

XρXµ − (−1)gρgµXµXρ

)

− (−1)gν(gρ+gµ)
(

XρXµ − (−1)gρgµXµXρ

)

Xν

]

(−1)gνgµ

=
[

XµXνXρ − (−1)gνgρXµXρXν − (−1)gµ(gν+gρ)XνXρXµ

+ (−1)gµgν+gµgρ+gνgρXρXνXµ

]

(−1)gµgρ

+
[

XρXµXν − (−1)gµgνXρXνXµ − (−1)gρgµ+gρgν XµXνXρ

+ (−1)gρgµ+gρgν+gµgνXνXµXρ

]

(−1)gρgν

+
[

XνXρXµ − (−1)gρgµXνXµXρ − (−1)gνgρ+gνgµXρXµXν

+ (−1)gνgρ+gνgµ+gρgµXµXρXν

]

(−1)gνgµ
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= XµXνXρ(−1)gµgρ −XµXρXν(−1)gρ(gµ+gν)

−XνXρXµ(−1)gµgν + XρXνXµ(−1)gν(gµ+gρ)

+ XρXµXν(−1)gρgν −XρXνXµ(−1)gν(gµ+gρ)

−XµXνXρ(−1)gρgµ + XνXµXρ(−1)gµ(gρ+gν)

+ XνXρXµ(−1)gνgµ −XνXµXρ(−1)gµ(gν+gρ)

−XρXµXν(−1)gνgρ + XµXρXν(−1)gρ(gµ+gν)

= XµXνXρ

(

(−1)gµgρ − (−1)gρgµ

)

+ XµXρXν

(

(−1)gρ(gµ+gν) − (−1)gρ(gν+gµ)
)

+ XρXνXµ

(

(−1)gν(gµ+gρ) − (−1)gν(gµ+gρ)
)

+ XρXµXν

(

(−1)gρgν − (−1)gνgρ

)

+ XνXµXρ

(

(−1)gµ(gρ+gν) − (−1)gµ(gρ+gν)
)

+ XνXρXµ

(

(−1)gνgµ − (−1)gµgν

)

= 0.

H ence the composition law (2.15 ) is a product which obeys all conditions of
the product of a graded Lie algebra as defined by E q s. (2.4) to (2.6 ).

We now write out the generalized Jacobi identity for the four diff erent
possibilities.

(i) Xµ,Xν ,Xρ ∈ L0: We take

Xµ = Ei, Xν = Ej, Xρ = Ek,

and
(−1)gµgρ = (−1)gρgν = (−1)gµgν = +1.

Then E q . (2.21) reads in the case of three generators of L0:
[

Xµ ◦
(

Xν◦Xρ

)]

(−1)gµgρ +
[

Xρ ◦
(

Xµ ◦Xν

)]

(−1)gρgν

+
[

Xν ◦
(

Xρ ◦Xµ

)]

(−1)gνgµ

= Ei ◦
(

Ej ◦Ek

)

+ Ek ◦
(

Ei ◦Ej

)

+ Ej ◦
(

Ek ◦Ei

)

= Ei

(

Ej ◦Ek

)

−
(

Ej ◦ Ek

)

Ei

+ Ek

(

Ei ◦Ej

)

−
(

Ei ◦ Ej

)

Ek

+ Ej

(

Ek ◦ Ei

)

−
(

Ek ◦ Ei

)

Ej

= Ei

(

EjEk − EkEj

)

−
(

EjEk − EkEj

)

Ei

+ Ek

(

EiEj − EjEi

)

−
(

EiEj − EjEi

)

Ek

+ Ej

(

EkEi − EiEk

)

−
(

EkEi − EiEk

)

Ej
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= Ei

[

Ej, Ek

]

−
[

Ej , Ek

]

Ei

+ Ek

[

Ei, Ej

]

−
[

Ei, Ej

]

Ek

+ Ej

[

Ek, Ei

]

−
[

Ek, Ei

]

Ej

=
[

Ei,
[

Ej , Ek

]

]

+
[

Ek,
[

Ei, Ej

]

]

+
[

Ej ,
[

Ek, Ei

]

]

= 0.

H ence the generalized Jacobi identity for three E’s reduces to the ususal
Jacobi identity for the Lie algebra L0, i.e.

[

Ei,
[

Ej , Ek

]

]

+
[

Ek,
[

Ei, Ej

]

]

+
[

Ej ,
[

Ek, Ei

]

]

= 0. (2.22)

(ii) Xµ,Xν ∈ L0,Xρ ∈ L1: We take

Xµ = Ei, Xν = Ej, Ei, Ej ∈ L0, and Xρ = Qa ∈ L1.

In this case E q . (2.21) becomes
[

Xµ ◦
(

Xν◦Xρ

)]

(−1)gµgρ +
[

Xρ ◦
(

Xµ ◦Xν

)]

(−1)gρgν

+
[

Xν ◦
(

Xρ ◦Xµ

)]

(−1)gνgµ

= Ei ◦
(

Ej ◦Qa

)

(−1)0 + Qa ◦
(

Ei ◦ Ej

)

(−1)0

+ Ej ◦
(

Qa ◦ Ei

)

(−1)0

= Ei

(

Ej ◦Qa

)

− (−1)gi(gj+ga)
(

Ej ◦Qa

)

Ei

+ Qa

(

Ei ◦ Ej

)

− (−1)ga(gi+gj)
(

Ei ◦Ej

)

Qa

+ Ej

(

Qa ◦Ei

)

− (−1)gj(ga+gi)
(

Qa ◦Ei

)

Ej .

U sing again E q . (2.15 ) we find
[

Xµ◦
(

Xν ◦Xρ

)]

(−1)gµgρ +
[

Xρ ◦
(

Xµ ◦Xν

)]

(−1)gρgν

+
[

Xν ◦
(

Xρ ◦Xµ

)]

(−1)gνgµ

= Ei

(

EjQa − (−1)gjgaQaEj

)

−
(

EjQa − (−1)gjgaQaEj

)

Ei

+ Qa

(

EiEj − (−1)gigjEjEi

)

−
(

EiEj − (−1)gigjEjEi

)

Qa

+ Ej

(

QaEi − (−1)gagiEiQa

)

−
(

QaEi − (−1)gagiEiQa

)

Ej

= Ei

[

Ej , Qa

]

−
[

Ej, Qa

]

Ei + Qa

[

Ei, Ej

]

−
[

Ei, Ej

]

Qa

+ Ej

[

Qa, Ei

]

−
[

Qa, Ei

]

Ej

=
[

Ei,
[

Ej, Qa

]

]

+
[

Qa,
[

Ei, Ej

]

]

+
[

Ej ,
[

Qa, Ei

]

]

= 0.

H ence the generalized Jacobi identity for two E’s and one Q is:
[

Ei,
[

Ej, Qa

]

]

+
[

Qa,
[

Ei, Ej

]

]

+
[

Ej ,
[

Qa, Ei

]

]

= 0. (2.23)
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(iii) Xµ ∈ L0,Xν ,Xρ ∈ L1: H ere we set

Xµ = Ei ∈ L0, Xν = Qa ∈ L1, Xρ = Qb ∈ L1.

Then E q . (2.21) becomes:

[

Xµ◦
(

Xν ◦Xρ

)]

(−1)gµgρ +
[

Xρ ◦
(

Xµ ◦Xν

)]

(−1)gρgν

+
[

Xν ◦
(

Xρ ◦Xµ

)]

(−1)gνgµ

= Ei ◦
(

Qa ◦Qb

)

(−1)gigb + Qb ◦
(

Ei ◦Qa

)

(−1)gbga

+ Qa ◦
(

Qb ◦ Ei

)

(−1)gagi

= Ei

(

Qa ◦Qb

)

− (−1)gi(ga+gb)
(

Qa ◦Qb

)

Ei

−Qb

(

Ei ◦Qa

)

+ (−1)gb(gi+ga)
(

Ei ◦Qa

)

Qb

+ Qa

(

Qb ◦Ei

)

− (−1)ga(gb+gi)
(

Qb ◦ Ei

)

Qa

= Ei

(

QaQb − (−1)gagbQbQa

)

−
(

QaQb − (−1)gagbQbQa

)

Ei

−Qb

(

EiQa − (−1)gigaQaEi

)

−
(

EiQa − (−1)gigaQaEi

)

Qb

+ Qa

(

QbEi − (−1)gigbEiQb

)

+
(

QbEi − (−1)gigbEiQb

)

Qa

= Ei

{

Qa, Qb

}

−
{

Qa, Qb

}

Ei −Qb

[

Ei, Qa

]

−
[

Ei, Qa

]

Qb

+ Qa

[

Qb, Ei

]

+
[

Qb, Ei

]

Qa

=
[

Ei,
{

Qa, Qb

}

]

−
{

Qb,
[

Ei, Qa

]

}

+
{

Qa,
[

Qb, Ei

]

}

= 0.

H ence, the Jacobi relation for one E and two Q’s is:

[

Ei,
{

Qa, Qb

}

]

−
{

Qb,
[

Ei, Qa

]

}

+
{

Qa,
[

Qb, Ei

]

}

= 0. (2.24)

(iv) Xµ,Xν ,Xρ ∈ L1: H ere we set

Xµ = Qa ∈ L1, Xν = Qb ∈ L1, Xρ = Qc ∈ L1.

Then E q . (2.21) becomes for this case of three Q’s:

[

Xµ◦
(

Xν ◦Xρ

)]

(−1)gµgρ +
[

Xρ ◦
(

Xµ ◦Xν

)]

(−1)gρgν

+
[

Xν ◦
(

Xρ ◦Xµ

)]

(−1)gνgµ

= Qa ◦
(

Qb ◦Qc

)

(−1)gagc + Qc ◦
(

Qa ◦Qb

)

(−1)gcgb

+ Qb ◦
(

Qc ◦Qa

)

(−1)gbga

= −Qa

(

Qb ◦Qc

)

+ (−1)ga(gb+gc)
(

Qb ◦Qc

)

Qa

−Qc

(

Qa ◦Qb

)

+ (−1)gc(ga+gb)
(

Qa ◦Qb

)

Qc

−Qb

(

Qc ◦Qa

)

+ (−1)gb(gc+ga)
(

Qc ◦Qa

)

Qb
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= −Qa

(

QbQc − (−1)gbgcQcQb

)

+
(

QbQc − (−1)gbgcQcQb

)

Qa

−Qc

(

QaQb − (−1)gagbQbQa

)

+
(

QaQb − (−1)gagbQbQa

)

Qc

−Qb

(

QcQa − (−1)gcgaQaQc

)

+
(

QcQa − (−1)gcgaQaQc

)

Qb

= −Qa

{

Qb, Qc

}

+
{

Qb, Qc

}

Qa

−Qc

{

Qa, Qb

}

−
{

Qa, Qb

}

Qc

−Qb

{

Qc, Qa

}

+
{

Qc, Qa

}

Qb

= −
[

Qa,
{

Qb, Qc

}

]

−
[

Qc,
{

Qa, Qb

}

]

−
[

Qb,
{

Qc, Qa

}

]

= 0.

H ence, for three Q’s the Jacobi identity is:

[

Qa,
{

Qb, Qc

}

]

+
[

Qc,
{

Qa, Qb

}

]

+
[

Qb,
{

Qc, Qa

}

]

= 0. (2.25 )

R em ark : It is important to observe that the commutators and anticom-
mutators in E q s. (2.22) to (2.25 ) are consistent with the composition law
(2.4) for graded Lie Algebras. Consider for example the generalized Jacobi
identity (2.24), i.e.

[

Ei,
{

Qa, Qb

}

]

−
{

Qb,
[

Ei, Qa

]

}

+
{

Qa,
[

Qb, Ei

]

}

= 0.

According to E q . (2.4) we have {Qa, Qb} ∈ L0; but on L0 the product has
to be antisymmetric, so an expression like

[

Ei, {Qa, Qb}
]

is consistent with
E q . (2.6 ). Similarly [Ei, Qa] ∈ L1 and

{

Qb, [Ei, Qa]
}

has the correct bracket
structure.

In conclusion we introduce the so-called generalized K illing form . The
generalized K illing form on L is defined by:10

bµν =
∑

ρ,σ

(−1)gσc σ
µρ c ρ

νσ , (2.26 )

where

gσ := g(Xσ),
[

Xµ,Xν

]

= c σ
µν Xσ,

Xσ ∈ L0 =⇒ gσ = 0, Xσ ∈ L1 =⇒ gσ = 1.

H ere, bµν = B(Xµ,Xν) is a symmetric bilinear form when acting on the
subspace L0 and thus reduces to the usual K illing form for the Lie algebra

10See W. M iller, [7 2], p. 394, or A.S. Scarrino and P. Sorba, [104].
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L0. We can then apply C artan’s criterion [104]: The Lie algebra L0 is semi-
simple if and only if B(Xµ,Xν)|L0×L0

is nondegenerate, i.e.

det (bµν) 6= 0.

Furthermore, the Lie algebra L0 is compact, if and only if the generalized
K illing form restricted to L0 is negative definite. H ence, a compact Lie
algebra is always semi-simple. In addition, the generalized K illing form is
antisymmetric when acting on the subspace L1, i.e.

bab = B(Qa, Qb) = −B(Qb, Qa),

and

B(Xµ,Xν)
∣

∣

∣

L0×L1

= 0.

2.5 Graded Matrices

An endomorphism

M : L −→ L, L = L0 ⊕ L1

acting on a vector space L [104] can be represented by a grad ed m atrix which
has the following matrix structure. Let dim L0 = n, dim L1 = m. Then

M =

(

A B
C D

)

∈ E nd (L) (2.27 )

is an (n + m)× (n + m)-matrix where:

A is an n× n sq uare matrix,

B is an n×m submatrix,

C is an m× n submatrix,

D is an m×m sq uare matrix.

A matrix with such a structure is also called a su perm atrix . Since L is the
direct sum of L0 and L1, i.e. L = L0 ⊕ L1, a vector v ∈ L has the structure

v =

(

v0

v1

)

, v0 ∈ L0, v1 ∈ L1, (2.28 )
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with g(v0) = 0, g(v1) = 1 according to E q s. (2.13) and (2.14). H ere v0 is
an element of the bosonic sector of L, i.e. L0, and v1 is an element of the
fermionic sector of L, i.e. L1. Introducing the following index notation

A =
(

Aij

)

, i, j = 1, 2, . . . , n,

B =
(

Bia

)

, i = 1, 2, . . . , n; a = 1, 2, . . . ,m,

C =
(

Cai

)

, a = 1, 2, . . . ,m; i = 1, 2, . . . , n,

D =
(

Dab

)

, a, b = 1, 2, . . . ,m,

v0 =
(

v0i

)

, i = 1, 2, . . . , n,

v1 =
(

v1a

)

, a = 1, 2, . . . ,m,

(2.29 )

we obtain (with w , z = 1, 2, . . . ,m + n):

Mw zvz =

(

Aij Bia

Cbj Dba

)(

v0j

v1a

)

=

(

Aijv0j + Biav1a

Cbjv0j + Dbav1a

)

d e f.
=

(

v′0i

v′1b

)

.

Thus:

v′0 = Av0 + Bv1 ∈ L0, v′1 = Cv0 + Dv1 ∈ L1.

Since v′0 ∈ L0, we must have g(v′0) = 0. B ut g(v0) = 0 and g(v1) = 1. N ow
since Av0 ∈ L0 and Bv1 ∈ L0, we must have g(Av0) = 0 and g(Bv1) =
0 mod 2. H ence

g(Av0) = g(A) + g(v0)

implies

g(A) = 0,

and

g(Bv1) = g(B) + g(v1)

implies

g(B) = 1.

Similarly since v′1 ∈ L1, we have g(v′1) = 1. B ut g(v0) = 0, g(v1) = 1, so
that

g(C) = 1 and g(D) = 0.

This means that A and D must be even submatrices with degree g(A) =
g(D) = 0, and B and C have to be odd with degree g(B) = g(C) = 1. It
follows, the elements of B and C are anticommuting variables and therefore
behave as G rassmann numbers, i.e.

BiaCbj = −CbjBia. (2.30)



INTRODUCTION TO SUPERSYMMETRY  (Second Edition)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7594.html

2.5 Graded M atrices 141

From this relation we obtain the transposition ru le

BC = −
(

C>B>
)>

(2.31)

by setting in E q . (2.30) a = b = 1, . . . ,m, so that
(

BC
)

ij
= −CajBia = −

(

C>B>
)

ji
.

Definition:

The su pertrace of a graded matrix M is defined by:

STr M = Tr A− Tr D, (2.32)

where A and D are submatrices as in E q . (2.27 ).

P rop osition 2 .2 :

Let M1,M2 be two graded matrices. The supertrace has the
property:

STr (M1M2) = STr (M2M1). (2.33)

P roof: We consider two graded matrices

M1 =

(

A1 B1

C1 D1

)

, M2 =

(

A2 B2

C2 D2

)

.

Then:

STr (M1M2) = STr

[

(

A1 B1

C1 D1

)(

A2 B2

C2 D2

)

]

= STr

(

A1A2 + B1C2 A1B2 + B1D2

C1A2 + D1C2 C1B2 + D1D2

)

.

U sing E q s. (2.30) and (2.32) this becomes

STr (M1M2) = Tr
(

A1A2 + B1C2

)

− Tr
(

C1B2 + D1D2

)

= Tr
(

A1A2

)

+ Tr
(

B1C2

)

− Tr
(

C1B2

)

− Tr
(

D1D2

)

= Tr
(

A2A1

)

− Tr
(

C2B1

)

+ Tr
(

B2C1

)

− Tr
(

D2D1

)

= Tr
(

A2A1 + B2C1

)

− Tr
(

C2B1 + D2D1

)

= STr

(

A2A1 + B2C1 A2B1 + B2D1

C2A1 + D2C1 C2B1 + D2D1

)

= STr

(

A2 B2

C2 D2

)(

A1 B1

C1 D1

)

= STr (M2M1).
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We observe that the supertrace is defined in such a way that it is cyclic for
graded matrices paralleling the analogous property of the trace for ordinary
matrices.

Definition:

The determinant of the supermatrix M is the su perd eterm inant

Sdet M , defined by

Sdet M := exp{STr ln M}. (2.34)

If
M = exp X, (2.35 )

we have, of course,
Sdet M = exp{STr X}. (2.36 )

The superdeterminant is defined in analogy to the well-known result

det M = exp{ Tr ln M}

for ordinary sq uare matrices M . The latter is easily verified by setting M =
1 + L. Then:

Tr ln(1 + L) = Tr
(

L−
1

2
L2 +

1

3
L3 − · · ·

)

.

If U is a matrix with

Tr (L) = Tr
(

ULU−1
)

= Tr (Λ ) =
∑

i

λi,

where Λ is diagonal, then:

Tr ln(1 + L) =
∑

i

λi −
1

2

∑

i

λ2
i +

1

3

∑

i

λ3
i − · · ·

=
∑

i

ln
(

1 + λi

)

= ln
∏

i

(

1 + λi

)

= ln det
(

1 + Λ
)

= ln det
(

1 + L
)

,

so that
Tr ln M = lndet M.
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It is a natural conseq uence of E q . (2.34) to define unimodular graded ma-
trices M by:

Sdet M = 1,

and
STr X = 0.

P rop osition 2 .3 :

Let M1 and M2 be two graded matrices. Then

Sdet
(

M1 M2

)

= Sdet
(

M1

)

· Sdet
(

M2

)

. (2.37 )

P roof: U sing the definition of the superdeterminant, i.e. E q . (2.24), we
write the left hand side of E q . (2.37 ) as

Sdet
(

M1M2

)

= exp{STr ln M1M2}.

We now define two matrices:

A := ln M1, B := ln M2,

and use the B aker– C am p bell– H au sd orff formula11

eAeB = eA+B+ 1

2
[A,B]+ 1

12
[A,[A,B]]− 1

12
[B,[B,A]]+ · · · = M1M2.

Taking the logarithm of both sides we obtain:

ln
(

M1M2

)

= ln
(

eAeB
)

= A+B+
1

2
[A,B]+

1

12
[A, [A,B]]−

1

12
[B, [B,A]]+· · · .

N ext we take the supertrace of both sides so that

STr ln
(

M1M2

)

= STr A + STr B +
1

2
STr

[

A,B
]

+ · · ·

= STr ln M1 + STr lnM2 +
1

2
STr

(

AB −BA
)

+ · · ·

= STr ln M1 + STr lnM2.

All commutator terms vanish because the supertrace obeys E q . (2.33). H ence

Sdet
(

M1M2

)

= exp
{

STr ln
(

M1M2

)}

= exp
{

STr ln M1 + STr ln M2

}

= exp
{

STr ln M1

}

· exp
{

STr ln M2

}

= Sdet
(

M1

)

· Sdet
(

M2

)

in view of E q . (2.29 ).

11See e.g. W. M iller, [7 2], p. 161.
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P rop osition 2 .4 :

The superdeterminant (2.34) can be expressed in terms of ordi-
nary determinants by means of the following formulas. Let

M =

(

A B
C D

)

be a supermatrix; then

Sdet M =
det(A−BD−1C)

det D
(2.38 )

=
detA

det(D − CA−1B)
. (2.39 )

P roof: In order to verify E q . (2.38 ), we decompose the matrix M in the
following form:

M =

(

E F
0m×n � m×m

)( � n×n 0n×m

G H

)

= M1M2 =

(

E + FG FH
G H

)

.

Comparing this decomposition with the standard form above, we obtain:

E + FG = A, FH = B, C = G, D = H,

or
E = A−BD−1C, F = BD−1, G = C, H = D.

Then

Sdet M = Sdet
(

M1M2

)

(2.37)
= Sdet M1 · Sdet M2

= exp{STr ln M1} · exp{STr ln M2}.

For the particular form of M1 under consideration

STr ln M1 = Tr ln E,

as can be shown with the help of the power series expansion of the logarithm.
Thus setting M1 = 1 + L, so that

L =

(

E − 1 F
0 0

)

, L2 =

(

(E − 1)2 (E − 1)F
0 0

)

,

L3 =

(

(E − 1)3 (E − 1)2F
0 0

)

, . . . ,



INTRODUCTION TO SUPERSYMMETRY  (Second Edition)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7594.html

2.5 Graded M atrices 145

we have

STr ln M1 = STr ln
(

1 + L
)

= STr
[

L−
1

2
L2 +

1

3
L3 − . . .

]

= STr

[

(

E − 1 F
0 0

)

−
1

2

(

(E − 1)2 (E − 1)F
0 0

)

+ · · ·

]

= Tr
[

E − 1
]

−
1

2
Tr

[

(E − 1)2
]

+
1

3
Tr

[

(E − 1)3
]

− · · ·

= Tr
[

ln E
]

.

Inserting this in our expression for Sdet M , we obtain:

Sdet M = exp
{

Tr
[

ln E
]}

· exp
{

−Tr
[

ln H
]}

= detE · (det H)−1

=
det

(

A−BD−1C
)

detD
.

E q uation (2.39 ) can be verified by using the decomposition

M =

( �
n×n 0
P Q

)(

R S
0

�
m×m

)

=

(

R S
PR PS + Q

)

!
=

(

A B
C D

)

.

H ence

P = CA−1, Q = D − CA−1B, R = A, B = S.

Then as above

Sdet M = det R · (det Q)−1 =
detA

det
(

D − CA−1B
) .

This completes the proof of Proposition 2.4.

Definition:

S u pertransposition of a supermatrix M is defined by

MS> =

(

A> −C>

B> D>

)

. (2.40)

P rop osition 2 .5 :

Supertransposition as defined in E q . (2.40) is constructed in such
a way to mimic the ordinary law of transposition, i.e.



INTRODUCTION TO SUPERSYMMETRY  (Second Edition)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7594.html

146 CHAPTER 2 No-Go Theorems and Graded Lie Algebras

(

M1M2

)S>
= MS>

2 MS>
1 . (2.41)

P roof: We start with:

MS>
2 MS>

1 =

(

A2 B2

C2 D2

)S>(

A1 B1

C1 D1

)S>

(2.40)
=

(

A>2 −C>2
B>2 D>

2

)(

A>1 −C>1
B>1 D>

1

)

=

(

A>2 A>1 − C>2 B>1 −A>2 C>1 −C>2 D>
1

B>2 A>1 + D>
2 B>1 −B>2 C>1 + D>

2 D>
1

)

(2.31)
=

(

(A1A2)
> + (B1C2)

> −(C1A2)
> − (D1C2)

>

(A1B2)
> + (B1D2)

> (C1B2)
> + (D1D2)

>

)

=

(

(A1A2 + B1C2)
> −(C1A2 + D1C2)

>

(A1B2 + B1D2)
> (C1B2 + D1D2)

>

)

(2.40)
=

(

A1A2 + B1C2 A1B2 + B1D2

C1A2 + D1C2 C1B2 + D1D2

)S>

=

[

(

A1 B1

C1 D1

)(

A2 B2

C2 D2

)

]S>

=
(

M1M2

)S>
.

Finally, we prove the following proposition.

P rop osition 2 .6 :

Let M be a supermatrix. Then

Sdet
(

MS>
)

= Sdet
(

M
)

. (2.42)

P roof: U sing E q s. (2.38 ), (2.30) and again E q . (2.38 ), we find:

Sdet
(

MS>
)

= Sdet

(

A> −C>

B> D>

)

=
det

(

A> + C>(D>)−1B>
)

det(D>)

=
det

(

A> − (BD−1C)>
)

det D

=
det

[(

A−BD−1C
)>]

det D

=
det

(

A−BD−1C
)

detD
= Sdet

(

M
)

.


