Chapter 2

No-Go Theorems and
Graded Lie Algebras

2.1 The Theorems of Coleman-Mandula and Haag,
Lopuszanski, Sohnius

We now discuss the two theorems already referred to in the Introduction.!

2.1.1 The Theorem of Coleman—Mandula

The following theorem? was established by S. Coleman and J. Mandula [23]:

Let G be a connected symmetry group of the S-matrix, i.e. a
group whose generators commute with the S-matrix, and make
the following five assumptions:

(i) Lorentz invariance: G contains a subgroup which is locally
isomorphic to the Poincaré group.

(ii) Particle finiteness: All particle types correspond to positive-
energy representations of the Poincaré group. For any finite
mass M, there is only a finite number of particles with mass
less than M.

!A.O. Barut and R. Raczka [8], p. 43, also give considerations concerning the unifica-
tion of the Poincaré algebra with internal symmetry algebras. Stronger group theoretical
lemmas are given on p. 629, and it is pointed out (p. 630) that the infinite-parameter
Lie algebra associated with noncompact dynamical groups (which lead to infinite particle
multiplets (¢f. pp. 411, 609)) does not contradict these theorems.

2See also the discussion in S. Weinberg [118].
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118 CHAPTER 2 No-Go Theorems and Graded Lie Algebras

(iii) Weak elastic analyticity: Elastic scattering amplitudes are
analytic functions of centre-of-mass energy squared s and
invariant momentum transfer squared ¢ in some neighbour-
hood of the physical region, except at normal thresholds.

(iv) Occurrence of scattering: Let |p) and [p’) be any two one-
particle momentum eigenstates, and let |p,p’) be the two-
particle state constructed from these. Then

Tlp,p') # 0,
where T is the T-matrix defined by
S=1- i(277)454(pu — pL)T,

except, perhaps, for certain isolated values of S. In simpler
terms this assumption means: Two plane waves scatter at
almost any energy.

(v) Technical assumption: The generators of G, considered as
integral operators in momentum space, have distributions
for their kernels.

Then the group G is locally isomorphic to the direct product of
a compact symmetry group and the Poincaré group.

We recall briefly some basic results of scattering theory. The Hilbert space
‘H is the direct sum of an infinite number of subspaces, i.e.

H=HYpHDqg....

Here H(™ denotes the n-particle subspace. It is a subspace of the direct
product (symmetric or antisymmetric in accordance with the generalized
exclusion principle) of n Hilbert spaces, each being isomorphic to H®. The
S-matrix is a unitary operator on H. A unitary operator U on H is said to
be a symmetry transformation of the S-matrix if

(i) U transforms one-particle states into one-particle states,

(ii) U acts on many-particle states as if they were tensor products of one-
particle states,

(iii) U commutes with S.
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2.1 The Theorems of Coleman—Mandula, Haag—Lopuszanski-Sohnius 119

Thus the theorem of Coleman and Mandula, stated here without proof,?
demonstrates that the most general Lie algebra of symmetries of the S-
matrix contains the energy momentum operator P, the Lorentz rotation
generator M,,,, and a finite number of Lorentz scalar operators By, i.e.

[P,ua Bl] = 07 [M/U/a Bl] = 07
where the B; constitute a Lie algebra,

[Bi, Bp] = icy,” B,
and the clmk are the structure constants of the Lie algebra of the compact
internal symmetry* group (e.g. SU(2,C)).

2.1.2 The Theorem of Haag, Lopuszanski and Sohnius

Supersymmetries avoid the restrictions of the Coleman-Mandula theorem by
relaxing one condition.® R. Haag, J.T. Lopuszaniski and M.F. Sohnius [54]
generalize the notion of a Lie algebra to include algebraic systems whose
defining relations involve in addition to the usual commutators also anti-
commutators. These algebras® are called superalgebras or graded Lie alge-
bras. The generalization of the Poincaré algebra to a superalgebra is obtained
in its simplest version by the following procedure. One adds to the Poincaré
algebra a Majorana spinor charge with components Q,,a = 1,...,4. These
operators are called spinor charges. They have the following properties:

{Qm@b} = 2(7'u>abppu
Q> Pu] =0,
[Qa, MM ] = (6*) b Qs

(2.1)

We shall see later that

{Qaa Qb} = _Q(FYHC)ame

3For a proof of the theorem see the book of S. Weinberg [118].

4In general symmetries are classified as geometric symmetries and internal symmetries.
Geometric symmetry transformations operate on spacetime coordinates (such as Lorentz
or Poincaré transformations), whereas internal symmetry transformations do not affect the
spacetime manifold but operate on objects (e.g. scalar fields, spinor fields), defined on the
spacetime manifold.

°In this sense, the Haag-Lopuszanski-Sohnius theorem is a natural extension of the
Coleman-Mandula theorem.

5In the mathematical literature, the first who considered groups with commuting and
anticommuting parameters were F.A. Berezin and G.I. Kac [11].

INTRODUCTION TO SUPERSYMMETRY (Second Edition)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7594.html



120 CHAPTER 2 No-Go Theorems and Graded Lie Algebras

where (¢f. Eq. (1.207f)):

and

Qo = (Q"0),,-
The operators P, and M, are the usual generators of displacements and
homogeneous Lorentz transformations of spacetime. In order to incorporate
an internal symmetry in a nontrivial way it is often convenient to rewrite
Egs. (2.1) in terms of two-component Weyl spinors Q4 and Q 4+ Then:

{QA?QB} = 07 {@Aa@B} = 07
{Qa,Qp} =2(c") \5Pus  [Qa,M™] =i(o5") 4" QB,
[QAa P/.L] = O, [@Au PMJ = 07 (22)

the 04" being defined by Eq. (1.138a). In Eq. (2.2) the dotted and undotted
indices assume values A = 1,2 and A = 1,2 respectively and refer to the
(0,1/2) and (1/2,0) repesentations of the spinor group SL(2,C).

We now assume that we have a set of generators, i.e. spinor charges’
Q%,a = 1,..., N, which transform according to some representation of a
compact Lie group G, such as SU(3,C), which represents the internal sym-
metry group. Then the generators of G are the Lorentz scalars B;. The @i
transform according to the complex conjugate representation of this group.
Then the relations (2.2) generalize as follows:

{Qs.Q3) = o,

(@5.Q = o,

(Q4.Q4} = 20°%(0") 15 Pu,

[Q%Pu] = 0,

@i’ Pﬂ] 0. (2.3)
(@4, B] = i5°7Q},

(@5, M™] = i(oh"),PQg,

[B,,Bn] = ic,,"B,

where the Slaﬁ are the Hermitian representation matrices of the representa-
tion containing the charges Q9. As mentioned before, the B; are the genera-
tors of the internal symmetry group. The theorem of Haag, Lopuszarski and

"Here, N denotes the dimension of the chosen representation of the internal symmetry
group G.
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2.2 Graded Lie Algebras 121

Sohnius now states that the maximal symmetry of the S-matrix is the direct
product of an internal symmetry with the superalgebra given by relations
(2.3). The only allowed extension is the possible appearance of so-called
central charges in the anticommutator of two undotted spinors. Instead of
the first relation of Eq. (2.3) one would then have

{Q4.Qp} = eapz®?, 20 = -2%,

where e4p is given by Eq. (1.66). Furthermore, the Z’s commute with the
B’s, i.e.
(2%, Bi] =0,

which is the reason why the quantities Z*? are called central charges.

2.2 Graded Lie Algebras

2.2.1 Lie Algebras

Before we consider graded Lie algebras it is worthwhile to recapitulate the
definition of a Lie algebra (see e.g. [19, Chap. 1], [115, Chap. 2], or [72, Chap.
5]).

Definition (Lie algebra)

A Lie algebra consists of a vector space L over a field (here R or
C) with a composition rule called product, denoted by o, defined
as follows:

o: LxL — L.

If v1,v2,v3 € L, then the following properties define the Lie alge-
bra:

(i) v1 ovg € L (closure of L under o),

(ii) vy o (vg + v3) = vy 0 vy + v o v (linearity),
(ili) v o vy = —wy 0 vy (antisymmetry),

(iv) wvio(vgovs)4wgo(vove)+vgo(vzovy) = 0 (Jacobi identity).

Example: The matrix space of complex 2 x 2-matrices which are traceless
and anti-Hermitian forms a Lie algebra, su(2,C), the Lie algebra of the Lie
group SU(2,C), provided we define the product as

aob:= [a,b] =ab—ba, VYa,be su(2C).
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122 CHAPTER 2 No-Go Theorems and Graded Lie Algebras

A basis of the vector space L is given by the three matrices

i T _
504, T; — —Ti 1= 172333

T ‘=
2 2

where the o; are the three Pauli matrices (¢f. Eq. (1.103b)).
We verify that the algebra su(2,C) satisfies items (i) to (iv) of the defi-
nition of a Lie algebra.

(i) Closure. The product is defined as (see Chapter 1, Eq. (1.104b))
Ti 0T = [Ty Th] = —€ijkTh,

where €5 is totally antisymmetric in its indices ¢, 7,k and €23 = 1.
Hence, the vector space is closed under the product o =, ].

(ii) Linearity is demonstrated as follows:

T; O (Tj + Tk) = [T,', T; + Tk]
=7(15 + 1) — (75 + )T
=TTj + TiTk — TjTi — TkTi
=TiTj — TjTi + TiT — TkTi
= [riomi] + 7.7

=T;0Tj+ TjOTk.
This verifies the linearity of the product o = [, ].
(iii) The antisymmetry is shown as follows:

T OTj = [Tiﬂ'j] = TZ‘T]‘ —TjTi
= —(TjTi — TiTj)
= —[7, 7]

= —Tj;OT;.

(iv) It is cumbersome to verify the Jacobi identity; however, it is well known
that the following relation holds which expresses the same property:

[7'1, [72,7'3}] + [7'3, [7'1,7'2]] + [TQ, [7'3771}] =0.
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2.2 Graded Lie Algebras 123

2.2.2 Graded Algebras

We now define graded algebras. In the simplest case a graded algebra consists
of a vector space L which is the direct sum of two subspaces Ly and Lq; i.e.

L=Lo® Ly,

and a product o,
o: LxL — L

with the following properties:
(i) ug oug € Lo, VY ui,us € Lo,
(ii) uow € Ly, Vué€ Ly,v € Ly,
(ili) v1 0wy € Ly, VY wi,v9 € L.

This algebra is called a Z,-graded algebra.
More generally, L is the direct sum of N + 1, N > 1, subspaces Ly, i.e.

N
=@,
k=0
with a product o,
o: LxL — L,
such that if up € Ly, then
uj o uk € Ljyk mod (N+1)-

A product o with such a property is called a grading.

2.2.3 Graded Lie Algebras

A graded algebra becomes a graded Lie algebra if one modifies the product
denoted by o in the following way. For simplicity we consider a Zs-graded
algebra.® Let Lo and L; be vector spaces and

L= LO@LL

Thus, the vector space L can be written as the direct sum of Ly and L;. We
define the product o
o: LxL — L

with the following properties:

8 An elementary presentation of graded Lie algebras, their classification and some prop-
erties of their representations is given in [96]. A mathematical treatment of these topics
can be found in the monograph by B. DeWitt [26], Chap. 3. A general classification of
super Lie groups can be found in [26], Chap.4. See also the dictionary [43].
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124 CHAPTER 2 No-Go Theorems and Graded Lie Algebras

(i) Grading: For all z; € L;, i = 0,1,
2;0xj € Litj mod 2- (2.4)
Then L becomes a graded algebra according to Sec. 2.2.2.
(i) Supersymmetrization: For all x; € L;, x; € Ly, i,j = 0,1,
ziox; = —(—1)9x; 0. (2.5)

(iii) Generalized Jacobi identities: For all xy, € Ly, x; € Ly, ®py € Ly, k,1,
m & 227

x o (z)0 xm)(—l)km +x10 (2 0 xk)(—l)lk + 2o (z) 0 xl)(—l)ml =0.
(2.6)

With this definition of the product, L as a vector space becomes a graded Lie
algebra. It is important to note that L is not a Lie algebra, since, as defined
in Eq. (2.5), the product is in general not antisymmetric. To see this, it is
advantageous to write out Eq. (2.5) explicitly:

(a) i=37=0, i.e. xg,yo € Lg, then:
o 0 yo = —(—1)"yo 0 w9 = —yo 0 z0.
Hence in the subspace Ly the product o is antisymmetric.
(b) i =0, =1, i.e. ko € Lo, y1 € L1, then:
zooy1 = —(—1)"y1 0 w9 = —y1 0 x0.
(c) i=j=1,1d.e z1,y1 € Ly, then:
zioyr = —(—1)'yroz = yrox.
Hence in the subspace L; the product o is symmetric.

With the above definition of a graded Lie algebra the subspace Ly spans
an ordinary Lie algebra, because the pair (Lg, o) satisfies the definition of an
ordinary Lie algebra as given in Sec. 2.2.1. The subspace L is not even an
algebra, since according to Eq. (2.4) L is not closed under the product o,
i.e. if x1,y1 € L1, then

21 °Y1 € L141 mod 2 = Lo-
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2.3 The Graded Lie Algebra of SU(2,C) 125

2.3 The Graded Lie Algebra of SU(2,C)

As an example we discuss the Z, grading of su(2,C), the Lie algebra of the
group SU(2,C). As stated above, the subspace Lg in the construction of a
graded Lie algebra is an ordinary Lie algebra. It is natural therefore to take
Ly as the Lie algebra of SU(2,C) with generators 7y, 79, 73 and

[Ti,Tj] = —€ijkThk-
We define the product
o:LxL — L
on the subspace Lg as
o :Lyx Ly — Ly,
(13,7j) V> TioTj = [Ti,Tj] = —€;kTk € Lo. (2.7)
We denote the generators of the subspace L; by Qq,a = 1,2,...,N,N =

dim L;. We now have to define the product o when multiplying any 7; € Lo
by Qq, and multiplying two @, € Li. In the case of the former we have

O:L0><L1 —>L1.

Thus if we form the product of any 7; € Ly with a ), € L1, then according
to Eq. (2.4) we must obtain an element of the subspace L;. We define
therefore:

o (75,Qa) > TioQa = —(t)aQp € L1. (2.8)

Here the (t;)q are coeflicients which are restricted by the generalized Jacobi
identity (2.6). In the present case we have

T € Ly, x €L, xp € Ly,

and
T € LO; Tj € LO7 Qa € L17

and so the generalized Jacobi identity is
T 0 (27 0 T ) (—1)F™ + 2 0 (g 0 27) (—=1)™ 4 25 0 (21 0 23) (= 1)F = 0,

so that
7i0(7j 0 Qa) + Qa o (1, 07j) +7j 0 (Qa o) =0,
and, using Eqgs. (2.7) and (2.8),

7; 0 [=(tj)abQp) + Qa © [—€ijxTh] + 75 © [(t:)apQp] = 0,
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126 CHAPTER 2 No-Go Theorems and Graded Lie Algebras

that is
—(tj)ab(Ti 0 Qp) — €451 (Qa © k) + (ti)ap(7j © Qp) = 0.
Again using Eq. (2.8),
(t)ab(ti)ocQec — €ij(tr)abQb — (ti)ab(tj)peQc = 0,
so that
[(t)ab(ti)be — (t7)ab(ti)be) Qe = —€iji(th)acQe,
or since the ).’s are independent:
[ti’tj]ac = _6ijk(tk)ac' (2.9)

This relation states that the coefficients (¢;)q of Eq. (2.8) constitute dim
L1x dim Li-matrices which are representation matrices of the algebra L.
If the dimension of L, is two, then t; = 7;; if the dimension of L; is three
then (t;)qp = —€iap-

Finally we have to define the product o on the subspace L;. According
to Eq. (2.4) we have for Q,,Qp € Lq:

QaoQp € Liy1 = Ly = Ly.

According to Eq. (2.5) this product on the subspace L; has to be symmetric,
i.e.

QaoQp=—(-1)'Qp0Qu = Qpo Qq.

Hence we define

o :L1 X L1 — L(),
Qau, Qv — Qu o Qy = (hi)apTi, (2.10)

where (h;)ap = (hi)pa, and the matrices h;,i = 1,2,3, are three symmetric
dim L7 x dim Li matrices. Again we make use of the generalized Jacobi
identities to find restrictions for the matrices h;. An arbitrary multiplicative
constant factor can be absorbed in the @’s by a redefinition. Let

7 € Lo and Qanb e L.
Then the generalized Jacobi identity reads for this case:
70 (Qa © Q) (=1)° + Qs 0 (i 0 Qu)(=1)' + Qa0 (Qy o 7)(~1)° =0,

so that

T; © ((hj)aij) —Qpo (_(ti)ach) +Qqo ((ti)chc) =0,
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or
(hj)ab (Ti © Tj) + (ti)ac(Qb © Qc) + (ti)be (Qa © Qc) =0.
Then:
—(hj)av€ijeTi + (t)ac(hg)peti + (ti)ve(hj)acTj = 0.

Rewriting this in the form:

[(ti)ac(g)eb + ()ve(Pg)ea] T3 = €iji(hi)abTh = €ikj(hi)abT),

so that
[(tih;)ab + (thj)ba] T3 = —€iji(hi)ab T,
and

tihj + (tihj)T = _Eijkhk- (2.11)

If we take N = dim Ly = 2, then t; = 7,7 = 1,2,3, and the most general
form of h; is given by?

1 1
a; + ibi 501‘
(hi)ap = aibap + bi(73)ap + ¢i(T1)ap = . . ’
5Ci a; — =b;
2 2 ab

where a;,b;,¢; € C. The matrix o does not appear in this expansion of h;,
because, as stated earlier, (h;)q has to be symmetric in its indices a and b,
and 79 is antisymmetric. The nine coefficients a;, b; and ¢; with ¢ = 1,2, 3,
have to be computed from Eq. (2.11), i.e. from the relation

b + (b)) T = —eijphi, 0,4k =1,2,3.

Proposition 2.1:

The matrices h; are given by
hi = 2c3(Tim2), i=1,2,3. (2.12)

This result can be guessed, since h; is a 2 X 2-matrix, we expect
7; on the right hand side; to make this symmetric we must have
7;72; fixing the remaining overall multiplicative factor is a matter
of convention.

9Recall that the h; are symmetric.
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Proof: We consider the various cases separately.

The case ¢ = 1: With

1 (0 1
1T =3 )
2\1 0
we get
1 1 1
i (0 1) [a+ 2bJ 5 € i 96 a; 51)]
Tih; “2\1 o i i ) i
§Cj a; ibj a; + 2bj 2Cj
This leads to:
1 1 7
I A A= CY A ¢ aj+ b
nhi+(nhy) =5 | 25 T I B i
a; + 2bj 3G a; §b] 3G
1 .
—=c; ia
o D) J J
= . 1
1a; —§Cj
= —e1jkh ( from Eq. (2.11))
1 1
ap + §bk ick
AN i
§Ck ap — §bk
Now consider the case ¢ = 1,5 = 2. In this case we obtain the matrix
equation
1 ) n ib i
——c ia as + = —c
5¢2 12 _ st gts 563
i i ’
—— — — =b
19 202 203 as 9 3
leading to
1 ib ) i 1 n ib
——cy=—a3— = las = —=c ——cy=—a3+ =
€2 37 5% 2 53 52 31 508
so that
be — 0 1 1
= a3z — —C ag = ——=C3.
3 ) 3 2 25 2 2 3
For the case i = 1,5 = 3 we get
1 . n ib i
—=c3 ia: as + = —c
563 13 _ [T 5% 5¢2
i i ’
i —= — —=b
a3 263 202 a2 9 2
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2.3 The Graded Lie Algebra of SU(2,C) 129

such that
1 i . i 1 i
503 = a2 + §b2’ lag = gea, —5C3=az - 552_
That means: .
bp=0, a3= 502, az = —503.

Next we evaluate the case i = 2, using

i (0 i
275\ o)

and obtain
b= ( 0 1) Gtghi s L[ 39 % gh
7 2\-1 0 ¢ v 9 ) )
56]‘ a]' — ibj —aj — ibj —icj
Then

. I B L e A W (e
mhy o (mhy) =5 (—ibj —iCa) 2 (—bj —¢)

Consider the case i = 2,j = 1: Equating the above to —es13h3 we obtain:

1 7
i <01 —b1> _ a3-+§b3 503'

2\~ —a %C?) ag — %53
Hence with b3 = 0 we find
%C1 =a3+ %b:a = as, _%bl = %C& _%Cl =a3 — %bs = as.
Thus az = 0,¢1 = 0,b1 = —c3, and since a3 = 1/2 co, we have co = 0.

Next we evaluate the case i = 2,j = 3:

7 )
7 ( c3 —bs B ai + §b1 501
5 —bsy —c3 - 1 731) ?
261 ai 501
leading to:

) ) ) ) ) )
—c3 = —a; — =b —=by = —— ——C3 = — —b
263 ai 501 53 201, 203 ay + 501
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so that b3 = 0,¢1 = 0,a; = 0,b; = —c3. Hence, collecting all terms we have:
ay = 07 bl = —Cs, 1 = 07
az = —%e3, by = 0, 2 =0,
az = 0, bs = 0, c3  undetermined,

and therefore

' 1 0 1 /10
hi = —%C3 <0 _1> = 2c3(T172), hy = 5% <0 1> = 2c3(m272),

) 01
hg = %C?) (1 0> = 2c3(7372),

i.e.
hi = 203 (TiTQ) .

The constant c3 can be absorbed in redefined generators @), as mentioned
before.

We finally consider the Jacobi identity for three operators Q. In this case
this relation is:

Qa0 (Qb © Qc)(_l) + Qo (Qa ° Qb)(_l) +Qpo (Qc © Qa)(_l) =0,

and so

Qa0 ((h)eeTs) + Qe 0 ((hi)awi) + Qv 0 ((hi)eaTs) = 0,
i.e.

(hi)bc(Qa o Ti) + (hi)ab(Qc o Ti) + (hi)ca(Qb © Ti) =0.
Using Eq. (2.8) with ¢; = 7,

(hi)be(Ti)adQa + (hi)ab(Ti)eaQa + (hi)ea(Ti)pala = 0.
Using Eq. (2.12) and the fact that the @’s are independent of one another
(7i72) o (Ti)ad + (7i72) 3 (Ti)ed + (Ti72) ., (Ti)ba = 0.

This relation is valid, i.e. satisfied by the 7;’s, as can be checked by direct
calculation.

In summary we have the following construction. The graded Lie algebra
of su(2,C) is:

Ti O Tj = —€ijkThk; Ly x Ly — Ly,
7i 0 Qa = —(73) b Q> Lox Ly — Loy = Ly,
QCL o Qb = (TiTQ)abTi; L1 X L1 e L1+1 = L2 =~ LO'
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2.4 75 Graded Lie Algebras 131

The structure of the coefficients of the product in Ly x L; is determined by
the generalized Jacobi identities. The only freedom one has is the choice
of representation for these coefficients. The important point is that the co-
efficient matrix of 7; o @), has to be a representation matrix of the algebra
given by Lg. This result is an immediate consequence of the generalized
Jacobi identity with one @,. Thus, the graded Lie algebra su(2,C) has five
elements: 7;,7 = 1,2,3, and Q, with ¢ = 1,2, and is written OSp(1/2)
(‘one slash two’) [108]. The dimension of the chosen representation then
determines the dimension of the subspace L; and therefore the number of
operators (Qq; a = 1,2,..., dim L;. Once the representation has been cho-
sen, the coefficient matrices of the product Q, o @, may be found from the
Jacobi identity with two @’s. For consistency these matrices have to satisfy
the generalized Jacobi identity with three @’s; this, however, is not always
the case — for example, an extension of SU(2,C) with an n-dimensional L,
(n > 2) is not possible, since the generalized Jacobi identity for three @Q’s
then requires the h; to be zero.

2.4 7, Graded Lie Algebras

We now discuss Z, graded Lie algebras in more detail. We recall first some
general properties of Zs graded Lie algebras.

Definition: Z, graded Lie algebra

A linear algebra L := Span {X,,} is given a Z, grading if L is the
direct sum of two subspaces Ly and Ly, i.e. L = Ly @ Ly, where
we set:

Lo = Span {EZ}, i=1,..., dim Lo,
L; = Span {Qa}, a=1,..., dim Ly,

on which a composition law:
o: LxL — L
acts as follows:
Lgo Ly C Ly, Loo Ly C Ly, Lyo Ly C L.

The pair (Lo, o) establishes an ordinary Lie algebra.
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132 CHAPTER 2 No-Go Theorems and Graded Lie Algebras

Definition:
We assign to any X,, € L a degree g € Z3, by defining:
gu=9(Xu) =0 <= X, € Ly, (2.13)
g =9(X,) =1 <= X, € L. (2.14)
We say the element X, € L is even, if g, = 0, and the element
X, € Lis odd, if g, = 1.

With these definitions of degrees of elements we see that the set of generators
F;,i=1,2,3,..., dim Ly, which is a basis of Ly, consists of even elements,
whereas the generators @QQ,, which span the subspace L1, are odd.

The subspace Lg of the graded Lie algebra L, containing the even elements,
is called the bosonic sector, the subspace L is called the fermionic sector.

Definition:
We define the product o on L by the assignment:
o: LxL — L
where:
(Xu, X)) — X, o0X, =X, X, — (1) X, X,,. (2.15)
We now consider this product separately on the two subspaces Ly and Ly:
(i) o : Lox Ly — Lo
Let E;, Ej € Lo and according to Eq. (2.13):
9(Ei) = g(Ej) = 0.
Then
EioB; "X BiE; - (—1)%9 BB, = BB, — E;E; = [E;, E;]. (2.16)
With this construction we are consistent with the basic requirement
that the product o be antisymmetric on the subspace Ly (see Eq. (2.5)).

(11) o L0XL1 — L1
Let E; € Lo,Qq € L1; then we get

9(Ei) =0;  9(Qa) =1,
and we find
EioQu "2 EiQu—(~1)%9QuE; = EiQu— QuEi = [Ei.Qu). (2.17)
Again the product is antisymmetric on Lo X L1, as demanded by Eq.
(2.5).
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(lll) o : L1 XL1 — LO
Let Qq,Qp € L1 and according to Eq. (2.14)

9(Qa) = 9(Qp) = 1.

Then
(2.15) 9adh
QaoQp =" QuQp— (_1) QuQp = QuQp + QpQa = {Qaa Qb}
(2.18)
From Eq. (2.18) we see that the product is symmetric on the subspace
L.

We next introduce generalized structure constants. Since X, o X, € L,
the product X, o X,, must be a linear combination of the basis elements X,,
i.e.

Xpo Xy =r¢, Xy (2.19)
where
ch = —(—1)9“9”6,,““’ (2.20)
are the generalized structure constants of the graded Lie algebra L. According
to Eq. (2.20) the structure constants are antisymmetric for even-even and
even-odd pairs of elements of L, and symmetric for odd-odd pairs. We now
prove the relation (2.20).
In order to show Eq. (2.20) we start from Eq. (2.19), i.e.

X#OX,,:CWWXW and X,o0X,=¢, X,

w
v
On the other hand using Eq. (2.15) we have

X, 0X, =X,X, — (~1)%9X,X,,
X, 0X,=X,X, — (~1)%%X,X, = X, X, — (—1)"9 X, X,,
and again using Eq. (2.15)
(~1)%9°X, 0 X,, = (~1)# X, X,, — [(~1)%*]*X, X,
=(-1)rX, X, - X, X,
= —[X, X, — (1) X, X, ] = —(X,0X,).
Hence
X, 0 X, + (—1)%9 X, 0 X, = 0,
and with Eq. (2.19)

e Xy + (=1)"%¢c, X, =0, VX, €L,
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134 CHAPTER 2 No-Go Theorems and Graded Lie Algebras

i.e.

Cp,yw = _(_1)“]“9”01/#&)7

since the X, are independent.

We now consider the generalized Jacobi identities. For X, X, X, € L,
these are defined by:

(X0 (X 0 X,)[(=1)%% + [X, 0 (X, 0 X,) | (—1)#9
+ [X, 0 (X0 X,)](—1)%9 = 0. (2.21)

We demonstrate that the map given in Eq. (2.15) obeys the generalized
Jacobi identity (2.21):

[Xu ° (XVOXp)]( 1)9me + [Xp o (X o X, )]( 1)oe9
+ [Xo 0 (X, 0 X)) (~1)99n

=[50 (5 0 X,) — (199 (3,0 X,)X,] (- 1)90
X, oXl,) _ (_1)90(9#*91/ (X o X )Xp:| 1)9r9v
X, XPOXH) ( 1)gu(gp+gu) (X o X )XV:| gvgu
= [X, (%X, - (-1)79X,X,)
— (= 1)gu(9u+gp)(X X,— (- 1)9”9PXPX,,)XH}(—1)9“9P
[ (XX = (~1)29 X, X,)
— (—1)9louton) (X, X, — (fl)g“g”X,,XM)Xp] (—1)909~
+ {XV (XPXM o (_1)gpg“XuXP)
- (- 1)gu(gp+9u)(X X, — (- 1)999“X#XP)X,,](—1)9W“
= {XMXVXP (~1)9 X, X, X, — (—1 1)9u(9-+90) X, X, X,
71)9u9u+gu9p+gungprXﬂ (71)9u9p
X, X, X, — (1) X, X, X,, — (—1)9%9199 X, X, X,

+(
+]
+ (= 1)90u 9000 ton X X, X,,_ (—1)909
+ [XI,XPXH — (—1)%9 X, X, X, — (—1)%9 09 X X, X,
+(

_ ]_)gugp‘f‘gvg,u‘i‘gpgu XuXpXV- (_ l)gug,u
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= XHXVXp(fl)g“gp - X, X, X, (,1)9p(9u+gy)

— X, X, X, (—1)99 + X, X, X,,(— 1)9»(9u+90)
+ X, X, X, (—1)99 — X, X, X, (— 1)9v(9u7+90)
— X, X, X, (—1)99% 4+ X, X, X ,(— 1)9u(9pF9v)
+ X, X, X, (—1)99 — X, XHXP(_l)gu(gu—ng)
— X, X, X, (—1)9% + X, X, X, (—1)99nF9v)

+ X, X,X, (( 1)9e(gntor) _ (_l)gp(gu'i‘gu))
+ X,X, X (( 1)9v(9utge) _ (_1)9v (Q;H‘Qp))
+ X,X,X, (( 1)909 — (— )gugp)

+ X, X, X (( 1)9u(9pt9v) _ (_1)90(90%+9v) )
+ X, X,X (( 1)9v90 — (— )gugv) _o.

Hence the composition law (2.15) is a product which obeys all conditions of
the product of a graded Lie algebra as defined by Egs. (2.4) to (2.6).

We now write out the generalized Jacobi identity for the four different
possibilities.

(i) Xu, Xy, X, € Lo: We take
X, =F, X, =FE;, X,=kFE,
and
(=1)919° = (—1)%9 = (—1)919" = +1.
Then Eq. (2.21) reads in the case of three generators of Ly:
(X, 0 (X,0X,)](=1)%9% + [X, 0 (X, 0X,)](—1)%%
+ [ Xy o (X, 0 X,,) ] (—1)979»
= FE;o (EjoEy) + Eyo (E;oEj) + Ejo (Exo E))
= E;(Ej o Ey,) — (Ej o Ey)E;
+ Ey(Ei 0 Ej) — (Ej o Ej) Ey
+ E; (Ek o EZ) — (E;€ o Ei)Ej
— Ei(E;Ey — ExE;) — (E;Ey, — ExE;) E;
+ Ey(E;Ej — E;E;) — (E:E; — E;E;) Ey
+ E;(EyE; — E;Ey,) — (ExE; — E;Ey) E;
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= Ei[Bj, By] — [Ej, By By
+ Ey|E;, Ej| — |E;i, Ej| By,
+ E;|Ey, Ei| — [Ex, E; | Ej
= {Ei, [EjaEk” + [Ek, [EianH + [Ej; [EkszH
=0.
Hence the generalized Jacobi identity for three E’s reduces to the ususal
Jacobi identity for the Lie algebra Lg, i.e.
[Ei, [Ej,EkH n [Ek [Ei,Ej]} n [Ej, [Ek,EZ” —0. (2.22)

(i) X, X, € Lo, X, € L1: We take
Xu:Eia AXVV:E']'7 Ei,Ej € Lo, and Xp:Qa€L1.
In this case Eq. (2.21) becomes
(X0 (XuoX) [ (1) + [ X 0 (X0 Xp) J (= 1)
[0 (X, 0 X,)] (-1
=F;o(EjoQa)(~1)°+ Quo (EioE;)(-1)°
+ Ejo (Qq0 E;)(—1)°
— B(50Q) ~ (-)M0(5, 0 Q)
+ Qu(E; 0 B;) — (—1)92(9:%95) (E 0 E;)Qq
+ Ej(Qq o E;) — (—1)9:09at9:) (Q (Qa 0 i) E;
Using again Eq. (2.15) we find
[XuO(X,, o Xp)]( 1)9n90 + [X o (X o X, )]( 1)9r9v
+ [X,,o (X o X )]( 1)9v9n
= Ez (Ean - ( )gjgaQa ]) (Ean - (_1)gjgaQan)Ez
+Qa(EiE; — (-1)7 E;E;) — (EiEj — (-1)*% E;E;)Qa
+ Ej (QaEi - (_1)gagiEiQa) - (QaEi - (_1)gagiEiQa)E]
= Ei[Ej,Qa] = [E}, Qa] Ei + Qu[Ei, Ej] — [Ei, Ej] Qa
+ Ej [Qa; Ez] - [Qm Ez] Eg
= [B0 [B5,Qu)]| + [Qu, [B: B + B, [Qu B] | = 0.

Hence the generalized Jacobi identity for two E’s and one Q) is:

[E [Ej,Qa]] v [Qa, [Ei,Ej]} + [Ej, [Qa,Ei]] —0. (2.23)
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(ili) X, € Lo, X,, X, € Ly: Here we set
Xu:EieL07 XV:QaeLI) Xp:QbELL
Then Eq. (2.21) becomes:

X402, 0 ) (1990 & (X, 0 (X, 0 X,)] (1)
+ [Xy o (Xp0 X,,) [ (= 1)

= FE;0(Qq0Qp)(—1)%% + Qo (Ej 0 Qq)(—1)99
+ Qa0 (Qp 0 E;)(—1)%9

= Ei(Qq 0 Qp) — (—1)%i(9eF9) (Qa o Q) E;
— Qu(Bi 0 Qq) + (—1)®Wt9) (E; 0 Q,)Qy
+Qa(Qp 0 i) — (=1)%49)(Qy 0 ;) Qq

= Ei(QaQp — (—1)99QpQa) — (QuQp — (—1)7*%QQq) E;
— Qp(EiQq — (—1)79Q,E;) — (EiQq — (—1)%9°Q,E;) Q
+ Qu(QE; — (—1)Y"E;Qp) + (QuE; — (-1)Y" E;Qp) Qq

= Ei{Qa,Qb} — {Qa, Qv } Ei — Qv [Ei, Qu] — [Ei, Qa] Qv
+ Qa[Qb, Ei| + [Qb, Ei] Qa

= [E {Qme}} - {Qb, [Ei,Qa]} + {Qm [Qb,Ei]} —0.

Hence, the Jacobi relation for one E and two Q’s is:
1B {Qas @} | = { @ [Bi. Q) |+ {Qu [@n B} =0, (224)

(iv) X,,X,,X, € L;: Here we set
Xu:QaeLla Xy, =Qp € Ly, Xp:chLL
Then Eq. (2.21) becomes for this case of three @Q’s:

[Xy0(X, 0 X,)] (<1949 + [X, 0 (X, 0 X,)] (1)
[X o(X oX)]( 1)9v9n
= Quo (Qonc)( 1)99¢ + Qe 0 (Qq © Qp) (—1)9%

+Qp 0 (Qc o Qq)(—1)%9e

= —Qu(Qp o Qc) + (—1)%(919)(Qy 0 Q) Q,
— Qe(Qa o Qp) + (—=1)%49)(Q, 0 Q1) Qe
— Qu(Qc 0 Qa) + (=1)P1T9)(Q, 0 Qu) Qy
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= —Qa(QQc — (=1)"9QcQp) + (QvQc — (—1)79°Q.Qp) Qa
= Qc(QaQp — (—1)749QpQ0) + (QaQb — (1) QpQq) Qe
— Qp(QeQa — (—1)7Q,Qc) + (QcQa — (—1)7%QuQc) Qs
= —Qa{ Qv Qc} + {Qb,Qc}Qu
—Qc{Qa, Qv } — {Qu, Qb } Qe
— Qp{Qc, Qu} + {Qc, Qu } Qy

= —[Qu {Q Qe}] ~ Qe {Qu @}] — | @0 { Qe Qu}]
=0.

o~ o~

Hence, for three @’s the Jacobi identity is:

|Qu (@0 Qe} | + Qe {Qus @0} + @0 {Qu Qu}] = 0. (225)

Remark: It is important to observe that the commutators and anticom-
mutators in Eqgs. (2.22) to (2.25) are consistent with the composition law
(2.4) for graded Lie Algebras. Consider for example the generalized Jacobi
identity (2.24), i.e.

(B {Qus @} | = { @0 [Ei Q] } + {Qus [@n B } =0

According to Eq. (2.4) we have {Q,,Qp} € Lo; but on Ly the product has
to be antisymmetric, so an expression like [El-, {Qa, Qb}] is consistent with
Eq. (2.6). Similarly [E;, Q,] € L1 and {Qb, [E;, Qa]} has the correct bracket
structure.

In conclusion we introduce the so-called generalized Killing form. The
generalized Killing form on L is defined by:'°

b = Z(—l)g"cupacwp, (2.26)
p,0
where
Yo = g(XO')’ [X/MXV} = C,ul/aXUa

XU€L0:>QUZO, XJELlﬁQUZL

Here, b, = B(X,,X,) is a symmetric bilinear form when acting on the
subspace Ly and thus reduces to the usual Killing form for the Lie algebra

19See W. Miller, [72], p. 394, or A.S. Scarrino and P. Sorba, [104].
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Lg. We can then apply Cartan’s criterion [104]: The Lie algebra Ly is semi-
simple if and only if B(X,,, X,)|1,xL, is nondegenerate, i.e.

det (bu) # 0.

Furthermore, the Lie algebra Lg is compact, if and only if the generalized
Killing form restricted to Ly is negative definite. Hence, a compact Lie
algebra is always semi-simple. In addition, the generalized Killing form is
antisymmetric when acting on the subspace L1, i.e.

bab = B(Qaa Qb) = _B(an Qa)v
and

B(X,, X, = 0.
(X X0)|

2.5 Graded Matrices

An endomorphism
M : L — L, L=Lyd L,

acting on a vector space L [104] can be represented by a graded matriz which
has the following matrix structure. Let dim Ly = n, dim L; = m. Then

M= (é g) € End (L) (2.27)

is an (n +m) x (n + m)-matrix where:
A is an n X n square matrix,
B is an n X m submatrix,
C'is an m X n submatrix,
D is an m X m square matrix.

A matrix with such a structure is also called a supermatriz. Since L is the
direct sum of Ly and Ly, i.e. L = Lo ® Ly, a vector v € L has the structure

v= (ZO> . v € Loy, v €Ly, (2.28)
1
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with g(vg) = 0, g(v1) = 1 according to Eqgs. (2.13) and (2.14). Here vy is
an element of the bosonic sector of L, i.e. Ly, and v1 is an element of the
fermionic sector of L, i.e. Lq. Introducing the following index notation

A (4;)), i,j=1,2,...,n,
B = (Bia), 1=1,2,....,n;a=1,2,...,m,
Cc = (C’ai), a=1,2,....m;1=1,2,...,n, (2.29)
D = (Dab), a,b=1,2,... ,m,
Vo = ('UOia i:l,Q,...,n,
v = (vla, a=1,2,...,m,
we obtain (with w,z =1,2,...,m+n):
Mo, — (Aij Bm) (UOJ') _ (AijUOj +Bmv1a> def. (véi)
wETE Cyi Dra) \Via Chjvoj + Dpavia /)
Thus:
vy = Avg + Bvy € Ly, v] = Cvg+ Dvy € L.

Since v{, € Lo, we must have g(vy) = 0. But g(vg) = 0 and g(v1) = 1. Now
since Avg € Ly and Buy € Ly, we must have g(Avy) = 0 and g(Bv1) =
0 mod 2. Hence

g(Avo) = g(A) + g(vo)

implies

9(A) =0,
and

9(Buvy) = g(B) + g(v1)

implies

g(B) =1.
Similarly since v} € Ly, we have g(v]) = 1. But g(vg) = 0, g(v1) = 1, so
that

g(C)=1 and g(D) =0.

This means that A and D must be even submatrices with degree g(A) =
g(D) = 0, and B and C have to be odd with degree g(B) = g(C) = 1. It
follows, the elements of B and C are anticommuting variables and therefore
behave as Grassmann numbers, i.e.

B;iqCyj = —C;Biq. (2.30)
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From this relation we obtain the transposition rule
BC=—(cTBT)' (2.31)
by setting in Eq. (2.30) a=b=1,...,m, so that
(BC),. = —CyjBjs = —(C'B")

ij Ji
Definition:
The supertrace of a graded matrix M is defined by:
STr M =Tr A—Tr D, (2.32)
where A and D are submatrices as in Eq. (2.27).

Proposition 2.2:
Let My, M, be two graded matrices. The supertrace has the

property:

Proof: We consider two graded matrices
o A1 B1 o A2 BQ
My = <Cl Dl) y Ma= <CZ D2> ’
Al By A2 By
Ci D) \C2 Do

— 9Ty A1As + B1Cy A1By+ Bi1D»
C1Ay + D1Cy C1By+ D1Dso )"

Then:

STI‘ (MlMQ) = STI‘

Using Egs. (2.30) and (2.32) this becomes
STr (MlMQ) =Tr (AlAQ + 31C2) —Tr (0132 + DlDQ)

=Tr (AlAQ) + Tr (Bng) —Tr (ClBg) —Tr (DlDQ)
=Tr (AQAl) —Tr (C2B1) + Tr (BQCl) —Tr (DQDl)
=Tr (A2A1 + BQCl) —Tr (CgBl + DQDl)

— 9Ty A Ay + BoC1 AsBi + BsDq
CyA1 + DyCy C9By + Dy Dy

. As By A B
= ST <C2 D2> (Cl D1>

== STI‘ (MQMl).
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We observe that the supertrace is defined in such a way that it is cyclic for
graded matrices paralleling the analogous property of the trace for ordinary
matrices.

Definition:

The determinant of the supermatrix M is the superdeterminant
Sdet M, defined by

Sdet M := exp{STr In M}. (2.34)
If
M =exp X, (2.35)
we have, of course,
Sdet M = exp{STr X}. (2.36)

The superdeterminant is defined in analogy to the well-known result
det M = exp{ Tr In M}

for ordinary square matrices M. The latter is easily verified by setting M =
1+ L. Then:

1 1
Tr In(1+L)= Tr (L—§L2+§L3_...)_
If U is a matrix with

Tr (L)

I
=
g
h
5
I
=
=
I
>

where A is diagonal, then:
Tr In(1+ L) :ZAi—%ZA?+%Z,\§_...
- iln(l + Az) l
= 1;1_[(1 + )

= Indet(1+ A)
= lndet(l +L

~—

)

so that
Tr In M = Indet M.
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It is a natural consequence of Eq. (2.34) to define unimodular graded ma-
trices M by:
Sdet M =1,

and
STr X =0.

Proposition 2.3:
Let M; and Ms be two graded matrices. Then

Sdet (M1 Mg) = Sdet (Ml) - Sdet (MQ) (237)

Proof: Using the definition of the superdeterminant, i.e. Eq. (2.24), we
write the left hand side of Eq. (2.37) as

Sdet (M;M,) = exp{STr In M;M>}.
We now define two matrices:
A:=InM;, B:=InMs,
and use the Baker—Campbell-Hausdorff formula!®
eAeB = ATBHABI+HIAIABI -5 (BBA+ _ oy,

Taking the logarithm of both sides we obtain:

In(M;Ms) = In(e?e?) = A+B+%[A,B]+%[A, [A,B]]—l—g[B, (B, A]]+- -

Next we take the supertrace of both sides so that
1
STr ln(MlMg) =STr A+ STr B+ §STr [A,B] + .-

1
= STr In My +STr In My + 5STr (AB — BA) + -+
= STr In M; + STr In M.
All commutator terms vanish because the supertrace obeys Eq. (2.33). Hence

Sdet (M1M2) = exp{STr ln(MlMg)}
= eXp{STr In My + STr lnMg}
= eXp{STr In Ml} -eXp{STr In MQ}
— Sdet (M) - Sdet (My)

in view of Eq. (2.29).

See e.g. W. Miller, [72], p. 161.
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Proposition 2.4:

The superdeterminant (2.34) can be expressed in terms of ordi-
nary determinants by means of the following formulas. Let

A B
v-( )
be a supermatrix; then

det(A — BD710)
det D
det A

" det(D — CA'B)’

Sdet M =

(2.38)

(2.39)

Proof: In order to verify Eq. (2.38), we decompose the matrix M in the
following form:

_( E F Loxn Opsm) _ _ (E+FG FH
M‘(Omm ﬂme)<G H>_M1M2—< G H)

Comparing this decomposition with the standard form above, we obtain:
EFE+FG=A, FH=B, C=G, D=H,

or
E=A-BD7'C, F=BD!, G=C, H=D.

Then
Sdet M = Sdet (MlMQ)
P30 Sdet M, - Sdet M,
= exp{STr In M;} - exp{STr In M>}.
For the particular form of M7 under consideration
STr InM; =Tr In E,

as can be shown with the help of the power series expansion of the logarithm.
Thus setting My = 1+ L, so that

L:(Eo_l g) LQZ((EBUQ (E—Ol)F>7
I3 _ ((Egl)?n (E_01)2F>’”_’
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we have

STr In My = STr ln(l + L)

1 1
ey —L3—...}
57 T3

<E01 g)_;((EOD? (E01>F>+...]

=T [B 1]~ 2T [(B - 17 + 3T [(B— 1)) -
=Tr [lnE].

—STr [L

= STr

Inserting this in our expression for Sdet M, we obtain:

Sdet M = exp{Tr [lnE]} ~exp{fTr [lnH]}
=det E- (det H)™!
B det(A— BD™'C)
det D

Equation (2.39) can be verified by using the decomposition

Ao (T ON(R S \_(R S \:[(A B
P QJ)\o 1,m/) \PR PS+Q) \C D)
Hence
P=CA™Y, Q=D—-CA™'B, R=A4, B=25.

Then as above

det A
det (D — C’A—lB) '

Sdet M =det R - (det Q)™ ' =

This completes the proof of Proposition 2.4.

Definition:

Supertransposition of a supermatrix M is defined by

AT —CT

Proposition 2.5:

Supertransposition as defined in Eq. (2.40) is constructed in such
a way to mimic the ordinary law of transposition, i.e.
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ST
(MiMs)” = M5 T MPT. (2.41)

Ay B, A, B\°T
Cy Dy C, Dy

Proof: We start with:

MSITMPT = <

(10) ((A] ch AT cf)
By B} D/
AJA] — c; B —AjcC] —-C)Df
BJ Al +DJB] -BjC] +DJD]

(2.31) (A14) " + (B1Ca)" —(C1A)" — (D1Ca) T
(A1B)T 4+ (B1D2)T  (C1Ba)T + (D1 Do) "
(A145 + B1Ca)T  —(C1Ag 4+ D1Cy) "
(A1By+ B1D3)"  (C1Bs+ D1Ds) "

(2 40) (A1As + B1Cy A1By + B1Do ST
C1A2+ D1Cy C1By+ D1 Do

_ (M1M2)ST

ST
Al B\ (A2 B
v Dy Cy Do

Finally, we prove the following proposition.

Proposition 2.6:
Let M be a supermatrix. Then

Sdet (M5T) = Sdet (M). (2.42)

Proof: Using Egs. (2.38), (2.30) and again Eq. (2.38), we find:

T _~T
Sdet (M5T) = Sdet (gT DOT)

_det(AT+CT(DT)'BT)

det(DT)
det(AT — (BD7'C)T)
- det D
det[(A— BDC) ]
- det D X
det(A — BD~
_ detf — ) _ sdet (M),
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