Lecture 16

Quadratic Surd Expressions and Their Operations

Definitions

For an even positive integer n, by the notation {/a, where a > 0, we denote
the non-negative real number x which satisfies the equation ™ = a. In particular,
when n = 2, ¥a is called square root of a, and denoted by /a usually.

For odd positive integer n and any real number a, by the notation /a we
denote the real number x which satisfies the equation 2™ = a.

An algebraic expression containing v/a, where a > 0 is not a perfect square

number, is called quadratic surd expression, like 1 — V2 , m, etc.
Basic Operational Rules on y/a
O  (Va)? = a, where a > 0.

a fora > 0,
M Va?=laj=} 0 fora =0,

—a fora < 0.
I Vab=+/|a|- /5| ifab > 0.
) \/E: VIl b > 0. b0,

b /bl
V) (Va)"=+var ifa > 0.
(VD) aye+bye=(a+b)y/e ife>0.
1
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2 Lecture 16 ~ Quadratic Surd Expressions and Their Operations

Rationalization of Denominators

1 avb — evd

@ = , where a, b, ¢, d are rational numbers, b, d >
avb+evd — a?b—cd
0 and a?b — c%d # 0.

1 avb + cVd

an T —ovd = 2 2d where a, b, ¢, d are rational numbers, b, d >
0 and a?b — c%d # 0.

In algebra, the expressions A + B VC and A — BV/C, where A, B, C are
rational and v/C is irrational, are called conjugate surd expressions.

The investigation of surd forms is necessary and very important in algebra,
since surd forms and irrational number have close relation. For example, all the
numbers of the form \/n,n € N are irrational if the positive integer n is not a
perfect square. In other words, the investigation of surd form expressions is the
investigation of irrational numbers and their operations essentially.

Examples

a a® — 4ab + 4b?
a —2b a(2b — a)

Example 1. Simplify the expression

Solution Since a — 2b # 0, so

a? —4ab+4b*>  (a — 2b)?
a(2b—a)  a(2b—a)

>0=a(2b—a)>0.

a
a—2b<0and2b—

a [a? — 4ab + 402
a—2b a

Therefore > 0, so

b— a) Zb_—a()z)

- (&
\/ (- _ [ a

2b — a)? a 2b—a’

Example 2. Given that ¢ > 1 and

vV 2 —
N

arrange x, y, z in ascending order.

o

+
l\D
—_

13

T = y Y=

Vet+2—+e+ Ve—+e—1
c+1l—yc ’ c+2—+e+
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Solution From

VeT3- VRl _ [(VeE®? - (VeF DA(We+ Ve )

T T ave1  (Ver2+ver Do) — (Ve 107
Vet ve—1
VerZ+verl

y = Vet2—vetT  [(Ve+2)? = (Vet+ 1D)?(Ve+ 14 Vo)
Vetl—y/e (Vet2+Ve+ D[(Ve+1)2 = (V)]
Ve+1+4/c
Vet2+ e+ 1

it follows that = < y. Further,

Ve Vel (VAP - (Vem DA(VeF 3 +eET)

T Verz—verl (Ve DVer 22— (Ver 1
Ve 24 Vel
Vetve—1

Since Je++vVe—1<+e+1++e<vVe+2++Ve+1,thusz <y <z
Example 3. (SSSMO/2003) Let = be a real number, and let

1432 \/|x|—2+\/2—|x|
14z |2 — x|

Prove that A is an integer, and find the unit digit of 42093,

Solution Since || —2 > 0 and 2 — |z| > 0 simultaneously implies |z| = 2,
so © = 2 only. Since the denominator |x — 2| # 0, ie.  # 2,50 x = —2.
Therefore A = 7. Then

72003 — (74)500. 73 =943 =3 (mod 10),

therefore the units digit of A is 3.

VitVd Vi3
Vi3 ' T Vi3

Example 4. Given z = find the value of z* + y* +

(z+y)".

Solution Here an important technique is to express to z* + y* + (x + ¥)
by = + y and zy instead of using the complicated expression of z and y. From

%(ﬁm@) 4(10+2\ﬁ) (5+\ﬁ)
_%(ﬁ_\/g)zzi(m—wﬁ):g@—\/ﬁ)»
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4 Lecture 16 ~ Quadratic Surd Expressions and Their Operations

it follows that x + y = 5 and xy = 1. Therefore
iyt (z+y)t
= (2 +9%)? = 22%y" + 51 = [(z + ) — 2(xy)]” - 2(xy)* + 625
=232 — 24625 = 527 + 625 = 1152.

2 3—vV5
Example 5. Simplify the expression M by rationalizing the denom-
, V2+V3+V5
1nator.
Solution

VE4VE-VE_ | 25
V2HV3HVE T V2B VB
_ 2BV VB-VE) L 2(VI0+ VIE - 5)

(V2+V3)2-5 2v2 -3
V10 + V15 -5 V60 + /90 — 5v/6
V6 6
1 V15 V10 5V6
I T T

Example 6. Simplify S = V22 + 22 + 1 — V22 + 42 + 4 + V22 — 62 + 9.

Solution From S = V22 +22+1— Va2 +4dx+4+ Va2 —6x+9 =
|z + 1| — |z + 2] 4+ |« — 3|, there are four possible cases as follows:

() Whenz < —2,then S =—(z+ 1)+ (z+2) — (¢ —3) = -z + 4.

(i)  When—2<z<—1,thenS=—(z+1)— (x+2)— (z—3) = —3a.
(i) When -1 <z <3,thenS=(x+1)—(x+2)—(r—3)=—z+2.
(iv)  When3 <z, thenS = (z+1)— (z+2)+(z—3) =z —4.
Example 7. (SSSM0/2002/Q12) Evaluate
(VI0+V11+v12)(V10+ V11— V12)(vV10-V11+V12) (V10— V11 - V12).

Solution Let A = (v10+V11+v12)(v10+v11—V12)(vV10 — 11+
Vv12)(v/10 — /11 — v/12). Then

A = [(VI0+VID)? — (VI2)?[(VI0 — VII)? — (V12)?
= (9+42V10-VI1)(9 — 2V/10- V/11) = 81 — 440 = —359.
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V15 +35+v21 +5
V3+2VE VT

(VIS +V21) + (V35 +5) _ (VB+VB)(V5+VT)
(V3+V5)+(VB+V7)  (V3+V5)+ (VB +VT)

1 (V3+v5)+(Vb+V7) 1 L1
N (V3+VB)(VE+VT)  VBEHVT  V3+VE

= ST VE) 43 (V5-VB) = L(VF - VB)

N2 2(V7T+V3) _VT+V3
- N i : 5

Example 9. (Training question for National Team of Canada) Simplify
1

— + 4o+ .
2WT+v2  3vV2+2V3 100+/99 + 99/100

Solution For each positive integer n,

Example 8. Evaluate N =

Solution N =

1 1 _Vn+1-vyn
(n+1)yn+n/n+1l \/n (Wt 1+yvn) o+l
1

Sl-%
i

hence

Testing Questions (A)

1. Ifz <2 then |\/(z —2)2 + /(3 — 2)?| is equal to
(A)5—2 (B)2-5 (2 (D)3

1+vV2+V3

2. Simplify ——
T 2+ 3

by rationalizing the denominator.

—4 3 1 2_9
3. Simplify the expression :v 43+ (z+ )\/F
22 +dr + 3+ (z - 1)vVa2 -9

, where x > 3.
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- 2+3v3+5
4.  Simplify .
@+ v3)(2v3 1 V5)
5. Evaluate
(VB +V6+VT)(V5+ V6 = VT) (V5 = V6 + VT)(=V5 + V6 + V7).
6. (SSSMO(J)/1999) Suppose that a = v/6 — 2 and b = 2v/2 — /6. Then
(Aya>b, B)a=b, (Ca<b (D)b=+2a (E)a=+2b.
7. Arrange the three values a = /27 — \/%, b=+v28— \/ﬁ, c =29 —+/28
in ascending order.
8. The number of integers  which satisfies the inequality 3 <z <
\ 1+3
—— s
V53
(A) 2, (B) 3, © 4, (D) 5, (E) 6.
9. Calculate the value of 1 + ! + 2
. u valu .
1-V5 1+V5 145
10. Givena >b>c>d>0,andU = Vab+ Ved, V = \Jac+ Vbd, W =
Vad + V/be. Use “<” to connect U, V, W.
Testing Questions (B)
1. (CHINA/1993) Find the units digit of the expression
1993
. —2a Vial =3 ++/3—]a]
" \d+a 3—a ’
U R FR
2. (CHNMOL/1993) Simplify v/3 <\/; - \/g + \/;> )
1 1 2 2001 + 1
3. (CHINA/1998) Evaluate \/ 998 x 1999 x 4000 X 2001+ 1
: 3 3 3 3 1
4. Givena = V4 + /2 + 1, find the value of = + =+
a a a
5. Given that the decimal part of M = (/13 + \/ﬁ)6 is P, find the value of
M(1 - P).
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