Chapter 1

X-Rings

The definition of a A-ring involves certain polynomials that arise in the theory of
symmetric functions. We will, therefore, begin by discussing symmetric functions
in §1.1. This material is fairly standard and can be found in most books on abstract
algebra, e.g., Chapter 2 in [Jacobson (1985)].

The definition of a A-ring and some of its basic properties are given in §1.2. In
§1.3 we discuss the free A-ring on one generator. This is used in §1.4 to prove the
Verification Principle, which states that a natural operation on A-rings is uniquely
determined by its actions on sums of one-dimensional elements. The Splitting Prin-
ciple is discussed in §1.5. This result allows one to write an n-dimensional element
in a A\-ring as a sum of n one-dimensional elements. The materials on the free A-ring,
the Verification Principle, and the Splitting Principle originated in the paper [Atiyah
and Tall (1969)] by Atiyah and Tall. Another reference is Knutson’s book [Knut-
son (1973)]. The original sources for A-rings are [Berthelot (1971); Grothendieck
(1971)).

Throughout this book, we use the following standard notations:

Z, the integers,

Z(,), the p-local integers for a prime p,
Q, the rationals,

C, the complex numbers.

Unless otherwise specified, by a ring we always mean an associative and commu-
tative ring with a multiplicative identity 1 # 0. Ring homomorphisms are required
to preserve the multiplicative identity. An object R that satisfies all the ring ax-
ioms except for the existence of a multiplicative identity is called a non-unital ring.
Non-unital rings will be used in §3.3.

1.1 Symmetric Functions

Fix a ring R. Let R[x1,...,%,] be the polynomial ring over R in n independent
variables z1,...,x,. If f € R[x1,...,2,] and 7 is a permutation on {1,...,n}, then
1
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2 Lambda-Rings

wf is defined as the polynomial
Tf = f(Tra)s s Ta(n))-

A polynomial f € R[zy,...,x,] is called a symmetric function if mf = f for every

permutation w on {1,...,n}.

Example 1.1. For 1 <k <mn, let s € R[z1,...,x,] be the polynomial
S = Z Xy Tiy * +* T -
1<i; << <n
For example, we have
§1 =121+ + Tnp,
So = X1T2 + X173 + - + Tp_1Tp,
Sp = T1T2 -+ Ty

Each si is a symmetric function, since sy, is the coefficient of "=k in

H t—ap)=({t—z1){t —x2) - (t —xp)

k=1 (1.1)
=" — s t" T f st — o (—1)"s,,.
The polynomial s is called the kth elementary symmetric function on x1, ..., Tp.
We will sometimes write si(z1,...,z,) for si to avoid any ambiguity.

Another way to define the elementary symmetric functions is by looking at their
generating function:

[T 4 ait) = 14 s1t + 5ot + - + 51" (1.2)
k=1

Note that
Sp(T1, ..oy, 0) = sgp(x1, ..., Tp).
Example 1.2. For any positive integer r, the rth power sum
331 4+ xz
is a symmetric function.

Example 1.3. For any positive integers m and n, consider the polynomial
1<ip < <im<mn

Then the coefficient of each t/ in g is a symmetric function in the variables

T1y-+-sTmn-

A fundamental property of symmetric functions is that they are all generated
by the elementary symmetric functions.
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A-Rings 3

Theorem 1.4 (The Fundamental Theorem of Symmetric Functions).

The elementary symmetric functions si,...,S, in R[r1,...,x,] are algebraically
independent over R. Moreover, every symmetric function f in R[x1,...,zy] can be
written uniquely as a polynomial with coefficients in R in the elementary symmetric
functions.

Before giving the proof, we need the following terminology. The degree of a
monomial

xlfl e x’fl" (1.3)

is ki1 + -+ + kn. A polynomial f € Rxi,...,z,] is said to be homogeneous of
degree m if every non-zero monomial in f has degree m. We order monomials
lexicographically. In other words, we say that

Fn s higher than % ... zl» (1.4)

k1
[ I 7 n

if there exists s € {1,...,n} such that k; =; for i < s and ks > I;.

Example 1.5. The elementary symmetric function s = sk(x1,...,2,) is homo-
geneous of degree k. The highest monomial in sy is x1x2 -+ k. In general, given
non-negative integers [y, ..., [, the polynomial slf -+ sln is homogeneous of degree

ll+2lg+---+nln:2klk.
k=1

Its highest monomial is

Littln oty !
Ty 5 R

Moreover, if s)' ---si» has the same highest monomial as that of s!' --- sl then

jn = l, from the exponents of x,. Therefore, j,—1 = l,,—1 from the exponents of
Tp—1, and so forth. So j; =1[; fori=1,... n.

Proof. [Proof of Theorem 1.4] First we prove that every symmetric function f
in R[xy,...,x,] can be written as a polynomial with coefficients in R in the ele-

mentary symmetric functions. It suffices to prove this when f is homogenous, say,

of degree m. Suppose that x’fl .-~k is the highest monomial in f with non-zero

coefficient. Since f is symmetric, it has a monomial of the form xilu) . -mi’gn) for

any permutation 7. Since 2z ... zkn

k‘i Zki—H for ¢ = 1,...,71—1.
From Example 1.5, the polynomial s

k1 4+ -+ k, = m and has highest monomial x’fl m,’j" If the coefficient of

kn
n

is the highest monomial in f, it follows that

Ri=hka gha=hka .. gkn is homogeneous of degree

in f is r, then the polynomial

_ k1—ko ka—ks k
fi = f = rsfhagahe g

k1
xl -.-x

is homogeneous of degree m, whose highest monomial is less than 2% - .- zF» . Now

we apply the same procedure to f1, and so forth. The procedure has to stop after a
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4 Lambda-Rings

finite number of steps, since there are only finitely many monomials in R[z1, ..., %]
of degree m. This shows that every symmetric function f € R[zy,...,x,] can be
written as a polynomial in the elementary symmetric functions.

Next we show that the elementary symmetric functions are algebraically inde-
pendent over R. Indeed, if they are not algebraically independent, then there is a

non-trivial relation
dy dn __
E :r(d1’~~~>dn)81 Sy = 0

in which every coefficient r(4, .. 4,) # 0 in R. Among the multi-indexes (dy, ..., dy,),
choose the one for which sfl .- 5% has the highest degree and the highest monomial,
say, x’fl ---xFn From Example 1.5 again, this monomial only appears once. This
is a contradiction to the algebraic independence of the variables x1,...,z,. This
proves that the elementary symmetric functions are algebraically independent.
The uniqueness assertion in the Theorem now follows from the algebraic inde-

pendence of the elementary symmetric functions. (I

Example 1.6. The square sum can be expressed as
2t = (o x,)? —2(2@9@-) = 57 — 2s9.
i<j
In general, there is a polynomial @), with integer coefficients such that
i+ +a, =Qr(s1,. -, Sn)-
These polynomials @, will be used in Theorem 3.9 to express Adams operations in
terms of A-operations.

Example 1.7. In the polynomial
H (1 + xixjt) ,
1<i<j<4
the coefficient of ¢ is so and the coefficient of t5 is s3. In general, there is a universal
polynomial P, ,, in nm variables with integer coefficients such that the coefficient
of t" in
g(t) = 11 (L4, @i, t)
1<i1 < <im<nm
is Py m(s1,-..,Snm). These polynomials P, ,, will appear in the definition of a
A-ring (Definition 1.10).
For example, P, 1(81,...,5n) is the coefficient of ¢ in
H (T4 zit) = (L4 29t) - - (1 + zpt),
1<i<n
which is 1 - - - &, = $,. In other words, we have
Pp1(s1,...,8n) = Sn. (1.5)
Similarly, Py m(S1,--.,Sm) is the coefficient of ¢ in
H T4y xi t) =14 (x1 -zt
1<i1 < <im<m
So we have

Pion(S1y-.ySm) = Sm. (1.6)
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A-Rings 5

1.1.1 Symmetric functions in two sets of variables

We will need a slight generalization of Theorem 1.4. Let y1,...,y, be another set
of variables, and let o1,...,0, be their elementary symmetric functions. Let f
be an element in the polynomial ring R[z1,...,Zn;Y1,-..,Yn]. We say that f is a

symmetric function if

f(mla' s Ins YL, - 5y”) = f(xﬂ'(l)v" 5 Lrn)i Yr (1)) - - ay‘r(n))

for every pair of permutations 7w and 7 on {1,...,n}.

Theorem 1.8. Every symmetric function f in R[z1,...,Zn;Y1,--.,Yn] can be writ-
ten uniquely as a polynomial with coefficients in R in the elementary symmetric
functions s1,...,8, and o1,...,0n,.

Proof. Use Theorem 1.4 twice. The details are left to the reader as an easy
exercise. 0

Example 1.9. The coefficient of each t* in

n

h(t)= ] (1 +miy;t)
i,j=1
is a symmetric function on the z;’s and the y;’s. Therefore, it must be a polynomial
in the elementary symmetric functions si,...,s, and o1,...,0,. For example, a
little bit of computation shows that

2
H (14 zyjt) = 1+ (s101) t + (s + s207 — 25002) t°
ij=1
+ (s1820109) 3+ (8%0’%) .
The reader should check this.
In general, the coefficient of t" in h(t) = szzl(l + x;y;t) is of the form
Po(s1y...y80501,...,00)
for some universal polynomial P, in 2n variables with integer coefficients. For
example, we have
Py(z;y) =y,
Py(x1, 22391, Y2) = T3Y2 + T2yT — 2Ty
These polynomials P,, will appear in the definition of a A-ring (Definition 1.10).

1.2  A-Rings

The definition of a A-ring involves certain axioms about the operations A°, A!,
A" (z+y), A™(xy), and A"™(A\"(x)). Before giving the exact definition, let us provide
some motivation for the axioms.
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6 Lambda-Rings

1.2.1 The A-ring Z

The simplest A-ring is the ring of integers Z, in which

¥o=()=m

for positive integers n. The corresponding generating function is

n) =y Nt =(1+1)",
=0

which applies to all integers n. In other words, A\‘(n) is the coefficient of t* in \;(n).
Since

14+ =1+nt+---,

we have \°(n) = 1, AY(n) = n, and \;(1) = 1 +t. Given two integers m and n, we
have

So

m+n Z )\l

i+j=k

which expresses A\¥ of a sum in terms of the individual A’. Furthermore, a little bit
of computation shows that

(5) = (5) +2(5) -2(5) ()
(%)=-()-(2)

N (mn) = (A1 (m))*A*(n) + (A (n)* X% (m) — 2X%(m)A* (n),
N2(X2(n)) = X (n)A%(n) — A (n).

In general, \*(mn) is a polynomial with integer coefficients in A'(m), ..., A\¥(m),
A(n), ..., M(n). Likewise, A\{(M(n)) is a polynomial with integer coefficients in
A(n), ..., A (n).

With the above example in mind, we now give the definition of a A-ring.
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A-Rings 7

1.2.2 Bastc properties of A-rings
Definition 1.10. A \-ring is a ring R together with functions
A":R— R (n>0),

called A-operations, such that for all z,y € R, the following axioms are satisfied:

Here P, and P, ,, are the universal polynomials with integer coeflicients from Exam-
ple 1.9 and Example 1.7, respectively. If only axioms (1), (2), and (4) are satisfied,
then we call R a pre-A-ring.

In a (pre-)A-ring R, we write

At(x) = Z A" (x)t", (1.7)
n=0

considered as a formal power series in ¢ with coefficients in R. Using this notation,
we can rewrite axiom (4) above as

Ae(r +y) = Ae(2) A (y)- (1.8)

Definition 1.11. If \;(z) is a polynomial of degree n, then we say that x has
dimension n and write dim(xz) = n. If every element in R is the difference of finite
dimensional elements, then we say that R is finite dimensional.

Remark 1.12. What we call a A\-ring (pre-A-ring) here used to be called a special
A-ring (A-ring) in [Atiyah and Tall (1969); Berthelot et al. (1971); Fulton and Lang
(1985); Grothendieck (1971)]. Our terminology follows that in [Knutson (1973)].
Also, the dimension of an element in a A\-ring was called the degree of that element
in [Knutson (1973)].

In Proposition 2.8 and Corollary 2.10 below, we will provide some criteria that
make a pre-A-ring into a A-ring.
Here are some of the most basic properties of a A-ring.

Proposition 1.13. Let R be a A-ring, and let x and y be elements in R. Then the
following statements hold.

(1) M(1) =1+t
(2) M(0) = 1.
(3) M@ +y) = Ae(@)Ae(y).
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8 Lambda-Rings

(4) (=) = Ne(z) 7"

(5) dim(z + y) < dim(z) + dim(y).

(6) If x and y are both 1-dimensional, then so is xy. So a finite product of 1-
dimensional elements is again 1-dimensional.

Proof. All the statements are immediate from the A-ring axioms. For example,
assuming (2) and (3) we have
1= X(0)
= M(z —2)
= Ae(@)Ae(—2),
which proves (4).
For statement (6), suppose that n > 2. In the product

n
h(t) = ] 0+ wiyst),
ij=1
set To, ..., Tn, Y2, --- , Yo t0 0. Then direct inspection shows that the coefficient
of ¢™ is 0. This implies that

P,(s1,0,0,...501,0,0,...) =0,
which in turn implies that
N (zy) = P,(A\'(2),0,0,...;7 (y),0,0,...) = 0.
Therefore, the product xy is 1-dimensional. The proofs of the other statements are

left as exercises. O

Proposition 1.14. The following statements hold in a A-ring R for k > 1 and
a,Q1,...,0n € R:

Me(ag + -4 ap) = Z)\k(ai) + (polynomial in M (a;),7 < k,1 <1< n),
i=1

M (—a) = =M\*(a) + (polynomial in M (a),j < k).

Here by “polynomial” we mean a polynomial with integer coefficients.

Proof. The first assertion follows from the equality
Ne(ay+-+an) = > Mi(ar)-- M (an)
Y
and the axiom A\’(x) = 1. For the second assertion, we have
0= X(a+(~a))

= M (a) + \¥(—a) + (polynomial in \'(a), \(—a),i < k).
Thus, we have

M(—a) = —\*(a) + (polynomial in \'(a), \'(—a),i < k).
Now apply the same procedure to the terms A(—a) (i < k), and so forth. The
second assertion of the Lemma follows by a finite downward induction. O
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A-Rings 9

1.2.3 Ezxzamples of A-rings

Example 1.15. The ring Z of integers is a finite-dimensional A-ring with
Ae(n) = (1+8)"
forneZ,ie.,
M (n) = coefficient of t* in (1 +¢)".

Indeed, we have already seen that axioms (1) to (4) are satisfied. Axioms (5) and
(6) are certain universal identities about the binomial coefficients. It is possible to
prove them directly. However, it is easier to verify them using the universal A-ring
(Corollary 2.11).

Notice that an integer n > 0 has dimension n, while negative integers do not
have finite dimensions.

Example 1.16. The topological K-theory K (X) of any nice-enough space X (e.g.,
para-compact Hausdorff space) is a A-ring [Atiyah (1989); Atiyah and Tall (1969)], in
which )\’ is induced by the ith exterior power on vector bundles over X. Moreover,
the K-theory of a point (or any contractible space) is K(pt.) = Z as a A-ring.
Moreover, if X is a finite CW complex, then K (X) is a finite-dimensional A-ring.

Example 1.17. For a group G, the complex representation ring R(G) is a A-ring
[Atiyah and Tall (1969)], in which A’ is induced by the ith exterior power on rep-
resentations of G. The A-ring R(G) is finite-dimensional if G is a finite group.
Moreover, if G = {e} is the trivial group, then R({e}) = Z as a A-ring. As we will
see in §5.5, the trivial group is the only finite group whose representation ring is
isomorphic to Z. This is a consequence of Knutson’s Theorem 5.36.

A lot more examples of A-rings will be given in the following chapters when we
have the universal A-ring and Adams operations at our disposal. Here is a preview
of some of them.

Example 1.18. Let R be a ring. Then its universal A-ring A(R) is always a A-ring
(Theorem 2.6).

Example 1.19. Let R be a ring. Then the ring W(R) of big Witt vectors on
R is a A-ring, which is isomorphic to A(R) (Theorem 4.16) via the Artin-Hasse
Exponential isomorphism.

Example 1.20. The ring Zp of p-adic integers is a A-ring (Corollary 3.63), as is
the ring Z,) of p-local integers (Corollary 3.59).

Example 1.21. Let G be a group, and let k be a field of characteristic 0. Let Cg
be the set of conjugacy classes of G, and let k(C¢) be the ring of central functions
on G with values in k. Then k(C¢) is a A-ring (Chapter 3 Exercise (7d)).
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10 Lambda-Rings

Example 1.22. Every binomial ring is a A-ring (Theorem 5.3). In particular, every
ring Int(ZX) of integer-valued polynomials is a A-ring (Theorem 5.21).

Example 1.23. For a binomial ring R, its necklace ring Nr(R) is a A-ring (Corol-
lary 5.45).

Example 1.24. Many quotients of the power series ring Z[[x1, ..., z,]] are A-rings
(Theorem 6.13).

1.2.4 Homomorphisms and ideals
Definition 1.25. Let R and S be (pre-)A-rings.

(1) A (pre-)\-homomorphism f: R — S is a ring homomorphism such that f\* =
X f for i > 0.

(2) A (pre-)\-ideal in R is an ideal I in R such that \i(x) € [ fori > 1 and = € I.

(3) A (pre-)\-subring of R is a subring R’ of R such that \i(z) € R’ for all i > 0
and z € R'.

Example 1.26.

() If f: X — Y is a map of topological spaces, then the induced map
K(f): K(Y) — K(X) on K-theory is a A-homomorphism.

(2) If ¢: G — H is a group homomorphism, then the induced map R(¢): R(H) —
R(G) on the representation rings is a A-homomorphism.

The usual properties and constructions of rings extend in an obvious way to
A-rings.

Proposition 1.27. Let R and S be A-rings, and let f: R — S be a A-
homomorphism.

(1) The kernel of f is a A-ideal in R.

(2) The image of f is a A-subring in S.

(8) The quotient R/I of R by a A-ideal I is naturally a A\-ring, and the projection
map R — R/I is a A-homomorphism.

(4) The direct product R x S is a A-ring, in which

A(r,0) = (1,1) + Y _(A"(r),0)t",

n>1
/\t(07 S) = (17 1) + 2(07 )\n(s))tn’

Ae(r,8) = Ae(r,0) 040, 8).
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A-Rings 11

(5) The tensor product R ® S is a A-ring, in which
Arel)=\"(r)®1,
AM(1®s) =1 \"(s),
AMres)=A"(rel)(1®s)).

(6) If {Ry,} is an inverse system of A-rings, then the inverse limit ring lim Rq s
naturally a A-ring.

Proof. Straightforward exercise. |

An ideal in a ring is often described by a set of generators. To check that an ideal
I in a A-ring R is a M-ideal, one would have to check that A" (z) € I for n > 1 and
all x € I. The following result reduces this process to just checking the generators.

Proposition 1.28. Let R be a A-ring, and let I be an ideal in R generated by
{#;}jes. Then I is a A-ideal if and only if \"(z;) € I forn>1 and j € J.

Proof. The “only if” part is obvious. For the other direction, first consider an
element in I of the form rz for some r € R and z € {2;},cs. In the polynomial

n

ht) = [ @+ i),

i,j=1
if one sets all the y; to 0, then the coefficient of ¢" is 0. This implies that
P.(s1,...,8,;0,0,...,0) =0,

which in turn implies that every non-zero term in P, (s1,. .., 8n;01,...,0,) contains
a factor of o for some k. It follows that the element

N(rz) = Py (AL(r), ..., A" (r); AN(2), ..., \"(2))

is a finite sum of terms, each one containing a factor of A\¥(z) € I for some k. So
A"(rz) lies in T as well.

A general element in I is a linear combination w = Y ;" | rjz;, with coefficients
in R. To show that A"(w) € I for n > 1, note that by Proposition 1.13 (3) one
has Ay (w) = [[je; Ae(rkzj, ). Therefore, each \"(w) is a finite sum of products of
NP (rizj,) € I for various p and k. This shows that A" (w) lies in I. O

It was mentioned earlier that Z is the simplest A-ring. The following result is
the reason for that assertion.

Proposition 1.29. The following statements hold.

(1) The ring Z has a unique A-ring structure with A\¢(m) = (1 +¢)™ for m € Z.
(2) Every \-ring has characteristic 0.
(8) Every A-ring contains a A-subring that is isomorphic to Z.
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Proof. 1In any A-ring, one has \;(1) = 1 + ¢. Therefore, for a positive integer m
one has that

A(m) = ML+ 1) = A(1)™ = (1+6)™,
m times

Moreover, by Proposition 1.13 (4) one has
Ae(=m) = Xe(m) ™" = (L+)7™,

which shows that the stated A-ring structure on Z is the only one.
In a A-ring R, for a positive integer m, a similar calculation as above shows that

A D=0+ +D)=0Q+)"=1+---+t".
¢(m-1) (14 +1)=(1+1) +--+
m times

This is a polynomial of degree m over any ring, which shows that m # 0 in R.
Therefore, R has characteristic 0 and has a A-subring isomorphic to Z. O

1.2.5 Awugmented A-rings

Many A-rings in practice come with a A-homomorphism to Z. We give these A-rings
a special name.

Definition 1.30. An augmented \-ring is a A-ring R that comes equipped with a
A-homomorphism e: R — Z, called the augmentation.

Example 1.31. If 2 is a base point of a topological space X, then the K-theory
K(X) of X is an augmented A-ring. The augmentation e: K(X) — Z is induced
by the map that sends an actual vector bundle over X to the dimension of the fiber
over xgp.

Example 1.32. The representation ring R(G) of a group G is an augmented A-
ring. The augmentation e: R(G) — Z is induced by the map that sends an actual
representation to its dimension.

Augmented A-rings admit a natural decomposition with Z as a factor.

Proposition 1.33. The following statements hold.
(1) If R is an augmented \-ring with augmentation e, then
0 < ¢e(z) < dim(x)

for any finite dimensional element x € R.

(2) A A-ring R is augmented if and only if there exists a A-ideal I such that R =
Z ® I as an abelian group.

(8) If R and S are augmented \-rings, then R ® S is also an augmented A-ring.
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Proof. 1If x € R is of finite dimension d, then for any integer n > d one has that
A" (e(x)) = e(A"(x)) = £(0) = 0.

This shows that e(x) < d and is non-negative.

For the second statement, suppose that R is augmented with augmentation ¢.
Let I denote the kernel of €. Given any element x € R, one can always write it
uniquely as

z=e(x) + (x —e(x)),

in which e(x) € Z and (x — e(x)) € I. This shows that R decomposes as Z & I.
Conversely, if there exists a A-ideal I such that R = Z & I as an abelian group, then
R is augmented by the projection map onto the first factor.

The tensor product R® S is a A-ring by Proposition 1.27. If the augmentations
of R and S are e and eg, respectively, then R ® S has augmentation e ® eg. 0

Given a A-ring R, it is convenient to know how to put a A-ring structure on
the polynomial ring R[z] or the power series ring R[[x]]. This is illustrated by the
following result.

Proposition 1.34. Let R be a A-ring. Then there exists a unique \-ring structure
on the polynomial ring R[z] such that A\(z) = 1+ xt, d.e., dim(z) = 1. If R is
augmented, then so is R[x] with e(x) =0 or 1. The same holds for the power series
ring R[[x]].

Proof. We take A\¢(x) = 142t as a definition and extend it to all of R[x] or R[[x]]
as follows. The A-operations are extended to the powers z° using the A\-ring axiom
for A™(xy) repeatedly. For an element r € R, we use this axiom again to extend
the A-operations to monomials of the form rz?. For a polynomial (or formal power
series) f =", r;x’ with coefficients in R, we define

M) = [ nlria)

using the axiom for A" (z 4+ y). The same reasoning shows that the A-ring structure
is uniquely determined by the condition A\;(z) = 1 + xt. The assertion about the
augmentation is clear. O

We will use this result below in the construction of the free A-ring on one gen-
erator. Applying Proposition 1.34 repeatedly, we obtain the following result.

Corollary 1.35. Let R be a A-ring. Then there exists a unique \-ring structure on

the polynomial ring R[z1,...,x,] on n variables such that \i(z;) = 1+ z;t for 1 <
i <n, e, dim(z;) =1 for each i. If R is augmented, then so is R[x1,...,xy,] with
e(x;) =0 or 1 for each i. The same holds for the power series ring R[[x1, ..., Zn]]

on n variables.

Proof. Apply Proposition 1.34 n times. (|

LAMBDA-RINGS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7664.html



14 Lambda-Rings

1.3 Free A-Rings

In this section we construct the free A-ring U on one generator. This ring U also
occurs in (at least) two other places. First, U is also the ring of operations on
A-rings, which we will discuss in §1.4. Second, in representation theory, the ring
U is often called the ring of symmetric functions. In fact, U is isomorphic to the
graded ring

R(S) = @ R(Sn),
n=0

in which R(S,,) is the representation ring of the symmetric group S,, on n letters
[Knutson (1973)].

Before we construct U, let us provide some motivation for its construction. Since
U is to be the free A-ring on one generator, say, z, it should have the following
universal property. Given any A-ring R and an element r € R, there exists a unique
A-homomorphism u,: U — R such that u,(x) = r. Because U is a A-ring itself, it
should also contain A" (x) for n > 1. Therefore, it contains all the polynomials with
integer coefficients in z, A?(x), A*(x), etc., and hence also the ring

U' = Zx, \(2), \3(x),.. ]

This latter ring U’ is already a A-ring because of the A-ring axiom for \™(\"(x)),
which expresses it as a polynomial with integer coefficients in A\(z) (1 < i < mn).
So U’ is a A-subring of U containing x, which implies that U should be equal to U’.
It turns out that the elements A(z) (i > 1) in U must also be algebraically
independent. In other words, U is a polynomial ring over Z in countably infinitely
many variables y1,ys, ... such that \*(y1) = yn.
We now give the exact construction of U.

1.3.1 The free A-ring on one generator

Let x1,x2, ... be an infinite sequence of algebraically independent variables. Con-
sider the polynomial ring

Qr =Z[z1,..., 2,

in r > 0 variables. Since Z is a A-ring (Proposition 1.29), by Corollary 1.35 there
exists a unique A-ring structure on Q, in which A;(x;) = 1 + x;t, i.e., each z; has
dimension 1.

These A-rings fit into an inverse system

Z=00 0 20, 2 22 (1.9)
in which the A-homomorphism

DPr+1- Qr+1 - Qr (110)
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A-Rings 15
is defined by

DPr+1 (xz) =

v ifl<i<r
0 ifi=r+1.

Define
Q =1lmQ,, (1.11)
Jm

the inverse limit of the inverse system (1.9). Let ¢,.:  — 2, be the structure map
that comes with the inverse limit. By Proposition 1.27, Q is a A-ring, and ¢, is a
A-homomorphism. From the definition of inverse limit, an element in €2 is a power
series f with integer coefficients in the variables z; (i > 1) such that for each r > 1,

or(f) = flx1,...,2,,0,0,...)

is a polynomial in x1,...,x,.
Let s,(x1,...,x,) be the nth elementary symmetric function on z1, ..., z, (Ex-
ample 1.1). Since

sp(21, ..., 2r,0) = pry1(sn(T1, ..., Try1))
= sp(z1,...,2,),
the sequence {s,(x1,...,2,)}r>0 determines an element
Sy = liLnsn(xl, ceeyTp)

T

in Q. Thinking of s,, as a power series, we have

Sn= > @iy,

i1 < <ip

(1.12)
Or(Sn) = sn(1,...,20) = Z Ty Ty,
1<iy < <ipn <r
For example, s; is the infinite sum s; = x1 +zo+x3+---, and ¢,.(s1) = z1+- -+,

for each r > 1.

In view of the above discussion, we think of s, as the nth elementary symmetric
function on a countable set of variables x; (¢ > 1). Therefore, we can write down
the generating function for these elementary symmetric functions formally as

1+i8nt":ﬁ(1+xit). (1.13)
n=1 i=1

This is the analog of (1.2) involving countably infinitely many variables. There is
an obvious analog of The Fundamental Theorem of Symmetric Functions (Theorem
1.4) that involves an infinite sequence of variables z; (i > 1), with s,, (1.12) playing
the role of the nth elementary symmetric function.

Proposition 1.36. In the A-ring 2, the elements s, (n > 1) are algebraically
independent. Moreover, one has \"(s1) = s, forn > 1.
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16 Lambda-Rings

Proof. Suppose that f(s1,...,s,) = 0 is a polynomial relation involving
S1,--+58p. Then

0=0nf(s1,.-.,8n)
= f(¢n(51)7 s a¢n(5n))

= f(s1(z1,. -y xn), -y Sn(T1, .o x0)).
The algebraic independence of s;(x1,...,2,) (1 <i<n) (Theorem 1.4) then shows
that f is the 0 polynomial. This proves that the elements s,, (n > 1) are algebraically

independent.
For the second assertion, note that for » > n, one has

Gr A" (s1) = A"(¢r(s1))
=21+ +x,)
- Z Ty - T,
1<y <+ <in <r
= ¢r(Sn).
The third equality is a consequence of the A-ring axiom for A"(z + y) and the

fact that dim(z;) = 1 for each 4. Since this holds for all » > n, it follows that
A"(81) = Sp, as desired. O

Definition 1.37. Let U be the smallest A-subring of €2 that contains s;. The A-ring
U is called the free A-ring on one generator.
Proposition 1.38. The free A-ring on one generator is the polynomial ring

U= Z[Sl, 592,83, .. ]
on the algebraically independent elements s; (i > 1).
Proof. Since s; € U, so is A"(s1) = s, (Proposition 1.36). It follows that U
contains the stated polynomial ring. The latter is closed under the A-operations by

the A-ring axiom on A" (A" (z)), so it is a A-ring. Therefore, it must be equal to the
ring U. U

We now show that U has the right universal property.

Theorem 1.39. Let R be a \-ring, and let r be an element in R. Then there exists
a unique A-homomorphism w,: U — R such that \"(r) = u,.(s,) for n > 1.

Proof. Define a ring homomorphism u,: U — R by first setting u,(s1) = r. This

extends uniquely to a A-homomorphism on U, since, to be such, u, must satisfy
A™(r) = A" (ur(s1)) = ur (A" (s1)) = tr(sn).

So we must choose u,-(s,) to be A™(r). O

One can construct the free A-ring on any set of generators following the procedure
above. We leave it to the reader to work out the details in the exercises.
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A-Rings 17

1.4 The Verification Principle

In this section we prove The Verification Principle, which states that a natural
operation on A-rings is uniquely determined by its action on sums of 1-dimensional
elements. We begin by defining natural operations on A-rings.

Definition 1.40. By a natural operation on A-rings, we mean a rule that assigns
to each A-ring R a function (not necessarily a A-homomorphism) ug: R — R such
that, if f: R — S is a A-homomorphism, then the square

R L
NR\[
R

1225

N

—
f

commutes.

Natural operations on A-rings can be added and multiplied in the obvious way:

(1 +v)r(r) = pr(r) + vr(r),
(uv)r(r) = pr(r)vr(T).

In particular, the set of all natural operations on A-rings is a ring, which is denoted
by Op™.

Example 1.41. From the definition of a A-homomorphism, each A-operation \*
(i > 0) is a natural operation on A-rings. It follows that any monomial of the
A-operations, A* --- A\ is a natural operation on A-rings as well. Going one step
further, any polynomial with integer coefficients in the A-operations is a natural

operation on A-rings. We denote this latter ring by Z[A, A2, A\3,...]. Therefore,
there is a ring homomorphism
a: ZINL N2 N3 L] — op? (1.14)

given by a(f(AL, ..., ")) r(r) = f(AX(r),...,A"(r)) for an element r in a A-ring R.

We now show that every natural operation on A-rings can be expressed uniquely
as a polynomial with integer coefficients in the A-operations.

Theorem 1.42. The map « (1.14) is a ring isomorphism.

Proof. Since « is clearly a ring homomorphism, it remains to show that « is a
bijection. To show that it is injective, suppose that a(f(\!,...,A")) = 0. When
applied to the free A-ring on one generator U, one has
0=a(f(\ ..., A")u(s1)
= f(A(s1),...,A"(s51))
= f(s1,..-,5n).
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18 Lambda-Rings

Since the s; (¢ > 1) are algebraically independent (Proposition 1.36), it follows that
f =0, showing that « is injective.

To show that « is surjective, let u be a natural operation on A-rings. Applying
it to U again, one has uy(s1) = g(s1,...,8,) for some polynomial g with integer
coefficients. We claim that

pw=alg\', ..., ). (1.15)
Indeed, if r is an element in a A-ring R, then by Theorem 1.39 there exists a unique

A-homomorphism u,: U — R such that u,(s,) = A"(r) for all n > 1. Therefore,
we have

ur(r) = pr(ur(s1))
= ur(pu(s1))
= u.(g(s1,..-,8n))
= g(ur(81)y- .-, ur(sn))
=g\ (r),..., A" (r)).
This establishes (1.15), showing that « is surjective. O

We are now ready to prove the desired result.

Theorem 1.43 (The Verification Principle). Every natural operation p on A-
rings is uniquely a polynomial with integer coefficients in the A-operations. More-
over, one has

p=fOL .. (1.16)

if and only if this equality holds when applied to finite sums of 1-dimensional ele-
ments.

Proof. The first assertion was proved in Theorem 1.42. As in the second para-
graph of the proof of Theorem 1.42, the condition (1.16) holds if and only if
uu(s1) = f(s1,...,8,). It suffices to check this condition in € (1.11), which is
the inverse limit of , (r > 0). Therefore, it suffices to check this condition in each
Q,:
pe, (21 + -+ 2r) = pa, (Or(s1))
= f(¢r(s1), - Dr(sn))
= f(s1(z1,. .., @),y Sn(T1, ..o 2p)).

Since each x; is 1-dimensional, the Theorem is proved. O

1.5 The Splitting Principle

The purpose of this section is to prove The Splitting Principle, which allows one to
write an arbitrary finite dimensional element in a A-ring as a sum of 1-dimensional
elements in a possibly larger A-ring.
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A-Rings 19

The idea of The Splitting Principle is that, given an n-dimensional element z in
a A-ring R, one would like to write it as a sum
=21+ -+ 2Tn

of n one-dimensional elements x;. It proceeds by first adjoining an element z; of
dimension one to R such that dim(x — z1) = n — 1. The process is then applied to
the (n — 1)-dimensional element (x — x1) in R[z1], and we obtain a 1-dimensional
element x5 such that dim(z — x1 — z2) = n — 2. This process is done n times to
obtain the desired sum. Moreover, if R is augmented, then each step can be taken
to respect the augmentation.

Here is the exact statement of the result.

Theorem 1.44 (The Splitting Principle). Let x be an n-dimensional element
in a A-ring R. Then there exists a A-ring S containing R such that

r=2x1+ -+,

in S, in which each x; is 1-dimensional. Moreover, if R is augmented with e(x) = m,
then the augmentation can be extended to S in such a way that

() 1 if1<r<m,
elxy) =
0 ifm<r<n.

In order to prove this Theorem, we need some preliminary results.

Lemma 1.45. The polynomial P, ,, (Example 1.7) satisfies
P (S15- - 8m_1,0,...,0) = 0. (1.17)
Therefore, every non-zero term in Pp (1, ..., Spm) contains a factor of s; for some

> m.

Proof. Recall that P, ,, is the polynomial with integer coefficients in nm variables
such that the coefficient of " in

g(t) = H 14z x4, t)

1<ii < <im<nm

is Py (81, .., Smn), where s; is the ith elementary symmetric function in the x;’s.
Setting =, = Tma1 = -+ = Tpm = 0 in g, it follows that the coefficient of ¢™ is 0.
This proves (1.17). O

Lemma 1.46. Let R be a A-ring, and let x be an n-dimensional element in R.
Let y be a variable. In the polynomial A-ring R[y] in which y has dimension one
(Proposition 1.34), the ideal I generated by the element

p= g =A@ o (ST @)y (<) ()

18 a A-ideal.
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20 Lambda-Rings

Proof. By Proposition 1.28, it suffices to show that A™(z) € I for m > 1. To do
this, we first claim that I is also generated by A\"(x — y). Indeed, one has

Me(z —y) = Me(@) e () 7! (by Proposition 1.13)

=1+ A(@)t+- o+ N (@)1 +yt) !
=1+ M@t A (@)1 -yt +y? 2 — ).

For r > 0, the coefficients of 1" yield the equality
Nz —y) = ()" Ty (y" = A @)y 4+ (1) (@)
= (—1)"TyT
Setting r = 0 we see that z = (—1)"A\"(x —y), so I is also generated by A" (z —y).
To prove the Lemma, it suffices to show that A"™(A\"(z —y)) € I for m > 1. Now
XAz = y)) = Pra(A (@ = y),.., A" (@ — y))

is a sum of terms, each one containing a factor of A"*"(x — y) for some r > 0 (by

Lemma 1.45). Since A"*"(z —y) € I by (1.18), we conclude that A™(\"*(z —y)) € T
as well. 0

(1.18)

Lemma 1.47. In the setting of Theorem 1.44, there exists a A\-ring R[x1] containing
R such that dim(z1) = 1 and dim(z — 1) = n — 1. Moreover, if R is augmented
with e(x) = m, then the augmentation can be extended to R[x1] in such a way that

1 ifm>0,
e(z1) = )
0 ifm=0.
In particular, one has

m—1 ifm>0,
e(x—x1) =
0 if m=0.

Proof. Consider the quotient A-ring R[z1] = R[y]/I, in which y and I are as in
Lemma 1.46 and x; is the image of y in the quotient. The element x; has dimension
1 because y does. Moreover, the element (x — x1) has dimension (n — 1) because
Az —y) € I for r > 0 by (1.18) and \* Yz —y) & I

Now suppose that R is augmented. Recall that the A-ring R[y] can be augmented
by either e(y) = 0 or e(y) = 1 by Proposition 1.34. If (1) = 0, then R[x4] is
augmented by e(w + I) = e(w) for w € R[y|. If e(z) = m, then

@) = v el = (7).
Now if m > 0, we augment R[y] by setting e(y) = 1. This implies that
e(z) =e(y" = AN (@)y" -+ (DTN @)y + (1) (2)

() (5) ()

— (-1
= 0.
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A-Rings 21

The second equality uses the fact that e(x) = m < n = dim(z) (by Proposition
1.33). Therefore, (I) = 0, and we can augment R[z1] by setting e(z1) = e(y) = 1.
On the other hand, if m = 0, then we augment R[y] by setting e(y) = 0. This
implies that
e(z) =e(y" = A @)y" -+ (DI @)y + (1) (@)
=0.

Since €(I) = 0, we obtain the induced augmentation £(z1) = ¢(y) = 0 on R[z1]. O

Proof. [Proof of Theorem 1.44] Perform a downward induction on n = dim(z)

using Lemma 1.47. We obtain a A-ring S = R[z1,...,%,] in which each x; has
dimension 1 and (z — 27 — -+ — ) has dimension 0, i.e., z = x1 + -+ + x,, as
desired. O

Corollary 1.48. Let x be an n-dimensional element in a A-ring R. Then \"(z) is
1-dimensional.

Proof. Extending R to S if necessary as in Theorem 1.44, we can write x as the
sum of n one-dimensional elements x; (1 < i <n). Then

AMz) = A" (x1+ -+ )
=T1 T,

which is 1-dimensional because each x; is (Proposition 1.13 (6)). O

1.6 Exercises

(1) Let f(t) =1+t + ast? +azt® +--- be a power series with integer coefficients.
Show that A¢(n) = f(t)™ defines a pre-A-ring structure on Z.

(2) Prove Theorem 1.8.

(3) Write the coefficient of t* (2 < k < 5) i

n
gt)y= [ (+azajt)
1<i<j<4
as a polynomial in the elementary symmetric functions on x1,x2,x3,x4. See
Example 1.7.
(4) Write down the polynomials Ps 3 and P35 (Example 1.7) explicitly.
(5) Write down the polynomials P; and P, (Example 1.9) explicitly.

(6) Prove that P,(a1,...,an;b1,...,b,) is a polynomial in which every non-zero
monomial contains a factor of a; and a factor of b; for some ¢,j € {1,...,n}.
(7) Let s1,..., sy, be the elementary symmetric functions of the variables z1, ..., z,.
Prove:
(a) Eachz? liesin the ideal (sq,. .., s,) generated by s1, ..., s, in the polynomial
ring Z[z1,...,Ty).
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22 Lambda-Rings

(b) Let f € Z[z1,...,z,] be a homogeneous polynomial of degree > n(n — 1).
Then f lies in the ideal (s1,..., $y).

(8) Finish the proof of Proposition 1.13.

(9) Prove Proposition 1.27.

(10) Check that the map py41: Q41 — Q. in (1.10) is actually a A-homomorphism.

(11) Modify the constructions in §1.3 to construct the free A-ring Us on two gener-
ators s1 and o1. Show that it has the right universal property, analogous to
Theorem 1.39.

(12) Define a natural operation g with two inputs on A-rings as a rule that assigns

to every A-ring R a function pur: R X R — R that is natural with respect to

A-homomorphisms. Write down the exact definition. Then prove the analogue

of The Verification Principle (Theorem 1.43) for such operations.
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