Chapter 2

The System in Thermal Contact
with a Reservoir: The Canonical
and Grand Canonical Ensembles

In this chapter, we shall study a system in contact with a very large
system which stays at constant temperature T'. We shall call it the
reservoir. In the first case, the contact is purely thermal; it means that
the temperature of the system is fixed by contact with the reservoir.
In the second case, the contact is thermal but there is also the possi-
bility of exchange of particles between the system and the reservoir.
Since it is supposed that the system and the reservoir are in equi-
librium, there are equalities of the temperatures and of the chemical
potentials, as explained above. Our goal is always to find the relation
between the microscopic properties of the particles of the system and
its macroscopic properties.
The fundamental hypotheses are:

(a) The system and the reservoir are seen together as a grand sys-
tem which is isolated from the rest of the world. The results of
the preceding chapter can be applied to the grand system. In
particular, its energy FEj is constant and the entropy is given
by (1.1).

(b) The system is much smaller than the reservoir itself. In particular
the energy Eg of the system is much smaller than the energy E'r
of the reservoir and that of the grand system. Thus one will be
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able to apply approximations concerning small quantities versus
large ones.

2.1 The Canonical Ensemble

2.1.1 The partition function

As revealed above, the system with volume V' and number of par-
ticles N is in thermal contact with the reservoir, which imposes on
the system the temperature. However, the energy of the system is
not fixed by the contact with the reservoir and can fluctuate over all
the possible energies of the system. Our first goal will be to deter-
mine, in the ensemble of a huge number of identical systems which
constitutes the canonical ensemble, the probability to find a system
in a microstate labeled s with energy FEg. Once this probability is
known, we shall be able to calculate the mean energy, which is the
macroscopic energy of the system and other quantities.

If one picks at random a system in the ensemble, the probabil-
ity ps to find this system in a microstate s with energy Fg is the
ratio of two quantities: the number of microstates of the system with
energy Eg against the total number of microstates of the grand sys-
tem. A probability is defined as the number of “favorable” cases
(here a favorable case is the system is a microstate with energy Fg)
divided by the number of all the possible cases (here the number of
microstates of the grand ensemble, irrespective they are favorable or
not).

If the energy of the system is Fg and that of the grand system
is Fp, the energy of the reservoir is Fy — Eg and the number of
microstates in which the system has energy Eg is equal to the number
of microstates in which the reservoir has the energy Fy — Eg. One
writes

by = Qr(Ey — Es)
° Qas(Eo)

(2.1)

where (Qr indicates the number of microstates of the reservoir and
s those of the grand system. From the previous chapter, we know
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that the entropies Sgg of the grand system and that Sg of the reser-
voir are respectively

Sas = kp Lnﬂgs(Eo),
Sr = kpLnQgr(Ey— Eg),
and we have

Qgs(Eo) = eXp[Sgs(Eo)/]{?B], (2.2)
Qr(Ey — Es) = exp|Sg(Eo — Es)/ks]. (2.3)

For the grand system there is no problem in applying the preced-
ing formula since it is a closed system. For the reservoir, it is only
an approximation since it is in contact with the system and is not
a closed system. It is a good approximation since it is much larger
than the system and is practically unperturbed by the system.

From (2.1)—(2.3) one gets

o eXp[SR(EO - ES)/]CB]

- explSas(Fo)/kp]
One can expand Sg(Eg — Es) as a Taylor expansion! and terminate
after the second term since Fy > Fg, and

(2.4)

Sr(Eo — Es) = Sr(Eo) — Es(0SR/OE)o, (2.5)
but (9Sk/0E) = 1/T,
Sw(Fo — By) = Sp(Fy) — Es/T. (2.6)

The probability ps can be written as
 explSal(Fo)/ks — Bs/(ksT)]

Pe = exp[Sas (Eo)/kp)
or
_ exp[Sr(Eo)/kp|exp[—FEs/(kT)] 27)
b exp|Sas(Eo)/kB] ' '
Since the sum of all the probabilities is equal to 1, equivalently
exp[Sr(Eo)/kp|exp[—Egs(kpT))
zs:ps 2 exp[Sas(Eo)/kB] ! (28)

'The Taylor expansion of a function f(x) is given by f(z+h) = f(x)+hdf /dz(x)+
(h? /20 d® f/dx*(x) + --- + (R"/n)) d" f /dx™ (z) + - - - .
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or
eXp SR Eo /kB [ :|
E s = E ex 1,
5 p eXp[SGS Ey /kB S P kT
thus,
E
exp|Sas(Eo)/kp] = exp[Sr(Eo)/ks] E:exp{ k;}] (2.9)

Substituting (2.9) into (2.7), we get the ﬁnal result for p;:

Ds :eXp[ kBT]/ZeXp[ kBT] (2.10)

when the sums in (2.8)—(2.10) are over all the possible microstates
and not only on the possible values of the energies. The probability
ps is the probability to find the system in a microstate or shortly in
a state with energy Eg. It is an important result and we shall use it
several times.

The sum

Z = Zexp[ kBT] (2.11)

is the called the partition functlon In the context of the canonical
ensemble, this is the most important result. We shall see that it will
give the link between the microscopic and the macroscopic points of
view. Z is a function of the parameters 7', V', and N, that define
the system. The temperature T' appears explicitly, but the possible
energies of the system depend in general on V and N.

It is common to take the Greek letter 3 as the inverse of the
temperature 6 = 1/(kgT) and to write Z as

Z =Y exp(-BEs). (2.12a)

It is possible that several diffe?ent microstates have the same energy,
thus there is a function g(FEg), giving the number of microstates
for a given energy Fg. Such states with the same energy are called
degenerate states. The partition function can be written as a sum
over the energies:

Z =Y g(Es)exp(—BEs). (2.12D)

E
We stress the difference between, (2.11) or (2.12a), and (2.12b).
In (2.11) the sum is over all the microstates and in (2.12b) it is over
the energies.
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2.1.2 FEnergy, entropy and thermodynamic
potential

Part A. With the knowledge of ps, it is possible to calculate the
mean energy I as

E =) p.Es, (2.13a)
S

or

_ > s Esexp(—BEg)
>_sexp(—BEs)

The formula (2.13a) is the standard formula for the mean value

E (2.13Db)

of a quantity which has different probability to appear in different
states of respective energies.

The numerator of (2.13b) is minus the derivative of the dominator
relatively to 3, and the energy can written, using Z, as

E=— [g—g}/ - _aggz- (2.14)

Part B. The energy F is given as a function of T', V and N. The
derivative (OE /0T )y n is the specific heat at constant volume, Cy .
The entropy is given by? S = [Cy(dT/T) = [ (0E/OT)y (dT/T).
One uses the following relations linking 7" and 3 to get:

1
T=—.
kpp
ag
=
OB _0E df _ 528_/?
or ~ 93 dr P79’

giving S = f(@E/@T)V(dT/T)k:B = ]{TBfﬂ (8E/86)V dﬁ.

2The fundamental relation between the entropy d.S and the heat dQ in an infinites-
imal process is dS = dQ/T'. If the process takes place at constant volume d@Q = Cy
dT and dS = (Cv/T)dT.
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Performing integration by parts, one writes

OF
u =3, dv = (8—ﬁ>vdﬁ’ /udv—uv—/vdu,

du=dp, v=0~F.
One gets, using (2.14), that

sszlﬁE—/Ecw] - kB[5E+ aggzdﬁ} (2.15)
or
S=FE/T+kzLnZ. (2.16)
From (2.16) we find the link that we are looking for:
E—TS=F=—kgTLlnZ (2.17)

We recall that F' is the Helmholtz free energy and a function of
T,V and N. We mentioned above that from the knowledge of F' we
can get all the possible data about the system. The relation (2.17) is
one of the most important in this course of study.

We close this section by another formulation of the entropy:

S=—kp Zps Ln ps. (2.18a)
S

To verify, one introduces in (2.18a) the expression (2.10) for ps and
one obtains
—BE
S=—kp [-BEs— LnZ] exp(~fEs)
S

Z 9

(2.18b)

or

S =kp Z[BES exp(—BEs)|/Z + kp|ln Z/Z] Z exp(—fSEs).
S S

(2.18¢)

Taking into account (2.13b), one sees that the first term in (2.18b)
is equal to E//T. Since ) _ ¢ exp(—fFEg) = Z, the second term becomes
equal to kg Ln Z. Finally (2.18¢) is equal to E/T + kpLnZ. One
recovers the expression (2.16) for the entropy.

The expression (2.18a) is very general and can be used for the
closed system of the microcanonical ensemble. In this case, the prob-
ability to find the system in a microstate with the chosen energy is
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1/, since all the microstates, in number 2, have the same probability
to be found in the ensemble. Putting ps = 1/ in (2.17) gives again
the Boltzmann formula (1.1), S = kp Ln €2 since the number of terms
in the sum is merely €.

Part C. We consider N particles without interaction in a volume
V at temperature T'. We add also that it is possible to distinguish
between the particles. This implies that it is always possible (in prin-
ciple) to follow an individual particle. In such case, the permuta-
tion of two particles between their respective states introduces a new
microstate for the system. This cannot be true for gas in which there
are constant collisions between the particles such that their “individ-
uality” is lost.

In the expression of Z will appear all the energies of the system.
These energies are all the possible sums of the individual energies
(of the microstates)? of the N particles. We note by {e;} one of
these possible sums (with N terms), and the partition function is
Z =Y exp(—0{e;}) over all these {e;}.

The one-particle partition function is Z; = > exp(—0e;}, where
the sum is on the possible energies of one particle. Now consider the
following expression B:

B = (Z1)N = [exp(— Zez : (2.19)

One can write

= [eXp(—ﬁzei)]N
= [exp( BZeZ [exp( BZeZ [exp( BZ@Z ... (2.20a)

when the right hand contains N identical terms More explicitly
(2.20a) is

lexp(—pe1) + exp(—Pez) + exp(—Lfe3) .. .][exp(—PBe1) + exp(—Pe2)

+ exp(—pe3) .. .|[exp(—PBe1) + exp(—Fes) + exp(—LSes) . . .].
(2.20b)

30ne can sort the energies of the microstates of one particle as ey, ez, es, ... The
energies e; are not necessarily all different since it is possible that some microstates
have the same energy.
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If one expands these products, one finds that B will be given by
a sum of terms of the form exp[—p3{e;}]. As above {e;} mentions one
of the possible sums of the energies of the particles. This gives

B =Y expl[-pei)].

and one sees that B is the partition function of the system. Conse-
quently,

Z = (Z))V. (2.21)

We shall take a simple example of a system with two particles,
each with two possible energies e; and es. The possible energies of
the system or the different {e;} are: e; +e1,e1+e2,e2+e1 and ex+eo.
One has

Z = exp[-Ber + e1)] + exp[—Bler + €2))

+ exp[—f(e2 + €1)] + exp[—B(e2 + e2)].
(2.22)

or noticing that exp[—3(e1+e1)] = exp(—Ge1) exp(—LFe1) one has, for
a; = exp(—Be;), that Z = aja; + 2a1as + agsas = (a1 + az)? = (Z1)2.

2.1.3 A two-level system

We take the same example that we solved at the end of the preced-
ing chapter. We recall that there are, for each particle, two possible
states, one with energy 0 and the other with energy e.

We determine the partition function by the following two ways.
The first is to calculate Z for the system of N particles. The second
is to use (2.21) and to calculate the one particle partition function.

To be able to compute the partition function, we need to know
the number of microstates with a given energy E = ne. This number
has already been calculated and is equal to C,ny = N!/[(N — n)!nl].
Thus Z is using (2.12b),

N!

n
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with

x = exp(—pne).

The sum in (2.23) is the development of the quantity (14 z)". Thus
the final result is

Z = [1 4 exp(—pBe)]Y. (2.24)

This result agrees with what we said about the partition function
of independent particles, Z = Z{V . The one-particle partition func-
tion is Z1 = 1 + exp(—pe), since for a single particle there are only
two states.

The free energy F is —kpT ILnZ = —kgTN Ln[l + exp(—/ge)].
Now it is straightforward to get the energy and the entropy using
the formulas (2.14) and (2.16) or from the derivatives of F', that
they are E = F —T(OF/0T)n and S = —(0F/0T)n. One gets

Ne

PETT exp(fBe)’

and

S =kgN kT —I—Ln(l—l—exp(—k%)) ,
(1 —|—exp<kBeT) B

as founded above. (Egs. (1.31) and (1.32b)).
Finally one calculates the chemical potential y = (0F/ON)rv
{—kp TN Ln[l + exp(—fe)]} = —kpT Ln[l + exp(—/Se)].
(2.25)

”aN

2.1.4 The ideal gas; equipartition of enerqgy
in classical mechanics

In this section we consider particles in classical mechanics. The
energy of one particle is the sum of two terms, the kinetic energy
Ex and the potential energy V), when Ef is a quadratic function
of the particle velocities or the angular momentums and V' is func-
tion of the particle positions. In one dimension (particles on a line of
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length L) the kinetic energy of one particle is Ex = p2/2m and the
partition function is

Z-5 [ exvl-8Ex + V)l dp o (2.26)

where the lower and upper limits of the integrals for the two variables
(pz, x) are respectively —oo and oo for the momentum, and 0 and L
for the position. It is the application of the general expression of the
partition function (2.11)

7= Z eXp! kBT]

to the case of a single partlcle in classical mechanics. The intro-
duction of the quantity () is needed, since by definition Z is a
quantity without dimension, but the double integral in (2.26) has
the dimensionality of (momentum)(length). This is the reason why
one has to introduce the quantity () with this dimension. In fact the
dimensionality of the product (momentum)(length) is the product
(mass)(velocity)(length) or [M][v][L]. This product has the dimen-
sion of (energy)(time) = [E|[T]. One can see by the following trans-
formations [M][v][L] = [M[u][L)[T)/[T] = [M]P2(T) = [E][T). We
shall see below which constant was chosen for ().

The expression (2.26) can be transformed in the product of two
integrals

= 1/Q) [~ o[- . [ owl-mmiwlar @)

— 00

Now we consider the case of particles without potential energy and
only with kinetic energy. It is the case of the monatomic ideal gas
where the atoms have only kinetic energy and there is no inter-
action between them. This absence of interaction is characteris-
tic of the concept of ideal gas. The one-particle partition function

— %/_OO exp[—giﬂ dp, /OL dx
Q/ eXp{ [zmp]:BT]}dpw.

becomes
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To calculate Z; we use the following trick: we divide the integral by
(2m kpT)%® and multiply it by the same factor. This gives

2= ka5 [~ exp{ - M’W} b 2 k)]
- (2.28)

The integral is now a definite integral of the variable u =
pe/(2m kgT)?® with the same limits (—oo and co)

L oo
Z1 = (2m kBT)O'5—/ exp(—z?) d.
QJ -
If there is no potential energy for the particle the partition func-
tion becomes

0.5 L
)

where A = [ _exp(—2?) dz = /7. The energy is calculated through

the formulas £ = F — Tg—? and F' = —kg1 Ln Z;. Note that we do

not need to need the value of A to calculate the energy. One gets

Zy = A(2mkgT) (2.29)

1
E = ckpT. (2.30)

This energy is the mean kinetic energy of the particle and is called
the thermal energy of the particle. It is a remarkable result that
this mean kinetic energy is proportional to the temperature. For N

particles one multiplies the above result by V.

In the case of a particle in three dimensions the kinetic energy is
Erx = (p? + pz + p?)/2m. The partition function is now a multiple
integral

e (@)ool

If there is no potential energy it reduces to

- (@)fe{

P2 + i + p?
2m

(2.31)

P2+ i+ p2)
2m

} dpz dpy dp. dz dy dz.
(2.32)
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This can written as the product of three integrals (when the integral
on the variables x,y and z is equal to V)

174 o0 3; o0 ﬂ 2
- ()l o [l ]

o0 BpQ
——= | dp,, 2.33
X /_ N expl 5 | P (2.33)
and from the above results we conclude
Vv
7y = @(%m ksT)3/?, (2.34)
and finally
3
E = ikBT' (2.35)

The preceding results can be generalized in the following formu-
lation. If in the total energy of a system there is a term which is
quadratic in some parameter like the momentum or the position,
this term contributes to the energy by the amount (1/2)kpT. The
parameter is called a degree of freedom.

A simple application of this theorem of equipartition is the one-
dimensional harmonic oscillator. Its energy is E = p?/(2m)+ Kz? /2.
In thermal contact with a reservoir at temperature T', its thermal
energy is kpT, since there are two degrees of freedom.

Now we come back to the value of Q). The expression (2.34) is the
one-particle partition function of the ideal gas (in three dimensions).
Below in the Chapter 4, we shall calculate this partition function
from the quantum mechanical principles. In order to make the two
results identical (in this chapter and in Chapter 4) one has to chose
() = h, the Planck constant, the Planck constant has effectively the
dimension of (energy)(time).

2.2 The Grand Canonical Ensemble

In the present case, one supposes that the system and the reservoir
are made by the same type of particles. The system is in thermal
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contact with the reservoir, but now the walls, which delimitate the
volume V' of the system, are permeable to the particles. The state of
the system is determined by the temperature, volume and chemical
potential of the reservoir. The energy and density are fluctuating
quantities and one looks for their mean values that we consider equal
to the macroscopic values.

2.2.1 The grand partition function

As above, we consider a large ensemble of identical systems. We are
looking for the probability ps to find the system in a microstate s
with energy F'g and number of particles ns. We begin with the same
expressions as above by writing ps as given in (2.1), but in specifying
that the number of microstates are functions of the energy and the
number of particles:

pe = Qr(Ey — Eg, Ny — ng)
° Qas(Eo, No)

(2.36)

Let Ny is the number of particles in the grand system, a constant,
and Ny —ns the number of particles in the reservoir. We write again
as above

Scs = kpLnQgs(Ey, No),
SR = l{iB LHQR(EO — ES,N() — ns),

or
Seas(Fo, N
S)GS(Eb)::exp[ GS(kO °>], (2.37)
B
Sr(Eo — Eg, Ny — n,
QR(EO—.ES)::exp[ r(Eo - 0 >]. (2.38)

In the following steps we use the thermodynamic relation £ =
TS — PV + uN to write S in the following form

PV E-puN

S
T T

(2.39)
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Substituting into (2.37) and (2.38) one gets

[ PasVas Fo — uN,
Qas(Eo, Ny) = exp - + OkB; 0]

[ PasVas ox Eo — uNo
kT Pl 5T

= exp

Ep — ,uNo]

2.4
T (2.40)

= Ags eXp[
with Agg = eXp[(PGSvGS)/(kBT)].
For Qr(Fy — Es, Ng — ns), one has

PRVR exp E() - ES _ ,LL(NQ — ns)
kT kT kT

-EO_ES M(Nd_ns)]

Qr(Eo — Es, N —ng) = eXp|:

— A _
REXPIT kT

[ Eo — 11Ng Egs — uns
:AReXp kB—T exp _kB—T 9

(2.41)

with AR = eXp[(PRVR)/(k}BT)}.
Putting (2.40) and (2.41) in (2.36) gives

AR ex _ES — Mg
Ags P kT |
The sum of the probabilities over all the microstates > ¢ps = 1.

Thus
—pung|
zs:pS - AGS Zex [ kpT ] -b

and this means that

Aag - Es — ung
S e

bs = (2.42)

S
Finally we arrive at the final result for py,
ES_ S
exp[—ikB‘%n }

Pa = (2.43)

Es—pns |
ZS eXp|:_ k’B/%n i|
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We stress again that the sum is over all the possible microstates
of the system with all the possible energies and number of particles.
The values of the mean energy and the mean number of particles
are £ =) ¢psEs and N = ) ¢psns. But we can get these values
through the grand partition function Zg defined by

Zg = Zexp[—ﬁ(Es - an)]v (2'44)

with 8 = 1/(kpT). The sum (2.44) is in fact a double sum, on the
microstates and on the number of particles. Zq is a function of T,V
and u.

2.2.2 The number of particles, energy, entropy
and the grand potential

The mean number of the particles IV in the system is given by

Y exp[-B(Es — png)]

Recalling that that the numerator of (2.45) is the derivative of the
denominator, relatively to u, divided by 3, and with a change in the
sign, (2.45) can be written as

N — Z neps = Es Ns eXp[_6<ES B ,LLnS)] ' (245)

10Z¢q
3 o4 10LnZ
N Bow _10InZa (2.46)
e B Ou
The energy £ = ) psEs can be calculated with the help of the
derivative 8151620, which is

B 2_s exp[—=f(Es — pns)]
The numerator of (2.47) is

— Z Egsexp|—B(Es — ung)] + Z pns exp|—B(Es — pns)],

and consequently 0 Ln Z /083 is the sum of two terms. The first is

. Zs ES eXp[_/B(ES - ,uns)]
> exp[—=B(Es — uns)]

(2.48)
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which is — >, psEg = —E. The second term is

> s s exp[—B(Es — pns)]
> exp[—B(Es — uns)]

which is equal to

MZS nsexp|—B(Es — uns)]
s Ns exp[—B(Es — uns)

= ,uZpSns = uN. (2.49)
Finally one gets 0 Ln Zg /08 = —E + uN, and for E one has
8LnZG (9LHZG ,LL@LHZG
E=- + uN = — + = : 2.50
o5 " B B o (2:30)

when N was replaced by its value in (2.46), (1/3)(0Ln Zg/0u).

Since E is equal to —0Ln Z/03, we have the following relation
between the grand partition function and the partition function Z
of a system with the same temperature, the same mean energy and
a number of particles equal to the mean number of particles of our
present system,

dlnZg JInZ
o3 0B
The entropy is determined using (2.51). We saw above, in the

+ V. (2.51)

section on the canonical ensemble expression (2.16),

E
S=—+kpLnZ.

T
Integrating (2.51) gives
LnZG:LnZ—/,uNdﬁ:LnZ—,uNﬁ. (2.52)
From (2.16) one gets
— EBE/T
nz=>"FT (2.53)
kg
Introducing this expression of Ln Z in (2.52) gives
E—uN
S=""FT L kpLlnZe. (2.53)

T
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From (2.50), £ — uN = —0Ln Zg/03, and upon introducing it in
(2.53),

_8LHZG
S = % 1 kglnZg,
dLnZ
S = —kﬁ% + kpLn Zc. (2.54)

It is not difficult to verify the relation S = —kp ), psLnps, in
analogy with the established cases.

From the preceding results, one deduces the grand potential W
given by

U(T,V,N)=—PV =E— TS — uN (2.55a)
— —kzTLn Zg, (2.55b)

where its differential is d¥ = —SdT 4+ PdV — N du. To get (2.55b),

one inserts in (2.55a) the value of £ — uN = aLanﬁzG (see (2.50)),
and S from (2.54). The expression (2.55) is the third link between the
macroscopic thermodynamic description and the microscopic side.

2.2.3 An example

One considers a system in contact with a reservoir in the conditions
of the grand canonical ensemble. This system is made of particles
without interaction with energies 0, e, 2¢e, 3¢, etc. The grand partition
function is the double sum

Zg =) exp[-B(Es — uns)],

which can be written as

eh= Z[exp(ﬁ,uns) Z exp(—BEg)]. (2.56)
S S

First one performs the sum over the microstates of a system with

ns particles and then to sum over the number of particles, from 0

to the infinity. The sum ), exp(—BEg) is the partition function

of ng particles (with the same volume V and temperature 7). It is

not possible to use the expression (2.21), Z = (Z;)", since now the
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particles are indistinguishable. In the case of the grand canonical
ensemble, the particles may leave the system to enter the reservoir,
and vice versa, as a gas. This prevents the case when they are viewed
as distinguishable. This fact makes the determination of the partition
function difficult.

We shall consider a particular situation that we shall call the
classical ltmit which in the next chapter we shall explain why. We
suppose that particles are distributed among their possible energies
or levels as follows: either one particular level is populated by one
particle or it is not, i.e. there is no particle with this energy. When one
considers a given repartition of the ng particles in the energy levels,
a particular microstate is defined. If now one changes the position of
some particles, keeping the same occupied levels, one has the same
microstate. To take into account this fact one divides the partition
function by the number of possible permutations of the particles
between the occupied levels, i.e. by ng! Thus the partition function
of the ng particles is

/=
ng!

(2.57)

We shall find again this expression by another method in Chapter 3.
The grand partition function is now

26 = Y {exp(auny PP sy

Ng:
s s

with e; = 0, ¢, 2e, 3e, etc.
The sum >, exp(—/e;) is equal to [1 — exp(—pBe)] ™!, this gives

ZG _ Z eXp(ﬁﬂns)[l ; !eXp(_Be)]_ns (259)
ex — exp(—Ge)]~11ns

or with © = exp(Bu)[1 — exp(—3e)] ',

Za=Y i - = exp(a), (2.61)
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where we used the series expansion of the function exp(x). Our final
result is

Za = exp{exp(Bp)[1 — exp(—fe)] 1}, (2.62)
Ln Zg = exp(Ap)[1 — exp(—fe)] ", (2.63)
U= —kgTInZg = —kpTexp(Bu)[l —exp(—Fe)] L. (2.64)

Now one can calculate the mean number of particles N

N=— = exp(Bu)|l —exp(—0Ge)| . 2.65
5 on (B! (=pe)] (2.65)
Putting this expression in (2.64) gives the equation of state
—V =PV = NEkgT. (2.66)
From (2.65) one gets an expression for the chemical potential u
p=kpT[Ln(N)+ Ln(1 — exp(—pfe))]. (2.67)
The derivative of Ln Zg relatively to g is, following (2.50),
O0Ln Zg
= uN — FE. 2.68
o5 M (2.68)
One has
0Ln Zg exp(Sp) e exp(—fe)
= pexp(fu)|l—exp(—pLe)|— 2.69
55 = mesp(Bp) {1 —exp(~e)] - “EACILE (2.60)
Taking into account of (2.65) one can write
O0Ln Zg exp(—Qe)
=uN — N 2.70
og " “1— exp(—fe) (270)
Comparing (2.68) and (2.70) gives
BN S®he) _ Ne (2.71)

1 —exp(—fe)  exp(fe) — 1
The entropy can be calculated through the formula EF = TS —
PV 4+ uN, giving

E PV uN
STt T
Taking into consideration (2.66), (2.67) and (2.71) one gets
S EoT e
= 1—LnN —In|l - — :
BN exple/kpT) —1 " n[ eXp( kBT)]
(2.72)

In the next chapter we shall show that, in the conditions we
choose, the chemical potential is negative such that the entropy is
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always positive. It is also possible to verify that S is an increasing
function of the temperature.

The condition that pu < 0 gives the regime of validity of this
problem. Writing, from (2.67), that

b - exo(—
| ]@—T_LHN+LH(1 exp(—pfe)) <0
gives
Ln N + Ln[l — exp(—fe)] = Ln[N (1 — exp(—fe))] < 0
or

N[l —exp(—pfe)] < 1.

Since NN is very large, this means that 1 — exp(—/fe) is very small.
In other words, exp(—Qe) is very close to 1, i.e. [Be is very small.
Using the approximation exp(—fge) ~ 1 — fe, the inequality N[1 —
exp(—pe)] < 1 becomes fe < 1/N or T > eN/kp .This means that
the temperature is large enough and/or e (the distance between two
consecutive levels) is very small. We shall see later that this situation
is called the classical case.

2.3 Summary

We summarize the developments of the two last chapters. We exposed
three methods, which establish the links between the microscopic
description and the thermodynamics or macroscopic description of a
system.

The microcanonical ensemble. The system is defined by the
knowledge of the extensive variables like the energy E, the volume
V', the number of particles IV, etc. The thermodynamic potential is
the entropy and the link is made by the relation
S(E,V,N) =kpLnQ,

where 2 is the number of microstates of the system associated with
the chosen values of the extensive variables. In general it is not an
easy task to find Q(FE,V, N) and it is why the method of the micro-
canonical is not frequently used.

The canonical ensemble. The system is defined through knowl-
edge of the temperature, the volume and the number of particles.
The thermodynamic potential is the Helmholtz free energy F' and
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the link is the partition function Z:

F(T,V,N)=—kgTInZ
with Z equal to ), exp(—BEg). The sum is over all the microstates
of the system. In this method, we need to determine the energies of

all the microstates of the system. In the following, we shall use very
often this method.

The grand canonical ensemble. In this case, the temperature,
the volume and the chemical potential define the system. The ther-
modynamic potential is the grand potential ¥ and the link is the
grand partition function Zg:

(T, V, 1) = —kpT Ln Zg

with Zg = ), exp[—((Es — pns)]. The sum is a double sum over
the possible energies of the microstates and the number of particles.
This method seems complicated but it permits the introduction of a
very important variable: the chemical potential. We shall see in the
following chapters the usefulness of this variable.

In the last two methods, the goal is to calculate mean values of
the variables that we take as the macroscopic values, neglecting fluc-
tuations. This is possible, in general, because we deal with a very
large number of particles. But near a critical point or a phase tran-
sition of second kind, this is not correct and the fluctuations need to
be taken into account.

Nevertheless, the expressions that we got for ps the probability to
find the system in a given microstate s is correct whatever the num-
ber of particles is, even for one particle in the case of the canonical
ensemble. Of course, in such a case, the fluctuations are important.

The entropy. The most general expression for the entropy, in these
three approaches is

S=—kg ) psLnp,
S

where p, is the probability to find the system in the microstate s.

2.3.1 Fluctuations

We have supposed that the mean value of the energy (and other quan-
tities) is equal to its macroscopic value although we know that this
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quantity fluctuates in the case of the canonical and grand canonical
ensembles.

In the case of the thermal contact of the system with the reservoir,
it was stated that the temperature is fixed when the energy is fluctu-
ating. This means that there is constant transfer of energy from the
reservoir to the system and vice versa. How is this possible if there
is no temperature difference between the system and the reservoir?
One possibility is the transfer of potential energy through the vari-
ations of the distances between particles since this kind of energy is
dependant on distances. But in fact there are changes in the temper-
atures although they are so small that one does not consider them
and accepts to say that the temperature is constant.

In thermodynamics, it is possible to calculate the mean standard
deviations of the temperature and the energy in the system. It is the
mean value of the squared difference between the fluctuating quantity
and its mean value. We give the results without derivations. For the
temperature one has (AT)? = kgT?/C, where C, is the constant
volume specific heat, and for the energy one has (AE)? = kgT?C,.
The dimensionless ratio § = kg[(AT)?/(AE)?]%® can give a feeling of
the relative magnitude of the fluctuations. One finds that § = kg /C,.
We take as an example the monatomic ideal gas. In this case C,, is
equal to (3/2) N kp and the ratio § is equal to 2/(3N). For a mole,
N is of order of 10?3 and § is very small. The fluctuation of the
temperature is much smaller than those of the energy. The conclusion
is that minuscule changes in the temperature may bring important
changes in the energy.

2.3.2 Final remark

One can point out the analogy between the formulas giving the three
thermodynamic potentials, —S, F' and W:

—S = —kpLnQ;
F=—kgTLnZ;
VU = —kgT LnZg.



