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Chapter 2

The System in Thermal Contact

with a Reservoir: The Canonical

and Grand Canonical Ensembles

In this cha p te r, w e sha ll stud y a syste m in co nta ct w ith a v e ry la rg e

syste m w hich stays a t co nsta nt te m p e ra ture T . W e sha ll ca ll it the

re se rv o ir. In the fi rst ca se , the co nta ct is p ure ly therm a l; it m e a ns tha t

the te m p e ra ture o f the syste m is fi xe d by co nta ct w ith the re se rv o ir.

In the seco nd ca se , the co nta ct is therm a l but there is a lso the p o ssi-

bility o f excha ng e o f p a rticle s betw e en the syste m a nd the re se rv o ir.

Since it is sup p o se d tha t the syste m a nd the re se rv o ir a re in eq ui-

librium , there a re e q ua litie s o f the te m p e ra ture s a nd o f the chem ica l

p o tentia ls, a s exp la ined a bo v e . O ur g o a l is a lw a ys to fi nd the re la tio n

betw e en the m icro sco p ic p ro p e rtie s o f the p a rticle s o f the syste m a nd

its m a cro sco p ic p ro p e rtie s.

T he fund a m enta l hyp o these s a re :

(a ) T he syste m a nd the re se rv o ir a re se en to g e ther a s a g ra nd sys-

te m w hich is iso la te d fro m the re st o f the w o rld . T he re sults o f

the p rece d ing cha p te r ca n be a p p lie d to the g ra nd syste m . In

p a rticula r, its energ y E0 is co nsta nt a nd the entro p y is g iv en

by (1.1).

(b) T he syste m is m uch sm a lle r tha n the re se rv o ir itse lf. In p a rticula r

the energ y ES o f the syste m is m uch sm a lle r tha n the energ y ER

o f the re se rv o ir a nd tha t o f the g ra nd syste m . T hus o ne w ill be

22
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a ble to a p p ly a p p roxim a tio ns co ncerning sm a ll q ua ntitie s v e rsus

la rg e o nes.

2.1 The Canonical Ensemble

2.1 .1 The partition function

As rev e a le d a bo v e , the syste m w ith v o lum e V a nd num ber o f p a r-

ticle s N is in therm a l co nta ct w ith the re se rv o ir, w hich im p o se s o n

the syste m the te m p e ra ture . H o w e v e r, the energ y o f the syste m is

no t fi xed by the co nta ct w ith the re se rv o ir a nd ca n fl uctua te o v e r a ll

the p o ssible energ ie s o f the syste m . O ur fi rst g o a l w ill be to d e te r-

m ine , in the ense m ble o f a hug e num ber o f id entica l syste m s w hich

co nstitute s the ca no nica l ense m ble , the p ro ba bility to fi nd a syste m

in a m icro sta te la be le d s w ith energ y ES . O nce this p ro ba bility is

k no w n, w e sha ll be a ble to ca lcula te the m e a n energ y, w hich is the

m a cro sco p ic energ y o f the syste m a nd o ther q ua ntitie s.

If o ne p ick s a t ra nd o m a syste m in the ense m ble , the p ro ba bil-

ity ps to fi nd this syste m in a m icro sta te s w ith energ y ES is the

ra tio o f tw o q ua ntitie s: the num ber o f m icro sta te s o f the syste m w ith

energ y ES a g a inst the to ta l num ber o f m icro sta te s o f the g ra nd sys-

te m . A p ro ba bility is d e fi ned a s the num ber o f “ fa v o ra ble ” ca se s

(here a fa v o ra ble ca se is the syste m is a m icro sta te w ith energ y ES)

d iv id e d by the num ber o f a ll the p o ssible ca se s (here the num ber o f

m icro sta te s o f the g ra nd ense m ble , irre sp ectiv e they a re fa v o ra ble o r

no t).

If the energ y o f the syste m is ES a nd tha t o f the g ra nd syste m

is E0, the energ y o f the re se rv o ir is E0 − ES a nd the num ber o f

m icro sta te s in w hich the syste m ha s energ y ES is e q ua l to the num ber

o f m icro sta te s in w hich the re se rv o ir ha s the energ y E0 − ES. O ne

w rite s

ps =
ΩR(E0 − ES)

ΩGS (E0)
, (2.1)

w here ΩR ind ica te s the num ber o f m icro sta te s o f the re se rv o ir a nd

ΩGS tho se o f the g ra nd syste m . Fro m the p re v io us cha p te r, w e k no w
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tha t the entro p ie s SGS o f the g ra nd syste m a nd tha t SR o f the re se r-

v o ir a re re sp ectiv e ly

SGS = kB L nΩGS (E0),

SR = kB L n ΩR(E0 − ES),

a nd w e ha v e

ΩGS (E0) = exp [SGS (E0)/kB ], (2.2)

ΩR(E0 − Es) = exp [SR(E0 − ES)/kB ]. (2.3)

Fo r the g ra nd syste m there is no p ro ble m in a p p lying the p rece d -

ing fo rm ula since it is a clo se d syste m . Fo r the re se rv o ir, it is o nly

a n a p p roxim a tio n since it is in co nta ct w ith the syste m a nd is no t

a clo se d syste m . It is a g o o d a p p ro xim a tio n since it is m uch la rg e r

tha n the syste m a nd is p ra ctica lly unp e rturbed by the syste m .

Fro m (2.1)– (2.3) o ne g e ts

ps =
exp [SR(E0 − ES)/kB ]

exp [SGS (E0)/kB ]
. (2.4 )

O ne ca n exp a nd SR(E0 −ES) a s a T aylo r exp a nsio n1 a nd te rm ina te

a fte r the seco nd te rm since E0 � ES , a nd

SR(E0 − ES) = SR(E0)− ES(∂SR/∂E)0, (2.5)

but (∂SR/∂E) = 1/T ,

SR(E0 −Es) = SR(E0)− ES/T. (2.6)

T he p ro ba bility ps ca n be w ritten a s

ps =
exp [SR(E0)/kB − ES/(kBT )]

exp [SGS (E0)/kB ]
o r

ps =
exp [SR(E0)/kB ] exp [−ES/(kBT )]

exp [SGS (E0)/kB ]
. (2.7 )

Since the sum o f a ll the p ro ba bilitie s is e q ua l to 1, e q uiv a lently
∑

S

ps =
∑

S

exp [SR(E0)/kB ] exp [−ES(kBT )]

exp [SGS (E0)/kB ]
= 1 (2.8 )

1T h e T a y lo r e x p a n sio n o f a fu n c tio n f(x) is g iv e n b y f(x+h) = f(x)+hdf/dx(x)+
(h2/2!) d2f/dx2(x) + · · · + (hn/n!) dnf/dxn(x) + · · · .
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o r
∑

S

ps =
exp [SR(E0)/kB ]

exp [SGS (E0)/kB ]

∑

S

exp

[

− ES

kBT

]

= 1,

thus,

exp [SGS (E0)/kB ] = exp [SR(E0)/kB ]
∑

S

exp

[

− ES

kBT

]

. (2.9)

Substituting (2.9) into (2.7 ), w e g e t the fi na l re sult fo r ps:

ps = exp

[

− ES

kBT

]/

∑

S

exp

[

− ES

kBT

]

, (2.10)

w hen the sum s in (2.8 )– (2.10) a re o v e r a ll the p o ssible m icro sta te s

a nd no t o nly o n the p o ssible v a lues o f the energ ie s. T he p ro ba bility

ps is the p ro ba bility to fi nd the syste m in a m icro sta te o r sho rtly in

a sta te w ith energ y ES . It is a n im p o rta nt re sult a nd w e sha ll use it

se v e ra l tim e s.

T he sum

Z =
∑

S

exp

[

− ES

kBT

]

(2.11)

is the ca lle d the p a rtitio n functio n. In the co ntext o f the ca no nica l

ense m ble , this is the m o st im p o rta nt re sult. W e sha ll se e tha t it w ill

g iv e the link betw e en the m icro sco p ic a nd the m a cro sco p ic p o ints o f

v ie w . Z is a functio n o f the p a ra m e te rs T , V , a nd N , tha t d e fi ne

the syste m . T he te m p e ra ture T a p p e a rs exp licitly, but the p o ssible

energ ie s o f the syste m d e p end in g enera l o n V a nd N .

It is co m m o n to ta k e the G re e k le tte r β a s the inv e rse o f the

te m p e ra ture β = 1/(kBT ) a nd to w rite Z a s

Z =
∑

s

exp (−βES). (2.12a )

It is p o ssible tha t se v e ra l d iff e rent m icro sta te s ha v e the sa m e energ y,

thus there is a functio n g(ES), g iv ing the num ber o f m icro sta te s

fo r a g iv en energ y ES . Such sta te s w ith the sa m e energ y a re ca lle d

d e g enera te sta te s. T he p a rtitio n functio n ca n be w ritten a s a sum

o v e r the energ ie s:

Z =
∑

E

g(ES) exp (−βES). (2.12b)

W e stre ss the d iff e rence betw e en, (2.11) o r (2.12a ), a nd (2.12b).

In (2.11) the sum is o v e r a ll the m icro sta te s a nd in (2.12b) it is o v e r

the energ ie s.
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2.1 .2 E nergy , entropy and therm od ynam ic

potential

Part A. W ith the k no w le d g e o f ps, it is p o ssible to ca lcula te the

m e a n energ y E a s

E =
∑

S

psES , (2.13a )

o r

E =

∑

S ES exp (−βES)
∑

S exp (−βES)
. (2.13b)

T he fo rm ula (2.13a ) is the sta nd a rd fo rm ula fo r the m e a n v a lue

o f a q ua ntity w hich ha s d iff e rent p ro ba bility to a p p e a r in d iff e rent

sta te s o f re sp ectiv e energ ie s.

T he num e ra to r o f (2.13b) is m inus the d e riv a tiv e o f the d o m ina to r

re la tiv e ly to β, a nd the energ y ca n w ritten, using Z, a s

E = −
[

∂Z

∂β

]/

Z = −∂ L nZ

∂β
. (2.14 )

Part B . T he energ y E is g iv en a s a functio n o f T , V a nd N . T he

d e riv a tiv e (∂E/∂T )V,N is the sp ecifi c hea t a t co nsta nt v o lum e , C V .

T he entro p y is g iv en by2 S =
∫

CV (dT/T ) =
∫

(∂E/∂T )V (dT/T ).

O ne use s the fo llo w ing re la tio ns link ing T a nd β to g e t:

T =
1

kBβ
,

dT = − dβ

kBβ2
,

∂E

∂T
=

∂E

∂β

dβ

dT
= −kBβ2

∂E

∂β
,

g iv ing S =
∫

(∂E/∂T )V (dT/T )kB = kB

∫

β (∂E/∂β)V dβ.

2T h e fu n d a m e n ta l re la tio n b e tw e e n th e e n tro p y dS a n d th e h e a t dQ in a n in fi n ite s-
im a l p ro c e ss is dS = dQ /T . If th e p ro c e ss ta k e s p la c e a t c o n sta n t v o lu m e dQ = CV

dT a n d dS = (CV /T ) dT .
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Perfo rm ing inte g ra tio n by p a rts, o ne w rite s

u = β, dv =

(

∂E

∂β

)

V

dβ,

∫

u dv = uv −
∫

v du,

du = dβ, v = E.

O ne g e ts, using (2.14 ), tha t

S = kB

[

βE −
∫

Edβ

]

= kB

[

βE +

∫

∂ L n Z

∂β
dβ

]

, (2.15)

o r

S = E/T + kB L n Z. (2.16)

Fro m (2.16) w e fi nd the link tha t w e a re lo o k ing fo r:

E − TS = F = −kBT L n Z. (2.17 )

W e reca ll tha t F is the H e lm ho ltz fre e energ y a nd a functio n o f

T , V a nd N . W e m entio ned a bo v e tha t fro m the k no w le d g e o f F w e

ca n g e t a ll the p o ssible d a ta a bo ut the syste m . T he re la tio n (2.17 ) is

o ne o f the m o st im p o rta nt in this co urse o f stud y.

W e clo se this sectio n by a no ther fo rm ula tio n o f the entro p y:

S = −kB

∑

S

ps L n ps. (2.18 a )

T o v e rify, o ne intro d uces in (2.18 a ) the exp re ssio n (2.10) fo r ps a nd

o ne o bta ins

S = −kB

∑

S

[−βES − L n Z]
exp (−βES)

Z
, (2.18 b)

o r

S = kB

∑

S

[βES exp (−βES)]/Z + kB [L n Z/Z]
∑

S

exp (−βES).

(2.18 c)

T a k ing into a cco unt (2.13b), o ne se e s tha t the fi rst te rm in (2.18 b)

is e q ua l to E/T . Since
∑

S exp (−βES) = Z, the seco nd te rm beco m e s

e q ua l to kB L n Z. Fina lly (2.18 c) is e q ua l to E/T + kB L n Z. O ne

reco v e rs the exp re ssio n (2.16) fo r the entro p y.

T he exp re ssio n (2.18 a ) is v e ry g enera l a nd ca n be use d fo r the

clo se d syste m o f the m icro ca no nica l ense m ble . In this ca se , the p ro b-

a bility to fi nd the syste m in a m icro sta te w ith the cho sen energ y is
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1/Ω, since a ll the m icro sta te s, in num ber Ω, ha v e the sa m e p ro ba bility

to be fo und in the ense m ble . Putting ps = 1/Ω in (2.17 ) g iv e s a g a in

the Bo ltz m a nn fo rm ula (1.1), S = kB L n Ω since the num ber o f te rm s

in the sum is m e re ly Ω.

Part C . W e co nsid e r N p a rticle s w itho ut inte ra ctio n in a v o lum e

V a t te m p e ra ture T . W e a d d a lso tha t it is p o ssible to d isting uish

betw e en the p a rticle s. T his im p lie s tha t it is a lw a ys p o ssible (in p rin-

cip le ) to fo llo w a n ind iv id ua l p a rticle . In such ca se , the p e rm uta -

tio n o f tw o p a rticle s betw e en the ir re sp ectiv e sta te s intro d uces a new

m icro sta te fo r the syste m . T his ca nno t be true fo r g a s in w hich there

a re co nsta nt co llisio ns betw e en the p a rticle s such tha t the ir “ ind iv id -

ua lity” is lo st.

In the exp re ssio n o f Z w ill a p p e a r a ll the energ ie s o f the syste m .

T hese energ ie s a re a ll the p o ssible sum s o f the ind iv id ua l energ ie s

(o f the m icro sta te s)3 o f the N p a rticle s. W e no te by {ei} o ne o f

these p o ssible sum s (w ith N te rm s), a nd the p a rtitio n functio n is

Z =
∑

exp (−β{ei}) o v e r a ll these {ei}.
T he o ne-p a rticle p a rtitio n functio n is Z1 =

∑

exp (−βei}, w here

the sum is o n the p o ssible energ ie s o f o ne p a rticle . N o w co nsid e r the

fo llo w ing exp re ssio n B:

B = (Z1)
N = [exp (−β

∑

i

ei)]
N . (2.19)

O ne ca n w rite

B = [exp (−β
∑

i

ei)]
N

= [exp (−β
∑

i

ei)][exp (−β
∑

i

ei)][exp (−β
∑

i

ei)] . . . (2.20a )

w hen the rig ht ha nd co nta ins N id entica l te rm s. M o re exp licitly

(2.20a ) is

[exp (−βe1) + exp (−βe2) + exp (−βe3) . . .][exp (−βe1) + exp (−βe2)

+ exp (−βe3) . . .][exp (−βe1) + exp (−βe2) + exp (−βe3) . . .].

(2.20b)

3O n e c a n so rt th e e n e rg ie s o f th e m ic ro sta te s o f o n e p a rtic le a s e1, e2, e3, . . . T h e
e n e rg ie s ei a re n o t n e c e ssa rily a ll d iff e re n t sin c e it is p o ssib le th a t so m e m ic ro sta te s
h a v e th e sa m e e n e rg y .
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If o ne exp a nd s these p ro d ucts, o ne fi nd s tha t B w ill be g iv en by

a sum o f te rm s o f the fo rm exp [−β{ei}]. As a bo v e {ei} m entio ns o ne

o f the p o ssible sum s o f the energ ie s o f the p a rticle s. T his g iv e s

B =
∑

exp [−β{ei}],

a nd o ne se e s tha t B is the p a rtitio n functio n o f the syste m . C o nse -

q uently,

Z = (Z1)
N . (2.21)

W e sha ll ta k e a sim p le exa m p le o f a syste m w ith tw o p a rticle s,

e a ch w ith tw o p o ssible energ ie s e1 a nd e2. T he p o ssible energ ie s o f

the syste m o r the d iff e rent {ei} a re : e1+e1, e1+e2, e2+e1 a nd e2+e2.

O ne ha s

Z = exp [−β(e1 + e1)] + exp [−β(e1 + e2)]

+ exp [−β(e2 + e1)] + exp [−β(e2 + e2)].

(2.22)

o r no ticing tha t exp [−β(e1+e1)] = exp (−βe1) exp (−βe1) o ne ha s, fo r

ai = exp (−βei), tha t Z = a1a1 + 2a1a2 + a2a2 = (a1 + a2)
2 = (Z1)

2.

2.1 .3 A tw o-level sy stem

W e ta k e the sa m e exa m p le tha t w e so lv e d a t the end o f the p rece d -

ing cha p te r. W e reca ll tha t there a re , fo r e a ch p a rticle , tw o p o ssible

sta te s, o ne w ith energ y 0 a nd the o ther w ith energ y e.

W e d e te rm ine the p a rtitio n functio n by the fo llo w ing tw o w ays.

T he fi rst is to ca lcula te Z fo r the syste m o f N p a rticle s. T he seco nd

is to use (2.21) a nd to ca lcula te the o ne p a rticle p a rtitio n functio n.

T o be a ble to co m p ute the p a rtitio n functio n, w e nee d to k no w

the num ber o f m icro sta te s w ith a g iv en energ y E = ne. T his num ber

ha s a lre a d y been ca lcula te d a nd is e q ua l to CnN = N !/[(N − n)!n!].

T hus Z is using (2.12b),

Z =
∑

n

CnN exp (−βne) =
∑

n

N !

(N − n)!n!
xn, (2.23)
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w ith

x = exp (−βne).

T he sum in (2.23) is the d e v e lo p m ent o f the q ua ntity (1+x)N . T hus

the fi na l re sult is

Z = [1 + exp (−βe)]N . (2.24 )

T his re sult a g re e s w ith w ha t w e sa id a bo ut the p a rtitio n functio n

o f ind e p end ent p a rticle s, Z = ZN
1

. T he o ne-p a rticle p a rtitio n func-

tio n is Z1 = 1 + exp (−βe), since fo r a sing le p a rticle there a re o nly

tw o sta te s.

T he fre e energ y F is −kBT L n Z = −kBTN L n [1 + exp (−βe)].

N o w it is stra ig htfo rw a rd to g e t the energ y a nd the entro p y using

the fo rm ula s (2.14 ) a nd (2.16) o r fro m the d e riv a tiv e s o f F , tha t

they a re E = F − T (∂F/∂T )N a nd S = −(∂F/∂T )N . O ne g e ts

E =
Ne

1 + exp (βe)
,

a nd

S = kBN





e
kBT

(1 + exp
(

e
kBT

) + L n

(

1 + exp

(

− e

kBT

))



,

a s fo und e d a bo v e . (E q s. (1.31) a nd (1.32b)).

Fina lly o ne ca lcula te s the chem ica l p o tentia l µ = (∂F/∂N)T,V :

µ =
∂

∂N
{−kBTN L n[1 + exp (−βe)]} = −kBT L n[1 + exp (−βe)].

(2.25)

2.1 .4 The id eal gas; equipartition of energy

in classical m echanics

In this sectio n w e co nsid e r p a rticle s in cla ssica l m echa nics. T he

energ y o f o ne p a rticle is the sum o f tw o te rm s, the k inetic energ y

EK a nd the p o tentia l energ y Vp, w hen EK is a q ua d ra tic functio n

o f the p a rticle v e lo citie s o r the a ng ula r m o m entum s a nd V is func-

tio n o f the p a rticle p o sitio ns. In o ne d im ensio n (p a rticle s o n a line o f
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leng th L) the k inetic energ y o f o ne p a rticle is EK = p2
x/2m a nd the

p a rtitio n functio n is

Z =
1

Q

∫∫

exp [−β(EK + Vp)] dpx dx, (2.26)

w here the lo w e r a nd up p e r lim its o f the inte g ra ls fo r the tw o v a ria ble s

(px, x) a re re sp ectiv e ly −∞ a nd ∞ fo r the m o m entum , a nd 0 a nd L

fo r the p o sitio n. It is the a p p lica tio n o f the g enera l exp re ssio n o f the

p a rtitio n functio n (2.11)

Z =
∑

S

exp

[

− ES

kBT

]

to the ca se o f a sing le p a rticle in cla ssica l m echa nics. T he intro -

d uctio n o f the q ua ntity Q is nee d e d , since by d e fi nitio n Z is a

q ua ntity w itho ut d im ensio n, but the d o uble inte g ra l in (2.26) ha s

the d im ensio na lity o f (m o m entum )(leng th). T his is the re a so n w hy

o ne ha s to intro d uce the q ua ntity Q w ith this d im ensio n. In fa ct the

d im ensio na lity o f the p ro d uct (m o m entum )(leng th) is the p ro d uct

(m a ss)(v e lo city)(leng th) o r [M ][v][L]. T his p ro d uct ha s the d im en-

sio n o f (energ y)(tim e) = [E ][T ]. O ne ca n se e by the fo llo w ing tra ns-

fo rm a tio ns [M ][v][L] = [M [v][L][T ]/[T ] = [M ][v]2[T ] = [E][T ]. W e

sha ll se e be lo w w hich co nsta nt w a s cho sen fo r Q.

T he exp re ssio n (2.26) ca n be tra nsfo rm e d in the p ro d uct o f tw o

inte g ra ls

Z = (1/Q)

∫

∞

−∞

exp

[

−βp2
x

2m

]

dpx

∫ L

0

exp [−βVp(x)] dx. (2.27 )

N o w w e co nsid e r the ca se o f p a rticle s w itho ut p o tentia l energ y a nd

o nly w ith k inetic energ y. It is the ca se o f the m o na to m ic id e a l g a s

w here the a to m s ha v e o nly k inetic energ y a nd there is no inte r-

a ctio n betw e en them . T his a bsence o f inte ra ctio n is cha ra cte ris-

tic o f the co ncep t o f id e a l g a s. T he o ne-p a rticle p a rtitio n functio n

beco m e s

Z1 =
1

Q

∫

∞

−∞

exp

[

−βp2
x

2m

]

dpx

∫ L

0

dx

=
L

Q

∫

∞

−∞

exp

{

−
[

p2
x

2m kBT

]}

dpx.
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T o ca lcula te Z1 w e use the fo llo w ing trick : w e d iv id e the inte g ra l by

(2m kBT )0.5 a nd m ultip ly it by the sa m e fa cto r. T his g iv e s

Z1 = (2m kBT )0.5 L

Q

∫

∞

−∞

exp

{

−
[

p2
x

2m kBT

]}

d[px/(2m kBT )0.5].

(2.28 )

T he inte g ra l is no w a d e fi nite inte g ra l o f the v a ria ble u =

px/(2m kBT )0.5 w ith the sa m e lim its (−∞ a nd ∞)

Z1 = (2m kBT )0.5 L

Q

∫

∞

−∞

exp (−x2) dx.

If there is no p o tentia l energ y fo r the p a rticle the p a rtitio n func-

tio n beco m e s

Z1 = A(2m kBT )0.5 L

Q
(2.29)

w here A =
∫

∞

−∞
exp (−x2) dx =

√
π. T he energ y is ca lcula te d thro ug h

the fo rm ula s E = F − T ∂F
∂T a nd F = −kBT L nZ1. N o te tha t w e d o

no t nee d to nee d the v a lue o f A to ca lcula te the energ y. O ne g e ts

E =
1

2
kBT. (2.30)

T his energ y is the m e a n k inetic energ y o f the p a rticle a nd is ca lle d

the therm a l energ y o f the p a rticle . It is a re m a rk a ble re sult tha t

this m e a n k inetic energ y is p ro p o rtio na l to the te m p e ra ture . Fo r N

p a rticle s o ne m ultip lie s the a bo v e re sult by N .
In the ca se o f a p a rticle in thre e d im ensio ns the k inetic energ y is

EK = (p2
x + p2

y + p2
z)/2m. T he p a rtitio n functio n is no w a m ultip le

inte g ra l

Z1 =

(

1

Q3

)
∫

exp

{

−β

[

p2

x
+ p2

y
+ p2

z

2m
+ Vp(x, y , z)

]}

dpx dpy dpz dx dy dz.

(2.31)

If there is no p o tentia l energ y it re d uces to

Z1 =

(

1

Q3

)
∫

exp

{

−β

[

p2
x + p2

y + p2
z)

2m

]}

dpx dpy dpz dx dy dz.

(2.32)
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T his ca n w ritten a s the p ro d uct o f thre e inte g ra ls (w hen the inte g ra l

o n the v a ria ble s x, y a nd z is e q ua l to V )

Z1 =

(

V

Q3

)
∫

∞

−∞

exp

[

−βp2
x

2m

]

dpx

∫

∞

−∞

exp

[

−
βp2

y

2m

]

dpy

×
∫

∞

−∞

exp

[

−βp2
z

2m

]

dpz, (2.33)

a nd fro m the a bo v e re sults w e co nclud e

Z1 =
V

Q3
(2πm kBT )3/2, (2.34 )

a nd fi na lly

E =
3

2
kBT. (2.35)

T he p rece d ing re sults ca n be g enera liz e d in the fo llo w ing fo rm u-

la tio n. If in the to ta l energ y o f a syste m there is a te rm w hich is

q ua d ra tic in so m e p a ra m e te r lik e the m o m entum o r the p o sitio n,

this te rm co ntribute s to the energ y by the a m o unt (1/2)kBT . T he

p a ra m e te r is ca lle d a d e g re e o f fre e d o m .

A sim p le a p p lica tio n o f this theo re m o f e q uip a rtitio n is the o ne-

d im ensio na l ha rm o nic o scilla to r. Its energ y is E = p2/(2m)+ K x2/2.

In therm a l co nta ct w ith a re se rv o ir a t te m p e ra ture T , its therm a l

energ y is kBT , since there a re tw o d e g re e s o f fre e d o m .

N o w w e co m e ba ck to the v a lue o f Q. T he exp re ssio n (2.34 ) is the

o ne-p a rticle p a rtitio n functio n o f the id e a l g a s (in thre e d im ensio ns).

Be lo w in the C ha p te r 4 , w e sha ll ca lcula te this p a rtitio n functio n

fro m the q ua ntum m echa nica l p rincip le s. In o rd e r to m a k e the tw o

re sults id entica l (in this cha p te r a nd in C ha p te r 4 ) o ne ha s to cho se

Q = h, the Pla nck co nsta nt, the Pla nck co nsta nt ha s e ff ectiv e ly the

d im ensio n o f (energ y)(tim e).

2.2 The Grand Canonical Ensemble

In the p re sent ca se , o ne sup p o se s tha t the syste m a nd the re se rv o ir

a re m a d e by the sa m e typ e o f p a rticle s. T he syste m is in therm a l
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co nta ct w ith the re se rv o ir, but no w the w a lls, w hich d e lim ita te the

v o lum e V o f the syste m , a re p e rm e a ble to the p a rticle s. T he sta te o f

the syste m is d e te rm ined by the te m p e ra ture , v o lum e a nd chem ica l

p o tentia l o f the re se rv o ir. T he energ y a nd d ensity a re fl uctua ting

q ua ntitie s a nd o ne lo o k s fo r the ir m e a n v a lues tha t w e co nsid e r e q ua l

to the m a cro sco p ic v a lues.

2.2.1 The grand partition function

As a bo v e , w e co nsid e r a la rg e ense m ble o f id entica l syste m s. W e a re

lo o k ing fo r the p ro ba bility ps to fi nd the syste m in a m icro sta te s

w ith energ y ES a nd num ber o f p a rticle s ns. W e beg in w ith the sa m e

exp re ssio ns a s a bo v e by w riting ps a s g iv en in (2.1), but in sp ecifying

tha t the num ber o f m icro sta te s a re functio ns o f the energ y a nd the

num ber o f p a rticle s:

ps =
ΩR(E0 − ES , N0 − ns)

ΩGS(E0, N0)
. (2.36)

L e t N0 is the num ber o f p a rticle s in the g ra nd syste m , a co nsta nt,

a nd N0−ns the num ber o f p a rticle s in the re se rv o ir. W e w rite a g a in

a s a bo v e

SGS = kB L n ΩGS (E0, N0),

SR = kB L nΩR(E0 − ES , N0 − ns),

o r

ΩGS (E0) = exp

[

SGS (E0, N0)

kB

]

, (2.37 )

ΩR(E0 − ES) = exp

[

SR(E0 − Es, N0 − ns)

kB

]

. (2.38 )

In the fo llo w ing ste p s w e use the therm o d yna m ic re la tio n E =

TS − P V + µN to w rite S in the fo llo w ing fo rm

S =
PV

T
+

E − µN

T
. (2.39)
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Substituting into (2.37 ) a nd (2.38 ) o ne g e ts

ΩGS (E0, No) = exp

[

PGSVGS

T
+

E0 − µN0

kBT

]

= exp

[

PGSVGS

kBT

]

exp

[

E0 − µN0

kBT

]

= AGS exp

[

E0 − µN0

kBT

]

, (2.4 0)

w ith AGS = exp [(PGSVGS )/(kBT )].

Fo r ΩR(E0 − Es, N0 − ns), o ne ha s

ΩR(E0 − Es, N − ns) = exp

[

PRVR

kBT

]

exp

[

E0 − ES

kBT
− µ(N0 − ns)

kBT

]

= AR exp

[

E0 − ES

kBT
− µ(Nà − ns)

kBT

]

= AR exp

[

E0 − µN0

kBT

]

exp

[

−ES − µns

kBT

]

,

(2.4 1)

w ith AR = exp [(PRVR)/(kBT )].

Putting (2.4 0) a nd (2.4 1) in (2.36) g iv e s

ps =
AR

AGS

exp

[

−ES − µns

kBT

]

. (2.4 2)

T he sum o f the p ro ba bilitie s o v e r a ll the m icro sta te s
∑

S ps = 1.

T hus
∑

S

ps =
AR

AGS

∑

S

exp

[

−Es − µns

kBT

]

= 1,

a nd this m e a ns tha t

AGS

AR
=

∑

S

exp

[

−ES − µns

kBT

]

.

Fina lly w e a rriv e a t the fi na l re sult fo r ps,

ps =
exp

[

−Es−µ ns

kBT

]

∑

s exp
[

−Es−µ ns

kBT

] . (2.4 3)
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W e stre ss a g a in tha t the sum is o v e r a ll the p o ssible m icro sta te s

o f the syste m w ith a ll the p o ssible energ ie s a nd num ber o f p a rticle s.

T he v a lues o f the m e a n energ y a nd the m e a n num ber o f p a rticle s

a re E =
∑

S psES a nd N =
∑

S psns. But w e ca n g e t these v a lues

thro ug h the g ra nd p a rtitio n functio n ZG d e fi ned by

ZG =
∑

s

exp [−β(ES − µns)], (2.4 4 )

w ith β = 1/(kBT ). T he sum (2.4 4 ) is in fa ct a d o uble sum , o n the

m icro sta te s a nd o n the num ber o f p a rticle s. ZG is a functio n o f T, V

a nd µ.

2.2.2 The num ber of particles, energy , entropy

and the grand potential

T he m e a n num ber o f the p a rticle s N in the syste m is g iv en by

N =
∑

s

nspS =

∑

s ns exp [−β(ES − µns)]
∑

s exp [−β(ES − µns)]
. (2.4 5)

R eca lling tha t tha t the num era to r o f (2.4 5) is the d e riv a tiv e o f the

d eno m ina to r, re la tiv e ly to µ, d iv id e d by β, a nd w ith a cha ng e in the

sig n, (2.4 5) ca n be w ritten a s

N =

1

β
∂ZG

∂µ

ZG
=

1

β

∂ L n ZG

∂µ
. (2.4 6)

T he energ y E =
∑

s psES ca n be ca lcula te d w ith the he lp o f the

d e riv a tiv e ∂ L nZG

∂β , w hich is

∂ L nZG

∂β
= −

∑

s(ES − µns) exp [−β(ES − µns)]
∑

s exp [−β(ES − µns)]
. (2.4 7 )

T he num era to r o f (2.4 7 ) is

−
∑

s

ES exp [−β(Es − µns)] +
∑

s

µns exp [−β(Es − µns)],

a nd co nse q uently ∂ L nZG/∂β is the sum o f tw o te rm s. T he fi rst is

−
∑

s ES exp [−β(Es − µns)]
∑

s exp [−β(ES − µns)]
, (2.4 8 )
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w hich is −∑

s psES = −E. T he seco nd te rm is
∑

s µns exp [−β(Es − µns)]
∑

s exp [−β(ES − µns)]

w hich is e q ua l to

µ

∑

s ns exp [−β(Es − µns)]
∑

s ns exp [−β(ES − µns)

= µ
∑

s

psns = µN. (2.4 9)

Fina lly o ne g e ts ∂ L n ZG/∂β = −E + µN , a nd fo r E o ne ha s

E = −∂ L nZG

∂β
+ µN = −∂ L n ZG

∂β
+

µ

β

∂ L nZG

∂µ
, (2.50)

w hen N w a s re p la ce d by its v a lue in (2.4 6), (1/β)(∂ L nZG/∂µ).

Since E is e q ua l to −∂ L n Z/∂β, w e ha v e the fo llo w ing re la tio n

betw e en the g ra nd p a rtitio n functio n a nd the p a rtitio n functio n Z

o f a syste m w ith the sa m e te m p e ra ture , the sa m e m e a n energ y a nd

a num ber o f p a rticle s e q ua l to the m e a n num ber o f p a rticle s o f o ur

p re sent syste m ,

∂ L nZG

∂β
=

∂ L nZ

∂β
+ µN. (2.51)

T he entro p y is d e te rm ine d using (2.51). W e sa w a bo v e , in the

sectio n o n the ca no nica l ense m ble exp re ssio n (2.16),

S =
E

T
+ kB L nZ.

Inte g ra ting (2.51) g iv e s

L n ZG = L nZ −
∫

µN dβ = L nZ − µNβ. (2.52)

Fro m (2.16) o ne g e ts

L n Z =
S − E/T

kB
. (2.53)

Intro d ucing this exp re ssio n o f L nZ in (2.52) g iv e s

S =
E − µN

T
+ kB L n ZG. (2.53)
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Fro m (2.50), E − µN = −∂ L nZG/∂β, a nd up o n intro d ucing it in

(2.53),

S =
−∂ L nZG

∂β

T
+ kB L nZG,

S = −kBβ
∂ L nZG

∂β
+ kB L nZG. (2.54 )

It is no t d iffi cult to v e rify the re la tio n S = −kB
∑

s ps L n ps, in

a na lo g y w ith the e sta blished ca se s.

Fro m the p rece d ing re sults, o ne d e d uces the g ra nd p o tentia l Ψ

g iv en by

Ψ (T, V,N) = −P V = E − TS − µN (2.55a )

= −kBT L n ZG, (2.55b)

w here its d iff e rentia l is dΨ = −S dT + P dV −N dµ. T o g e t (2.55b),

o ne inse rts in (2.55a ) the v a lue o f E − µN = ∂ L nZG

∂β (se e (2.50)),

a nd S fro m (2.54 ). T he exp re ssio n (2.55) is the third link betw e en the

m a cro sco p ic therm o d yna m ic d e scrip tio n a nd the m icro sco p ic sid e .

2.2.3 A n exam ple

O ne co nsid e rs a syste m in co nta ct w ith a re se rv o ir in the co nd itio ns

o f the g ra nd ca no nica l ense m ble . T his syste m is m a d e o f p a rticle s

w itho ut inte ra ctio n w ith energ ie s 0, e, 2e, 3e, etc . T he g ra nd p a rtitio n

functio n is the d o uble sum

ZG =
∑

s

exp [−β(ES − µns)],

w hich ca n be w ritten a s

ZG =
∑

s

[exp (βµns)
∑

s

exp (−βES)]. (2.56)

First o ne p e rfo rm s the sum o v e r the m icro sta te s o f a syste m w ith

ns p a rticle s a nd then to sum o v e r the num ber o f p a rticle s, fro m 0

to the infi nity. T he sum
∑

s exp (−βES) is the p a rtitio n functio n

o f ns p a rticle s (w ith the sa m e v o lum e V a nd te m p e ra ture T ). It is

no t p o ssible to use the exp re ssio n (2.21), Z = (Z1)
N , since no w the
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p a rticle s a re ind isting uisha ble . In the ca se o f the g ra nd ca no nica l

ense m ble , the p a rticle s m a y le a v e the syste m to ente r the re se rv o ir,

a nd v ice v e rsa , a s a g a s. T his p re v ents the ca se w hen they a re v ie w e d

a s d isting uisha ble . T his fa ct m a k e s the d e te rm ina tio n o f the p a rtitio n

functio n d iffi cult.

W e sha ll co nsid e r a p a rticula r situa tio n tha t w e sha ll ca ll the

cla ssica l lim it w hich in the next cha p te r w e sha ll exp la in w hy. W e

sup p o se tha t p a rticle s a re d istribute d a m o ng the ir p o ssible energ ie s

o r le v e ls a s fo llo w s: e ither o ne p a rticula r le v e l is p o p ula te d by o ne

p a rticle o r it is no t, i.e . there is no p a rticle w ith this energ y. W hen o ne

co nsid e rs a g iv en re p a rtitio n o f the ns p a rticle s in the energ y le v e ls,

a p a rticula r m icro sta te is d e fi ned . If no w o ne cha ng e s the p o sitio n o f

so m e p a rticle s, k e e p ing the sa m e o ccup ie d le v e ls, o ne ha s the sa m e

m icro sta te . T o ta k e into a cco unt this fa ct o ne d iv id e s the p a rtitio n

functio n by the num ber o f p o ssible p e rm uta tio ns o f the p a rticle s

betw e en the o ccup ie d le v e ls, i.e . by ns! T hus the p a rtitio n functio n

o f the ns p a rticle s is

Z =
(Z1)

ns

ns!
. (2.57 )

W e sha ll fi nd a g a in this exp re ssio n by a no ther m e tho d in C ha p te r 3.

T he g ra nd p a rtitio n functio n is no w

ZG =
∑

s

{

exp (βµns)
[
∑

i exp (−βei)]
ns

ns!

}

, (2.58 )

w ith ei = 0, e, 2e, 3e, etc .

T he sum
∑

i exp (−βei) is e q ua l to [1− exp (−βe)]−1, this g iv e s

ZG =
∑

s

exp (βµns)[1 − exp (−βe)]−ns

ns!
(2.59)

=
∑

s

{exp (βµ)[1 − exp (−βe)]−1}ns

ns!
, (2.60)

o r w ith x = exp (βµ)[1 − exp (−βe)]−1,

ZG =
∑

s

xns

ns!
= exp (x), (2.61)
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w here w e use d the se rie s exp a nsio n o f the functio n exp (x). O ur fi na l

re sult is

ZG = exp {exp (βµ)[1 − exp (−βe)]−1}, (2.62)

L nZG = exp (βµ)[1 − exp (−βe)]−1, (2.63)

Ψ = −kBT L nZG = −kBT exp (βµ)[1 − exp (−βe)]−1. (2.64 )

N o w o ne ca n ca lcula te the m e a n num ber o f p a rticle s N

N =
1

β

∂ L nZG

∂µ
= exp (βµ)[1− exp (−βe)]−1. (2.65)

Putting this exp re ssio n in (2.64 ) g iv e s the e q ua tio n o f sta te

−Ψ = P V = N kBT. (2.66)

Fro m (2.65) o ne g e ts a n exp re ssio n fo r the chem ica l p o tentia l µ

µ = kBT [L n(N) + L n(1− exp (−βe))]. (2.67 )

T he d e riv a tiv e o f L n ZG re la tiv e ly to β is, fo llo w ing (2.50),

∂ L nZG

∂β
= µN − E. (2.68 )

O ne ha s
∂ L nZG

∂β
= µ exp (βµ)[1−exp (−βe)]− exp (βµ) e exp (−βe)

[1− exp (−βe)]2
(2.69)

T a k ing into a cco unt o f (2.65) o ne ca n w rite

∂ L n ZG

∂β
= µN −Ne

exp (−βe)

1− exp (−βe)
(2.7 0)

C o m p a ring (2.68 ) a nd (2.7 0) g iv e s

E = Ne
exp (−βe)

1− exp (−βe)
=

Ne

exp (βe)− 1
. (2.7 1)

T he entro p y ca n be ca lcula te d thro ug h the fo rm ula E = TS −
P V + µN , g iv ing

S =
E

T
+

P V

T
− µN

T
.

T a k ing into co nsid e ra tio n (2.66), (2.67 ) a nd (2.7 1) o ne g e ts

S

kbN
=

e
kBT

exp (e/kBT )− 1
+ 1− L n N − L n

[

1− exp

(

− e

kBT

)]

.

(2.7 2)

In the next cha p te r w e sha ll sho w tha t, in the co nd itio ns w e

cho o se , the chem ica l p o tentia l is neg a tiv e such tha t the entro p y is
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a lw a ys p o sitiv e . It is a lso p o ssible to v e rify tha t S is a n incre a sing

functio n o f the te m p e ra ture .

T he co nd itio n tha t µ < 0 g iv e s the re g im e o f v a lid ity o f this

p ro ble m . W riting , fro m (2.67 ), tha t
µ

kBT
= L n N + L n(1− exp (−βe)) < 0

g iv e s

L nN + L n[1− exp (−βe)] = L n[N(1− exp (−βe))] < 0

o r

N [1− exp (−βe)] < 1.

Since N is v e ry la rg e , this m e a ns tha t 1 − exp (−βe) is v e ry sm a ll.

In o ther w o rd s, exp (−βe) is v e ry clo se to 1, i.e . βe is v e ry sm a ll.

U sing the a p p roxim a tio n exp (−βe) ≈ 1 − βe, the ine q ua lity N [1 −
exp (−βe)] < 1 beco m e s βe < 1/N o r T > eN/kB .T his m e a ns tha t

the te m p e ra ture is la rg e eno ug h a nd / o r e (the d ista nce betw e en tw o

co nsecutiv e le v e ls) is v e ry sm a ll. W e sha ll se e la te r tha t this situa tio n

is ca lle d the cla ssica l ca se .

2.3 Su mmary

W e sum m a riz e the d e v e lo p m ents o f the tw o la st cha p te rs. W e exp o se d

thre e m e tho d s, w hich esta blish the link s betw e en the m icro sco p ic

d e scrip tio n a nd the therm o d yna m ics o r m a cro sco p ic d e scrip tio n o f a

syste m .

T h e m icro can o n ical e n se m b le . T he syste m is d e fi ned by the

k no w le d g e o f the extensiv e v a ria ble s lik e the energ y E, the v o lum e

V , the num ber o f p a rticle s N , e tc. T he therm o d yna m ic p o tentia l is

the entro p y a nd the link is m a d e by the re la tio n

S(E,V,N) = kB L n Ω,

w here Ω is the num ber o f m icro sta te s o f the syste m a sso cia te d w ith

the cho sen v a lues o f the extensiv e v a ria ble s. In g enera l it is no t a n

ea sy ta sk to fi nd Ω(E,V,N) a nd it is w hy the m e tho d o f the m icro -

ca no nica l is no t fre q uently use d .

T h e can o n ical e n se m b le . T he syste m is d e fi ned thro ug h k no w l-

e d g e o f the te m p e ra ture , the v o lum e a nd the num ber o f p a rticle s.

T he therm o d yna m ic p o tentia l is the H e lm ho ltz fre e energ y F a nd
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the link is the p a rtitio n functio n Z:

F (T, V,N) = −kBT L n Z

w ith Z e q ua l to
∑

s exp (−βES). T he sum is o v e r a ll the m icro sta te s

o f the syste m . In this m e tho d , w e nee d to d e te rm ine the energ ie s o f

a ll the m icro sta te s o f the syste m . In the fo llo w ing , w e sha ll use v e ry

o ften this m e tho d .

T h e g ran d can o n ical e n se m b le . In this ca se , the te m p e ra ture ,

the v o lum e a nd the chem ica l p o tentia l d e fi ne the syste m . T he ther-

m o d yna m ic p o tentia l is the g ra nd p o tentia l Ψ a nd the link is the

g ra nd p a rtitio n functio n ZG:

Ψ (T, V, µ) = −kBT L n ZG

w ith ZG =
∑

s exp [−β(ES − µns)]. T he sum is a d o uble sum o v e r

the p o ssible energ ie s o f the m icro sta te s a nd the num ber o f p a rticle s.

T his m e tho d se e m s co m p lica te d but it p e rm its the intro d uctio n o f a

v e ry im p o rta nt v a ria ble : the chem ica l p o tentia l. W e sha ll se e in the

fo llo w ing cha p te rs the use fulness o f this v a ria ble .

In the la st tw o m e tho d s, the g o a l is to ca lcula te m e a n v a lues o f

the v a ria ble s tha t w e ta k e a s the m a cro sco p ic v a lues, neg lecting fl uc-

tua tio ns. T his is p o ssible , in g enera l, beca use w e d e a l w ith a v e ry

la rg e num ber o f p a rticle s. But nea r a critica l p o int o r a p ha se tra n-

sitio n o f seco nd k ind , this is no t co rrect a nd the fl uctua tio ns nee d to

be ta k en into a cco unt.

N e v e rthe le ss, the exp re ssio ns tha t w e g o t fo r ps the p ro ba bility to

fi nd the syste m in a g iv en m icro sta te s is co rrect w ha te v e r the num -

ber o f p a rticle s is, e v en fo r o ne p a rticle in the ca se o f the ca no nica l

ense m ble . O f co urse , in such a ca se , the fl uctua tio ns a re im p o rta nt.

T h e e n tro p y . T he m o st g enera l exp re ssio n fo r the entro p y, in these

thre e a p p ro a ches is

S = −kB

∑

s

ps L n ps

w here ps is the p ro ba bility to fi nd the syste m in the m icro sta te s.

2.3 .1 F luctuations

W e ha v e sup p o se d tha t the m e a n v a lue o f the energ y (a nd o ther q ua n-

titie s) is e q ua l to its m a cro sco p ic v a lue a ltho ug h w e k no w tha t this
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q ua ntity fl uctua te s in the ca se o f the ca no nica l a nd g ra nd ca no nica l

ense m ble s.

In the ca se o f the therm a l co nta ct o f the syste m w ith the re se rv o ir,

it w a s sta te d tha t the te m p e ra ture is fi xed w hen the energ y is fl uctu-

a ting . T his m e a ns tha t there is co nsta nt tra nsfe r o f energ y fro m the

re se rv o ir to the syste m a nd v ice v e rsa . H o w is this p o ssible if there

is no te m p e ra ture d iff e rence betw e en the syste m a nd the re se rv o ir?

O ne p o ssibility is the tra nsfe r o f p o tentia l energ y thro ug h the v a ri-

a tio ns o f the d ista nces betw e en p a rticle s since this k ind o f energ y is

d e p end a nt o n d ista nces. But in fa ct there a re cha ng e s in the te m p e r-

a ture s a ltho ug h they a re so sm a ll tha t o ne d o e s no t co nsid e r them

a nd a cce p ts to say tha t the te m p e ra ture is co nsta nt.

In therm o d yna m ics, it is p o ssible to ca lcula te the m e a n sta nd a rd

d e v ia tio ns o f the te m p e ra ture a nd the energ y in the syste m . It is the

m e a n v a lue o f the sq ua re d d iff e rence betw e en the fl uctua ting q ua ntity

a nd its m e a n v a lue . W e g iv e the re sults w itho ut d e riv a tio ns. Fo r the

te m p e ra ture o ne ha s (∆ T )2 = kBT 2/Cv w here Cv is the co nsta nt

v o lum e sp ecifi c hea t, a nd fo r the energ y o ne ha s (∆ E)2 = kBT 2Cv.

T he d im ensio nle ss ra tio δ = kB [(∆ T )2/(∆ E)2]0.5 ca n g iv e a fe e ling o f

the re la tiv e m a g nitud e o f the fl uctua tio ns. O ne fi nd s tha t δ = kB/Cv .

W e ta k e a s a n exa m p le the m o na to m ic id e a l g a s. In this ca se Cv is

e q ua l to (3/ 2) N kB a nd the ra tio δ is e q ua l to 2/ (3N ). Fo r a m o le ,

N is o f o rd e r o f 1023 a nd δ is v e ry sm a ll. T he fl uctua tio n o f the

te m p e ra ture is m uch sm a lle r tha n tho se o f the energ y. T he co nclusio n

is tha t m inuscule cha ng e s in the te m p e ra ture m ay bring im p o rta nt

cha ng e s in the energ y.

2.3 .2 F inal rem ark

O ne ca n p o int o ut the a na lo g y betw e en the fo rm ula s g iv ing the thre e

therm o d yna m ic p o tentia ls, −S, F a nd Ψ :

−S = −kB L nΩ;

F = −kBT L n Z;

Ψ = −kBT L n ZG.


