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risk-sensitive optimization (equivalent to maximizing texpected growth
rate subject to a constraint on variance). In this settihg, Hamilton-
Jacobi-Bellman equation is a partial integrdtgliential PDE. The main
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is the unique viscosity solution of the Hamilton-Jacobit®an equation.
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1. Introduction

In this paper, we extend the jumpfidision risk-sensitive asset management
model proposed by Davis and Lleo [19] to allow jumps in botkeaprices and
factor levels.

Risk-sensitive control generalizes classical stochastitrol by parametrizing
explicitly the degree of risk aversion or risk tolerancelod bptimizing agent. In
risk-sensitive control, the decision maker’s objectivéoiselect a control policy
h(t) to maximize the criterion

J(t, %, h; 0) := _% InE [e—é'F(Lxsh)] )

*The authors are very grateful to the editors and an anonymefasees for a number of very
helpful comments.
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wheret is the time x is the state variablé; is a given reward function, and the risk
sensitivityd €] — 1, 0[U]0, ) is an exogenous parameter representing the decision
maker’s degree of risk aversion. A Taylor expansion of thitedon around = 0
yields

J(t, %, h; 6) = E[F(t, x, h)] - gVar [F(t, x, h)] + O(¢?) )

which shows that the risk-sensitive criterion amounts taimé&ing E [F(t, X, h)]
subject to a penalty for variance. Jacobson [28], Whittl],[Bensoussan and
Van Schuppen [9] led the theoretical development of risksi®e control while
Lefebvre and Montulet [32], Fleming [25] and Bielecki andsRa [11] pio-
neered the financial application of risk-sensitive conttal particular, Bielecki
and Pliska proposed the logarithm of the investor's weattraaeward func-
tion, so that the investor’'s objective is to maximize thé-sensitive (log) re-
turn of higher portfolio or alternatively to maximize a function of tipewer
utility (HARA) of terminal wealth. Bielecki and Pliska brght an enormous
contribution to the field by studying the economic propeartiéthe risk-sensitive
asset management criterion (see [13]), extending the as@edgement model
into an intertemporal CAPM ([14]), working on transactioosts ([12]), nu-
merical methods ([10]) and considering factors driven bylR @odel ([15]).
Other main contributors include Kuroda and Nagai [31] whinoduced an ele-
gant solution method based on a change of measure argumanis &nd Lleo
applied this change of measure technique to solve a ben&bthamvestment
problem in which an investor selects an asset allocationutpesform a given
financial benchmark (see [18]) and analyzed the link betvagstimal portfolios
and fractional Kelly strategies (see [20]). More recenidgvis and Lleo [19]
extended the risk-sensitive asset management model lwyimglgumps in asset
prices.

In this chapter, our contribution is to allow not only jumpsasset prices
but also in the level of the underlying valuation factors. c®nwe intro-
duce jumps in the factors, the Bellman equation becomes dinean Par-
tial Integro-Diferential equation and an analytical or classi€a? solutions
may not exist. As a result, to give a sense to the relation dmtwthe
value function and the risk sensitive Hamilton-JacobikBah Partial Inte-
gro Differential Equation (RS HJB PIDE), we consider a class of wesk s
lutions called viscosity solutions, which have gained aespatead acceptance
in control theory in recent years. The main results are a @isgn theo-
rem and the proof that the value function of the control peablunder con-
sideration is the unique continuous viscosity solutionhe &ssociated RS HIB
PIDE. In particular, the proof of the comparison resultssusen-standard ar-
guments to circumvent fliculties linked to the highly nonlinear nature of the
RS HJB PIDE and to the unboundedness of the instantaneowsddwnc-
tion g.
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This chapter is organized as follows. Section 2 introdubegeneral setting
of the model and defines the class of random Poisson meashiels will be
used to model the jump component of the asset and factor dgaain Section
3 we formulate the control problem and apply a change of nreasuobtain a
simpler auxiliary criterion. Section 4 outlines the prapes of the value function.
In Section 5 we show that the value function is a viscositutsoh of the RS HIB
PIDE before proving a comparison result in Section 6 whigvijales uniqueness.

2. Analytical Setting
Our analytical setting is based on that of [19]. The notabfiecence is that
we allow the factor processes to experience jumps.

2.1 Overview

The growth rates of the assets are assumed to depend/aluation factors
Xi(t), . . ., Xn(t) which follow the dynamics given in equation (4) below. Tlseeats
market comprisesn risky securitiesS;, i = 1,...,m. LetM = n+ m. Let
(Q,{F1}, F.P) be the underlying probability space. On this space is defare
RM-valued (7;)-Brownian motionW(t) with componentdi(t), k = 1,..., M.
Moreover, let Z, B7) be a Borel space Letp be an §;)-adaptedr-finite Poisson
point process oZ whose underlying point functions are maps from a countable
setDy C (0, o) into Z. Define

3p = {U € B2).E[Ny(t. U)| < oo vt (3)

Considem,(dt, d2), the Poisson random measure orefdx Z induced byp. Fol-
lowing Davis and Lleo [19], we concentrate on stationarysBon point processes
of class (QL) with associated Poisson random measyfet, dx). The class (QL)
is defined in [27] (Definition 11.3.1, p. 59) as

Definition 2.1. An (¥¢)-adapted point procegson (Q, ¥, P) is said to beof class
(QL) with respect to%y) if it is o~-finite and there existl, = (Np(t, U)) such that

() forU e3p t— Np(t, U) is a continuous%;)-adapted increasing process;
(iiy foreachtand a.awe Q,U - Np(t, U) is ao-finite measure on4, B(2));
(iii) for U € 3p, t = Np(t,U) = Np(t, U) — Np(t, U) is an (F)-martingale;

The random measur{dil,,(t, U)} is called thecompensatoof the point process.

17 is a standard measurable (metric or topological) spaceBanig the Borelo-field endowed to
Z.
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Since the Poisson point processes we consider are statidiman their compen-
sators are of the forriflp(t, U) = v(U)t, wherev is the o-finite characteristic
measure of the Poisson point procps&or notational convenience, we define the
Poisson random measug(dt, d2) as

Np(dt, d2)
[ Np(dt, d2) — Np(dt, d2) = Np(dt, d2) — v(d2dt =: Ny(dt, d2) if z€ Zo
~ I Np(dt, d2) if ze Z\Zo

whereZg c Bz such that(Z\Zp) < oo.

2.2 Factor Dynamics
We model the dynamics of thefactors with an &ine jump difusion process

dX(t) = (b+ BX(t))dt + AdW(L) + fz f@Np(dtd,  X©0)=x (4)

whereX(t) is theR"-valued factor process with componetgt) andb € R",
BeR™, A= [Aj], i=1...n j=1..,Nand&?z) € R with -0 <
&M < &(2) < ™ < oo fori = 1,...,n. Moreover, the vector-valued function
&(2) satisfies:

€@IPV(d2) < oo
Zo
(See for example Definition 11.4.1 in Ikeda and Watanabe {#7¢reFp andl:f;IOC
are given in equations 11(3.2) and 11(3.5) respectively.)

2.3 Asset Market Dynamics
Let Sy denote the wealth invested in the money market account withmhics
given by the equation:

dSo(t)

= (30+ AX(®)dt  So(0) = S (5)
So(t)

whereag € R is a scalar constanfg € R" is an-element column vector and
whereM’ denotes the transposed matrix . Note that if we seds = 0 and
ap = r, then equation (5) can be interpreted as the dynamics oteatjarisk-free
asset. Le6;(t) denote the price at timeof theith security, with = 1,...,m. The
dynamics of risky securitycan be expressed as:

dsi(t)

SafwaAmmm+mewm+£w@mwma

Si(0)=s, i=1,...,m (6)
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wherea € R™, Ae R™" ¥ = [o-i,-], i=1....m j=1...,Mandy(2 € R"
satisfies Assumption 2.1.
Assumption 2.1. y(2) € R™ satisfies
~1<9yM" < yi(2) < Y < too, i=1...,m
and

min
i

max

—1<y™ <0<y < +oo, i=1...,m

fori =1,...,m. Furthermore, define
S:=supfy) € Bz

and _

S:=supvoy) e BR™M
where supp) denotes the measure’s support, then we assume[i]lfi_éll[y{“‘”,
¥{"®] is the smallest closed hypercube containg

In addition, the vector-valued functiorfz) satisfies:

i y(@)Pr(dd) < oo

As noted in [19], Assumption 2.1 requires that each assetwits positive
probability, both upward and downward jumps and as a resuwibts the space of
controls.

Define the setf as
J:={heR™:-1-hy<0 Vye§ 7)

For a giverg, the equatiort’y(z) = —1 describes a hyperplanef". Under As-
sumption 2.17 is a convex subset G™.

2.4 Portfolio Dynamics
We will assume that:

Assumption 2.2. The matrixz¥’ is positive definite.
and

Assumption 2.3. The systematic (factor-driven) and idiosyncratic (asiten)
jump risks are uncorrelated, i.§z€ Zandi=1,...,m,yi(2¢(2) = 0.
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The second assumption implies that there cannot be sinedtenmjumps in the
factor process and any asset price process. This assumptidch will prove
suficient to show the existence of a unique optimal investmelntypenay appear
somewhat restrictive as it does not enable us to model a jumplation structure
across factors and assets, although we can model a jumpatmmestructure
within the factors and within the assets.

Remark 2.1. Assumption (2.3) is automatically satisfied when jumps arky o
allowed in the security prices and the state variat{l is modelled using a éu-
sion process (see [19] for a full treatment of this case).

Let Gt := o((S(9), X(9)), 0 < s < t) be the sigma-field generated by the secu-
rity and factor processes up to tirhe

An investment strateggr control processs anR™-valued process with the
interpretation thal;(t) is the fraction of current portfolio value invested in ilte
assetj = 1,...,m. The fraction invested in the money market account is then

ho(t) = 1 - X7, hi(t).
Definition 2.2. An R™-valued control process(t) is in classH if the following
conditions are satisfied:
1. h(t) is progressively measurable with respect{®{[0,t]) ® Gi}»o and is
cadlag;
2.P(Qjm$ﬁds<+w):1, VT > 0;

3. ht)yy(2 >-1, Vt>0,zeZ, a.s.dv.
Define the se¥ as
K:=t{h(t) e H:h(t)e g Vta.s} (8)

Lemma 2.1. Under Assumption 2.1, a control procegs)satisfying condition 3
in Definition 2.2 is bounded.

Proof. The proof of this result is immediate. |

Definition 2.3. A control proces#i(t) is in classA(T) if the following conditions
are satisfied:

1. h(t) € H Vt € [0, T];
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2. Ex! = 1 wherey! is the Doléans exponential defined as
t 1 t
A= exp{—a f h(s)’ =dWs — 502 f h(s)’=2’h(s)ds
0 0
t
+ f f In (1 - G(z h(s); 8)) Np(ds d2)
0 Jz

t
. fo fz {ln(l—G(z,h(s);e))+G(z,h(s);a)}v(dz)ds};
)
and

Gzh6) =1-(1+hy@)” (10)

Definition 2.4. We say that a control procek§) is admissiblaf h(t) € A(T).

The proportion invested in the money market accouhg(® = 1 - Y, hi(t).
Taking this budget equation into consideration, the we¥lthx, h), or V(t), of
the investor in response to an investment stratégye #, follows the dynamics

% = (a0 + AGX(D)) dt+ N (t) (a - ao1 + (A - 1A5) X(1)) dit
+h (H)ZdW + fz K (t)y(2)Np(dt, d2)

wherel € R™ denotes themelement unit column vector and wit#(0) = v.
Definingd := a—apl andA := A— 1A}, we can express the portfolio dynamics as

% — (30 + ApX()) dt+ (1) (3 + AX(®) dt + N () EdW + fz b ()72 Np(dt, d2)

(11)

3. Problem Setup
3.1 Optimization Criterion

We will follow Bielecki and Pliska [11] and Kuroda and Nagail] and as-
sume that the objective of the investor is to maximize thg4term risk adjusted
growth of higher portfolio of assets. In this context, the objective of tisk-
sensitive management problem is to fimdt) € A(T) that maximizes the control
criterion

J(t, x, h; ) == —% InE [enVtxn)| (12)
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By It0, the log of the portfolio value in response to a stggth is

t R 1 t
INV(t) = Inv+ f (a0 + ApX(9) + h(s)’ (a+ AX(s)) ds— > f h(s)=2’h(s)ds
0 0

t
+ [ hey=dw)
jo‘t
s fo fz (I (1 + h(9'¥(@) - h(9¥(@)} ndIds

+ fo t fz In (1 + h(9)'¥(2)) Np(ds d2)
Hence,
V() _ | exp{@ fo t 9(Xs, h(s); e)ds} X7
where
g(x, h; 6) = % 0+ )NEX'h—ag— Agx— h'(a+ Ax)
+ [{Zlas @y -1+ @}
and the Doléans exponentjdl is given by (9).

3.2 Change of Measure
Let Pﬁ be the measure 08( F) be defined as

dPy
_ = X'[
dP |-

(13)

(14)

(15)

(16)

For a change of measure to be possible, we must ensure tHatltiveing techni-

cal condition holds:
G(zh(s);0) < 1

forall se [0, T] andza.s.dv. This condition is satisfiedti

N(9y@ > -1

(17)

a.s.dv, which was already one of the conditions requiredHdo be in classH

(Condition 3 in Definition 2.2).

P} is a probability measure fdre A(T). Forh € A(T),

t
W' =W, + ef ¥'h(s)ds
0
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is a standard Brownian motion under the mea@zﬁrand we define th@f1 com-
pensated Poisson measure as

fotfzﬂg(dsd2)=fO:fZNp(dst)—fozfz{l—G(z,h(s);g)}y(dz)ds
=fofz'\'p(dsd2)—fofz{(1+ h'y(z))-f’}y(dz)ds

As aresultX(s), 0 < s< t satisfies the SDE:
dX(s) = f (X(s),h(9); 6) ds+ AdWE + fz é(2Np(ds d2 (18)
where
f(x h;6) := b+ Bx— 60AY'h + fz @A+ Ny@) " - 12,d|v(d2  (19)

We will now introduce the following two auxiliary criteriofunctions under
the measuréy:

o the auxiliary function directly associated with the rigkasitive control
problem:

1 T
I(v,x;h;t,T;6) = -5 InE7Y [exp{@f g(Xs, (s); f)ds—61n v}} (20)
t

whereEE’f [] denotes the expectation taken with respect to the me@ﬁure
and with initial conditionst( x).

o the exponentially transformed criterion

v, x h;t, T;6) := E}Y [exp{e fT g(Xs, h(s); 6)ds—61n v}} (21)
t

which we will find convenient to use in our derivations.

We have completed our reformulation of the problem undenteasure®. The
state dynamics (18) is a jumpfilision process and our objective is to maximize
the criterion (20) or alternatively minimize (21).

3.3 The HJIB Equation

In this section we derive the risk-sensitive Hamilton-adgellman partial
integro diferential equation (RS HJB PIDE) associated with the opticoatrol
problem. Since we do not anticipate that a classical soligenerally exists, we
will not attempt to derive a verification theorem. Instead, will show that the
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value function® is a solution of the RS HJB PIDE in the viscosity sense. In,fact
we will show that the value function is the unique continueisgosity solution
of the RS HJB PIDE. This result will in turn justify the assaiion of the RS HIB
PIDE with the control problem and replace the verificatioadtem we would
derive if a classical solution existed.

Let @ be the value function for the auxiliary criterion functiogv, x; h;t, T)
defined in (20). The® is defined as

O, x) = sup I(v,x; h;t,T) (22)
heA(T)

We will show thatd satisfies the HIB PDE

ail’(t, X) + supL@(t, X(t)) = 0 (23)
ot he

where

1
LM(t, x) = f(x, h; ) DO + Str (AAN'D?0) - g(DCD)’AA’ DO

N f {_}(e—e(a>(t,x+f(z))—q>(t,x)) ~1)- f/(Z)D(D} v(d2)
o176

- g(x h;6) (24)
D-= %, and subject to terminal condition
O(T,X) =Inv (25)

_ Similarly, let d~>~be the value function for the auxiliary criterion function
(v, x; h;t, T). Then® is defined as

(L, X) = helgl{T) I(v,x;h;t,T) (26)
The corresponding HIB PDE is
L) 1 e ..
S0+ St (AA'D2®(t, X)) + H(x, &, D)

+ f {B(t. x + £@2)) - B(t. X) - £ (DDD(t, )} v(d2) = 0 (27)
z

subject to terminal condition
O(T,x) = v (28)
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11
and where

H(s x1,p) = tig {(b+Bx—6AZ'N(9)) p+ 6g(x, h; O)r] (29)

forr e R, pe R"and in particular,
D(t, X) = exp{—00(t, X)} (30)
The supremum in (23) can be expressed as:

supLM®
heg

1 0
= (b+BX DO+ Str (AA'D?®) - 5(DOYAN'D® + 29 + Ay

+ f {_% (e—e(q)(t,x+§(z))—d>(t,x)) _ 1) _ -f,(z) D(D]-ZO(Z)} V(dZ)
z

+ sup{—} @+ 1)NWEX'h - 0SA'D® + IV (a+ AX)
he 2

_% fz {(1- 02 @DO) [(1+h¥(@) ™ - 1| + 6 ¥()12,(2)} V(dz)} (31)

Under Assumption 2.2 the term
1 A
-5 @+2DhZZh—-6WZA'DO + h'(a+ AX) — f W y(2)1z,(2)v(d2
z

is strictly concave ifh. Under Assumption 2.3, the nonlinear jump-related term

-5 | {a-es@po)[a+wy@) - 1] e

simplifies to

_% fz ([@+ny@)y* -1])d2

which is also concave ih Vz € Z a.s.dv. Therefore, the supremum is reached
for a unique optimal contrdi*, which is an interior point of the sef defined in
equation (7), and the supremum, evaluatét ais finite.
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4. Properties of the Value Function

4.1 *“Zero Beta” Policies
As in [19], we will use “zero beta” (8) policies (initially introduced by
Black [16])).

Definition 4.1. 1.203-policy]By reference to the definition of the functignin
equation (15), &ero beta’ OB) control policyh(t) is an admissible control policy
for which the functiorg is independent from the state varialzle

In our problem, the sefZ of 0B-policies is the set of admissible policiés
which satisfy the equation

A= -A

As m > n, there is potentially an infinite number oBolicies as long as the
following assumption is satisfied

Assumption 4.1. The matrixA has rank n.

Without loss of generality, we fix gadcontrolh as a constant function of time
so that

g(xh6) =g

whereg’is a constant.

4.2 Convexity

Proposition 4.1. The value functio®(t, X) is convex in X.
Proof. See the proof of Proposition 6.2 in [19]. O

Corollary 4.1. The exponentially transformed value functibmas the following
property: ¥(x1, X2) € R?,k € (0, 1,),

D(t, kxa + (1= K)X2) = D(t, X)) DT (t, X2) (32)

Proof. The property follows immediately from the definition d@b(t,x) =
~ZInd(t, X). m|
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4.3 Boundedness

Proposition 4.2. The exponentially transformed value functibris positive and
bounded, i.e. there exists MO such that

0<dt,X)<M V(X e[0,T]xR"

Proof. By definition,

T
3 _ hg . _
D(t, X) = helg(f’f) Eix [exp{&ft a(Xs, h(s); B)ds Blnv} >0

Consider the zero-beta polify By the Dynamic Programming Principle
T >, B
&)(t, X) < e9[ft Q(X(S),h,e)ds—lnv] _ eﬁ[g(T—t)—Inv]

which concludes the proof. |

4.4 Growth

Assumption 4.2. There exis@n constant control&¥, k = 1,...,2n such that the
2n functiongs® : [0, T] — R" defined by

BE(t) = 0B (1 - %TY) (A + HA) (33)
and2n functionsaX : [0, T] — R defined by

”
Mo=—1[ a(9ds (34)
where

. _ T W4 -0 _ y ’ K
q(t) = (b OAT'h + fz @) [(1 + 1Y) 1zo(z)J (dz)) B
# 5 (AN B0) + [ (0 - 1- £ @8 0] ez
2 z
+ %9(9 + )RS’ hE - gay — 6

+0 fz {% [(1 +Fy@)" - 1] + Hk’y(z)lzo(z)} w(d2)
exist and for i= 1,.. ., n satisfy:
Bi(®) <0
B(® >0 (35)
whereg)(t) denotes the jth component of the veig).
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Remark 4.1. Key to this assumption is the condition (35) which imposepex s
cific constraint on one element of each of the\&ctorsg(t). To clarify the
structure of this constraint, defim&ﬁ‘ as the squara x n matrix whose-th col-
umn (withi = 1, ..., n) is then-element column vectg (t). Then all the elements
mj;. j=1,...,mon the diagonal oMl; are such that

my; =B(t) <0

Similarly, defineM;; as the squara x n matrix whose-th column (withi
1,...,n) is then-element column vectgg™'(t). Then all the elementmlfj,j =
1,...,mon the diagonal oMg are such that

my; =Bt > 0
Note that there is no requirement for either, or M! to have full rank.

It would in fact be perfectly acceptable to have rank 1 as altres column
duplication.

Remark 4.2. For the functiors® in equation (33) to existd must be invertible.
Moreover, the existence ohZonstant controls¥, k = 1,...,2n such that (33)
satisfies (35) is only guaranteed whkge R". However, since finding the controls
is equivalent to solving a system of at maosinequalities withm variables and
m > n, it is likely that one could find constant controls after scewigustments to
the elements of the matricég, A, B or to the maximum jump size allowed.

Proposition 4.3. Suppose Assumption 4.2 holds and consider2theonstant
controlsh®,k = 1, ..., 2n parameterizing thdn functions

@ :[0,T]->R, k=1,...,2n
B [0,T] -»R", k=1,...,2n
suchthatfori= 1,...,n,
Bi(t) <0
M) > 0

whereﬁij(t) denotes the j-th component of the vegi(t). Then we have the
following upper bounds:

B(t, x) < @O O

in each elementjxi = 1,...,n of x.
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Proof. SettingZ = R" — {0} and recalling that the dynamics of the state variable
X(t) under theP}-measure is given by

dX(t) = F(X(t7), h(t); 6) + AW + f £@2Nf(dt, d2)
Rn
we note that the associated Lévy measucari be defined via the map:
v=voet (36)

We will now limit ourselves the clasg{® of constant controls. By the opti-
mality principle, for an arbitrary admissible constant ohpolicy h, we have

D(t,x) < T(xht,T) < Eqy

T —
exp{@f d(Xs, h)ds—61n v}] =W, x) (37)
t

In this setting, we note that the functigiis an dfine function of the iine pro-
cessX(t). Affine process theory (See Appendix A infde and Singleton [24],
Duffie, Pan and Singleton [23] or [Hie, Filipovic and Schachermayer [21] for
more details on the properties dfiae processes) leads us to expect that the ex-
pectation on the right-hand side of equation (37) takesdha f

W(t, X) = exp{a(t) + B(t)x} (38)
where

a:te[0,T] >R

B:te[0, T] - R"

are functions solving two ODEs.
Indeed, applying the Feynman-Kac formula, we find that tiefion W(t, x)
satisfies the integro-fierential PDE:

%\/ + (b + BXs— OAYh + fz @) [(1 +y2) " - 1zo(z)] v(dz)) DW(, %)

+ %tr (AN D?W(t, X)) + f (W(t, X + £(2)) — W(t, X) — & (Z)DWI(t, X)} v(d2)
z
+6g(x, h; OW(t, X)
=0
subject to terminal conditioﬁp(T, X)=v7.
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Now, taking a candidate solution of the form

W(t, X) = exp{a(t) + B(t)x}
we have

(th" = (aft) + AEX) W(t, X

DW = B/ () W(t, X)
D?W = ' (DBOW(t. X)
Substituting into the PDE, we get
(e(t) + BOX) W(t. X)
+ (b +Bx-6ATh+ fz D[+ y@) " - 12,2 v(dz))/ B (WL, X)
+ St (ANF (OB WEE )
+ fz {W(t, x+ £(2)) - W(L, x) - &' (9B (OW(L, X)} »(d2)
+ 9(% 6+ 1)NEZ'h—ag— Apx— ' (a+ Ax)
+ fz { % [(L+ @) - 1]+ H’y(z)lzo(z)} v(dz)) W(t, X)
=0
Dividing by W(t, X) and rearranging, we get
(Bt) + BB (1) — 0A; - 01 A) x
- (o/(t) + (b — AT+ fz £Q) [(1 + @) - 120(2)] v(dz))/ﬁ’(t)

+ STANFOB0) + [ (90 - 1-£@p0] e

+ %a(a + )NES'h - fag — 6a+ efz {% [(1 +iy@) " - 1] + ﬁ'y(z)lzo(z)} v(dz))

Since the left-hand side is independent from the right-teide, then both sides
are orthogonal. As a result we now only need to solve the tw&©D

B(t) + BB (t) — 0A, — A= 0 (39)
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and
a(t) + (b —oATh+ fz €@(1+17@) " - 2,0 v(dz)) B
+ St AN OB(0) + [le@-1-eapm)e
+ %9(9 + DES'h - fag — 0a+ efz {% [(1 +y@) " - 1] + H’y(z)lzo(z)} ¥(d2)

=0 (40)
to obtain the value oiV(t, X). The ODE (39) fog is linear and admits the solution

B() = 0B7* (1 - %T9) (A + H*A) (41)

As for the ODE (40) foky, we only need to integrate to get

)
Mo=—1[ a(9ds (42)
where

q) = (b —OAS'h + fz @) [(1 +y@)" - 1zo(z)] v(dz)) B

+ STANFOB0) + [ (€90 - 1-¢@p 0]

-0

+ %9(9 + )NES'h - Gag — 6a+ efz{% [(1 +y(2) 1] + H'y(z)lzo(z)} ¥(d2)

Observe thaW(t, X) is increasing inx;, thei-th element ofx, if g > 0, and
converselyW(t, x) is decreasing i if 8 < 0,

Equations (41) and (42) are respectively equations (33)(aA§l from As-
sumption 4.2. By Assumption 4.2, there exists @nstant control$, k =
1,...,2nsuchthatfoi =1,...,n,

Bit) <0
Br(®) >0

Whereﬁij (t) denotes thgth component of the vectg#(t). We can now conclude
that we have the following upper bounds

d(t, %) < g O+8 ()
for each elemert;,i = 1,...,nof x. O
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Remark 4.3. To obtain the upper bounds and the asymptotic behaviour,onve d
not need the @constant controls to be pairwisdidirent. In fact, we need at least
2 different controls and at most &ifferent controls. Moreover, we could consider
wider classes of controls extending beyond constant clenfftiis would require
some modifications to the proof but would also alleviate ssuaptions required
for the result to hold.

Remark 4.4. For a given constant contrdl, equation (39) is a linean-
dimensional ODE. However, if in the dynamics of the statéalde X(t), A and=
depended oiX, the ODE would be nonlinear. Once ODE (39) is solved, obtajni
a(t) from equation (40) is a simple matter of integration.

Remark 4.5. For a given constant contrdl, givenx € R" andt € [0, T], the

solution of ODE (39) is the same whether the dynamicSJ and X(t) is the

jump diffusion considered here or the corresponding puffieglon model. The
converse is, however, not true since in the puffudion settindh € R™, while in

the jump difusion casén € 7 c R™.

5. Viscosity Solution Approach

In recent years, viscosity solutions have gained a widespaeceptance as an
effective technique to obtain a weak sense solution for HIB Rifies no classi-
cal (i.e.C*?) solution can be shown to exist, which is the case for marghststic
control problems. Viscosity solutions also have a very ficatinterest. Indeed,
once a solution has been interpreted in the viscosity semb¢ha uniqueness of
this solution has been proved via a comparison result, thédonental ‘stability’
result of Barles and Souganidis [8] opens the way to a numlerésolution of
the problem through a wide range of schemes. Readers itgdri@san overview
of viscosity solutions should refer to the classic articjeGyandall, Ishii and Li-
ons [17], the book by Fleming and Soner [26] and Pksendal ahen$[30], as
well as the notes by Barles [5] and Touzi [34].

While the use of viscosity solutions to solve classicéidiion-type stochastic
control problems has been extensively studied and survéses Fleming and
Soner [26] and Touzi [34]), this introduction of a jump-iteld measure makes the
jump-diffusion framework more complex. As a result, so far no genéedny
has been developed to solve jumkdsion problems. Instead, the assumptions
made to derive a comparison result are closely related totiveapecific problem
allows. Broadly speaking, the literature can be split alomg lines of analysis,
depending on whether the measure associated with the jsrgssumed to be
finite.

In the case when the jump measure is finite, Alvarez and Tq¢lificonsider
a fairly general setting in which the jump term does not neelle linear in the
functionu which solves the integro-fierential PDE. In this setting, Alvarez and
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Tourin develop a comparison theorem that they apply to ehsfsie diferential
utility problem. Amadori [3] extends Alvarez and Tourin'salysis to price Eu-
ropean options. Barles, Buckdahn and Pardoux [6] studyiiu®sity solution of
integro-diferential equations associated with backward SDEs (BSDES).

The Lévy measure is the most extensively studied measuiheswigularities.
Pham [33] derives a comparison result for the variationagirality associated
with an optimal stopping problem. Jakobsen and Karlsen §2@jlyse in detail
the impact of the Lévy measure’s singularity and proposeaimum principle.
Amadori, Karlsen and La Chioma [4] focus on geometric Léwygesses and the
partial integro diferential equations they generate before applying theultes
to BSDEs and to the pricing of European and American devigati A recent
article by Barles and Imbert [7] takes a broader view of PDRd #neir non-
local operators. However, the authors assume that the calrdperator is broadly
speaking linear in the solution which may prove overly ieste in some cases,
including our present problem.

As far as our jump dfusion risk-sensitive control problem is concerned, we
will promote a general treatment and avoid restricting tlass of the compen-
satorv. At some point, we will however needto be finite. This assumption will
only be made for a purely technical reason arising in the fosbthe comparison
result (in Section 6). Since the rest of the story is stilidél v is not finite, and in
accordance with our goal of keeping the discussion as bregdssible, we will
write the rest of the article in the spirit of a general congzgary.

5.1 Definitions
Before proceeding further, we will introduce the followidgfinition:

Definition 5.1. The upper semicontinuous envelawgx) of a functionu at x is
defined as
u*(x) = lim supu(y)
y—X

and the lower semicontinuous envelapéx) of u(x) is defined as
u.(x) = liminf u(y)
y—X

Note in particular the fundamental inequality between afiom and its upper and
lower semicontinuous envelopes:

u, <u<u

The theory of viscosity solutions was initially developed élliptical PDEs
of the form
H(x, u, Du, D?u) = 0
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and parabolic PDEs of the form
% +H(x,u,Du,D?) =0

for what Crandall, Ishii and Lions [17] term a “proper” fuianal H(x, r, p, A).

Definition 5.2. A functional H(x, r, p, A) is said to beproper if it satisfies the
following two properties:

1. (degenerate) ellipticity:
H(x,r, p, A) < H(x, 1, p, B), B<A

and

2. monotonicity
HX r, p,A) < H(X s, p, A), r<s

In our problem, the functionat defined as

F(x p,A) = —sup{f(x, h)'p+ }tr(AA’A)
heJ 2
9 / ’
—5P AN'D

N f {_l (e @U@0 _1) g p} v(d2)
oo

—g(x h)} (43)

plays a similar role to the function#é in the general equation (43), and we note
that it is indeed “proper”. As a result, we can develop a \s#tgoapproach to
show that the value functio® is the unique solution of the associated RS HJB

PIDE.
We now give two equivalent definitions of viscosity soluoadapted from

Alvarez and Tourin [1]:
¢ a definition based on the notion of semijets;
¢ a definition based on the notion of test function

Before introducing these two definitions, we need to defimalpalic semijet of
upper semicontinuous and lower semicontinuous functionista add two addi-

tional conditions.

Definition 5.3. Letue US [0, T] xR") and ¢, X) € [0, T] x R". We define:
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o the Parabolic superj@>* as
Pt = ((p, 0, A) ERXR"X Sy,
1
u(sy) <u(sx)+p(s= 1) +(ay =X+ 5 (Aly = X,y = X)

+0(ls—t| +ly - x?) as & y) — (t. X)}

e the closure of the Parabolic supeﬂ_ngr as
—2, . .
Pi" = {(p..A) = Jim (P G A with (P o AY) € P2
and fim(t, X, Ut %) = (& % ut %)

Letue LSOO, T] x R") and ¢, X) € [0, T] x R". We define:

e the Parabolic subj¢®%~ asP>~ := -P>* and

. —2-  —2- —2,
o the closure of the Parabolic subjfef asP, = —Pu+

Condition 5.1. Let (t,x) € [0, T] x R" and (p, g, A) € P>*u(t, X), there arep €
C(R"), ¢ > 1 andR > 0 such that for

(sy).2 € (Zr(t. )N ([0, TIXRM) x Z,

fz {_ % (e-e(u(ay+§(z))—u(ay)) _ 1) _ g’(z)q} v(d2) < ¢(y)

Condition 5.2. Let (t,x) € [0, T] x R" and (p, g, A) € P>"u(t, X), there arep €
C(R"), ¢ > 1 andR > 0 such that for

(sy).2 € (Zr(t. )N ([0, TIXRM) x Z,

L {_%‘ (e—G(U(S.y+§(Z))—U(S.y)) — 1) - f’(z)q} v(d2) > —(y)

The purpose of these conditions arandv is to ensure that the jump term is
semicontinuous at any given pointX) € [0, T|xR" (see Lemma 1 and Conditions
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(6) and (7) in [1]). In our setting, we note that since the edunction® and the
functionx — €* are locally bounded, these two conditions are satisfied.

Remark 5.1. Note that the jump-related integral term

fz {_ % (e—o(U(swf(Z))—U(sy)) _ 1) _ g’(z)q} v(d2)

is well defined wheng, g, A) € P>* First, by Taylor,
f 1 (e tsy<@-us9) _ 1) _ (7)) v(l2)
z 0 ‘

= fz {(U(s, y+&@2)-usy) - g (U(s y+£(2) - u(s y))?

2

+ % Usy+&@)-usy))’+...- g’(z)q} v(d2)

By definition of the Parabolic superj@&™, fort = s, the pair ¢, A) satisfies the
inequality

usy+¢@) -u(sy) -¢'(9a < %f’(Z)Af(Z) +0(I€(9P)

Similarly, by definition of the Parabolic subj@ﬁ", fort = s, the pair §, A
satisfies the inequality

u(sy+¢@)-usy) -¢'(@a= %f’(Z)Af(Z) +0((2)P)
Thus, ifuis a viscosity solution, we have
u(sy+¢(@)-usy) -¢'(2a= %f’(Z)Af(Z) +0((2)P)

and the jump-related integral is equal to

fz {_ % (e—o(U(swf(Z))—U(sy)) _ 1) _ g’(z)q} v(d2)

- [ {—g(U(s,y+§(Z))—U(sy))2+%E'(Z)AS(Z)+0(|§(Z)|2)}V(d2)

which is well-defined.
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Definition 5.4. A locally bounded functiom € US ([0, T] xR") satisfying Con-
dition 5.1 is a viscosity subsolution of (23), if for alle R", u(T, X) < go(X), and
for all (t,x) € [0, T] x R", (p, g, A) € P>*u(t, X), we have

-prFixa s - [ {3 (e g galas <o

A locally bounded functiom € LS ([0, T] x R") satisfying Condition 5.2 is
a viscosity supersolution of (23), if for al € R", u(T, X) > go(x), and for all
(t,x) € [0, T] xR", (p,q, A) € P>"u(t, X), we have

PR A) - [[{-F () 1) ¢ ial v > 0

A locally bounded functiord whose upper semicontinuous and lowersemi-
continuous envelopes are a viscosity subsolution and asitgcsupersolution
of (23) is a viscosity solution of (23).

Definition 5.5. A locally bounded functiom € US [0, T] x R") is a viscosity
subsolution of (23), if for alk € R", u(T, X) < go(X), and for all ¢, x) € [0, T]xR",

W € C%([0, T] x R") such thatu(t, X) = (t, x), u < ¢ on [0, T] x R"\ {(t, X)}, we
have

_w + F(x, Dy, D%) — f {_1' (6—9(W(t,X+§(Z))—¢(t,X)) — 1) - f’(Z)DW} ¥(d2) <0
ot z | 0

A locally bounded functiow € LS [0, T] x R") is a viscosity supersolution
of (23), if for all x € R", \(T,X) > go(x), and for all ¢, x) € [0,T] xR", ¥ €
C?([0, T] x R") such thaw(t, X) = ¥(t, X), v> ¢ on [0, T] x R™\ {(t, X)}, we have

1
—%—‘t” + F(x, Dy, D%p) — f {—5 (e @) _ 1) g’(z)D¢} v(d2 =0
z

A locally bounded functiorb whose upper semicontinuous and lower semi-
continuous envelopes are a viscosity subsolution and asitycsupersolution
of (23) is a viscosity solution of (23).

We would have similar definition for the viscosity supersialn, subsolution
and solution of equation (27). Once again, the superjet esidftinction formu-
lations are strictly equivalent (see Alvarez and Tourindtpl Crandall, Ishii and
Lions [17]).

Remark 5.2. A more classical but also more restrictive definition of wisity

solution is as the continuous function which is both a suget®n and a sub-
solution of (23) (see Definition 5.1 in Barles [5]). The linkreasoning we will
follow will make full use of the latitude féorded by our definition and we will
have to wait until the comparison result is established ictiSe 6 to prove the
continuity of the viscosity solution.
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5.2 Characterization of the Value Function as a Viscosity Sation

To show that the value function is a (discontinuous) visgosblution of the
associated RS HJB PIDE (23), we follow an argument by Tou4j yéhich en-
ables us to make a greater use of control theory in the damivaf the proof.

Theorem 5.1. @ is a (discontinuous) viscosity solution of the RS HIB P(RE)
on[0, T] x R", subject to terminal conditio(25).

Proof.

Outline: This proof can be decomposed in five steps. First, we ddfias
a log transformation of. In the next three steps, we prove tidats a viscosity
solution of the exponentially transformed RS HJB PIDE byging that it is 1) a
viscosity subsolution; 2) a viscosity supersolution; aedde 3) a viscosity solu-
tion. Finally, applying a change of variable result, suclPesposition 2.2 in [34],
we conclude thad is a viscosity solution of the RS HIB PIDE (23).

Step 1: Exponential Transformation

In order to prove that the value functidnis a (discontinuous) viscosity so-
lution of (23), we will start by proving that the exponenlyairansformed value
function® is a (discontinuous) viscosity solution of (27).

Step 2: Viscosity Subsolution
Let (to, Xo) € Q := [0,1] x R" andu € C*?(Q) satisfy
0= (®" - U)(to, Xo) = Max(®"(t,X) - u(t, X)) (44)
(tx)eQ
and hence L
d<d* <u (45)
onQ.

Let (t, Xx) be a sequence iQ such that

km (tk» %) = (to, Xo)

lim D(ty, X) = D*(to, Xo)

and define the sequen8, asé := D(t, %) — U(ty, Xi). Sinceu is of classC?,
|imk_,(,0 fk =0.
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Fix h € J and consider a constant contfol= h. Denote byXxK the state
process with initial datizl(t"k = X¢ and, fork > 0, define the stopping time

Tk = inf {s> te: (5—tk, x'g — Xk ¢ [0, 6k) X cx%‘n}
for a given constant > 0 and where%, is the unit ball inR" and

Sk = VE (1 - Loy(&)) + K L0(&)

From the definition ofy, we see that lina, . 7« = to.
By the Dynamic Programming Principle,

~ Tk ~ ~
D(ty, X) < Eq % [exp{@ f 0(Xs, hg; G)ds} (1, X',‘k)}
&
whereE;, 4[] represents the expectation under the meaBuy&en initial data

(t, X)-
By inequality (45),

D(ty, %) < Eyx, [exp{e ft " 9(Xs, ﬁs)ds} u(t, xfk)]

and hence by definition @,

u(ty, X) + &k < Egx [exp{e f " 9(Xs, ﬁs)ds} u(tk, X',‘k)}
tw

Tk R
& < Egx, [exp{e f g(Xs, he)d s} u(ti, x';k)} — U(ti, %)
t
DefineZ(t) = 6 [ 9(Xs, he)ds, then
d(€*) := 6g(Xs, hy)e*ds
Also, by Ito,

dus = {g—i + Lu} ds+ DUA(S)dW;

+ [ (e X(e) +£@) - u(s X)) Ro(ds 2
for s € [t, 7] and where the generatdj of the state process(t) is defined as
Lu(t, x) = f(t, x, h; 6)’Du + %tr (AA(t, X)D?u) (46)
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By the I1td product rule, and sinazs - us = 0, we get
d(use™) = usd (€%) + e*dus

and hence fot € [ty, 7«]
t
Ut X9 = Ut 59+ [ (s X990 e
&
t ou K Ky Zs ! ’
+ L (a—s(s,xs)+£u(s,xs)ez)ds+ L DU A(9)dWs
t
. f fz fu(t X4(s) + £@) - u(t. X))} Rip(dt. d2

Noting thatu(ty, X)€% = u(ty, <) and taking the expectation with respect to the
initial data {x, x«), we get

Eyx Ut X)) |
t(du -
= U(ty, X)€% + Et x. [ ft ( s (s, Xg) + LU(s, Xg) + 0u(S, Xs)g(Xs, hs)) ed s]

In particular, fort = 7,

fk < Etk,Xk [U(Tk9 XTk)lek] - u(tk9 Xk)eZIk

= +Eux [ f ’ (au(s, Xs) + Lu(s, Xs) + 0u(s, Xs)g(Xs, ﬁs)) eZSds]
t

as
and thus
‘fk 1 4
6_k S 6_k (Etkyxky [U(Tk, X-,—k)esz:l - u(tk’ Xk)ezk)
1

z (Etk,xk [ ft " (3—3@ Xe) + LU(S. Xs) + 0u(S X)g(Xe ﬁs)) ezsds])

ASk—>00,tk—>to,Tk—>to,§—t—>0and

1 tdu .
5 (Etk,xk [ L (a_s (S, Xs) + Lu(s, Xs) + 6u(s, Xs)g(Xs, hs)) e ds})

0 ~
= 2(8.X) + LU(s X&) + Bu(s X)g(Xs )
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a.s. by the Bounded Convergence Theorem, since the randiablea

t
5 f (@(s, Xs) + LU(s Xs) + (s, Xs)g(Xs, he) | €dis
ok Ji \0s

is bounded for large enough
Hence, we conclude that sinbgis arbitrary,

0 A
22(5.X) + Lu(s X9 + 0u(s XJg(Xs. ) > 0

0 A
_(9_';(5’ Xs) - LU(S’ xs) - GU(S, Xs)g(xs, hs) <0

This argument proves thét is a (discontinuous) viscosity subsolution of the
PDE (27) on [0t) x R" subject to terminal conditio®(T, X) = %1,

Step 3: Viscosity Supersolution

This step in the proof is a slight adaptation of the proof flassical control
problems in Touzi [34]. Lettf, Xo) € Q andu € C*?(Q) satisfy

0= (&)* - U)(to, XO) < (&)* - U)(t, X) for Q\(tO, XO) (47)

We intend to prove that ato xo)
@(t X) + inf {L'u(t, x) - 6g(x.h)} < 0
ot heH ’ e
by contradiction. Thus, assume that
@(t X) + inf {L'u(t, x) - 6g(x. h)} > 0 (48)
ot heH ’ ’

Since £Mu is continuous, there exists an open neighbourheaf (to, Xo)
defined fors > 0 as

Ni = {(t,%) : (t—to, X— Xo) € (=6,6) x 6%, and (48) holds  (49)
Note that by (47) and sincé > ®, > u,

gm(&)—u)>0

Forp > 0, consider the sel of p-optimal controldy satisfying
[(to, X0, 1Y) < D(to, x0) +p (50)
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Also, lete > 0, € <y be such that

min (® - u) > 3ee®™s > 0 51
Q\No‘( ) “ ( )

whereM; is defined as

M5 = max (_g(x’ h)9 O)
(t,X)eN; hegr

for
N3 = {(t,X) : (t—to, X— Xo) € (=6,6) X ({ + 6)%n} (52)
and
= f‘ge%xllf(z)ll

Note that/ < oo by boundedness @{2) and thusVi; < co.
Now let (tx, X«) be a sequence iN; such that

km (tk» %) = (to, Xo)

and
IEEIL q)(tk, Xk) = q)*(t09 XO)

Since ( — u)(t, X)) — 0, we can assume that the sequenge) satisfies
(D -u)(te )l <e,  fork>1 (53)

for e defined by (51). _
Consider the-optimal controhg, denote byX the controlled process defined
by the control proceds; and introduce the stopping time

71 1= inf {s > 1 (S XE(9) ¢ N(s}

Note that since we assumed thab < f{”i“ <G SE¥<oeofori=1,...,nand
sincev is assumed to be bounded thé¢r) is also finite and in particular,

(@ - u)(Tie, X£(11)) > (D — U) (v, XE(70)) > 3ee ™ (54)

ChooseN; so that ¢, X<(r)) € Nj. In particular, sincex(r) is finite then
Nj can be defined to be a strict subset@and we can #ectively use the local
boundedness af to establishMVi;.
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LetZ(t) = 6 ftfk g(X&, he)ds sinced > @, and by (53) and (54),

D(tx, XE (1)) €7 — D(t, X)€"
> U(ri, X¢(1))€ ™ — D(ty, x)e”W + ee ™M) — ¢

> ft h (u(s X(9)e”) + 2¢

~ ~ ~ Tk ~
Bt ) < Bl XD ™ - [ d(u(s Fil9)e) - 2¢
t
Taking expectation with respect to the initial datia Xx),

B 1) < s X5 - [ a(uts Kne) | - 2

t
Note that by the 1t product rule,
d(u(s X(9)€”)
= ugd (€%) + e%dus
= %(t, X) + Lu(t, X) + 6g(x, h)
Since we assumed that
—%(t, X) — L u(t, X) - 6g(x,h) < 0
then

_ f " d(u(s Ke(e)er) < 0

t

and therefore

dI)(tk9 Xk) < Etk,Xk

D(ry, XE(11))EX™ — f " d (u(s, XE(S))eZS)} -2

&

<-2+E

exp{e ft " g% hﬁ(S))dS} B(ri, X;(rk))]

< —2€ + [ (t, X, hE)

< Dt %) — €
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where the third inequality follows from the Dynamic Prograing Principle and
the last inequality follows from the definition efoptimal controls (see equa-
tion (50)).

Hence, equation (48),

ou . h

5 (LX) + inf {£u(t. x) - 6g(x. h)} > 0
is false and we have shown that

ou . h

E(t’ X) + Aén; {.E u(t, X) — 6g(x, h)} <0

This argument therefore proves thiais a (discontinuous) viscosity superso-
lution of the PDE (27) on [(X) xR" subject to terminal conditio®(T, X) = e%(<T),

Step 4: Viscosity Solution

Since® is both a (discontinuous) viscosity subsolution and a sqgletion
of (27), itis a (discontinuous) viscosity.

Step 5: Conclusion

Since by assumptiod is locally bounded, so i®. In addition(x) = e ¥ is
of classC1(R). Also we note tha% < 0. By the change of variable property (see
for example Proposition 2.2 in Touzi [34]), we see that

1. sinced is a (discontinuous) viscosity subsolution of (2B)= ¢ 1o ® is a
(discontinuous) viscosity supersolution of (23);

2. sinced is a (discontinuous) viscosity supersolution of (2B)= ¢t o @ is
a (discontinuous) viscosity subsolution of (23).

and therefor@ is a (discontinuous) viscosity solution of (23) on{0<R" subject
to terminal conditiond(T, x) = %(XT), O

We also note the following corollary:

Corollary 5.1.
(i) @*isaupper semicontinuous viscosity subsolution, and;

(ii) @, isalower semicontinuous viscosity supersolution of thelRESPIDE(23)
on[0, T] x R", subject to terminal conditio(25).

As a result of this corollary, we note thdt*, ®, and® are respectively a
viscosity subsolution, supersolution, and solution ingkase of Definitions 5.4
and 5.5.
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6. Comparison Result

Once we have characterized the class of viscosity soludesgciated with a
given problem, the next task is to prove that the problemadigtadmits a unique
viscosity solution by establishing a comparison theoreramf@arison theorems
are the cornerstone of the application of viscosity thedrlgeir main use is to
prove uniqueness, and in our case continuity, of the viggasiution. Although
a set of, by now fairly standard, techniques can be appli¢kddrproof, the com-
parison theorerper seis generally customized to address both the specificities of
the PDE and the requirements of the general problem.

We face three main dliculties in establishing a comparison result for our risk-
sensitive control problem. The first obstacle is the behavid the value func-
tion @ at infinity. In the pure diusion case or LEQR case solved by Kuroda
and Nagai [31], the value function is quadratic in the statd & therefore
not bounded forx € R". Consequently, there is no reason to expect the so-
lution to the integro-dierential RS HJB PIDE (23) to be bounded. The sec-
ond hurdle is the presence of an extra non-linearity: thedgaiec growth term
(D®) AA’D®. This extra non-linearity could, in particular, increabe tom-
plexity of the derivation of a comparison result for an unbded value func-
tion. Before dealing with the asymptotic growth conditioa will therefore need
to address this non-linear term. The traditional solutemexponential change
of variable such as the one proposed byffiz2uand Lions [22], is equivalent to
the log transformation we used to derive the RS HJB PIDE amihag prove
that the value function is a viscosity solution of the RS HIBE. However,
the drawback of this method is that, by creating a new zeradleraterm equal
to the solution multiplied by the cost functia@y it imposes a severe restriction
on g for the PDE to satisfy the monotonicity property requiredaix about vis-
cosity solutions. The final diculty lies in the presence of the jump term and
of the compensator. If we assume that the measure is finite, this can be ad-
dressed following the general argument proposed by AlvaneizTourin [1] and
Amadori [2].

To address thesefticulties, we will need to adopt a slightly ferent strat-
egy from the classical argument used to proof comparisanltseas set out in
Crandall, Ishii and Lions [17]. In particular, we will explahe properties of the
exponentially transformed value functiaﬁresulting from Assumption 4.2 and
alternate between the log transformed RS HJB PIDE and thérgtiagrowth RS
HJB PIDE (23) through the proof.

Theorem 6.1. Letli = e ¢ US [0, T]xR") be a bounded from above viscosity
subsolution of(23) and¥ = e ™ ¢ LSQ[0, T] x R") be a bounded from below

viscosity supersolution of23). If the measure is bounded and Assumption 4.2
holds then

u<v on[0,T]xR"
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Proof outline: This proof can be decomposed in seven steps. In the firstweep,
perform the usual exponential transformation to rewrigegtoblem for the value
function® into a problem for the value functioh. The rest of the proof is done
by contradiction. In step 2, we state the assumption we amenghg to disprove.
The properties of the value functidnrelated to Assumption 4.2 are used in Step
3 to deduce that it is enough to prove the comparison resufbfon a bounded
state space to reach our conclusion. We then double vasiablstep 4 before
finding moduli of continuity for the dfusion and the jump components respec-
tively in steps 5 and 6. Finally, we reach a contradictionteéps/ and conclude
the proof.

Step 1. Exponential Transformation

Letu € USQJ[0,T] x R") be a viscosity subsolution of (23) and €
LS 0, T] x R") be a viscosity supersolution of (23). Define:

O:=e®

v} 6u

e

By the change of variable property (see for example Projposit 2 in Touzi [34]),
0 andV are respectively a viscosity subsolution and a viscosipessolution of
the RS HJB PIDE (27) for the exponentially transformed vdiretion ®.
Thus, to prove that
usv on[0,T]xR"

it is sufficient to prove that

i<V on[0,T]xR"

Step 2: Setting the Problem

As is usual in the derivation of comparison results, we algueontradiction
and assume that

sup  [U(t,x) —¥(t,x)] >0 (55)
(t,¥)€[0, T]XR"

Step 3: Taking the Behaviour of the Value Function into Condileration

The assertion of this theorem is that the comparison resldishin the class
of functions satisfying Assumption 4.2. As a result Proposi4.3 holds and
we can concentrate our analysis on subsolutions and supéoss sharing the

RECENT ADVANCES IN FINANCIAL ENGINEERING 2009
- Proceedings of the KIER-TMU International Workshop on Financial Engineering 2009
© World Scientific Publishing Co. Pte. Ltd.

http://www.worldscibooks.com/economics/7700.html



33

same growth properties as the exponentially transformecevianction®d. By
Propositions 4.3 and 4.2,

0 < U(t, X) < OO y(t, x) [0, T] x R"

0 < U(t, x) < e OB O y(t x) € [0,T] x R"
and
lim Q(t, x) = II‘im U(t,x) =0Vte[0,T] (56)
X|—o00

[X| >0

for k = 1,...,2n wherea® andgX are the functions given in Assumption 4.2.
Since (56) holds at an exponential rate, then by Assump&bhthere existR >
0, such that

sup  [U(t,x) —W(t,x)] = sup [t x) — ¥(t, x)]
(t,x)€[0, T]xR" (t,X)€[0, T]1xBr

Hence, it is enough to show a contradiction with respectedypothesis

sup [Tt X) - ¥(t, x)] > 0 (57)
(t¥eQ

established on the s€ := [0, T] x Br. Before proceeding to the next step, we
will restate assumption (57) now needs to be restated instefmnandv as

sup [u(t,x) — v(t,x)] > 0 (58)
(t.9eQ

Step 4: Doubling of Variables on the Set

Letn > 0 be such that

N := sup [u(t,x) — v(t, X) — ¢(t)] > O
(tx)eQ

whereg(t) := 1.

We will now double variables, a technique commonly used $§taesity solu-
tions literature (see e.g. Crandall, Ishii and Lions [1Qpnsider a global maxi-
mum point €, X, Ye) € (0, T] x Br x Br =: Qq of

u(t, ) = V(t,Y) — ¢(t) — elx - y?

and define

Nei= sup [u(t,x) —v(t,y) - ¢(t) - elx—yP’| > 0
(t.xy)€Qq
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Note thatN, > O for e large enough. MoreoveN, > N andN, | 0 ase — .

It is well established (see Lemma 3.1 and Proposition 3.17i) [that along a
subsequence

lim (te xe.y) = (€ %, %)

for some §, X) € [0, T] x R" which is a maximum point of

u(t, X) — v(t, X) — o(t)
Via the same argument, we also have

lim elx —y*=0

as well as

lim ute, x) = u(t, %)
and

lim v(te, ) = v(£. %
In addition, we note that

lim N, =N

€—00

Applying Theorem 8.3 in Crandall, Ishii and Lions [17] &t, &, Y.), we see that
there existg,, b, € R andA,, B, € S, such that

(@, (% ~ V). A) € P
(Be. (X — o). B) € P

a. b = ¢/(t)
and 10] [A O |
‘36[0|]S 0 —B€]§36[—| | }

Thus, we have for the subsolution
—ac + F(Xe, €(X = Ye), A)
1
+ f {_ (e—e(u(tﬁ,x€+§(z))—u(ts,xs)) _ 1) + e (D) (% — ye)} v(d2
z

0
<0
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and for the supersolutior
—be + F(Ye, (X — Ye). Bo)
N fz {% (600D _ 1) 4 e (2)(x, - yf)} w(d2)
>0
Subtracting these two inequalities,
—¢'(te) = be - a
< F(Ye, €(X = Ye). Be) — FXe, (Xe — Ye), Ad)

+ f { 1‘ (e—G(V(tf,ye+§(2))—V(te,ys)) _ 1) + e (DX — yf)} v(d2)
216
_ f { :_L (e—G(U(tE,XA-f(Z))—U(tE,x()) _ 1) + €& (D)(% — yf)} ¥(d2)
216
= F(Ye, €(Xc — Ye), Be) = F(Xe, €(Xe — V), A)

A f [ttty ()
6 Jz

1

1 f {e-e(u(tg,><(+§(Z))—u(tf,xf))}V(dz) (59)
0 Jz

Step 5: Modulus of Continuity
In this step, we focus on the (tlision) operatoF.
F(yu e(xf - yé)s Be) - F(va E(X - y)v Af)
1 %
= ﬁlg){ff(tg, yﬁ h)/ (X€ - y€) + Etr (AA,BE) - 562 (X€ - yé)/ AN (X€ - y€) - g(yés h)}

- sup{ef(té, Xe, )" (Xe — Ye) + %tr (AN A +61p)
heg
9 2 ’ ’
—5€ (X = ¥Ye) AN (Xe = Ye) — (X, h)}
1
< Eltr (AN B — ANA)| + ﬁtﬂf{elf(t@yﬂ h) — (e, Xe, MII(X — Y}
+ sup{lg(e, h) — g(ye, I}
heg

1
< Eltr (AN A - AN'B))| + ﬁup{elf(te,yﬂ h) — f(te, Xe, II(Xe — Y}
€J

+sup{lg(Xe. h) — a(Ye. )1}
heg
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Note that the functional defined in (19) satisfies
|f(tf’ ye’ h) - f(tf’ Xé’ h)l < Cf |yE - Xél
for some constar@s > 0. In addition,

tr (AA'Ac — AAN'B.)
s a5 e )
AN AN || O —-B¢
- 36”([/\/\’ AA'H I —ID
- AN AN |- ]
=0
Finally, by definition ofg,
19(Ye, 1) — 9(Xe. W) < Cy lye — Xl
for some constary > 0. Combining these estimates, we get
F(Yer €(Xe = Ye), Be) = F(Xe, €(Xe = Ye), Ac)
< w(elye = X+ lye = %) (60)
for a functionw({) = CZ, with C = max|Cs, Cy4|. The functionw : [0, c0) —
[0, ), which satisfies the conditian(0*) = 0, is called a modulus of continuity.
Step 6: The Jump Term

We now consider the jump term

%OL f {e—e(v(ts,y&f(z))—v(te,ys)) _ e—e(u(tﬁ,xé+§(z))—u(tﬁ,xﬁ))}v(dz)
z

0 Jz
Since fore > 0 large enoughy(t, X) — v(t,y) > 0 then
u(téa Xe + é—'(Z)) - u(te, Xe) + V(tea ye) - V(te’ Ye + f(Z))
< _(u(tea Xe) - V(te’ ye)) +N

by definition of N. Moreover, sinceNe = Sup «yeq,[U(t, X) — V(t,y) — ¢(t)—
€lx - y’] > 0, thenN, < u(t,, x.) — V(t., y.) and therefore

U(te, Xe + £(2)) — U(te, Xe) + V(te, Ye) — V(te, Ye + €(2)) < N — N

_1 f [ MYV _ g XU X)) o(d7)  (61)
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forze Z. Thus,

e_e(u(te »Xe +§(Z))—U('[E ,XE)+V(te ,ye)—v(te »Ye )) Z e‘g(v(te »Ye +§(Z))_V(ts ’ye)"’ N- Ne )

and equation (61) can be bounded from above by:

% f {e—e(V(tg,yg+§(2))—V(tpys)) _ —9(u(tg,x€+§(z))—u(t5,><€)+v(tg,xg)—V(tE,xg))}v(dz)
Z
< % f {e—e(vg(tg,yg+§(z))—v(tnys)) _ e—e(v(tg,yg+§(z))—v(t5,y€)+N—Na~)}v(dz)
zZ
_1 00/, +E@D)~V(tyo) —~0(N-N,)
= Efz{e (1-e )} (d2)

1 f fert (- niteyre@ o] (1 - e 0N (g
z

0
_ LY+ £@) () cann
—eL{ ey (e )}ma )

By Proposition 4.2 and sincg§ LSC, therdd > 0: 0< 2 < U(t, X) < CzV(t,X) €
Q. As aresult,

W Ye + @) _
Woy)

for some constari > 0. In addition, since the measurés assumed to be finite
and the functioid — € is continuous, we can establish the following upper bound
for the right-hand side of (62):

L[ (vt 60D
9£{ TR (189NN”WM

< % fz {1- ™M y(d2)

<wr(N-N,) sup v(2) (63)
(ty)e[0, T]xR"

for some modulus of continuityr related to the functios — 1 - € and param-
eterized by the radiuR > 0 of the Ball%r introduced in Step 3. Note that this
parametrization is implicitly due to the dependencéadndN. on R. The term
SURLy)ef0.Tjxrn ¥(Z) is the upper bound for the measure
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Step 7: Conclusion

We now substitute the upper bound obtained in inequali®y and (63)
in (59) to obtain:

_w,(te) < w(e |ye - Xe|2 + |y6 - Xel) + U)R(N - Ne) sup V(Z) (64)
(t,X)€[0, T]xR"

Taking the limit superior in inequality (64) as— oo and recalling that
1. the measureis finite;
2. &4(2,i=1,...,mis bounded/ze Z a.s.dv
we see that
v(Z) < o0
Then

lim wr(N - NJY(Z) = 0

which leads to the contradiction

We conclude from this that Assumption 58 is false and theeefo

sup [v(t, X) — u(t, x)] > 0 (65)
(tx)eQ

Stated diferently, we conclude that

us<sv on[0,T]xR" m]

6.1 Uniqueness

Unigueness is a direct consequence of Theorem 6.1. Anatipertant corol-
lary is the fact that the (discontinuous) locally boundegtesity solutiond is in
fact continuous on [OT] x R".

Corollary 6.1. The functiond(t, x) defined ori0, T] xR" is the unique continuous
viscosity solution of the RS HIB PIOE3) subject to terminal conditio(25).

Proof. Uniqueness is a standard by-product of Theorem 6.1. Catytinan be
proved as follows. By definition of the upper and lower semisaious envelopes,
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recall that
D, <P <O

By Corollary 5.1,0, and ®* respectively are semicontinuous supersolution
and subsolution of the RS HJB PIDE (23) subject to terminabdion (25).
We note that as a consequence of Theorem 6.1 is that

D, > P*

and hence
o, = O*

is a continuous viscosity solution of the RS HJB PIDE (23)jsabto terminal
condition (25).

Hence,® = @, = ®* and it is the unique continuous viscosity solution of the
RS HJB PIDE (23) subject to terminal condition (25). |

Now that we have proved uniqueness and continuity of theogise solution
@ to the RS HJIB PIDE (23) subject to terminal condition (25), ee& deduce
that the RS HJIB PIDE (27) subject to terminal condition (28pdas a unique
continuous viscosity solution. We formalize the uniquenasd continuity ofb
in the following corollary:

Corollary 6.2. The functiond(t, X) defined o0, T] xR" is the unique continuous
viscosity solution of the RS HIB PIOE7) subject to terminal conditio(28).

7. Conclusion

In this chapter, we considered a risk-sensitive asset negmneagt model with
assets and factors modelled usirf§ree jump-difusion processes. This appar-
ently simple setting conceals a number dfidulties, such as the unboundedness
of the instantaneous reward functigand the high nonlinearity of the HJB PIDE,
which make the existence of classi@lt? solution unlikely barring the introduc-
tion of significant assumptions. As a result, we consideredbar class of weak
solutions, namely viscosity solutions. We proved that thlee function of a class
of risk sensitive control problems and established unigsstby proving a non-
standard comparison result. The viscosity approach haggmemarkably useful
at solving dificult control problems for which the classical approach meily f
However, it is limited by the fact that it only provides comtity of the value func-
tion and by its focus on the PDE in relative isolation from #wtual optimization
problem. The question is where to go from there? A possild@a® of research
would be to look for a method to establish smootheness ofahefunction, for
example through a connection between viscosity solutiodsiassical solutions.
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Achieving this objective may also require changes to thdyginaetting in order
to remove some of the flliculties inherent in manipulating unbounded functions.
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