
RECENT ADVANCES IN FINANCIAL ENGINEERING 2009
- Proceedings of the KIER-TMU International Workshop on Financial Engineering 2009
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/economics/7700.html

May 3, 2010 13:34 Proceedings Trim Size: 9in x 6in 001

Risk Sensitive Investment Management with Affine
Processes: A Viscosity Approach∗

Mark Davis and Sébastien Lleo
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In this paper, we extend the jump-diffusion model proposed by Davis and
Lleo to include jumps in asset prices as well as valuation factors. The
criterion, following earlier work by Bielecki, Pliska, Nagai and others, is
risk-sensitive optimization (equivalent to maximizing the expected growth
rate subject to a constraint on variance). In this setting, the Hamilton-
Jacobi-Bellman equation is a partial integro-differential PDE. The main
result of the paper is to show that the value function of the control problem
is the unique viscosity solution of the Hamilton-Jacobi-Bellman equation.
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1. Introduction
In this paper, we extend the jump diffusion risk-sensitive asset management

model proposed by Davis and Lleo [19] to allow jumps in both asset prices and
factor levels.

Risk-sensitive control generalizes classical stochasticcontrol by parametrizing
explicitly the degree of risk aversion or risk tolerance of the optimizing agent. In
risk-sensitive control, the decision maker’s objective isto select a control policy
h(t) to maximize the criterion

J(t, x, h; θ) := −
1
θ

ln E
[

e−θF(t,x,h)
]

(1)

∗The authors are very grateful to the editors and an anonymousreferees for a number of very
helpful comments.
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wheret is the time,x is the state variable,F is a given reward function, and the risk
sensitivityθ ∈]−1, 0[∪]0,∞) is an exogenous parameter representing the decision
maker’s degree of risk aversion. A Taylor expansion of this criterion aroundθ = 0
yields

J(t, x, h; θ) = E [F(t, x, h)] −
θ

2
Var [F(t, x, h)] +O(θ2) (2)

which shows that the risk-sensitive criterion amounts to maximizing E [F(t, x, h)]
subject to a penalty for variance. Jacobson [28], Whittle [35], Bensoussan and
Van Schuppen [9] led the theoretical development of risk sensitive control while
Lefebvre and Montulet [32], Fleming [25] and Bielecki and Pliska [11] pio-
neered the financial application of risk-sensitive control. In particular, Bielecki
and Pliska proposed the logarithm of the investor’s wealth as a reward func-
tion, so that the investor’s objective is to maximize the risk-sensitive (log) re-
turn of his/her portfolio or alternatively to maximize a function of thepower
utility (HARA) of terminal wealth. Bielecki and Pliska brought an enormous
contribution to the field by studying the economic properties of the risk-sensitive
asset management criterion (see [13]), extending the assetmanagement model
into an intertemporal CAPM ([14]), working on transaction costs ([12]), nu-
merical methods ([10]) and considering factors driven by a CIR model ([15]).
Other main contributors include Kuroda and Nagai [31] who introduced an ele-
gant solution method based on a change of measure argument. Davis and Lleo
applied this change of measure technique to solve a benchmarked investment
problem in which an investor selects an asset allocation to outperform a given
financial benchmark (see [18]) and analyzed the link betweenoptimal portfolios
and fractional Kelly strategies (see [20]). More recently,Davis and Lleo [19]
extended the risk-sensitive asset management model by allowing jumps in asset
prices.

In this chapter, our contribution is to allow not only jumps in asset prices
but also in the level of the underlying valuation factors. Once we intro-
duce jumps in the factors, the Bellman equation becomes a nonlinear Par-
tial Integro-Differential equation and an analytical or classicalC1,2 solutions
may not exist. As a result, to give a sense to the relation between the
value function and the risk sensitive Hamilton-Jacobi-Bellman Partial Inte-
gro Differential Equation (RS HJB PIDE), we consider a class of weak so-
lutions called viscosity solutions, which have gained a widespread acceptance
in control theory in recent years. The main results are a comparison theo-
rem and the proof that the value function of the control problem under con-
sideration is the unique continuous viscosity solution of the associated RS HJB
PIDE. In particular, the proof of the comparison results uses non-standard ar-
guments to circumvent difficulties linked to the highly nonlinear nature of the
RS HJB PIDE and to the unboundedness of the instantaneous reward func-
tion g.



RECENT ADVANCES IN FINANCIAL ENGINEERING 2009
- Proceedings of the KIER-TMU International Workshop on Financial Engineering 2009
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/economics/7700.html

May 3, 2010 13:34 Proceedings Trim Size: 9in x 6in 001

3

This chapter is organized as follows. Section 2 introduces the general setting
of the model and defines the class of random Poisson measures which will be
used to model the jump component of the asset and factor dynamics. In Section
3 we formulate the control problem and apply a change of measure to obtain a
simpler auxiliary criterion. Section 4 outlines the properties of the value function.
In Section 5 we show that the value function is a viscosity solution of the RS HJB
PIDE before proving a comparison result in Section 6 which provides uniqueness.

2. Analytical Setting
Our analytical setting is based on that of [19]. The notable difference is that

we allow the factor processes to experience jumps.

2.1 Overview
The growth rates of the assets are assumed to depend onn valuation factors

X1(t), . . . ,Xn(t) which follow the dynamics given in equation (4) below. The assets
market comprisesm risky securitiesSi , i = 1, . . . ,m. Let M := n + m. Let
(Ω, {Ft} ,F , P) be the underlying probability space. On this space is defined an
R

M-valued(Ft)-Brownian motionW(t) with componentsWk(t), k = 1, . . . ,M.
Moreover, let (Z,BZ) be a Borel space1. Letp be an (Ft)-adaptedσ-finite Poisson
point process onZ whose underlying point functions are maps from a countable
setDp ⊂ (0,∞) into Z. Define

Zp :=
{

U ∈ B(Z),E
[

Np(t,U)
]

< ∞ ∀t
}

(3)

ConsiderNp(dt, dz), the Poisson random measure on (0,∞)×Z induced byp. Fol-
lowing Davis and Lleo [19], we concentrate on stationary Poisson point processes
of class (QL) with associated Poisson random measureNp(dt, dx). The class (QL)
is defined in [27] (Definition II.3.1, p. 59) as

Definition 2.1. An (Ft)-adapted point processp on (Ω,F , P) is said to beof class
(QL) with respect to (Ft) if it is σ-finite and there existŝNp =

(

N̂p(t,U)
)

such that

(i) for U ∈ Zp, t 7→ N̂p(t,U) is a continuous (Ft)-adapted increasing process;

(ii) for eacht and a.a.ω ∈ Ω, U 7→ N̂p(t,U) is aσ-finite measure on (Z,B(Z));

(iii) for U ∈ Zp, t 7→ Ñp(t,U) = Np(t,U) − N̂p(t,U) is an (Ft)-martingale;

The random measure
{

N̂p(t,U)
}

is called thecompensatorof the point processp.

1Z is a standard measurable (metric or topological) space andBZ is the Borelσ-field endowed to
Z.
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Since the Poisson point processes we consider are stationary, then their compen-
sators are of the form̂Np(t,U) = ν(U)t, whereν is theσ-finite characteristic
measure of the Poisson point processp. For notational convenience, we define the
Poisson random measurēNp(dt, dz) as

N̄p(dt, dz)

=

{

Np(dt, dz) − N̂p(dt, dz) = Np(dt, dz) − ν(dz)dt =: Ñp(dt, dz) if z ∈ Z0

Np(dt, dz) if z ∈ Z\Z0

whereZ0 ⊂ BZ such thatν(Z\Z0) < ∞.

2.2 Factor Dynamics
We model the dynamics of then factors with an affine jump diffusion process

dX(t) = (b+ BX(t−))dt+ ΛdW(t) +
∫

Z
ξ(z)N̄p(dt, dz), X(0) = x (4)

whereX(t) is theRn-valued factor process with componentsX j(t) andb ∈ Rn,
B ∈ Rn×n, Λ :=

[

Λi j

]

, i = 1, . . . , n, j = 1, . . . ,N andξ(z) ∈ Rn with −∞ <

ξmin
i ≤ ξi(z) ≤ ξmax

i < ∞ for i = 1, . . . , n. Moreover, the vector-valued function
ξ(z) satisfies:

∫

Z0

|ξ(z)|2ν(dz) < ∞

(See for example Definition II.4.1 in Ikeda and Watanabe [27]whereFP andF2,loc
P

are given in equations II(3.2) and II(3.5) respectively.)

2.3 Asset Market Dynamics
Let S0 denote the wealth invested in the money market account with dynamics

given by the equation:

dS0(t)
S0(t)

=
(

a0 + A′0X(t)
)

dt, S0(0) = s0 (5)

wherea0 ∈ R is a scalar constant,A0 ∈ R
n is a n-element column vector and

whereM’ denotes the transposed matrix ofM. Note that if we setA0 = 0 and
a0 = r, then equation (5) can be interpreted as the dynamics of a globally risk-free
asset. LetSi(t) denote the price at timet of theith security, withi = 1, . . . ,m. The
dynamics of risky securityi can be expressed as:

dSi(t)
Si(t−)

= (a+ AX(t))idt+
N

∑

k=1

σikdWk(t) +
∫

Z
γi(z)N̄p(dt, dz),

Si(0) = si , i = 1, . . . ,m (6)
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wherea ∈ Rm, A ∈ Rm×n, Σ :=
[

σi j

]

, i = 1, . . . ,m, j = 1, . . . ,M andγ(z) ∈ Rm

satisfies Assumption 2.1.

Assumption 2.1. γ(z) ∈ Rm satisfies

−1 ≤ γmin
i ≤ γi(z) ≤ γmax

i < +∞, i = 1, . . . ,m

and

−1 ≤ γmin
i < 0 < γmax

i < +∞, i = 1, . . . ,m

for i = 1, . . . ,m. Furthermore, define

S := supp(ν) ∈ BZ

and
S̃ := supp(ν ◦ γ−1) ∈ B (Rm)

where supp(·) denotes the measure’s support, then we assume that
∏m

i=1[γmin
i ,

γmax
i ] is the smallest closed hypercube containingS̃.

In addition, the vector-valued functionγ(z) satisfies:
∫

Z0

|γ(z)|2ν(dz) < ∞

As noted in [19], Assumption 2.1 requires that each asset has, with positive
probability, both upward and downward jumps and as a result bounds the space of
controls.

Define the setJ as

J :=
{

h ∈ Rm : −1− h′ψ < 0 ∀ψ ∈ S̃
}

(7)

For a givenz, the equationh′γ(z) = −1 describes a hyperplane inRm. Under As-
sumption 2.1J is a convex subset ofRm.

2.4 Portfolio Dynamics
We will assume that:

Assumption 2.2. The matrixΣΣ′ is positive definite.

and

Assumption 2.3. The systematic (factor-driven) and idiosyncratic (asset-driven)
jump risks are uncorrelated, i.e.∀z ∈ Z and i= 1, . . . ,m,γi(z)ξ′(z) = 0.
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The second assumption implies that there cannot be simultaneous jumps in the
factor process and any asset price process. This assumption, which will prove
sufficient to show the existence of a unique optimal investment policy, may appear
somewhat restrictive as it does not enable us to model a jump correlation structure
across factors and assets, although we can model a jump correlation structure
within the factors and within the assets.

Remark 2.1. Assumption (2.3) is automatically satisfied when jumps are only
allowed in the security prices and the state variableX(t) is modelled using a diffu-
sion process (see [19] for a full treatment of this case).

LetGt := σ((S(s),X(s)), 0 ≤ s ≤ t) be the sigma-field generated by the secu-
rity and factor processes up to timet.

An investment strategyor control processis anRm-valued process with the
interpretation thathi(t) is the fraction of current portfolio value invested in theith
asset,i = 1, . . . ,m. The fraction invested in the money market account is then
h0(t) = 1−

∑m
i=1 hi(t).

Definition 2.2. An Rm-valued control processh(t) is in classH if the following
conditions are satisfied:

1. h(t) is progressively measurable with respect to{B([0, t]) ⊗ Gt}t≥0 and is
càdlàg;

2. P
(

∫ T

0
|h(s)|2 ds< +∞

)

= 1, ∀T > 0;

3. h′(t)γ(z) > −1, ∀t > 0, z∈ Z, a.s.dν.

Define the setK as

K := {h(t) ∈ H : h(t) ∈ J ∀ta.s.} (8)

Lemma 2.1. Under Assumption 2.1, a control process h(t) satisfying condition 3
in Definition 2.2 is bounded.

Proof. The proof of this result is immediate.

Definition 2.3. A control processh(t) is in classA(T) if the following conditions
are satisfied:

1. h(t) ∈ H ∀t ∈ [0,T];



RECENT ADVANCES IN FINANCIAL ENGINEERING 2009
- Proceedings of the KIER-TMU International Workshop on Financial Engineering 2009
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/economics/7700.html

May 3, 2010 13:34 Proceedings Trim Size: 9in x 6in 001

7

2. Eχh
T = 1 whereχh

t is the Doléans exponential defined as

χh
t := exp

{

−θ

∫ t

0
h(s)′ΣdWs −

1
2
θ2

∫ t

0
h(s)′ΣΣ′h(s)ds

+

∫ t

0

∫

Z
ln (1−G(z, h(s); θ)) Ñp(ds, dz)

+

∫ t

0

∫

Z
{ln (1−G(z, h(s); θ)) +G(z, h(s); θ)} ν(dz)ds

}

;

(9)

and

G(z, h; θ) = 1−
(

1+ h′γ(z)
)−θ (10)

Definition 2.4. We say that a control processh(t) is admissibleif h(t) ∈ A(T).

The proportion invested in the money market account ish0(t) = 1−
∑m

i=1 hi(t).
Taking this budget equation into consideration, the wealthV(t, x, h), or V(t), of
the investor in response to an investment strategyh(t) ∈ H , follows the dynamics

dV(t)
V(t−)

=
(

a0 + A′0X(t)
)

dt+ h′(t)
(

a− a01+
(

A− 1A′0
)

X(t)
)

dt

+h′(t)ΣdWt +

∫

Z
h′(t)γ(z)N̄p(dt, dz)

where1 ∈ Rm denotes them-element unit column vector and withV(0) = v.
Definingâ := a−a01 andÂ := A−1A′0, we can express the portfolio dynamics as

dV(t)
V(t−)

=
(

a0 + A′0X(t)
)

dt+ h′(t)
(

â+ ÂX(t)
)

dt+ h′(t)ΣdWt +

∫

Z
h′(t)γ(z)N̄p(dt, dz)

(11)

3. Problem Setup
3.1 Optimization Criterion

We will follow Bielecki and Pliska [11] and Kuroda and Nagai [31] and as-
sume that the objective of the investor is to maximize the long-term risk adjusted
growth of his/her portfolio of assets. In this context, the objective of the risk-
sensitive management problem is to findh∗(t) ∈ A(T) that maximizes the control
criterion

J(t, x, h; θ) := −
1
θ

ln E
[

e−θ ln V(t,x,h)
]

(12)
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By Itô, the log of the portfolio value in response to a strategy h is

ln V(t) = ln v+
∫ t

0

(

a0 + A′0X(s)
)

+ h(s)′
(

â+ ÂX(s)
)

ds−
1
2

∫ t

0
h(s)′ΣΣ′h(s)ds

+

∫ t

0
h(s)′ΣdW(s)

+

∫ t

0

∫

Z0

{

ln
(

1+ h(s)′γ(z)
)

− h(s)′γ(z)
}

ν(dz)ds

+

∫ t

0

∫

Z
ln

(

1+ h(s)′γ(z)
)

N̄p(ds, dz) (13)

Hence,

e−θ ln V(t) = v−θ exp

{

θ

∫ t

0
g(Xs, h(s); θ)ds

}

χh
t (14)

where

g(x, h; θ) =
1
2

(θ + 1) h′ΣΣ′h− a0 − A′0x− h′(â+ Âx)

+

∫

Z

{

1
θ

[

(

1+ h′γ(z)
)−θ
− 1

]

+ h′γ(z)1Z0(z)

}

ν(dz) (15)

and the Doléans exponentialχh
t is given by (9).

3.2 Change of Measure
Let Pθh be the measure on (Ω,F ) be defined as

dPθh
dP

∣

∣

∣

∣

∣

∣

Ft

:= χt (16)

For a change of measure to be possible, we must ensure that thefollowing techni-
cal condition holds:

G(z, h(s); θ) < 1

for all s ∈ [0,T] andza.s.dν. This condition is satisfied iff

h′(s)γ(z) > −1 (17)

a.s.dν, which was already one of the conditions required forh to be in classH
(Condition 3 in Definition 2.2).

P
θ
h is a probability measure forh ∈ A(T). Forh ∈ A(T),

Wh
t =Wt + θ

∫ t

0
Σ′h(s)ds
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is a standard Brownian motion under the measurePθh and we define thePθh com-
pensated Poisson measure as

∫ t

0

∫

Z
Ñh

p(ds, dz) =
∫ t

0

∫

Z
Np(ds, dz) −

∫ t

0

∫

Z
{1−G(z, h(s); θ)} ν(dz)ds

=

∫ t

0

∫

Z
Np(ds, dz) −

∫ t

0

∫

Z

{

(

1+ h′γ(z)
)−θ

}

ν(dz)ds

As a result,X(s), 0 ≤ s≤ t satisfies the SDE:

dX(s) = f
(

X(s−), h(s); θ
)

ds+ ΛdWh
s +

∫

Z
ξ(z)Ñh

p(ds, dz) (18)

where

f (x, h; θ) := b+ Bx− θΛΣ′h+
∫

Z
ξ(z)

[

(

1+ h′γ(z)
)−θ
− 1Z0(z)

]

ν(dz) (19)

We will now introduce the following two auxiliary criterionfunctions under
the measurePθh:

• the auxiliary function directly associated with the risk-sensitive control
problem:

I (v, x; h; t,T; θ) = −
1
θ

ln Eh,θ
t,x

[

exp

{

θ

∫ T

t
g(Xs, h(s); θ)ds− θ ln v

}]

(20)

whereEh,θ
t,x [·] denotes the expectation taken with respect to the measureP

θ
h

and with initial conditions (t, x).

• the exponentially transformed criterion

Ĩ (v, x, h; t,T; θ) := Eh,θ
t,x

[

exp

{

θ

∫ T

t
g(Xs, h(s); θ)ds− θ ln v

}]

(21)

which we will find convenient to use in our derivations.

We have completed our reformulation of the problem under themeasurePθh. The
state dynamics (18) is a jump-diffusion process and our objective is to maximize
the criterion (20) or alternatively minimize (21).

3.3 The HJB Equation
In this section we derive the risk-sensitive Hamilton-Jacobi-Bellman partial

integro differential equation (RS HJB PIDE) associated with the optimalcontrol
problem. Since we do not anticipate that a classical solution generally exists, we
will not attempt to derive a verification theorem. Instead, we will show that the
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value functionΦ is a solution of the RS HJB PIDE in the viscosity sense. In fact,
we will show that the value function is the unique continuousviscosity solution
of the RS HJB PIDE. This result will in turn justify the association of the RS HJB
PIDE with the control problem and replace the verification theorem we would
derive if a classical solution existed.

Let Φ be the value function for the auxiliary criterion functionI (v, x; h; t,T)
defined in (20). ThenΦ is defined as

Φ(t, x) = sup
h∈A(T)

I (v, x; h; t,T) (22)

We will show thatΦ satisfies the HJB PDE

∂Φ

∂t
(t, x) + sup

h∈J
Lh

tΦ(t,X(t)) = 0 (23)

where

Lh
tΦ(t, x) = f (x, h; θ)′DΦ +

1
2

tr
(

ΛΛ′D2Φ
)

−
θ

2
(DΦ)′ΛΛ′DΦ

+

∫

Z

{

−
1
θ

(

e−θ(Φ(t,x+ξ(z))−Φ(t,x)) − 1
)

− ξ′(z)DΦ

}

ν(dz)

− g(x, h; θ) (24)

D· = ∂·
∂x, and subject to terminal condition

Φ(T, x) = ln v (25)

Similarly, let Φ̃ be the value function for the auxiliary criterion function
Ĩ (v, x; h; t,T). ThenΦ̃ is defined as

Φ̃(t, x) = inf
h∈A(T)

Ĩ (v, x; h; t,T) (26)

The corresponding HJB PDE is

∂Φ̃

∂t
(t, x) +

1
2

tr
(

ΛΛ′D2Φ̃(t, x)
)

+ H(x, Φ̃,DΦ̃)

+

∫

Z

{

Φ̃(t, x+ ξ(z)) − Φ̃(t, x) − ξ′(z)DΦ̃(t, x)
}

ν(dz) = 0 (27)

subject to terminal condition

Φ̃(T, x) = v−θ (28)
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and where

H(s, x, r, p) = inf
h∈J

{

(

b+ Bx− θΛΣ′h(s)
)′ p+ θg(x, h; θ)r

}

(29)

for r ∈ R, p ∈ Rn and in particular,

Φ̃(t, x) = exp{−θΦ(t, x)} (30)

The supremum in (23) can be expressed as:

sup
h∈J

Lh
tΦ

= (b+ Bx)′ DΦ +
1
2

tr
(

ΛΛ′D2Φ
)

−
θ

2
(DΦ)′ΛΛ′DΦ + a0 + A′0x

+

∫

Z

{

−
1
θ

(

e−θ(Φ(t,x+ξ(z))−Φ(t,x)) − 1
)

− ξ′(z)DΦ1Z0(z)

}

ν(dz)

+ sup
h∈J

{

−
1
2

(θ + 1) h′ΣΣ′h− θh′ΣΛ′DΦ + h′(â+ Âx)

−
1
θ

∫

Z

{

(

1− θξ′(z)DΦ
)

[

(

1+ h′γ(z)
)−θ
− 1

]

+ θh′γ(z)1Z0(z)
}

ν(dz)

}

(31)

Under Assumption 2.2 the term

−
1
2

(θ + 1) h′ΣΣ′h− θh′ΣΛ′DΦ + h′(â+ Âx) −
∫

Z
h′γ(z)1Z0(z)ν(dz)

is strictly concave inh. Under Assumption 2.3, the nonlinear jump-related term

−
1
θ

∫

Z

{

(

1− θξ′(z)DΦ
)

[

(

1+ h′γ(z)
)−θ
− 1

]}

ν(dz)

simplifies to

−
1
θ

∫

Z

{[

(

1+ h′γ(z)
)−θ
− 1

]}

ν(dz)

which is also concave inh ∀z ∈ Z a.s.dν. Therefore, the supremum is reached
for a unique optimal controlh∗, which is an interior point of the setJ defined in
equation (7), and the supremum, evaluated ath∗, is finite.



RECENT ADVANCES IN FINANCIAL ENGINEERING 2009
- Proceedings of the KIER-TMU International Workshop on Financial Engineering 2009
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/economics/7700.html

May 3, 2010 13:34 Proceedings Trim Size: 9in x 6in 001

12

4. Properties of the Value Function

4.1 “Zero Beta” Policies
As in [19], we will use “zero beta” (0β) policies (initially introduced by

Black [16])).

Definition 4.1. 1.20β-policy]By reference to the definition of the functiong in
equation (15), a‘zero beta’ (0β) control policyȟ(t) is an admissible control policy
for which the functiong is independent from the state variablex.

In our problem, the setZ of 0β-policies is the set of admissible policiesȟ
which satisfy the equation

ȟ′Â = −A0

As m > n, there is potentially an infinite number of 0β-policies as long as the
following assumption is satisfied

Assumption 4.1. The matrixÂ has rank n.

Without loss of generality, we fix a 0β controlȟ as a constant function of time
so that

g(x, ȟ; θ) = ǧ

whereǧ is a constant.

4.2 Convexity

Proposition 4.1. The value functionΦ(t, x) is convex in x.

Proof. See the proof of Proposition 6.2 in [19].

Corollary 4.1. The exponentially transformed value functionΦ̃ has the following
property:∀(x1, x2) ∈ R2, κ ∈ (0, 1, ),

Φ̃(t, κx1 + (1− κ)x2) ≥ Φ̃κ(t, x1)Φ̃1−κ(t, x2) (32)

Proof. The property follows immediately from the definition ofΦ(t, x) =
− 1
θ

ln Φ̃(t, x).
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4.3 Boundedness

Proposition 4.2. The exponentially transformed value functionΦ̃ is positive and
bounded, i.e. there exists M> 0 such that

0 ≤ Φ̃(t, x) ≤ M̌ ∀(t, x) ∈ [0,T] × Rn

Proof. By definition,

Φ̃(t, x) = inf
h∈A(T )

Eh,θ
t,x

[

exp

{

θ

∫ T

t
g(Xs, h(s); θ)ds− θ ln v

}]

≥ 0

Consider the zero-beta policyȟ. By the Dynamic Programming Principle

Φ̃(t, x) ≤ e
θ

[

∫ T

t
g(X(s),ȟ;θ)ds−ln v

]

= eθ[ǧ(T−t)−ln v]

which concludes the proof.

4.4 Growth

Assumption 4.2. There exist2n constant controls̄hk, k = 1, . . . , 2n such that the
2n functionsβk : [0,T] → Rn defined by

βk(t) = θB−1
(

1− eB(T−t)
) (

A0 + h̄kÂ
)

(33)

and2n functionsαk : [0,T] → R defined by

α(t) = −
∫ T

t
q(s)ds (34)

where

q(t) :=

(

b− θΛΣ′h̄+
∫

Z
ξ(z)

[

(

1+ h̄k′γ(z)
)−θ
− 1Z0(z)

]

ν(dz)

)′

βk′ (t)

+
1
2

tr
(

ΛΛ′βk′ (t)βk(t)
)

+

∫

Z

{

eβ
kξ(z) − 1− ξ′(z)βk′ (t)

}

ν(dz)

+
1
2
θ (θ + 1) h̄k′ΣΣ′h̄k − θa0 − θâ

+ θ

∫

Z

{

1
θ

[

(

1+ h̄k′γ(z)
)−θ
− 1

]

+ h̄k′γ(z)1Z0(z)

}

ν(dz)

exist and for i= 1, . . . , n satisfy:

βi
i(t) < 0

βn+i
i (t) > 0 (35)

whereβi
j(t) denotes the jth component of the vectorβi(t).
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Remark 4.1. Key to this assumption is the condition (35) which imposes a spe-
cific constraint on one element of each of the 2n vectorsβk(t). To clarify the
structure of this constraint, defineM−

β
as the squaren× n matrix whosei-th col-

umn (withi = 1, . . . , n) is then-element column vectorβi(t). Then all the elements
m−j j , j = 1, . . . ,mon the diagonal ofM−β are such that

m−j j = β
j
j(t) < 0

Similarly, defineM+
β

as the squaren × n matrix whosei-th column (withi =

1, . . . , n) is then-element column vectorβn+i(t). Then all the elementsm+j j , j =
1, . . . ,mon the diagonal ofM+β are such that

m+j j = β
n+ j
j (t) > 0

Note that there is no requirement for eitherM−β or M+β to have full rank.
It would in fact be perfectly acceptable to have rank 1 as a result of column
duplication.

Remark 4.2. For the functionβk in equation (33) to exists,B must be invertible.
Moreover, the existence of 2n constant controls̄hk, k = 1, . . . , 2n such that (33)
satisfies (35) is only guaranteed whenJ = Rn. However, since finding the controls
is equivalent to solving a system of at mostn inequalities withm variables and
m > n, it is likely that one could find constant controls after someadjustments to
the elements of the matricesA0,A, B or to the maximum jump size allowed.

Proposition 4.3. Suppose Assumption 4.2 holds and consider the2n constant
controlsh̄k, k = 1, . . . , 2n parameterizing the4n functions

αk : [0,T] → R, k = 1, . . . , 2n

βk : [0,T] → Rn, k = 1, . . . , 2n

such that for i= 1, . . . , n,

βi
i(t) < 0

βn+i
i (t) > 0

whereβi
j(t) denotes the j-th component of the vectorβi(t). Then we have the

following upper bounds:

Φ̃(t, x) ≤ eα
k(t)+βk′ (t)x

in each element xi , i = 1, . . . , n of x.
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Proof. SettingZ = Rn − {0} and recalling that the dynamics of the state variable
X(t) under thePθh-measure is given by

dX(t) = f (X(t−), h(t); θ) + ΛdWh
t +

∫

Rn
ξ(z)Ñh

p(dt, dz)

we note that the associated Lévy measure ˜ν can be defined via the map:

ν̃ = ν ◦ ξ−1 (36)

We will now limit ourselves the classHc of constant controls. By the opti-
mality principle, for an arbitrary admissible constant control policy h̄, we have

Φ̃(t, x) ≤ Ĩ (x; h̄; t,T) ≤ Et,x

[

exp

{

θ

∫ T

t
g(Xs, h̄)ds− θ ln v

}]

:=W(t, x) (37)

In this setting, we note that the functiong is an affine function of the affine pro-
cessX(t). Affine process theory (See Appendix A in Duffie and Singleton [24],
Duffie, Pan and Singleton [23] or Duffie, Filipovic and Schachermayer [21] for
more details on the properties of affine processes) leads us to expect that the ex-
pectation on the right-hand side of equation (37) takes the form

W(t, x) = exp{α(t) + β(t)x} (38)

where

α : t ∈ [0,T] → R

β : t ∈ [0,T] → Rn

are functions solving two ODEs.
Indeed, applying the Feynman-Kac formula, we find that the functionW(t, x)

satisfies the integro-differential PDE:

∂W
∂t
+

(

b+ BXs− θΛΣ
′h̄+

∫

Z
ξ(z)

[

(

1+ h̄′γ(z)
)−θ
− 1Z0(z)

]

ν(dz)

)′

DW(t, x)

+
1
2

tr
(

ΛΛ′D2W(t, x)
)

+

∫

Z

{

W(t, x+ ξ(z)) −W(t, x) − ξ′(z)DW(t, x)
}

ν(dz)

+ θg(x, h̄; θ)W(t, x)

= 0

subject to terminal conditioñΦ(T, x) = v−θ.
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Now, taking a candidate solution of the form

W(t, x) = exp{α(t) + β(t)x}

we have

∂W
∂t
=

(

˙α(t) + β̇(t)x
)

W(t, x)

DW = β′(t)W(t, x)

D2W = β′(t)β(t)W(t, x)

Substituting into the PDE, we get

(

˙α(t) + β̇(t)x
)

W(t, x)

+

(

b+ Bx− θΛΣ′h̄+
∫

Z
ξ(z)

[

(

1+ h′γ(z)
)−θ
− 1Z0(z)

]

ν(dz)

)′

β′(t)W(t, x)

+
1
2

tr
(

ΛΛ′β′(t)β(t)
)

W(t, x)

+

∫

Z

{

W(t, x+ ξ(z)) −W(t, x) − ξ′(z)β′(t)W(t, x)
}

ν(dz)

+ θ

(

1
2

(θ + 1) h̄′ΣΣ′h̄− a0 − A′0x− h̄′(â+ Âx)

+

∫

Z

{

1
θ

[

(

1+ h′γ(z)
)−θ
− 1

]

+ h̄′γ(z)1Z0(z)

}

ν(dz)

)

W(t, x)

= 0

Dividing by W(t, x) and rearranging, we get

(

β̇(t) + B′β′(t) − θA′0 − θh̄
′Â

)

x

= −

(

˙α(t) +

(

b− θΛΣ′h̄+
∫

Z
ξ(z)

[

(

1+ h̄′γ(z)
)−θ
− 1Z0(z)

]

ν(dz)

)′

β′(t)

+
1
2

tr (ΛΛ′β′(t)β(t)) +
∫

Z

{

eβξ(z) − 1− ξ′(z)β′(t)
}

ν(dz)

+
1
2
θ (θ + 1) h̄′ΣΣ′h̄− θa0 − θâ+ θ

∫

Z

{

1
θ

[

(

1+ h̄′γ(z)
)−θ
− 1

]

+ h̄′γ(z)1Z0(z)

}

ν(dz)

)

Since the left-hand side is independent from the right-handside, then both sides
are orthogonal. As a result we now only need to solve the two ODEs

β̇(t) + B′β′(t) − θA′0 − θh̄
′Â = 0 (39)
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and

α̇(t) +

(

b− θΛΣ′h̄+
∫

Z
ξ(z)

[

(

1+ h̄′γ(z)
)−θ
− 1Z0(z)

]

ν(dz)

)′

β′(t)

+
1
2

tr (ΛΛ′β′(t)β(t)) +
∫

Z

{

eβξ(z) − 1− ξ′(z)β′(t)
}

ν(dz)

+
1
2
θ (θ + 1) h̄′ΣΣ′h̄− θa0 − θâ+ θ

∫

Z

{

1
θ

[

(

1+ h̄′γ(z)
)−θ
− 1

]

+ h̄′γ(z)1Z0(z)

}

ν(dz)

= 0 (40)

to obtain the value ofW(t, x). The ODE (39) forβ is linear and admits the solution

β(t) = θB−1
(

1− eB(T−t)
) (

A0 + h̄kÂ
)

(41)

As for the ODE (40) forα, we only need to integrate to get

α(t) = −
∫ T

t
q(s)ds (42)

where

q(t) :=

(

b− θΛΣ′h̄+
∫

Z
ξ(z)

[

(

1+ h̄′γ(z)
)−θ
− 1Z0(z)

]

ν(dz)

)′

β′(t)

+
1
2

tr (ΛΛ′β′(t)β(t)) +
∫

Z

{

eβξ(z) − 1− ξ′(z)β′(t)
}

ν(dz)

+
1
2
θ (θ + 1) h̄′ΣΣ′h̄− θa0 − θâ+ θ

∫

Z

{

1
θ

[

(

1+ h̄′γ(z)
)−θ
− 1

]

+ h̄′γ(z)1Z0(z)

}

ν(dz)

Observe thatW(t, x) is increasing inxi , the i-th element ofx, if βi > 0, and
conversely,W(t, x) is decreasing inxi if βi < 0,

Equations (41) and (42) are respectively equations (33) and(34) from As-
sumption 4.2. By Assumption 4.2, there exists 2n constant controls̄hk, k =
1, . . . , 2n such that fori = 1, . . . , n,

βi
i(t) < 0

βn+i
i (t) > 0

whereβi
j(t) denotes thejth component of the vectorβi(t). We can now conclude

that we have the following upper bounds

Φ̃(t, x) ≤ eα
k(t)+βk′ (t)x

for each elementxi , i = 1, . . . , n of x.
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Remark 4.3. To obtain the upper bounds and the asymptotic behaviour, we do
not need the 2n constant controls to be pairwise different. In fact, we need at least
2 different controls and at most 2n different controls. Moreover, we could consider
wider classes of controls extending beyond constant controls. This would require
some modifications to the proof but would also alleviate the assumptions required
for the result to hold.

Remark 4.4. For a given constant control̄h, equation (39) is a linearn-
dimensional ODE. However, if in the dynamics of the state variableX(t),Λ andΞ
depended onX, the ODE would be nonlinear. Once ODE (39) is solved, obtaining
α(t) from equation (40) is a simple matter of integration.

Remark 4.5. For a given constant controlh, given x ∈ Rn and t ∈ [0,T], the
solution of ODE (39) is the same whether the dynamics ofS(t) andX(t) is the
jump diffusion considered here or the corresponding pure diffusion model. The
converse is, however, not true since in the pure diffusion settingh ∈ Rm, while in
the jump diffusion caseh ∈ J ⊂ Rm.

5. Viscosity Solution Approach
In recent years, viscosity solutions have gained a widespread acceptance as an

effective technique to obtain a weak sense solution for HJB PDEswhen no classi-
cal (i.e.C1,2) solution can be shown to exist, which is the case for many stochastic
control problems. Viscosity solutions also have a very practical interest. Indeed,
once a solution has been interpreted in the viscosity sense and the uniqueness of
this solution has been proved via a comparison result, the fundamental ‘stability’
result of Barles and Souganidis [8] opens the way to a numerical resolution of
the problem through a wide range of schemes. Readers interested in an overview
of viscosity solutions should refer to the classic article by Crandall, Ishii and Li-
ons [17], the book by Fleming and Soner [26] and Øksendal and Sulem [30], as
well as the notes by Barles [5] and Touzi [34].

While the use of viscosity solutions to solve classical diffusion-type stochastic
control problems has been extensively studied and surveyed(see Fleming and
Soner [26] and Touzi [34]), this introduction of a jump-related measure makes the
jump-diffusion framework more complex. As a result, so far no general theory
has been developed to solve jump-diffusion problems. Instead, the assumptions
made to derive a comparison result are closely related to what the specific problem
allows. Broadly speaking, the literature can be split alongtwo lines of analysis,
depending on whether the measure associated with the jumps is assumed to be
finite.

In the case when the jump measure is finite, Alvarez and Tourin[1] consider
a fairly general setting in which the jump term does not need to be linear in the
functionu which solves the integro-differential PDE. In this setting, Alvarez and
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Tourin develop a comparison theorem that they apply to a stochastic differential
utility problem. Amadori [3] extends Alvarez and Tourin’s analysis to price Eu-
ropean options. Barles, Buckdahn and Pardoux [6] study the viscosity solution of
integro-differential equations associated with backward SDEs (BSDEs).

The Lévy measure is the most extensively studied measure with singularities.
Pham [33] derives a comparison result for the variational inequality associated
with an optimal stopping problem. Jakobsen and Karlsen [29]analyse in detail
the impact of the Lévy measure’s singularity and propose a maximum principle.
Amadori, Karlsen and La Chioma [4] focus on geometric Lévy processes and the
partial integro differential equations they generate before applying their results
to BSDEs and to the pricing of European and American derivatives. A recent
article by Barles and Imbert [7] takes a broader view of PDEs and their non-
local operators. However, the authors assume that the nonlocal operator is broadly
speaking linear in the solution which may prove overly restrictive in some cases,
including our present problem.

As far as our jump diffusion risk-sensitive control problem is concerned, we
will promote a general treatment and avoid restricting the class of the compen-
satorν. At some point, we will however needν to be finite. This assumption will
only be made for a purely technical reason arising in the proof of the comparison
result (in Section 6). Since the rest of the story is still valid if ν is not finite, and in
accordance with our goal of keeping the discussion as broad as possible, we will
write the rest of the article in the spirit of a general compensatorν.

5.1 Definitions
Before proceeding further, we will introduce the followingdefinition:

Definition 5.1. The upper semicontinuous envelopeu∗(x) of a functionu at x is
defined as

u∗(x) = lim sup
y→x

u(y)

and the lower semicontinuous envelopeu∗(x) of u(x) is defined as

u∗(x) = lim inf
y→x

u(y)

Note in particular the fundamental inequality between a function and its upper and
lower semicontinuous envelopes:

u∗ ≤ u ≤ u∗

The theory of viscosity solutions was initially developed for elliptical PDEs
of the form

H(x, u,Du,D2u) = 0
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and parabolic PDEs of the form

∂u
∂t
+ H(x, u,Du,D2u) = 0

for what Crandall, Ishii and Lions [17] term a “proper” functionalH(x, r, p,A).

Definition 5.2. A functional H(x, r, p,A) is said to beproper if it satisfies the
following two properties:

1. (degenerate) ellipticity:

H(x, r, p,A) ≤ H(x, r, p, B), B ≤ A

and

2. monotonicity
H(x, r, p,A) ≤ H(x, s, p,A), r ≤ s

In our problem, the functionalF defined as

F(x, p,A) := − sup
h∈J

{

f (x, h)′p+
1
2

tr
(

ΛΛ′A
)

−
θ

2
p′ΛΛ′p

+

∫

Z

{

−
1
θ

(

e−θ(Φ(t,x+ξ(z))−Φ(t,x)) − 1
)

− ξ′(z)p

}

ν(dz)

− g(x, h)} (43)

plays a similar role to the functionalH in the general equation (43), and we note
that it is indeed “proper”. As a result, we can develop a viscosity approach to
show that the value functionΦ is the unique solution of the associated RS HJB
PIDE.

We now give two equivalent definitions of viscosity solutions adapted from
Alvarez and Tourin [1]:

• a definition based on the notion of semijets;

• a definition based on the notion of test function

Before introducing these two definitions, we need to define parabolic semijet of
upper semicontinuous and lower semicontinuous functions and to add two addi-
tional conditions.

Definition 5.3. Let u ∈ USC([0,T] × Rn) and (t, x) ∈ [0,T] × Rn. We define:
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• the Parabolic superjetP2,+
u as

P2,+
u := {(p, q,A) ∈ R × Rn × Sn :

u(s, y) ≤ u(s, x) + p(s− t) + 〈q, y− x〉 +
1
2
〈A(y− x), y− x〉

+o(|s− t| + |y− x|2) as (s, y)→ (t, x)
}

• the closure of the Parabolic superjetP
2,+
u as

P
2,+
u :=

{

(p, q,A) = lim
k→∞

(pk, qk,Ak) with (pk, qk,Ak) ∈ P
2,+
u

and lim
k→∞

(tk, xk, u(tk, xk)) = (t, x, u(t, x))
}

Let u ∈ LSC([0,T] × Rn) and (t, x) ∈ [0,T] × Rn. We define:

• the Parabolic subjetP2,−
u asP2,−

u := −P2,+
u , and

• the closure of the Parabolic subjetP
2,−
u asP

2,−
u = −P

2,+
u

Condition 5.1. Let (t, x) ∈ [0,T] × Rn and (p, q,A) ∈ P2,+u(t, x), there areϕ ∈
C(Rn), ϕ ≥ 1 andR> 0 such that for

((s, y), z) ∈ (BR(t, x) ∩ ([0,T] × Rn)) × Z,

∫

Z

{

−
1
θ

(

e−θ(u(s,y+ξ(z))−u(s,y)) − 1
)

− ξ′(z)q

}

ν(dz) ≤ ϕ(y)

Condition 5.2. Let (t, x) ∈ [0,T] × Rn and (p, q,A) ∈ P2,−u(t, x), there areϕ ∈
C(Rn), ϕ ≥ 1 andR> 0 such that for

((s, y), z) ∈ (BR(t, x) ∩ ([0,T] × Rn)) × Z,

∫

Z

{

−
1
θ

(

e−θ(u(s,y+ξ(z))−u(s,y)) − 1
)

− ξ′(z)q

}

ν(dz) ≥ −ϕ(y)

The purpose of these conditions onu and v is to ensure that the jump term is
semicontinuous at any given point (t, x) ∈ [0,T]×Rn (see Lemma 1 and Conditions
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(6) and (7) in [1]). In our setting, we note that since the value functionΦ and the
functionx 7→ ex are locally bounded, these two conditions are satisfied.

Remark 5.1. Note that the jump-related integral term

∫

Z

{

−
1
θ

(

e−θ(u(s,y+ξ(z))−u(s,y)) − 1
)

− ξ′(z)q

}

ν(dz)

is well defined when (p, q,A) ∈ P2,±
u . First, by Taylor,

∫

Z

{

−
1
θ

(

e−θ(u(s,y+ξ(z))−u(s,y)) − 1
)

− ξ′(z)q

}

ν(dz)

=

∫

Z

{

(u(s, y+ ξ(z)) − u(s, y)) −
θ

2
(u(s, y+ ξ(z)) − u(s, y))2

+
θ2

3!
(u(s, y+ ξ(z)) − u(s, y))3 + . . . − ξ′(z)q

}

ν(dz)

By definition of the Parabolic superjetP2,+
u , for t = s, the pair (q,A) satisfies the

inequality

u(s, y+ ξ(z)) − u(s, y) − ξ′(z)q ≤
1
2
ξ′(z)Aξ(z) + o(|ξ(z)|2)

Similarly, by definition of the Parabolic subjetP2,−
u , for t = s, the pair (q,A)

satisfies the inequality

u(s, y+ ξ(z)) − u(s, y) − ξ′(z)q ≥
1
2
ξ′(z)Aξ(z) + o(|ξ(z)|2)

Thus, ifu is a viscosity solution, we have

u(s, y+ ξ(z)) − u(s, y) − ξ′(z)q =
1
2
ξ′(z)Aξ(z) + o(|ξ(z)|2)

and the jump-related integral is equal to

∫

Z

{

−
1
θ

(

e−θ(u(s,y+ξ(z))−u(s,y)) − 1
)

− ξ′(z)q

}

ν(dz)

=

∫

Z

{

−
θ

2
(u(s, y+ ξ(z)) − u(s, y))2 +

1
2
ξ′(z)Aξ(z) + o(|ξ(z)|2)

}

ν(dz)

which is well-defined.
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Definition 5.4. A locally bounded functionu ∈ USC([0,T] ×Rn) satisfying Con-
dition 5.1 is a viscosity subsolution of (23), if for allx ∈ Rn, u(T, x) ≤ g0(x), and
for all (t, x) ∈ [0,T] × Rn, (p, q,A) ∈ P2,+u(t, x), we have

−p+ F(x, q,A) −
∫

Z

{

−
1
θ

(

e−θ(u(t,x+ξ(z))−u(t,x)) − 1
)

− ξ′(z)q

}

ν(dz) ≤ 0

A locally bounded functionu ∈ LSC([0,T] × Rn) satisfying Condition 5.2 is
a viscosity supersolution of (23), if for allx ∈ Rn, u(T, x) ≥ g0(x), and for all
(t, x) ∈ [0,T] × Rn, (p, q,A) ∈ P2,−u(t, x), we have

−p+ F(x, q,A) −
∫

Z

{

−
1
θ

(

e−θ(u(t,x+ξ(z))−u(t,x)) − 1
)

− ξ′(z)q

}

ν(dz) ≥ 0

A locally bounded functionΦ whose upper semicontinuous and lowersemi-
continuous envelopes are a viscosity subsolution and a viscosity supersolution
of (23) is a viscosity solution of (23).

Definition 5.5. A locally bounded functionu ∈ USC([0,T] × Rn) is a viscosity
subsolution of (23), if for allx ∈ Rn, u(T, x) ≤ g0(x), and for all (t, x) ∈ [0,T]×Rn,
ψ ∈ C2([0,T] × Rn) such thatu(t, x) = ψ(t, x), u < ψ on [0,T] × Rn\ {(t, x)}, we
have

−
∂ψ

∂t
+ F(x,Dψ,D2ψ) −

∫

Z

{

−
1
θ

(

e−θ(ψ(t,x+ξ(z))−ψ(t,x)) − 1
)

− ξ′(z)Dψ

}

ν(dz) ≤ 0

A locally bounded functionv ∈ LSC([0,T] × Rn) is a viscosity supersolution
of (23), if for all x ∈ Rn, v(T, x) ≥ g0(x), and for all (t, x) ∈ [0,T] × Rn, ψ ∈
C2([0,T] × Rn) such thatv(t, x) = ψ(t, x), v > ψ on [0,T] × Rn\ {(t, x)}, we have

−
∂ψ

∂t
+ F(x,Dψ,D2ψ) −

∫

Z

{

−
1
θ

(

e−θ(ψ(t,x+ξ(z))−ψ(t,x)) − 1
)

− ξ′(z)Dψ

}

ν(dz) ≥ 0

A locally bounded functionΦ whose upper semicontinuous and lower semi-
continuous envelopes are a viscosity subsolution and a viscosity supersolution
of (23) is a viscosity solution of (23).

We would have similar definition for the viscosity supersolution, subsolution
and solution of equation (27). Once again, the superjet and test function formu-
lations are strictly equivalent (see Alvarez and Tourin [1]and Crandall, Ishii and
Lions [17]).

Remark 5.2. A more classical but also more restrictive definition of viscosity
solution is as the continuous function which is both a supersolution and a sub-
solution of (23) (see Definition 5.1 in Barles [5]). The line of reasoning we will
follow will make full use of the latitude afforded by our definition and we will
have to wait until the comparison result is established in Section 6 to prove the
continuity of the viscosity solution.
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5.2 Characterization of the Value Function as a Viscosity Solution
To show that the value function is a (discontinuous) viscosity solution of the

associated RS HJB PIDE (23), we follow an argument by Touzi [34] which en-
ables us to make a greater use of control theory in the derivation of the proof.

Theorem 5.1.Φ is a (discontinuous) viscosity solution of the RS HJB PIDE(23)
on [0,T] × Rn, subject to terminal condition(25).

Proof.

Outline: This proof can be decomposed in five steps. First, we defineΦ̃ as
a log transformation ofΦ. In the next three steps, we prove thatΦ̃ is a viscosity
solution of the exponentially transformed RS HJB PIDE by showing that it is 1) a
viscosity subsolution; 2) a viscosity supersolution; and hence 3) a viscosity solu-
tion. Finally, applying a change of variable result, such asProposition 2.2 in [34],
we conclude thatΦ is a viscosity solution of the RS HJB PIDE (23).

Step 1: Exponential Transformation

In order to prove that the value functionΦ is a (discontinuous) viscosity so-
lution of (23), we will start by proving that the exponentially transformed value
functionΦ̃ is a (discontinuous) viscosity solution of (27).

Step 2: Viscosity Subsolution

Let (t0, x0) ∈ Q := [0, t] × Rn andu ∈ C1,2(Q) satisfy

0 = (Φ̃∗ − u)(t0, x0) = max
(t,x)∈Q

(Φ̃∗(t, x) − u(t, x)) (44)

and hence
Φ̃ ≤ Φ̃∗ ≤ u (45)

on Q.
Let (tk, xk) be a sequence inQ such that

lim
k→∞

(tk, xk) = (t0, x0)

lim
k→∞
Φ̃(tk, xk) = Φ̃

∗(t0, x0)

and define the sequence{ξ}k asξk := Φ̃(tk, xk) − u(tk, xk). Sinceu is of classC1,2,
limk→∞ ξk = 0.
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Fix h ∈ J and consider a constant controlĥ = h. Denote byXk the state
process with initial dataXk

tk = xk and, fork > 0, define the stopping time

τk := inf
{

s> tk : (s− tk,X
k
s − xk) < [0, δk) × αBn

}

for a given constantα > 0 and whereBn is the unit ball inRn and

δk :=
√

ξk
(

1− 1{0}(ξk)
)

+ k−11{0}(ξk)

From the definition ofτk, we see that limk→∞ τk = t0.
By the Dynamic Programming Principle,

Φ̃(tk, xk) ≤ Etk,xk

[

exp

{

θ

∫ τk

tk

g(Xs, ĥs; θ)ds

}

Φ̃(τk,X
k
τk

)

]

whereEtk,xk [·] represents the expectation under the measureP given initial data
(tk, xk).

By inequality (45),

Φ̃(tk, xk) ≤ Etk,xk

[

exp

{

θ

∫ τk

tk

g(Xs, ĥs)ds

}

u(τk,X
k
τk

)

]

and hence by definition ofξk,

u(tk, xk) + ξk ≤ Etk,xk

[

exp

{

θ

∫ τk

tk

g(Xs, ĥs)ds

}

u(τk,X
k
τk

)

]

i.e.

ξk ≤ Etk,xk

[

exp

{

θ

∫ τk

tk

g(Xs, ĥs)ds

}

u(τk,X
k
τk

)

]

− u(tk, xk)

DefineZ(tk) = θ
∫ τk

tk
g(Xs, ĥs)ds, then

d
(

eZs
)

:= θg(Xs, ĥs)eZsds

Also, by Itô,

dus =

{

∂u
∂s
+Lu

}

ds+ Du′Λ(s)dWs

+

∫

Z

{

u
(

s,X(s−) + ξ(z)
)

− u
(

s,X(s−)
)}

Ñp(ds, dz)

for s ∈ [tk, τk] and where the generatorL of the state processX(t) is defined as

Lu(t, x) := f (t, x, h; θ)′Du+
1
2

tr
(

ΛΛ′(t,X)D2u
)

(46)
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By the Itô product rule, and sincedZs · us = 0, we get

d
(

use
Zs
)

= usd
(

eZs
)

+ eZsdus

and hence fort ∈ [tk, τk]

u(t,Xk
t )eZt = u(tk, xk)eZtk + θ

∫ t

tk

u(s,Xk
s)g(Xk

s, ĥs)eZsds

+

∫ t

tk

(

∂u
∂s

(s,Xk
s) +Lu(s,Xk

s)e
Zs

)

ds+
∫ t

tk

Du′Λ(s)dWs

+

∫ t

tk

∫

Z

{

u
(

t,Xk(s−) + ξ(z)
)

− u
(

t,Xk(s−)
)}

Ñp(dt, dz)

Noting thatu(tk, xk)eZtk = u(tk, xk) and taking the expectation with respect to the
initial data (tk, xk), we get

Etk,xk

[

u(t,Xt)eZt
]

= u(tk, xk)eZtk + Etk,xk

[∫ t

tk

(

∂u
∂s

(s,Xs) +Lu(s,Xs) + θu(s,Xs)g(Xs, ĥs)

)

eZsds

]

In particular, fort = τk,

ξk ≤ Etk,xk

[

u(τk,Xτk)e
Zτk

]

− u(tk, xk)eZtk

= +Etk,xk

[∫ τk

tk

(

∂u
∂s

(s,Xs) +Lu(s,Xs) + θu(s,Xs)g(Xs, ĥs)

)

eZsds

]

and thus

ξk

δk
≤

1
δk

(

Etk,xk,

[

u(τk,Xτk)e
Zτk

]

− u(tk, xk)eZtk

)

=
1
δk

(

Etk,xk

[
∫ τk

tk

(

∂u
∂s

(s,Xs) + Lu(s,Xs) + θu(s,Xs)g(Xs, ĥs)

)

eZsds

])

As k→ ∞, tk → t0, τk → t0, ξk

δk
→ 0 and

1
δk

(

Etk,xk

[
∫ t

tk

(

∂u
∂s

(s,Xs) +Lu(s,Xs) + θu(s,Xs)g(Xs, ĥs)

)

eZsds

])

→
∂u
∂s

(s,Xs) +Lu(s,Xs) + θu(s,Xs)g(Xs, ĥs)
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a.s. by the Bounded Convergence Theorem, since the random variable

1
δk

∫ t

tk

(

∂u
∂s

(s,Xs) +Lu(s,Xs) + θu(s,Xs)g(Xs, ĥs)

)

eZsds

is bounded for large enoughk.
Hence, we conclude that sinceĥs is arbitrary,

∂u
∂s

(s,Xs) +Lu(s,Xs) + θu(s,Xs)g(Xs, ĥs) ≥ 0

i.e.

−
∂u
∂s

(s,Xs) − Lu(s,Xs) − θu(s,Xs)g(Xs, ĥs) ≤ 0

This argument proves thatΦ̃ is a (discontinuous) viscosity subsolution of the
PDE (27) on [0, t) × Rn subject to terminal conditioñΦ(T, x) = eg0(x;T).

Step 3: Viscosity Supersolution

This step in the proof is a slight adaptation of the proof for classical control
problems in Touzi [34]. Let (t0, x0) ∈ Q andu ∈ C1,2(Q) satisfy

0 = (Φ̃∗ − u)(t0, x0) < (Φ̃∗ − u)(t, x) for Q\(t0, x0) (47)

We intend to prove that at (t0, x0)

∂u
∂t

(t, x) + inf
h∈H

{

Lhu(t, x) − θg(x, h)
}

≤ 0

by contradiction. Thus, assume that

∂u
∂t

(t, x) + inf
h∈H

{

Lhu(t, x) − θg(x, h)
}

> 0 (48)

at (t0, x0).
SinceLhu is continuous, there exists an open neighbourhoodNδ of (t0, x0)

defined forδ > 0 as

Nδ := {(t, x) : (t − t0, x− x0) ∈ (−δ, δ) × δBn, and (48) holds} (49)

Note that by (47) and sincẽΦ > Φ̃∗ > u,

min
Q\Nδ

(

Φ̃ − u
)

> 0

Forρ > 0, consider the setJρ of ρ-optimal controlshρ satisfying

Ĩ (t0, x0, h
ρ) ≤ Φ̃(t0, x0) + ρ (50)
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Also, letε > 0, ε ≤ γ be such that

min
Q\Nδ

(

Φ̃ − u
)

≥ 3εe−δθMδ > 0 (51)

whereMδ is defined as

Mδ := max
(t,x)∈N J

δ
,h∈Jρ

(−g(x, h), 0)

for

N J
δ := {(t, x) : (t − t0, x− x0) ∈ (−δ, δ) × (ζ + δ)Bn} (52)

and

ζ := max
z∈Z
‖ξ(z)‖

Note thatζ < ∞ by boundedness ofξ(z) and thusMδ < ∞.
Now let (tk, xk) be a sequence inNδ such that

lim
k→∞

(tk, xk) = (t0, x0)

and
lim
k→∞
Φ̃(tk, xk) = Φ̃∗(t0, x0)

Since (̃Φ − u)(tk, xk)→ 0, we can assume that the sequence (tk, xk) satisfies

|(Φ̃ − u)(tk, xk)| ≤ ε, for k ≥ 1 (53)

for ε defined by (51).
Consider theε-optimal controlhεk, denote byX̃ε

k the controlled process defined
by the control processhεk and introduce the stopping time

τk := inf
{

s> τk : (s, X̃ε
k(s)) < Nδ

}

Note that since we assumed that−∞ ≤ ξmin
i ≤ ξi ≤ ξ

max
i < ∞ for i = 1, . . . , n and

sinceν is assumed to be bounded thenX(τ) is also finite and in particular,

(Φ̃ − u)(τk, X̃
ε
k(τk)) ≥ (Φ̃∗ − u)(τk, X̃

ε
k(τk)) ≥ 3εe−δθMδ (54)

ChooseN J
δ

so that (τ, X̃ε(τ)) ∈ N J
δ
. In particular, sinceXε(τ) is finite then

N J
δ

can be defined to be a strict subset ofQ and we can effectively use the local
boundedness ofg to establishMδ.
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Let Z(tk) = θ
∫ τ̄k

tk
g(X̃ε

s, h
ε
s)ds, sinceΦ̃ ≥ Φ̃∗ and by (53) and (54),

Φ̃(τk, X̃
ε
k(τk))e

Z(τk) − Φ̃(tk, xk)e
Z(tk)

≥ u(τk, X̃
ε
k(τk))e

Z(τk) − Φ̃(tk, xk)e
Z(tk) + 3εe−δθMδeZ(τk) − ε

≥

∫ τk

tk

d
(

u(s, X̃ε
k(s))eZs

)

+ 2ε

i.e.

Φ̃(tk, xk) ≤ Φ̃(τk, X̃
ε
k(τk))eZ(τk) −

∫ τk

tk

d
(

u(s, X̃ε
k(s))eZs

)

− 2ε

Taking expectation with respect to the initial data (tk, xk),

Φ̃(tk, xk) ≤ Etk,xk

[

Φ̃(τk, X̃
ε
k(τk))eZ(τk) −

∫ τk

tk

d
(

u(s, X̃ε
k(s))eZs

)

]

− 2ε

Note that by the Itô product rule,

d
(

u(s, X̃ε
k(s))eZs

)

= usd
(

eZs
)

+ eZsdus

=
∂u
∂t

(t, x) +Lhu(t, x) + θg(x, h)

Since we assumed that

−
∂u
∂t

(t, x) − Lhu(t, x) − θg(x, h) < 0

then

−

∫ τk

tk

d
(

u(s, X̃ε
k(s))ezs

)

< 0

and therefore

Φ̃(tk, xk) ≤ Etk,xk

[

Φ̃(τk, X̃
ε
k(τk))e

Z(τk) −

∫ τk

tk

d
(

u(s, X̃ε
k(s))eZs

)

]

− 2ε

≤ −2ε + E
[

exp

{

θ

∫ τk

tk

g(Xs, h
ε
k(s))ds

}

Φ̃(τk, X̃
ε
k(τk))

]

≤ −2ε + Ĩ (tk, xk, h
ε
k)

≤ Φ̃(tk, xk) − ε



RECENT ADVANCES IN FINANCIAL ENGINEERING 2009
- Proceedings of the KIER-TMU International Workshop on Financial Engineering 2009
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/economics/7700.html

May 3, 2010 13:34 Proceedings Trim Size: 9in x 6in 001

30

where the third inequality follows from the Dynamic Programming Principle and
the last inequality follows from the definition ofε-optimal controls (see equa-
tion (50)).

Hence, equation (48),

∂u
∂t

(t, x) + inf
h∈H

{

Lhu(t, x) − θg(x, h)
}

> 0

is false and we have shown that

∂u
∂t

(t, x) + inf
h∈H

{

Lhu(t, x) − θg(x, h)
}

≤ 0

This argument therefore proves thatΦ̃ is a (discontinuous) viscosity superso-
lution of the PDE (27) on [0, t)×Rn subject to terminal conditioñΦ(T, x) = eg0(x;T).

Step 4: Viscosity Solution

SinceΦ̃ is both a (discontinuous) viscosity subsolution and a supersolution
of (27), it is a (discontinuous) viscosity.

Step 5: Conclusion

Since by assumptionΦ is locally bounded, so is̃Φ. In addition,ϕ(x) = e−θx is
of classC1(R). Also we note thatdϕdx < 0. By the change of variable property (see
for example Proposition 2.2 in Touzi [34]), we see that

1. sinceΦ̃ is a (discontinuous) viscosity subsolution of (27),Φ = ϕ−1 ◦ Φ̃ is a
(discontinuous) viscosity supersolution of (23);

2. sinceΦ̃ is a (discontinuous) viscosity supersolution of (27),Φ = ϕ−1 ◦ Φ̃ is
a (discontinuous) viscosity subsolution of (23).

and thereforeΦ is a (discontinuous) viscosity solution of (23) on [0, t)×Rn subject
to terminal conditionΦ̃(T, x) = eg0(x;T).

We also note the following corollary:

Corollary 5.1.

(i) Φ∗ is a upper semicontinuous viscosity subsolution, and;

(ii) Φ∗ is a lower semicontinuous viscosity supersolution of the RSHJB PIDE(23)
on [0,T] × Rn, subject to terminal condition(25).

As a result of this corollary, we note thatΦ∗, Φ∗ andΦ are respectively a
viscosity subsolution, supersolution, and solution in thesense of Definitions 5.4
and 5.5.
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6. Comparison Result
Once we have characterized the class of viscosity solutionsassociated with a

given problem, the next task is to prove that the problem actually admits a unique
viscosity solution by establishing a comparison theorem. Comparison theorems
are the cornerstone of the application of viscosity theory.Their main use is to
prove uniqueness, and in our case continuity, of the viscosity solution. Although
a set of, by now fairly standard, techniques can be applied inthe proof, the com-
parison theoremper seis generally customized to address both the specificities of
the PDE and the requirements of the general problem.

We face three main difficulties in establishing a comparison result for our risk-
sensitive control problem. The first obstacle is the behaviour of the value func-
tion Φ at infinity. In the pure diffusion case or LEQR case solved by Kuroda
and Nagai [31], the value function is quadratic in the state and is therefore
not bounded forx ∈ Rn. Consequently, there is no reason to expect the so-
lution to the integro-differential RS HJB PIDE (23) to be bounded. The sec-
ond hurdle is the presence of an extra non-linearity: the quadratic growth term
(DΦ)′ΛΛ′DΦ. This extra non-linearity could, in particular, increase the com-
plexity of the derivation of a comparison result for an unbounded value func-
tion. Before dealing with the asymptotic growth condition we will therefore need
to address this non-linear term. The traditional solution,an exponential change
of variable such as the one proposed by Duffie and Lions [22], is equivalent to
the log transformation we used to derive the RS HJB PIDE and again to prove
that the value function is a viscosity solution of the RS HJB PIDE. However,
the drawback of this method is that, by creating a new zeroth order term equal
to the solution multiplied by the cost functiong, it imposes a severe restriction
on g for the PDE to satisfy the monotonicity property required totalk about vis-
cosity solutions. The final difficulty lies in the presence of the jump term and
of the compensatorν. If we assume that the measure is finite, this can be ad-
dressed following the general argument proposed by Alvarezand Tourin [1] and
Amadori [2].

To address these difficulties, we will need to adopt a slightly different strat-
egy from the classical argument used to proof comparison results as set out in
Crandall, Ishii and Lions [17]. In particular, we will exploit the properties of the
exponentially transformed value functioñΦ resulting from Assumption 4.2 and
alternate between the log transformed RS HJB PIDE and the quadratic growth RS
HJB PIDE (23) through the proof.

Theorem 6.1. Letũ = e−θv ∈ USC([0,T]×Rn) be a bounded from above viscosity
subsolution of(23) and ṽ = e−θu ∈ LSC([0,T] × Rn) be a bounded from below
viscosity supersolution of(23). If the measureν is bounded and Assumption 4.2
holds then

u ≤ v on[0,T] × Rn
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Proof outline: This proof can be decomposed in seven steps. In the first step,we
perform the usual exponential transformation to rewrite the problem for the value
functionΦ into a problem for the value functioñΦ. The rest of the proof is done
by contradiction. In step 2, we state the assumption we are planning to disprove.
The properties of the value functioñΦ related to Assumption 4.2 are used in Step
3 to deduce that it is enough to prove the comparison result for Φ on a bounded
state space to reach our conclusion. We then double variables in step 4 before
finding moduli of continuity for the diffusion and the jump components respec-
tively in steps 5 and 6. Finally, we reach a contradiction in step 7 and conclude
the proof.

Step 1: Exponential Transformation

Let u ∈ USC([0,T] × Rn) be a viscosity subsolution of (23) andv ∈
LSC([0,T] × Rn) be a viscosity supersolution of (23). Define:

ũ := e−θv

ṽ := e−θu

By the change of variable property (see for example Proposition 2.2 in Touzi [34]),
ũ and ṽ are respectively a viscosity subsolution and a viscosity supersolution of
the RS HJB PIDE (27) for the exponentially transformed valuefunctionΦ̃.

Thus, to prove that
u ≤ v on [0,T] × Rn

it is sufficient to prove that

ũ ≤ ṽ on [0,T] × Rn

Step 2: Setting the Problem

As is usual in the derivation of comparison results, we argueby contradiction
and assume that

sup
(t,x)∈[0,T]×Rn

[ũ(t, x) − ṽ(t, x)] > 0 (55)

Step 3: Taking the Behaviour of the Value Function into Consideration

The assertion of this theorem is that the comparison result holds in the class
of functions satisfying Assumption 4.2. As a result Proposition 4.3 holds and
we can concentrate our analysis on subsolutions and supersolutions sharing the
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same growth properties as the exponentially transformed value functionΦ̃. By
Propositions 4.3 and 4.2,

0 < ũ(t, x) ≤ eα
k(t)+βk′ (t)x ∀(t, x) ∈ [0,T] × Rn

0 < ṽ(t, x) ≤ eα
k(t)+βk′ (t)x ∀(t, x) ∈ [0,T] × Rn

and
lim
|x|→∞

ũ(t, x) = lim
|x|→∞

ṽ(t, x) = 0 ∀t ∈ [0,T] (56)

for k = 1, . . . , 2n whereαk andβk are the functions given in Assumption 4.2.
Since (56) holds at an exponential rate, then by Assumption (55) there existsR>

0, such that

sup
(t,x)∈[0,T]×Rn

[ũ(t, x) − ṽ(t, x)] = sup
(t,x)∈[0,T]×BR

[ũ(t, x) − ṽ(t, x)]

Hence, it is enough to show a contradiction with respect to the hypothesis

sup
(t,x)∈Q

[ũ(t, x) − ṽ(t, x)] > 0 (57)

established on the setQ := [0,T] × BR. Before proceeding to the next step, we
will restate assumption (57) now needs to be restated in terms ofu andv as

sup
(t,x)∈Q

[u(t, x) − v(t, x)] > 0 (58)

Step 4: Doubling of Variables on the SetQ

Let η > 0 be such that

N := sup
(t,x)∈Q

[

u(t, x) − v(t, x) − ϕ(t)
]

> 0

whereϕ(t) := η

t .

We will now double variables, a technique commonly used in viscosity solu-
tions literature (see e.g. Crandall, Ishii and Lions [17]).Consider a global maxi-
mum point (tε , xε , yε) ∈ (0,T] × BR × BR =: Qd of

u(t, x) − v(t, y) − ϕ(t) − ε|x− y|2

and define

Nε := sup
(t,x,y)∈Qd

[

u(t, x) − v(t, y) − ϕ(t) − ε|x− y|2
]

> 0
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Note thatNε > 0 for ε large enough. Moreover,Nε ≥ N andNε ↓ 0 asε → ∞.

It is well established (see Lemma 3.1 and Proposition 3.7 in [17]) that along a
subsequence

lim
ε→∞

(tε , xε , yε) = (t̂, x̂, x̂)

for some (̂t, x̂) ∈ [0,T] × Rn which is a maximum point of

u(t, x) − v(t, x) − ϕ(t)

Via the same argument, we also have

lim
ε→∞

ε|xε − yε |
2 = 0

as well as

lim
ε→∞

u(tε , xε) = u(t̂, x̂)

and

lim
ε→∞

v(tε , xε) = v(t̂, x̂)

In addition, we note that

lim
ε→∞

Nε = N

Applying Theorem 8.3 in Crandall, Ishii and Lions [17] at (tε , xε , yε), we see that
there existsaε , bε ∈ R andAε , Bε ∈ Sn such that

(aε , ε(xε − yε),Aε) ∈ P
2,+
u

(bε , ε(xε − yε), Bε) ∈ P
2,−
v

aε − bε = ϕ
′(tε)

and

−3ε

[

I 0
0 I

]

≤

[

Aε 0
0 −Bε

]

≤ 3ε

[

I −I
−I I

]

Thus, we have for the subsolutionu

−aε + F(xε , ε(xε − yε),Aε)

+

∫

Z

{

1
θ

(

e−θ(u(tε ,xε+ξ(z))−u(tε ,xε )) − 1
)

+ εξ′(z)(xε − yε )

}

ν(dz)

≤ 0
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and for the supersolutionv,

−bε + F(yε , ε(xε − yε), Bε)

+

∫

Z

{

1
θ

(

e−θ(v(tε ,yε+ξ(z))−v(tε ,yε )) − 1
)

+ εξ′(z)(xε − yε)

}

ν(dz)

≥ 0

Subtracting these two inequalities,

−ϕ′(tε) = bε − aε

≤ F(yε , ε(xε − yε ), Bε) − F(xε , ε(xε − yε),Aε)

+

∫

Z

{

1
θ

(

e−θ(v(tε ,yε+ξ(z))−v(tε ,yε )) − 1
)

+ εξ′(z)(xε − yε)

}

ν(dz)

−

∫

Z

{

1
θ

(

e−θ(u(tε ,xε+ξ(z))−u(tε ,xε )) − 1
)

+ εξ′(z)(xε − yε )

}

ν(dz)

= F(yε , ε(xε − yε ), Bε) − F(xε , ε(xε − yε),Aε)

+
1
θ

∫

Z

{

e−θ(v(tε ,yε+ξ(z))−v(tε ,yε ))
}

ν(dz)

−
1
θ

∫

Z

{

e−θ(u(tε ,xε+ξ(z))−u(tε ,xε ))
}

ν(dz) (59)

Step 5: Modulus of Continuity

In this step, we focus on the (diffusion) operatorF.

F(yε , ε(xε − yε), Bε) − F(xε , ε(x− y),Aε)

= sup
h∈J

{

ε f (tε , yε ,h)′ (xε − yε ) +
1
2

tr (ΛΛ′Bε) −
θ

2
ε2 (xε − yε)

′
ΛΛ′ (xε − yε ) − g(yε ,h)

}

− sup
h∈J

{

ε f (tε , xε ,h)′ (xε − yε ) +
1
2

tr (ΛΛ′Aε + δIn)

−
θ

2
ε2 (xε − yε )

′
ΛΛ′ (xε − yε) − g(xε ,h)

}

≤
1
2
|tr (ΛΛ′Bε − ΛΛ

′Aε)| + sup
h∈J
{ε| f (tε , yε ,h) − f (tε , xε ,h)||(xε − yε )|}

+ sup
h∈J
{|g(xε ,h) − g(yε ,h)|}

≤
1
2
|tr (ΛΛ′Aε − ΛΛ

′Bε)| + sup
h∈J
{ε| f (tε , yε ,h) − f (tε , xε ,h)||(xε − yε )|}

+ sup
h∈J
{|g(xε ,h) − g(yε ,h)|}
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Note that the functionalf defined in (19) satisfies

| f (tε , yε , h) − f (tε , xε , h)| ≤ C f |yε − xε |

for some constantC f > 0. In addition,

tr
(

ΛΛ′Aε − ΛΛ
′Bε

)

= tr

([

ΛΛ′ ΛΛ′

ΛΛ′ ΛΛ′

] [

Aε 0

0 −Bε

])

≤ 3ε tr

([

ΛΛ′ ΛΛ′

ΛΛ′ ΛΛ′

] [

I −I

−I I

])

= 0

Finally, by definition ofg,

|g(yε , h) − g(xε , h)| ≤ Cg |yε − xε |

for some constantCg > 0. Combining these estimates, we get

F(yε , ε(xε − yε), Bε) − F(xε , ε(xε − yε),Aε)

≤ ω(ε |yε − xε |
2 + |yε − xε |) (60)

for a functionω(ζ) = Cζ, with C = max
[

C f ,Cg

]

. The functionω : [0,∞) →
[0,∞), which satisfies the conditionω(0+) = 0, is called a modulus of continuity.

Step 6: The Jump Term

We now consider the jump term

1
θ

∫

Z

{

e−θ(v(tε ,yε+ξ(z))−v(tε ,yε )) − e−θ(u(tε ,xε+ξ(z))−u(tε ,xε ))
}

ν(dz)

=
1
θ

∫

Z

{

e−θ(v(tε ,yε+ξ(z))−v(tε ,yε )) − e−θ(u(tε ,xε+ξ(z))−u(tε ,xε )+v(tε ,xδ)−v(tε ,xδ))
}

ν(dz) (61)

Since forε > 0 large enough,u(t, x) − v(t, y) ≥ 0 then

u(tε , xε + ξ(z)) − u(tε , xε) + v(tε , yε) − v(tε , yε + ξ(z))

≤ −(u(tε , xε) − v(tε , yε)) + N

by definition of N. Moreover, sinceNε = sup(t,x,y)∈Qd
[u(t, x) − v(t, y) − ϕ(t)−

ε|x− y|2] > 0, thenNε ≤ u(tε , xε) − v(tε , yε) and therefore

u(tε , xε + ξ(z)) − u(tε , xε) + v(tε , yε) − v(tε , yε + ξ(z)) ≤ N − Nε
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for z ∈ Z. Thus,

e−θ(u(tε ,xε+ξ(z))−u(tε ,xε )+v(tε ,yε )−v(tε ,yε )) ≥ e−θ(v(tε ,yε+ξ(z))−v(tε ,yε )+N−Nε )

and equation (61) can be bounded from above by:

1
θ

∫

Z

{

e−θ(v(tε ,yε+ξ(z))−v(tε ,yε )) − e−θ(u(tε ,xε+ξ(z))−u(tε ,xε )+v(tε ,xε )−v(tε ,xε ))
}

ν(dz)

≤
1
θ

∫

Z

{

e−θ(vε (tε ,yε+ξ(z))−v(tε ,yε )) − e−θ(v(tε ,yε+ξ(z))−v(tε ,yε )+N−Nδ)
}

ν(dz)

=
1
θ

∫

Z

{

e−θ(v(tε ,yε+ξ(z))−v(tε ,yε ))
(

1− e−θ(N−Nε )
)}

ν(dz)

=
1
θ

∫

Z

{

e−θ(−
1
θ [ ln ṽ(tε ,yε+ξ(z))−ln ṽ(tε ,yε )])

(

1− e−θ(N−Nε )
)}

ν(dz)

=
1
θ

∫

Z

{

ṽ(tε , yε + ξ(z))
ṽ(tε , yε)

(

1− e−θ(N−Nε )
)

}

ν(dz) (62)

By Proposition 4.2 and since ˜v is LSC, then∃λ > 0 : 0< λ ≤ ṽ(t, x) ≤ CΦ̃∀(t, x) ∈
Q. As a result,

ṽ(tε , yε + ξ(z))
ṽ(tε , yε)

≤ K

for some constantK > 0. In addition, since the measureν is assumed to be finite
and the functionζ 7→ eζ is continuous, we can establish the following upper bound
for the right-hand side of (62):

1
θ

∫

Z

{

ṽ(tε , yε + ξ(z))
ṽ(tε , yε)

(

1− e−θ(N−Nε )
)

}

ν(dz)

≤
K
θ

∫

Z

{

1− e−θ(N−Nε )
}

ν(dz)

≤ ωR(N − Nε) sup
(t,y)∈[0,T]×Rn

ν(Z) (63)

for some modulus of continuityωR related to the functionζ 7→ 1− eζ and param-
eterized by the radiusR > 0 of the BallBR introduced in Step 3. Note that this
parametrization is implicitly due to the dependence ofN andNε on R. The term
sup(t,y)∈[0,T]×Rn ν(Z) is the upper bound for the measureν.
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Step 7: Conclusion

We now substitute the upper bound obtained in inequalities (60) and (63)
in (59) to obtain:

−ϕ′(tε) ≤ ω(ε |yε − xε |
2 + |yε − xε |) + ωR(N − Nε) sup

(t,x)∈[0,T]×Rn
ν(Z) (64)

Taking the limit superior in inequality (64) asε → ∞ and recalling that

1. the measureν is finite;

2. ξi(z), i = 1, . . . ,m is bounded∀z ∈ Z a.s.dν

we see that

ν(Z) < ∞

Then

lim
ε→0

ωR(N − Nε)ν(Z) = 0

which leads to the contradiction

−ϕ′(t) =
η

t2
≤ 0

We conclude from this that Assumption 58 is false and therefore

sup
(t,x)∈Q

[v(t, x) − u(t, x)] ≥ 0 (65)

Stated differently, we conclude that

u ≤ v on [0,T] × Rn
�

6.1 Uniqueness
Uniqueness is a direct consequence of Theorem 6.1. Another important corol-

lary is the fact that the (discontinuous) locally bounded viscosity solutionΦ is in
fact continuous on [0,T] × Rn.

Corollary 6.1. The functionΦ(t, x) defined on[0,T]×Rn is the unique continuous
viscosity solution of the RS HJB PIDE(23)subject to terminal condition(25).

Proof. Uniqueness is a standard by-product of Theorem 6.1. Continuity can be
proved as follows. By definition of the upper and lower semicontinuous envelopes,
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recall that
Φ∗ ≤ Φ ≤ Φ

∗

By Corollary 5.1,Φ∗ andΦ∗ respectively are semicontinuous supersolution
and subsolution of the RS HJB PIDE (23) subject to terminal condition (25).

We note that as a consequence of Theorem 6.1 is that

Φ∗ ≥ Φ
∗

and hence
Φ∗ = Φ

∗

is a continuous viscosity solution of the RS HJB PIDE (23) subject to terminal
condition (25).

Hence,Φ = Φ∗ = Φ∗ and it is the unique continuous viscosity solution of the
RS HJB PIDE (23) subject to terminal condition (25).

Now that we have proved uniqueness and continuity of the viscosity solution
Φ to the RS HJB PIDE (23) subject to terminal condition (25), wecan deduce
that the RS HJB PIDE (27) subject to terminal condition (28) also has a unique
continuous viscosity solution. We formalize the uniqueness and continuity ofΦ̃
in the following corollary:

Corollary 6.2. The functionΦ̃(t, x) defined on[0,T]×Rn is the unique continuous
viscosity solution of the RS HJB PIDE(27)subject to terminal condition(28).

7. Conclusion
In this chapter, we considered a risk-sensitive asset management model with

assets and factors modelled using affine jump-diffusion processes. This appar-
ently simple setting conceals a number of difficulties, such as the unboundedness
of the instantaneous reward functiong and the high nonlinearity of the HJB PIDE,
which make the existence of classicalC1,2 solution unlikely barring the introduc-
tion of significant assumptions. As a result, we considered awider class of weak
solutions, namely viscosity solutions. We proved that the value function of a class
of risk sensitive control problems and established uniqueness by proving a non-
standard comparison result. The viscosity approach has proved remarkably useful
at solving difficult control problems for which the classical approach may fail.
However, it is limited by the fact that it only provides continuity of the value func-
tion and by its focus on the PDE in relative isolation from theactual optimization
problem. The question is where to go from there? A possible avenue of research
would be to look for a method to establish smootheness of the value function, for
example through a connection between viscosity solutions and classical solutions.
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Achieving this objective may also require changes to the analytic setting in order
to remove some of the difficulties inherent in manipulating unbounded functions.
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