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tically independent.

But we know from quantum probability that there are uncountably many
notions of statistical independence: for each of them we should expect a
different form of conditioning.

Even the extreme case of independence is far from trivial in fact, if we accept
the traditional physical interpretation of classical or boson statistical inde-
pendence as absence of interactions (think of the EPR type experiments)
which will be the physical interpretation of the other notions of statistical
independence?

Even within a single fixed probabilistic framework (e.g. usual quantum
probability on B(H)) with the usual notion of tensor independence, many
inequivalent notions of conditioning are mathematically possible.

It is natural to conjecture that these notions correspond to different physi-
cal situations, i.e. that one can characterize the physical situations to which
each of these notions (hence the corresponding mathematical formulae) can
be applied.

Unfortunately at the moment this is hardly ever the case.

In almost 40 years of activity quantum probability has brought several con-
tributions to the conditioning problem, both from the mathematical and
the conceptual point of view.

However what we understood only scratches the surfaces of this deep prob-
lem at the crossroad between probability, physics and information theory.
From a model independent point of view, conditioning is the mathematical
answer to a deep information theoretical problem:

if my information changes, how will my statistical predictions change?
Thus: conditioning (and its dual aspect of lifting see ') is equivalent to
information dynamics, a notion introduced by M. Ohya °.

Since in physics changes of information occur by effect of measurements, it
is not surprising that measurement theory, and more generally the theory
of composite systems, is the physical counterpart to the conditioning prob-
lem.

More specifically, in measurement theory this situation is the folowing.
Given two systems S and M, how will my statistical predictions on S
change, if I acquire some information on M (typically by a measurement)?
An extreme case is given by information theoretical independence:
whichever information I acquire on M my statistical predictions on S do
not change.

Information theoretical independence is related to statistical independence,
but the two notions should be distinguished.
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For example in classical probability statistical independence is a symmetric
notion:

S is statistically independent from M < M is statistically independent
from S

However it is not natural to postulate this property for information theo-
retical independence. For example if I receive the information that Warren
Buffet is buying stocks of General Electric, this might influence my propen-
sity to buy them, however it is quite it is quite unlikely that Buffet might
be influenced by my single decision to buy stocks of General Electric.
Thus B can be information independent from A without A being from B.
In physics statistical independence is usually identified with absence of in-
teraction, reflecting the naive idea that interacting systems cannot be in-
dependent. This identification helps our intuition to realize that the di-
chotomy dependence-independence denotes, just like in the case of order
and chaos, the two extremes of a continuous hierarchy of possibilities.
Quantum probability provides a mathematical framework for this more
subtle scenario: the various notions of quantum independences are an in-
dication of a hierarchy of hidden dependences or, in physical terminology,
of hidden interactions.

Here the term gquantum is essential because the freedom for classical notions
of independence is very narrow.

2. Mathematical models of a statistical theory:
single system

2.1. Statistical description of a physical system:
algebraic probability spaces

A physical system is characterized by a family of observables related to
it and experimentally measurable. It is mathematically convenient and
physically not restrictive to model the possible results of measurements on
these observables as a subset of a *—algebra .A.

The statistical predictions of any theory are then condensed into probability
distributions on the values of these observables and, in view of Gleason’s
theorem, it is not too restrictive to postulate that these values determine a
unique state ¢ on the x—algebra A. Thus the natural mathematical model
for the statistical description of a physical system leads us to one of the basic
notion of quantum probability, that of algebraic probability space.
Definition An algebraic probability space is a pair:

{A ¢}
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If A is commutative, then one speaks of classical probability space; if it is
non commutative, of a quantum probability space.

In the following, when the commutativity of A is not specified, it means
that the notions and results introduced are valid both for classical and
quantum systems.

2.2. Dynamical systems

Algebraic probability spaces account for the statistical description of a phys-
ical system. The corresponding mathematical tools for their time evolutions
are the different notions of dynamical systems. Here we describe two of
them.

Definition A Hilbert space dynamical system is defined by a triple

{Hs Utr Q)}

where

— H is a Hilbert space

— U, is a l-parameter unitary group (U; is unitary and Uy, = U U,
Uy=1)

— & is a unit vector in H

The system is called stationary if, in addition, for all t € R

Ud =9

An algebraic dynamical system is defined by a triple
{A, uz, 0}

where

-A

— uy is a 1-parameter group of automorphisms of A (w4 = upus, ug = id4)
— o is a state on .4
The system is called stationary if, in addition for all t € R

pour =g

To every stationary algebraic dynamical system one can canonically as-
sociate the stationary Hilbert space dynamical system {H,U;, ®} where
{H,m,®} is the GNS representation of the pair {A, ¢}, so that

p=(®,7()®)
and the unitary U, is defined by linear continuous extension of the map

m(a)® — m(ue(a))® =: Uyn(a)® : A



Thus by construction:
Ui® =9
ug = Uy (- )UY
and
Ui AU = uy(A) C A

The converse is also true, i.e.: to every stationary Hilbert space dynamical
system {H,U;, @} one can canonically associate the stationary algebraic
dynamical system {A,u,} characterized by:

A=B(H); o=(®,(-)®); ue=U(")Uf
By Stone’s theorem
Ut - e‘itH

so that the assignment of U, is equivalent to the assignment of its generator
H, called the Hamiltonian of the system.

3. Two system conditioning: composite systems

The intuitive idea of interaction between two systems is that it combines
two originally independent dynamical systems creating a third one, which
is intuitively thought to be their composite system.

Measurement theory is a particular case of the theory of composite systems.
During the interaction (act of measurement), system S and apparatus M
merge into a composite system (S, M) and the main problem of measure-
ment theory is: which informations on the system S can be deduced from
informations acquired on the system M ¥

Recalling the qualitative discussion at the beginning of the present paper,
we can say that the main problem of measurement theory is equivalent
to the conditioning problem from the composite system (.S, M) to its sub-
system M.

Also open systems are included in composite systems and, as for measure-
ments, there in no clear cut distinction between these two notions. In-
tuitively one speaks of open system when the role of the two interacting
systems is asymmetric and typically one is much larger, or faster, ..., than
the other one (e.g. and atom and a field, a system and its environment,
system and measurement apparatus, ...). In the following we will appeal
to this intuition and frequently we will use terms such as reservoir, mea-
surement apparatus, environment, ... to suggest that we are referring to
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the large system. However from the mathematical point of view we will not
introduce specific distinctions between the two types of systems.

The idea of composite system should be made more precise by specifying
what do we mean by asserting that two dynamical systems are combined so
to create a third one.

To this goal one should begin to list some natural physical, i.e. model in-
dependent, requirements such as the following ones.

Requirements on the observables (kinematical):

1) one should be able to define a notion of sub-systém in such a way that
S and M can be identified to sub-systems of (S, M) denoted respectively
js(As) and jm(Anm)

2) the observable quantities of the the composite system (S, M) should be
entirely constructable in terms of observables of S and M (minimality)
Requirements on the state (statistical):

3) We assume that, at time O (the time in which the interaction is switched
on), the two systems are independent in the (model independent) sense
that:

the knowledge of the individual statistics of each system uniquely determines
the statistics of any observable of the composite system.

Requirements on the interaction (dynamical):

4) Under assumption (3) above one would like to have a dynamical law
which, given the state at time 0, uniquely determines the state at any time
t.

The second step should be to give a precise mathematical formulation of
these intuitive requirements, i.e. to construct mathematical models for
these physical, model independent, requirements.

To this goal recall that we have seen that algebraic probability spaces ac-
count for the statistical description of a physical system and dynamical
systems for their time evolutions. This means that:

- § is described by an algebraic probability space {Ag, ¢}

- M is described by an algebraic probability space { A, @}

Therefore the attempt to make precise the idea of composite system, leads
to the following problem:

which algebraic probability space { A, ¢} shall describe the composite system
(S, M)?

The situation described above is the one most commonly considered in
physics.

Below we describe two other situations which are met in concrete applica-
tions and which, from a mathematical point of view can be reduced to the
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7. Alternatives to the standard description of composite
systems

Let S, M, As, Ap be as before and let Z be a notion of statistical inde-
pendence.
If the embeddings

js:As — A : gm s Ay — A

and the state ¢ on A are such that the sub—algebras js(.As) and jar(Apr) of
A are p-T-independent with marginals ¢ and ¢, then we call these sys-
tems Z-composite systems. To construct concrete examples of this general
statement, we have to clarify the connections between stochastic indepen-
dences and embeddings.

7.1. ®—embeddings

It is known that, given a tensor product of two Hilbert spaces Hs ® Hg
there does not exist a canonical way to embed any of the factors Hg, Hgr
into their product Hg ® Hpg.

The simplest embeddings are the isometric ones. QOur examples will be
built on a very special class of these examples, described in the following
Lemma.

Lemma.
For any choice of ® € Hy with ||®|| = 1, the embedding
Js:E€eHs = ERPeHs®Hp (14)
is isometric and its adjoint is
Jsn®y)=(®,9)n; neHs,YveHr (15)
so that
jslas) := JsasJs =a, ® Ps  ; as € B(Hs) (16)
where
Py = |2)(2
Proof. A simple calculation
Definition.
Embeddings

js € B(Hg) — B(Hs) ® B(Har)
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of the form (16) above are called ®-embeddings.
Remark
Using this one finds

(JsasJs(n®vY),n @ Y) = (asn, n)|(®, )|

The following two sections show how different notions of embeddings lead
to different notions of independence, hence different notions of composite
systems.

7.2. Boolean composite systems
Let us choose, as in von Neumann case,
A:=B(Hs)® B(Hgr)
p(z): =g ®pp(z) = (Ps @ bp,z(Ps ® Or)) ; zeA

where @5 and @y are unit vectors in Hg and Hp respectively, but choose
the embeddings jg, jr to be of the form

js(bg) : = bs ® Ps, ;  ®pr-embedding i bg € B(Hs)
jr(br) : = Po. ®br i ®g-embedding 1 br € B(HRg)

Having fixed n € N and b1 5,b2.5,...,bn,s € Ag bir,b2.ry...,bnr € AR
we want to calculate the mixed moments (correlators)

@(b1,s bi,r bos - bar...bns bnr)
To this goal recall that
bjs:=jslbjs)=bjs®Pe, €AY ; bis€As
bjr:=7js(bjr) = Pos ®bjr€ AR ;  bir€Ar
Therefore one has

o(b1,s - b1,r b2 bar...bns bur) =
= o([b1,5®Ps ) [Pos®b1 R [b2,5®Ps ] [Pos®ba,R] . - - [bn,s@Pay]-[Pas®bn r)]) =

= o([b1,5Pssb2.5Pog .. .bn,sPss| ® [Porb1,rPorb2, rRPop - bn R))
Now recall that

Pygby sPos = (Pg,b2,5Ps)Pos = wg(ba,s)Pas
P«bRbl,RPd:R = (Ppg, bl.R‘I’R)P¢R = SOR(bl.R)PtbR
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Therefore

©([b1,sPogbs, sPog ...bn,sPog] ® [Porb1,RPo,b2,rPoy - - .bnR]) =
= pg(b2,5)Pr(b1,R)¢([b1,5 Posbs,sPos - . . bn,s Pos|®(Pspb2 RPog - . . bn,R]) =

== g(ba,s)ps(bas) ... or(b1,rR)PR(b2,R) - @([b1,5Pss| ® [Pobn, R])
Now recall that, for z € A,

o(z) = (Ps ® Pg,z(Ps ® Br))
Therefore

@([b1,5Pos] ® [Porbn,r]) = (25 ® ®r, [b1,5Pas] ® [Popbn,r](Ps ® Pr))
= ((I)Sbl‘S@S> (QRbn,R¢R>

In conclusion
p(brs bR bas bk bos bar) = [] es(bs,s) [T en(bir)
j=1 j=1

Comparing with the boson (or classical ) case:
@(b1,5:b1,r"b2,5°b2.R .. . bn,5°bn,R) = @(b1,5°b2.5 ... b 5)p(b1,Rb2,R - - by R)

Corresponding to the choices:

bj,s = js(bj,s) = bj s®1R; bj s € Asg; bjr = js(bj,r) = 1s®b; r; bj.r € Ar
7.3. Monotone composite systems
Choose as in von Neumann case
A: = B(Hs) ® B(Hg)
p(z) : = ps @ pp(z) = (s @ PR, 2(Ps®PR)) ; z€A

where &g and @ are unit vectors in Hg and H g respectively. Then choose
the embeddings jg, jr to be of the form

Jjs(bs) i = bs ® Ps, ;  ®p-embedding ; bs € B(Hs)
jr(br) : =15 ®bgr ;  tensor embedding i br € B(Hg)

i.e. Notice that js(bs) does not commute with jr(1g), in fact:

js(bs) = bs®1p ; jr(br) = Py ®br ; Jr(1R) = Pps®1p



15
Having fixed n € N and b s,by,s,...,bn 5 € Ag, b1,R,boR,-..,bn.r € AR
and with the notations
E’j‘S L= jS(bj,S) =058 ®P¢R € Ag 5 bj‘S € Ag
bir:=Js(bjr) =1ls®bjr€ AL , bir€Ar
we want to calculate the mixed moments (correlators)

@(b1,s -b1r bas -bap...bns bug)=
= @([b1,5®Po ] [Ls®b1,R] [b2,5®Po |- [Ls®b2,R] . . . [bn,s®Ps .- [1s®bn, r)]) =

= @([b1,5b2,5...bn,5] ® [Pprb1,RPob2,rPoy ... bn R])
Now recall that
Py by rPsy = (Pr,b1, rPR) Py, = ¢gr(b1,r)Ps,
Therefore

@([b1,sb2,5 - - . bn,5] ® [Po b1, RPorb2,RPoy - .. Popbnr)) =
= @p(bi,r) - @([b1,sb2,s...bn 5] ® [Papb2 rPsy ... Popybnr]) =

== @gp(b,R)PR(b2,R) - .. ¢R(bn-1,R) - @([b1,5b2,5 - - - bn,5] ® [Pz b0 R])
Now recall that, for z € A

p(z) = (&5 ® g, z(Ps ® Pr))
Therefore

@([br,5b2,5 - . . bn,5]@[Pagbn, r]) = (Ps®PR, [b1,5b2,5 . . . b, 5|® [P . bn 1| (Ps@PR))

= (Ps,b1,5b2,5...bn,5Ps)(PRby RPR)

In conclusion

@(b1,s bi,r bas bor...bns bnr) = @s(bisbas...bns) H ¢r(bj,r)

=1
Comparing with the boson (or tensor) case:
@(b1,s:b1,rb2,5°b2,k . . bn,5°bn,R) = @(b1,5°b2,5 ... bn,s)@(b1,Rb2,R - . bn,R)
corresponding to the choices:
bj,s := js(bjs) = bj s®Lg; bj,s € As ; b r = js(bjr) = 1s®b; r; bjr € AR

one can verify the asymmetry of the notion of monotone independence.
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8. Conclusions

We have only considered two examples, but as stated at the beginning of
this note, in quantum probability there are uncountably many notions of
independence and each of them may turn out to be appropriate to describe
different classes of complex physical or biological systems.

An axiomatic characterization of 5 of the most studied notions of quantum
probabilistic independence can be found in the paper by Ben Ghorbal and
Schiirmann °, which completes a line of research initiated by Schiirmann
and pursued by several authors. An unification of these notions in terms
of generalized embeddings in tensor product spaces is due to Lenczewski
8 The wide variety of possibilities for such notions is emphasized in the
paper 4 and, from a more constructive point of view, in ¥. The equivalence
between the constructive and the convolution point of view is proved in 7.
The conditioning problem in the general context of von Neumann algebras
is discussed in ().
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