Chapter 1

Introduction: Stochastic Filtering in Finance

This chapter introduces the background to the sistah filtering
problems as applied to various discipline area.sThill point out
different possible scenarios and solution approadiesed on filtering
for problems in finance and economics. This wilcabroadly outline the
structures and models of a generalized stochatigcirig problem and
the main equations that are needed. The introductiti also set the
scene for various terminologies used in this cangegy. Unobserved
Components (UC), Dynamic harmonic Regression (DHRRjward Pass
Kalman Filter, and Backward Pass Kalman Filter dxe& Interval
Smoothing (FIS). It will discuss further the extems available for
dealing with non-linear problems e.g. Extended KainFilter (EKF),
and Unscented Kalman Filter (UKF).

Before ending introduction, it will give details tiie contents of the
following chapters and how these are organized €lis relates to
various application areas within the disciplines fhance and
economics.

Some authors have identified three most succesafebhs of
applications in quantitative finance. The first omelate to the
unobserved volatility of any financial asset whigh crucial to the
development of derivatives products dependent anabsset. The second
one concerns factor processes with or without junapplied in
commodities and interest rates. The third one amscask-minimizing
hedging strategies under partial observations.ddfse, there are several
other areas of interests particularly in macro-ecoic issues.
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2 Stochastic Filtering with Applications in Finance
1.1 Filtering Problem

The filtering problem deals with the estimationaftochastic process
X, that is unobserved based on the past and curreasureament of a
related procesg {Y,:0<s<#. The information coming out of the
measurement process up to time t is convenientlesented by the-
algebra, Y, generated by Y,:0<s< §. Davis and Marcus (1981) give
excellent introduction to the filtering problem. ¥#es, for a more
complete and mathematical treatments see LipstbShiryayev (1978).
On the other hand, Jazwinski (1970) gives a mopdiegp and practical
analyses of the filtering issues.

The filtering problem gives the solution to the stien of conditional
density of the signa{,, p(x, |y,) given the filtration, . In this context,
Chaleyat-Maurel and Michel (1984) prove that th@agal solution is
infinite dimensional. This implies that a generdltef cannot be
implemented by an algorithm that only uses a finitember of
characteristics. In other words, there is no fimemory computer
implementation that can be adequate for the filklswever, the most
referenced implementation of the filter algorithKalman filter, is a
special case for the linear system with Gaussiagitonal distribution.
In this case, only two parameters mean and theawves capture the
essential attributes p{x, |y;) .

1.2 Examples of Filtering Applications

Filtering has long been used in Control Engineerimigd Signal
Processing. For the linear case, the Kalman fitésist and easy to apply
despite the noisiness and the length of the inpte.dt is an iterative
procedure and the model parameters may dependaujamge number of
observable and unobservable data.

In finance and economics applications we normadlyeha temporal
time series of observation(). For example, Wells (1996) uses stock
price series, Babbs and Nowman (1999) as well agdehi (1991) use
interest rate series, Lautier (2000) and Lautied &ulli (2000) use
futures price series. The unobserved time serkg) (n these cases
could be volatility, convenience yield, price ofkietc depending on the
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Introduction 3

objectives of the researchers. The iterative pedisws us to link two
consecutive unobservable states using a transiéiquation and a
measurement equation relating to the hidden sthieidea is to proceed
in two steps: first we estimate the hidden statéyrpdistribution, by
using all the information up to that time-step. fihesing this predicted
value together with the new observation, we obtainconditional
estimation of the posterior distribution of thetsta

It is useful at this stage to get used to somehef terminologies
applicable to different filtering processes depagdion the model
characteristics. The linear filter, Kalman filtefi€F), is applicable to
cases when the transition and measurement equatierignear and the
noise processes are Gaussian. With the same noisesges if the model
equations are non-linear then we refer to thishasBxtended Kalman
Filter (EKF). Another more recent advance in thisrsario is termed as
the Unscented Kalman Filter (UKF). To deal with fBaussian cases
we resort to Particle Filter (PF).

1.3 Linear Kalman Filter

In this section we describe the linear Gaussiaerfiind the algorithm
that is needed for implementation. To assist with éxposition we will
use a general specification of the model and witlsequently move on
to more traditional specification more suitable éonpirical studies.

Let the dynamic procesxs, follows a transition equation

X, =f (X uW,), (1.1)
and we also assume that we have a measureyheuath that
v =h(x,u,). (1.2)

In the above equationsw,and u,are two mutually uncorrelated
sequences of temporally uncorrelated sequences coim® random
variables with zero mean and covariance matric€y and
R,respectively. Additionally, w,is uncorrelated withx,_,and u,is
uncorrelated withx, .

We define the prior process estimate as
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4 Stochastic Filtering with Applications in Finance

Xy = E[ %] (1.3)

which is the estimate ofx,at time t-1 just prior to making the
measurement at time t. Similarly, we define thetgrosr estimate as

Xy = E[x, 1y (1.4)

which is the estimate at time t after the measureratt has taken place.
We also have the corresponding estimation erggfs = X, - X,,.,and
e =X — X |V, . These give us the estimate of the error covaemas

Pi=H 8,08, R= E e (1.5)

In order to compute the above mean and the covariare need the
corresponding conditional densitiggx, |y,,)and p(x, |y,) . These are
determined iteratively via transition and measunenugpdates. The basic
idea is to define the probability density functioarresponding to the
hidden statex, given all the measurements made up to that timeyj.e

The transition step is based upon Chapman-Kolmagegoation

p(Xt | Y1:t—1) :J. p( X, | X1 ’yliit—l) F( X1 | yl:t—l) dx+ 1
=Jp(xt | Xt—l)p( Xy | yl:t—l) dx_, (1.6)

following the Markov property. The measurement updstep is based
upon Bayes rule

p(y, 1%) p( % 1%0s)
P(Vi [Viea)

and p(Y, | Vies) =I p( v 1x) { % |Y..) d%. Additional details of this
may be found in Jazwinski (1970).

At this point it is instructive to specialize theansition and the
measurement equations (1.1) and (1.2) for a lisgatem and state the
updating equations in a form amenable for easiptdmentation.

Let us focus on a linear state space system wvdtisition equation of
the form

p(X, Yi) = (1.7)

X, = TX,; +C, + W, (1.8)
and the measurement equation
yt = ZtXt +dt + ut (19)
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Introduction 5

where c,and d, are possible time dependent vectors of compatible
dimensions. Similarly the matricesT and Z,are of dimensions
compatible with the length of the state vectqland the measurement
vector y, respectively.

The actual algorithm may be stated as follows

Initialize x,and R,

Transition equations updates for mean and covagianc

Xy = TX oy €y (1.10)
R = TR T+ Q (1.11)
We define innovation as
vV, =Y, - ZX, —d, (1.12)
Measurement equation update
Xyt = Xy T KV, (2.13)
= (1= KZ )Py (1.14)
K, =Py.Zi(ZPiZ+ R) (1.15)

and | is the identity matrix.

The matrixK, is the Kalman gain and corresponds to the meaheof t
conditional distribution ok, after making the measurement gf. It is
the quantity that would minimize the mean squarereP,within the
class of linear estimators.

This interpretation may be broadened further. letonsider x as a
Normally distributed variable with meap, variance o,,and z another
Normally distributed random variable with meagand variance,, .
The covariance between themads, = 0,,. The conditional distribution
of x|z is also Normal withp,, =p, +K(z-p,)with Kalman gain
corresponding t& =o,,0;..

In empirical applications most models would be paeterized and
such parameters need to be calibrated to the biaitame series data.
This calibration can be carried out by maximum likeod method for
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6 Stochastic Filtering with Applications in Finance

conditionally Gaussian models. Let us label thenaukn parameters by
o.

We need to maximize the joint probability dean(yt | Viia) -
Since the conditional density is Normal and taklogarithm of the
precise form of the function and ignoring the canstterm the target
likelihood function to be maximized is

L(©)=-2In(|=])- vz, (1.16)
andZ, =ZPR,Z +R..

1.4 Extended Kalman Filter (EKF)

In this section we discuss how to apply filteringoaithms when the
assumption of Gaussian distribution still holds the state equation and
the measurement equation may be non-linear. lasiee to relate this
discussion by focusing on the model given by eguati(1.1) and (1.2).
In the previous section the linear version usedibeel definition given
by the equations (1.8) and (1.9). This section bagefited from
Javaheri, Lautier, and Galli (2005).

The actual form of non-linearity given by (1.1) a(ti?2) is not
important to develop the ideas of Extended Kalmdrer~EKF). The
functions in these equations need to linearized @s®l the notions of
conservation of Normal distribution property withine class of linear
functions. We, thus, define the Jacobian matricésthe function
f(.) with respect to the state variables and the sysigise element and
we refer to these &g, andW, . Precisely, for every rowand columrj,

_ of, (Xt—llt—l’o) W = afi(xt—llt—l’o) .

! ox, T ow,

(1.17)

Similarly, the Jacobain matrices for the measurdneguation may
be given by:

oh; { X1, 0 O X1 s
Hij — (axl 1 )’ Uij - (aul 1 c)

j j

. (1.18)
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Introduction 7

These Jacobian matrices could be related to the systemenaifithe
linear system given by (1.8) and (1.9).

The transition and the updating equation of the previousosemay
now be expressed via these Jacobian matrices.

Transition equations updates for mean and covariance

Xye = (X1 g £0) (1.19)
Pi-1 = AP A+ WQ,W, (1.20)
We define innovation as

V, =Y, — h(xm_l,o) (1.21)

Measurement equation updates are
Xye = Xyr F KV, (1.22)
Pe=(1-KH,)PR, (1.23)
K, =PyiHy(HP H+ URU)™ (1.24)

where | is the identity matrix.
Once this system of recursive equations are in place, nkaown
parameters of the model can be calibrated using likelihoodtibn
maximization as outlined in the previous section. It may, heweve
more instructive to follow an example due to Théoret, Roatah El
Moussadek (2004).

1.5 Applying EKF to Interest Rate M odel

This illustration is based on the interest rate model due to Badg
Vasicek (1992). This two factor short rate model introduties
stochastic variance specification of Ornstein-Uhlenbeck foomhe
original Vasicek short rate model. This is described by

dr, =k (u=r) dt+ v, dW,

1.25
dv, =A(V-v, ) dt+ 1 v, dW, (129
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8 Stochastic Filtering with Applications in Finance

where E(dWm ,dV\c,t) =p, i.e. the two noise process®¥¢ and W,  are
two correlated Brownian motions associated withghert rate and the
short rate volatility processes, respectively.

The model allows stationary mean reverting prodesshe short rat
where the variance of the short rate is also aostaty stochastic
process. Herglis the unconditional average short ratés the speed of
mean reversion in the short rate. Similarlyjis the average
unconditional variance and defines the degree of persistence in the
variance. Finally,tis the variance of the unobserved variance process
over a short period of time. The hidden volatilityquires filtering
technique to be extracted from observations ontshtes.

The model in (1.25) is in continuous time as wallitais non-linear.
Therefore, before applying EKF we need to transfdrto discrete and
approximate linear form.

The first of the two equations in (1.25) may better in the
differential notation as

d(e™ (f-p) = &'y, dw,. (1.26)

Integrating by parts and assuming the samplingpddreingA this leads
to,

_K —en (D (sm
la =Ht+E A([;—p_)+e A.[t é( t)\/V_dey,s' (1'27)
Similarly, for the variance equation,
Vs =V+e™ (v, —v)+ e‘MTJ.tHA &t v, dw,. (1.28)

If we now define

e (8)=e™ [ &) o aw, (1.29)
and
+A _
n(a)=e™ [ e o aw, (1.30)

then the equations (1.27) and (1.28) can be recast asstirete form of
the Fong and Vasicek model. Then,

o =R+ (1 ) +£,(A) (1.31)
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Introduction 9

and
Vs =V +E (v, =V)+n, (). (1.32)
Now we focus on (1.29) and (1.30) and approximaténthevations as,
£, (8) =€ v VAE, N, (8) = €M1 v, VAN, (1.33)

and g(A)and n,(A)are independent standard Normal random
variables.
If we define a transformed discrete observed variable as,

R, = €( fuyn —1) ~ (. — 1), 0,12 (1.34)

and denoteV, =v,, then the discrete state space form of the Fong and
Vasicek model results,

R, =DV, t=0,12,...
V,=e™V, +(1-e™)v+ e/a\n,, = 1,2,..

The first of the two equations in (1.35) is the m@ament equation,
but it is not linear in state variable for Kalmakhef to be applicable.
With a suitable change of variable this measurereguiation could be

made linear as, with
2
Y, =In(R%J (1.36)

the first of equation (1.35) becomes,
y,=InV, +Ing’. (1.37)

Thus, the non-linear form of the measurement eqondfi.37) and the
second of the equation (1.35) create the disciretar state space version
of the Fong and Vasicek model. Since the measureswmtion error
term in (1.37) is not strictly Normal, it may bepapximated as such and
the EKF is now applicable.

Additional details of this model and the empiricakults may be
found in Théoret, Rostan and El Moussadek (2004).

(1.35)
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10 Stochastic Filtering with Applications in Finance
1.6 Unscented Kalman Filter (UKF) for Nonlinear Models

In this section we describe another more recenteldpment in
application of Kalman filter to nonlinear systerii$is new approach is
due to Julier and Uhlmann (1997) and the descripiio this section
follows the article by Javaheri, Lautier, and GEI005).

In this approach Jacobians are not computed. laistea actual
nonlinear system is used to approximate the digidhs of the state and
the measurement variables with a Normal distributin applying
unscented transformation to it. This allows moreuaate evaluation of
the mean and the covariance compared to that oEikte method. The
UKF method requires augmentation of the state vegith the system
and the measurement noises and this leads to exgphatate space. This
is not required if the system noise and the measeme noise are linearly
additive in their respective equations. Let usrmkethis augmented state
dimension asna= nx+ nw+ nu, where na, nx, nw, nirepresent the
augmented state space, original state space, dioneofthe state noise
and the dimension of the measurement noise resphcti

The UKF algorithm may be summarized as follows:

First initialize the state vectok,and the state covariand®

Second, we need to define two weights to be adsaociith the
mearw (m), and the covariance (c) of the state as,

__A __A 2
ay(m)=—— ay(€)=——+(1-o’ +B) (1.38)
and for all other elements,
1 .
w(m=w(c)=————-,1=1,2...2n¢ 1.39
(M)=0 (0= 5y (1.39)

where the scaling parameters 3,k and A =0(2(na+ K)— namay be
tuned for the particular problem. With these setting piace, the
algorithm proceeds for each t as:

Third, the augmented state vector is created by cenmatng the
original state vector, state noise and the measuremoess,
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Introduction 11

Xt—l
X, =W, | (1.40)
ut—l
Thus the augmented state expectation after a measutem
X

t-1t-1
X2 s = E[xf_l | yk_l] =l 0 (1.41)
0
and similarly, the state covariance,
Paer Rugany
Plaes=| Py Ry 0 (1.42)
0 0 Ruruey

where the subscripts x, w, and u correspond tmtlggnal state vector,
state noise and the measurement noise parts rieghgct

Fourth, to achieve the Normal approximation we niedefine what
is known as the Sigma Points for Unscented Transdton:

Xi-1(0) = X¢ys (1.43)
and,
a s a 05
Xea(i) =Xyt ((nat A) PRy ) ) i= L (1.44)
. a 2 0.5 .
Xa(i) =Xty ((na+A) PRy )~ i= nat 1,..2n  (1.45)

where the subscripts i and (i - na) in equations (1.44)(4m5) refer to
the corresponding columns of the matrix in the square roo

Fifth, the augmented state equation updates matatexisas,

Xaea) =F (X0, X240) ) i =0,...2na+ 1 (1.46)
Xy = g MKy 1) (1.47)

I

Pt|t—1 = ziz:noawi (C)(tht—l (- X 1) (X tt (1) =X tlt ]) (1.48)
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12 Stochastic Filtering with Applications in Finance

and the superscript x and w in the above equatiomesept the state and
the state noise part of the augmented state vectpeatazely.

Sixth, the innovation from the measurement equatiag be written
as,

Yaea®) =0 (Xqea D XL L)) (1.49)
Y gr™ Dy (MY (i) (1.50)

and,
Vi =Y " Yier- (1.51)

Seventh, the measurement updates are,
2na . . !
Py(yt = Zizo W (C)( yt|t—1 (')_ yt|t—l)( yt|t— 1(') - yt|t— 1) ) (1-52)

2na . . !
Px(yt = Zizo W (C)(tht—l (')_ Xt|t—l) ( yt|t—1(|) Y 1) ) (1-53)
where Kalman gain is given by,

K, =P  P* (1.54)

T XY Y T

Finally, as in the linear system,

Xyt = Xger F Ky, (1.55)
and,
Ptlt = Ptlt—l_ Ktl:;tx Kl (1-56)

This completes all the recursions needed to devehep likelihood
function that needs to be maximized in order to eséntiae unknown
parameters in the model.

In a later chapter we will examine the application d{FUto a
practical problem.
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Introduction 13
1.7 Background to Particle Filter for Non Gaussian Problems

In this section we discuss the basic idea behindcpafiler and the next
section will develop the filtering algorithm utilizirthis concept. Instead
of using a Gaussian approximation to in(eft |yt)it employs Monte
Carlo Simulation to achieve that. This requires dagdin a proposal
distribution, q() , which is simple and importance sampling as desgribe
below.

In term of the proposal distribution the expected valilebe given

by,
E[f(x)]=]f (x, x|yn dx,
[ (x X | Yi) (1.57)

|y, )d
Al ) == (X 1Y) dX,
This may be re-expressed as,
E| f(x f(x
[r]=Jrtx p(x, Iylt
w ()= <xt|yn>< x)

a(x, | Yi)

This is referred to as the non-normalized weighirdyfiltering at step t.
We can convert this to normalized weight as,

E,| w,(x,)f(x, -
elrtc)]- ST e o )]
aL e (1.59)
()= = bx)_
B (x )
We can now apply Monte Carlo Simulation (with N gdimg points)

from the distribution ofg(x, | y,,)in discrete framework to compute the
above expectation,

) a (X | Yae) o,

(1.58)

)= S (5 ). (4) =

(1.60)
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14 Stochastic Filtering with Applications in Finance

We now need a mechanism to recursively computevibight from
one time step to the next. This is achieved byrassy that the proposal
distribution is Markov. This recursion is,

. Cop(ye 1) p(X 1%4)
t o Q(Xitl)ét—len) '

This now completely defines the recursion for thpadrtance sampling
procedure and it solely relies on filtering and sotoothing as may be
applicable to Kalman filter.

We will conclude this section with some observatiam practical
issues related to implementation of this re-samgplprocedure. The
variance of the weights calculated above may vaigely and thus
several suggestions have been proposed in thatliter Some of these
could be found in Javaheri, Lautier, and Galli @000ne such
suggestion is to use Gaussian approximation foptbposal distribution
based on the Kalman filter discussed earlier. Tiés the added
advantage of utilizing the most current observationthe observed
series. In term of earlier notation this may becHjss as,

a(% 1% Ya) =N (%, Ry) - (1.62)

Further information can be obtained from the creférences.

(1.61)

1.8 Particle Filter Algorithm

In this section we discuss the enhancement to ittegirfig algorithm
needed to accommodate particle filter. This appbesoth the EKF and
the UKF described earlier.

At t=0, we first setx,and R, similar to earlier algorithms.
For each point of the N sampling points of the $atian we set,

X = Xo + [Py 2 (1.63)
where zis a standard Normal simulated number. Also, let

. 1
F{,=F€),V\6=N.
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Introduction 15

For each of the simulation poirft3, follow the steps:
X = KF(X?—lh—l)

|t

and similarly the associated covariarléﬁecomputed via the EKF or the
UKF. KF indicates this association with the EKRloe UKF.

For each simulation point again,

%1 = Xy + [Py 2

with z being a simulated standard Gaussian number.

Now, calculate the weight for each of the simulatimints following,
i i p(yt |X)p(x |).§—1)
W, =W, ——
q (Xt | ><l—l ’ yl:t)

where ¢(.)is the proposal Normal density with meal and covariance
p

It *

We now need to normalize the weights as,
S W
W, =

N
i:th
and resample the poirks, get x; and reset the weights as
W :VNV' =

and repeat the steps for the next time step.

Using the particle filter we can also estimate thiknown model
parameters by maximizing the likelihood functionkafore. Since, by
assumption the distribution is not Gaussian in taise; we need some
understanding how to formulate the problem.

The likelihood in step tis,

L =P (Y Yeen) = [ POV %) P( X [ea) X (1.64)
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16 Stochastic Filtering with Applications in Finance

the total likelihood is the product of the above &t t. However, (1.64)
may also be written as,

P(X | Voer)
l, = X, ) oY) d (1.65)
‘ Ip(ytl t)q(xllxt_l,yh)qmlm Yar) AX

and since by constructioxi are distributed aq(.) , and resettingi, to a
constant (1/N) during re-sampling, it is possildepproximatd, as,

=>" wi. (1.66)

This gives an alternative interpretation the tbkalihood.

1.9 Unobserved Component Models

This section focuses on adaptive, off-line signabcpssing and
forecasting for non-stationary time series describy the following
Unobserved Component model (e.g. Young et al, 1998)

Y, =T, +S+g(u)+e (1.67)

where, y, as before is the observed time seriess the low frequency or

trend component,S,is a periodic component, possibly displaying
temporal change in both amplitude and phagéut)captures the

influence of a set of exogenous variables aeds an irregular

component assumed to be Normally distributed witbam zero and

varianceo®.

In financial economic applications most time sex&sencounter are
non-stationary, or first difference stationary. threse situations, it is
customary to define the trend component in (1.67aaandom walk.
Cochrane (1988) uses the Beveridge and Nelson JI#bmposition to
express a first-difference stationary process asstim of (covariance)
stationary and random walk components. He argussatimeasurement
of the size of the random walk component can beteebguide to the
proper statistical characterization of the serlenta simple unit root
test. He proposes a non-parametric method, theaWeei Ratio, for
determining the magnitudes of the random walk andtionary
components of a time series. Further insight maygbaed from
Cochrane’s article. Fama and French (1988) ut#izeilar concept for
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stock market application with non-stationary treadd stationary
temporal components. Hatgioannides, Karanasos ananidssou (2004)
also apply the same intuition to term structurentdrest rate model.

Here, we proceed to understand the issues relatifijering in such
asetupasin (1.67).

In (1.67) several components of the model are ptes®d, in general,
it may lead to identification problem. However tire special case below
the model remains identifiable. This is referred @ the Dynamic
Harmonic Regression (DHR), Young (1988).

y,=T,+S+¢, e ~N 00%). (1.68)

In (1.68) the most important unobserved componsnthe termS,
defined as,

s =>"{a, cofw,)+ b sifw,)} (1.69)

where a  , b,are time varying parameters andyrepresents
fundamental and harmonic frequencies associatédthé periodicity of
the series. The frequency range could be chosenatoch the spectral
properties of the time series and discussed irldetdoung (1988). The
DHR model is, therefore, time dependent extensibrthe classical
Fourier series.

Each of the time varying components and the tremdponent U’ )
in (1.68) could be represented by a state vectmizsf 2,x, =I;, d]
where the two components represent the changirey énd the slope of
the associated trend or time varying parameteralljsuthe stochastic
evolution of eachx, E[Ii, d ] is assumed to be driven by a Generalized
Random Walk (GRW) of the form,

5 0
Xit = |:COx 5:| |t—1+|:o 1:|r]iyt, i=1,..M+1. (1.70)

With appropriate constraints on the elements ofntlagrices in (1.70)
different Random Walk models could be realized. Fo@ample,
Integrated Random Walk would result aff=y=1,06=0. Scalar
Random Walk would results it =1,=y=0,0=1. Similarly, Local
Linear Trend results it =3 =y=0=1. Further discussions about this
can be found in Young et al (1989).
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18 Stochastic Filtering with Applications in Finance

The overall state space model can be describednasxample,
assuming that M=1. The main idea is to stack trstesy matrices in
(1.70) such a way that the overall state equasoobitained. Similarly,
by suitable choice of the measurement matrices rtteasurement
equation of (1.68) is obtained. For M=1 this resultthe state equation,

|1’t a, B, 0 O 5 0 0 Ofn,
d 0 0O O 0O 1 0 O
x =| = Y X, + " (1.71)
l,, 0 0 a, B, 0 0 9%, Ofn,
d, | |0 0o 0y, 00 0 1n,

and the measurement equation is,
y,=[1 1 1 ]x+e. (1.72)

For the special case of M=1, the equations (1.7d)(&.72) are in the
state space form and the algorithm described iratier section for
Linear Kalman Filter can be applied to estimaterttoglel parameters by
maximizing the likelihood function.

To complete our discussions on filtering algorithwes outline here
the Backward Pass Filter or Fixed Interval Smogahahgorithm. The
algorithm described in section 1.3 in connectiorthwiinear Kalman
Filter is also referred to as Forward Pass Fiker. most applications in
financial economics the time series of observatibage already been
made. In other words, the researcher is attempitingit a model a
historical time series. By applying the Forward $&dter the model
parameters are obtained by maximizing the likelthfmction. Also, at
the same time, since the complete observation skdtés available it is
possible to refine the estimates via the BackwarskHFilter by running
the procedure from the end of the time seriesédtyginning.

We define the recursive relations for the BackwBeds Filter with
reference to the model in (1.8) and (1.9). Startimigh the initial
condition at the last measurement point, and Py

Yiar =Ygt t—l( Yir~™ Y 1) (1.73)
Pt—llT = R—llt—l+ J- 1( Ft>|T_ FtT{-]) E (1.74)

where,
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-1
Jy = Ft)—llt—1T|: R 1} . (1.75)

t-1

It should be clear from the above that to implentaet Backward Pass
Filter the quantitiesy,, and . generated during the Forward Pass
Filter must be saved.

This completes our exposition on filtering algomith and those
interested in learning more about applications mgimeering (signal
processing) the references cited in this sectiere&cellent source.

1.10 Concluding Remarks

We have provided an exposition of various filtergapeme and the main
algorithm to implement these for a typical applicatin the discipline of
financial economics. This includes Linear Kalmanltgfi and its
extensions e.g. Extended Kalman Filter applicablean-linear Gaussian
models, Unscented Kalman Filter an alternative kd- But with more
precision as well as Particle Filter to deal wittihfGaussian models. At
the end we have also introduced Dynamic Harmongré&&sion to cover
unobserved component models with time varying petarm and
possibly non-stationary time series. The focus mainly been in the
algorithms and the conceptual background to thesghisticated
approaches to stochastic modeling.

In the following chapters we are going to discuasous applications
that utilize such algorithms. These applicationdl wélate to foreign
exchange markets, stock markets, interest rate Ismadewvells as market
for fixed income securities. These chapters wiltlide more of
economic intuitions in the estimated models — patens as well as the
filtered components. There would be sufficient laokind to the
development of the models for different marketg,tba filtering process
would rely on the materials in chapter 1.
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