Chapter 1

Euclidean Barycentric Coordinates
and the Classic Triangle Centers

In order to set the stage for the comparative introduction of barycentric
calculus, we introduce in this Chapter Euclidean barycentric coordinates,
employ them for the determination of several triangle centers, and exemplify
their use for tetrahedron centers.

Unlike parallelograms and circles, triangles have many centers, four of
which have already been known to the ancient Greeks. These four classic
centers of the triangle are: the centroid, G, the orthocenter, H, the incenter,
I, and the circumcenter O. Three of these, G, H, and O, are collinear, lying
on the so called Fuler line.

(1) The centroid, G, of a triangle is the point of concurrency of the triangle
medians. The triangle centroid is also known as the triangle barycenter.

(2) The orthocenter, H, of a triangle is the point of concurrency of the
triangle altitudes.

(3) The incenter, I, of a triangle is the point of concurrency of the triangle
angle bisectors. Equivalently, it is the point on the interior of the
triangle that is equidistant from the triangle three sides.

(4) The circumcenter, O, of a triangle is the point in the triangle plane
equidistant from the three triangle vertices.

There are many other triangle centers. In fact, an on-line Encyclope-
dia of Triangle Centers that contains more that 3000 triangle centers is
maintained by Clark Kimberling [Kimberling (web); Kimberling (1998)].
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2 Barycentric Calculus

1.1 Points, Lines, Distance and Isometries

In the Cartesian model R™ of the n-dimensional Euclidean geometry, where
n is any positive integer, we introduce a Cartesian coordinate system rela-
tive to which points of R™ are given by n-tuples, like X = (z1,z2,...,z,) or
Y = (y1,92,-.-,Yn), etc., of real numbers. The point 0 = (0,0, ...) € R™
is called the origin of R™. The Cartesian model R™ of the n-dimensional
Euclidean geometry is a real inner product space [Marsden (1974)] with
addition, subtraction, scalar multiplication and inner product given, re-
spectively, by the equations

(x17x27'"7xn)+(y17y27"'7yn): (xl +y1;x2+y27"'7xn+yn)
(x17x27"'7xn)_(y17y27"'7yn): (xl _y17x2_y27"'7xn_yn) (1 1)
r(x1,xa, ..., xy) = (rey,rae, ..., rey,) .
(21,22, -, Zn) (Y1, Y2, - - Yn) = T1Y1 + T2y2 + ... + TnYn

for any real number r € R and any points X,Y € R™. Unless it is otherwise
specifically stated, we shall always adopt the convention that n > 2. In the
study of spheres and tetrahedra it is assumed that n > 3.

In our Cartesian model R™ of Euclidean geometry, it is convenient to
define a line by the set of its points. Let A, B € R™ be any two distinct
points. The unique line Las that passes through these points is the set of
all points

Lis = A+ (—A+ B)t (1.2)

for all t € R, that is, for all —co < ¢t < co. Equation (1.2) is said to be the
line representation in terms of points A and B. Obviously, the same line
can be represented by any two distinct points that lie on the line.

The norm || X|| of X € R™ is given by

X = X-X (1.3)
satisfying the Cauchy —Schwartz inequality
XY < I XY (1.4)
and the triangle inequality
X + Y| < [ X[+ Y]] (1.5)
for all X,Y € R".
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Euclidean Barycentric Coordinates 3

The distance d(X,Y") between points X, Y € R™ is given by the distance
function

dX,)Y)=||-X+Y| (1.6)
that obeys the triangle inequality
[=X+Y[+-Y+Z]=]-X+Z] (1.7)
or, equivalently,
dX,)Y)+d(Y,Z2) >d(X,Z) (1.8)

for all X,Y,Z € R™.
A map f: R" — R"is isometric, or an isometry, if it preserves distance,
that is, if

d(f(X), f(Y)) = d(X,Y) (1.9)

for all X,Y € R".

The set of all isometries of R forms a group that contains, as subgroups,
the set of all translations of R™ and the set of all rotations of R™ about its
origin. The group of all translations of R™ and all rotations of R™ about its
origin, known as the Euclidean group of motions, plays an important role
in Euclidean geometry. The formal definition of groups, therefore, follows.

Definition 1.1 (Groups). A group is a pair (G, +) of a nonempty
set and a binary operation in the set, whose binary operation satisfies the
following axioms. In G there is at least one element, 0, called a left identity,
satisfying

(G1) 0+a=a

for all a € G. There is an element 0 € G satisfying Aziom (G1) such
that for each a € G there is an element —a € G, called a left inverse of a,
satisfying

(G2) —a+a=0.
Moreover, the binary operation obeys the associative law
(G3) (a+b)+c=a+(b+c)

for all a,b,c € G.

Definition 1.2 (Commutative Groups). A group (G,+) is commu-
tative if its binary operation obeys the commutative law

(G6) a+b=b+a

for all a,b € G.
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4 Barycentric Calculus

A natural extension of (commutative) groups into (gyrocommutative)
gyrogroups, which is sensitive to the needs of exploring hyperbolic geometry,
will be presented in Defs. 2.2-2.3, p. 73.

A translation T, A of a point A by a point X in R", is given by

T.A=X+A (1.10)

for all X, A € R™. Translation composition is given by point addition.
Indeed,

I T, A=X+(Y+A)=(X+Y)+A=T,,A (1.11)
for all X,Y, A € R", thus obtaining the translation composition law
=T (1.12)

for translations of R™. The set of all translations of R", accordingly, forms
a commutative group under translation composition.

Let SO(n) be the special orthogonal group of order n, that is, the group
of all m xn orthogonal matrices with determinant 1. A rotation R of a
point A € R™, denoted RA, is given by the matrix product RA! of a matrix
R € SO(n) and the transpose A* of A € R™. A rotation of R” is a linear
map of R™, so that it leaves the origin of R™ invariant. Rotation composition
is given by matrix multiplication, so that the set of all rotations of R™ about
its origin forms a noncommutative group under rotation composition.

Translations of R™ and rotations of R™ about its origin are isometries.
The set of all translations of R™ and all rotations of R™ about its origin
forms a group under transformation composition, known as the Euclidean
group of motions. In group theory, this group of motions turns out to be
the so called semidirect product of the group of translations and the group
of rotations.

Following Klein’s 1872 Erlangen Program [Mumford, Series and Wright
(2002)][Greenberg (1993), p. 253], the geometric objects of a geometry are
the invariants of the group of motions of the geometry so that, conversely,
objects that are invariant under the group of motions of a geometry possess
geometric significance. Accordingly, for instance, the distance between two
points of R™ is geometrically significant in Euclidean geometry since it is
invariant under the group of motions, translations and rotations, of the
Euclidean geometry of R™.
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Euclidean Barycentric Coordinates 5

1.2 Vectors, Angles and Triangles

Definition 1.3 (Equivalence Relations and Classes). A relation on
a nonempty set S is a subset R of Sx S, R C Sx .S, written as a ~ b if
(a,b) € R. A relation ~ on a set S is

(1) Reflexive if a ~ a for alla € S.
(2) Symmetric if a ~ b implies b ~ a for all a,b € S.
(3) Transitive if a ~b and b ~ ¢ imply a ~ ¢ for all a,b,c € S.

A relation is an equivalence relation if it is reflexive, symmetric and tran-
sitive.

An equivalence relation ~ on a set S gives rise to equivalence classes.
The equivalence class of a € S is the subset {x € S : x ~ a} of S of all the
elements x € S that are related to a by the relation ~.

Two equivalence classes in a set S with an equivalence relation ~ are
either equal or disjoint, and the union of all the equivalence classes in S
equals S. Accordingly, we say that the equivalence classes of a set S with
an equivalence relation form a partition of S.

Points of R™, denoted by capital italic letters A, B, P, Q, etc., give rise
to vectors in R™, denoted by bold roman lowercase letters u, v, etc. Any
two ordered points P, @ € R™ give rise to a unique rooted vector v € R",
rooted at the point P. It has a tail at the point P and a head at the point
Q, and it has the value —P + Q,

v=-P+Q (1.13)

The length of the rooted vector v.= —P + @ is the distance between its
tail, P, and its head, @, given by the equation

vl =1-P+Q (1.14)

Two rooted vectors —P + @ and —R + S are equivalent if they have the
same value, —P + Q = —R+ S, that is,

—-P+Q ~ —R+S if and only if —-P+Q=—-R+5 (1.15)

The relation ~ in (1.15) between rooted vectors is reflexive, symmetric and
transitive. Hence, it is an equivalence relation that gives rise to equivalence
classes of rooted vectors. To liberate rooted vectors from their roots we
define a wvector to be an equivalence class of rooted vectors. The vector
—P + @ is thus a representative of all rooted vectors with value —P + Q.
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6 Barycentric Calculus

vi=—A+B=-A+PB

vl =1 - A+ B

Fig. 1.1 The vectors —A + B and —A’ + B’ have equal values, that is, —A + B =
—A’ + B, in a Euclidean space R™. As such, these two vectors are equivalent and,
hence, indistinguishable in their vector space and its underlying Euclidean geometry.
Two equivalent nonzero vectors in Euclidean geometry are parallel, and possess equal
lengths, as shown here for n = 2. Vectors in hyperbolic geometry are called gyrovectors.
For the hyperbolic geometric counterparts, see Fig. 2.2, p. 102, and Fig. 2.13, p. 144.

As an example, the two distinct rooted vectors —A+4 B and —A’ + B’ in
Fig. 1.1 possess the same value so that, as vectors, they are indistinguish-
able.

Vectors add according to the parallelogram addition law. Hence, vectors
in Euclidean geometry are equivalence classes of ordered pairs of points that
add according to the parallelogram law.

A point P € R™ is identified with the vector —O 4+ P, O being the
arbitrarily selected origin of the space R™. Hence, the algebra of vectors
can be applied to points as well.
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Euclidean Barycentric Coordinates
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Fig. 1.2 A triangle A; A2 A3z in R™ is shown here for n = 2, along with its associated
standard index notation. The triangle vertices, A1, A2 and As, are any non-collinear
points of R™. Its sides are presented graphically as line segments that join the vertices.
They form vectors, a;j, side-lengths, a;; = |la;||, 1 < 4,5 < 3, and angles, o, k =1,2,3.
The triangle angle sum is 7. The cosine function of the triangle angles is presented. The
point P is a generic point in the triangle plane, with barycentric coordinates (m1 : m1 :

mg) with respect to the triangle vertices.

Let —A; + Ay and —A; + Az be two rooted vectors with a common
tail Ay, Fig. 1.2. They include an angle oy = LA A1 A3 = LA3A; As, the

measure of which is given by the equation

—A; + A _ —A; + Az
| = A1+ Aqf| || — A1+ As]|
Accordingly, the angle a; in Fig. 1.2 has the radian measure

—1 _Al +A2 . —Al +A3
| = A1+ Aof| || — A1 + As]|

cos iy =

a1 = COS
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8 Barycentric Calculus

The angle «; is invariant under translations. Indeed,

cos o — —(X+ A1)+ (X +A) (X +A)+ (X +4;)
Pl - (X AD (X A (X A+ (X + A3)
—A1+Ay A+ A3 (1.18)

T = A Aol - AL+ A

= cosay
for all A;, Ag, A3, X € R™. Similarly, the angle o is invariant under rota-
tions of R™ about its origin. Indeed,

—RA1 + RAQ ) —RAl + RAg
| — RAL + RAz| || — RA1 + RA;|

cosaf =

_ _R(=A1+4y)  R(-A1+ A3)
[R(=A1 + As)|| [[R(—A1 + As)||

(1.19)
At A A+ A
| — Ay + Ao| || — A1 + As]|

= cos a1

for all Ay, Az, A3 € R™ and R € SO(n), since rotations R € SO(n) are
linear maps that preserve the inner product in R™.

Being invariant under the motions of R", angles are geometric objects of
the Euclidean geometry of R™. Triangle angle sum in Euclidean geometry is
m. The standard index notation that we use with a triangle A3 A3 Az in R™,
n > 2, is presented in Fig. 1.2 for n = 2. In our notation, triangle A; As A3,
thus, has (i) three vertices, A, Ao and As; (ii) three angles, a1, as and ag;
and (iii) three sides, which form the three vectors aja, ags and asy; with
respective (iv) three side-lengths aj2, ass and asz;.

1.3 Euclidean Barycentric Coordinates

A barycenter in astronomy is the point between two objects where they
balance each other. It is the center of gravity where two or more celestial
bodies orbit each other. In 1827 Mobius published a book whose title, Der
Barycentrische Calcul, translates as The Barycentric Calculus. The word
barycenter means center of gravity, but the book is entirely geometrical
and, hence, called by Jeremy Gray [Gray (1993)], Mdbius’s Geometrical
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Euclidean Barycentric Coordinates 9

Mechanics. The 1827 Mobius book is best remembered for introducing a
new system of coordinates, the barycentric coordinates. The historical con-
tribution of M6bius’ barycentric coordinates to vector analysis is described
in [Crowe (1994), pp. 48-50].

The Mobius idea, for a triangle as an illustrative example, is to attach
masses, m1, Mo, M3, respectively, to three non-collinear points, A1, As, Az,
in the Euclidean plane R2, and consider their center of mass, or momentum,
P, called barycenter, given by the equation

mi Ay +moAy + mzAs
mi + mo + M3

P =

(1.20)

The barycentric coordinates of the point P in (1.20) in the plane of triangle
Ay Ay Az relative to this triangle may be considered as weights, m1, ma, ms,
which if placed at vertices Ay, As, A3, cause P to become the balance point
for the plane. The point P turns out to be the center of mass when the
points of R2? are viewed as position vectors, and the center of momentum
when the points of R? are viewed as relative velocity vectors.

Definition 1.4 (Euclidean Pointwise Independence — Hocking and
Young [Hocking and Young (1988), pp. 195-200]). A set S of N points
S ={A,...,An} in R™", n > 2, is pointwise independent if the N — 1
vectors —A1 + Ag, k=2,..., N, are linearly independent.

The notion of pointwise independence proves useful in the following
definition of Euclidean barycentric coordinates.

Definition 1.5 (Euclidean Barycentric Coordinates). Let
S={A1,..., An} be a pointwise independent set of N points in R™. Then,

the real numbers my, ..., my, satisfying
N
> mp #£0 (1.21)
k=1
are barycentric coordinates of a point P € R™ with respect to the set S if
N
A
P = M (1.22)
2 k=1 Mk

Equation (1.22) is said to be a barycentric coordinate representation of P
with respect to the set S = {A1,...,An}.

Barycentric coordinates are homogeneous in the sense that the barycen-
tric coordinates (m,...,my) of the point P in (1.22) are equivalent to
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10 Barycentric Calculus

the barycentric coordinates (Amy,...,Amy) for any real nonzero number
A€ R, A # 0. Since in barycentric coordinates only ratios of coordinates
are relevant, the barycentric coordinates (m1,...,my) are also written as
(my: ...:mpn) so that

(ml:mg: :mN):()\ml:)\mgz :)\mN) (123)

for any real \ #£ 0.
Barycentric coordinates that are normalized by the condition

N
ka =1 (1.24)
k=1

are called special barycentric coordinates.
The point P in (1.22) is said to be a barycentric combination of the
points of the set S, possessing the barycentric coordinate representation

(1.22).
The barycentric combination (1.22) is positive if all the coefficients my,
k=1,...,N, are positive. The set of all positive barycentric combinations

of the points of the set S is called the convex span of S.
The constant

N
mo = ka (1.25)
k=1

is called the constant of the point P with respect to the set S.

The pointwise independence of the set S in Def. 1.5 insures that the
barycentric coordinate representation of a point with respect to the set .S
is unique.

Definition 1.6 (Euclidean Simplex). The convex span (see Def. 1.5)
of the pointwise independent set S = {A1,...,Anx} of N > 2 points in R™
is an (N — 1)-dimensional simplex, called an (N — 1)-simplez and denoted
Ay,...,An. The points of S are the vertices of the simplex. The convex
span of N — 1 of the points of S is a face of the simplex, said to be the
face opposite to the remaining vertex. The convex span of each two of the
vertices is an edge of the simplex.

Any two distinct points A, B of R™ are pointwise independent, and
their convex span is the interior of the segment AB, which is a 1-simplex.
Similarly, any three non-collinear points A, B, C' of R, n > 2, are pointwise
independent, and their convex span is the interior of the triangle ABC,
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Euclidean Barycentric Coordinates 11

which is a 2-simplex, and the convex span of any four pointwise independent
points A, B,C,D of R™, n > 3, is the interior of the tetrahedron ABCD,
which is a 3-simplex.

1.4 Analogies with Classical Mechanics

Barycentric coordinate representations of points of the Euclidean space R™
with respect to the set S = {4;,..., Ax} of vertices of a simplex in R™
admit a classical mechanical interpretation.

Guided by analogies with classical mechanics, the (N — 1)-simplex of
the N points of the pointwise independent set S = {A;, Az, ..., Ay} along
with barycentric coordinates (mq : mo : ... :my) may be viewed as an
isolated system S = {Ag, my, k =1,..., N} of N noninteracting particles,
where my, € R is the mass of the kth particle and Ay € R™ is the velocity
of the kth particle, k = 1,..., N, relative to the arbitrarily selected origin
O =0=(0,...,0) of the Newtonian velocity space R™. Each point of the
Newtonian velocity space R™ represents a velocity of an inertial frame. In
particular, the origin O = 0 of R"™ represents the rest frame.

By analogy with classical mechanics, the point P in (1.22) is the velocity
of the center of momentum (CM) frame of the particle system S relative to
the rest frame. The CM frame of S, in turn, is an inertial reference frame
relative to which the momentum, Zgzl my Ay, of the particle system S
vanishes.

Finally, the constant mg in (1.25) of the point P with respect to the set
S in (1.25) is viewed in the context of classical mechanics as the total mass
of the particle system S.

Along these remarkable analogies between Euclidean geometry and clas-
sical mechanics, there is an important disanalogy. As opposed to classical
mechanics, where masses are always positive, in Euclidean geometry the
“masses” my, k =1,..., N, considered as barycentric coordinates of points,
need not be positive.

The analogies with classical mechanics will help us in this book to form
a bridge to hyperbolic geometry, where analogies with classical mechanics
are replaced by corresponding analogies with relativistic mechanics. Thus,
specifically, in our transition from Euclidean to hyperbolic geometry,

(1) the Euclidean space of Newtonian velocities is replaced by the Euclidean
ball of Einsteinian velocities, that is, by the ball of all relativistically
admissible velocities,
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12 Barycentric Calculus

(2) the Newtonian velocity addition law, which is the ordinary vector ad-
dition in Euclidean space, is replaced by Einstein velocity addition law
in the ball of relativistically admissible velocities, and

(3) the Newtonian mass is replaced by the relativistic mass, which is ve-
locity dependent.

1.5 Barycentric Representations are Covariant

It is easy to see from (1.22) that barycentric coordinates are independent
of the choice of the origin of their vector space, that is,

Sl mi(W + Ay)
Zgzl mg

for all W € R™. The proof that (1.26) follows from (1.22) is immediate,
owing to the result that scalar multiplication in vector spaces is distributive

over vector addition.

It follows from (1.26) that the barycentric coordinate representation
(1.22) of a point P is covariant with respect to translations of R™ since
the point P and the points Ag, &k = 1,..., N, of its generating set S =
{Ai,...,An} vary in (1.26) together under translations.

Let R € SO(n) be an element of the special orthogonal group SO(n) of
all nxn orthogonal matrices with determinant 1, which represent rotations
of the space R™ about its origin. Since R is linear, it follows from (1.22)
that

Zszl my RAy,

N
k=1"%

RP = (1.27)
for all R € SO(n).

It follows from (1.27) that the barycentric coordinate representation,
(1.22), of a point P is covariant with respect to rotations of R™ since the
point P and the points Ag, k = 1,..., N, of its generating set S vary in
(1.27) together under rotations.

The group of all translations and all rotations of R™ forms the group
of motions of R™, which is the group of all direct isometries of R™ (that is,
isometries preserving orientation) for the Euclidean distance function (1.6).

The point P in (1.22) is determined by the points Ay, k=1,..., N, of
its generating set S. It is said to be covariant since the point P and the
points of its generating set S vary together in R™ under the motions of R™.
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Euclidean Barycentric Coordinates 13

The set of all points in R™ for which the barycentric coordinates with
respect to S are all positive forms an open convex subset of R™, that is,
the open N-simplex with the N vertices Ay, ..., Ay. The N-simplex with
vertices Ay, ..., Ay, is denoted by A; ... Ay so that, for instance, A; As is
the open segment joining points A; with Ay in R™, n > 1, and A A3A3
is the interior of the triangle with vertices A;, A and Az in R", n > 2.
If the positive number my is viewed as the mass of a massive object with
Newtonian velocity Ay € R", 1 < k < N, the point P in (1.22) turns
out to be the center of momentum of the N masses mg, 1 < k < N.
If, furthermore, all the masses are equal, the center of momentum is the
centroid of the N-simplex.

As an application of the covariance of barycentric coordinate represen-
tations in (1.26) and for later reference we present the following lemma:

Lemma 1.7 Let A1AsAs be a triangle in a Euclidean space R™, and let

A A A
p— m1Ay +me Az +m3As (1.28)
mi + mo + M3

be the barycentric coordinate representation of a point P € R™ with respect
to the set {A1, Aa, As} of the triangle vertices. Then,

2 2 2 2 2 2 2
msai, + miajz + mams( ajy +af; — asz)

— A+ P2 =
| ! | (m1 4+ ma + mg)?

| = Ay + P|% = miaf, +mia3s +mims( afy — afs +a3s) (1.29)
(m1 + mo + m3)2

2 92 2 2 2 2 2
miaiz + miaz; +mima(—ai; +ais +ass)
(m1 —+ mo + mg)Q

| - As+ P|* =

Proof. By the covariance property (1.26) of barycentric coordinate rep-
resentations and the standard triangle index notation in Fig. 1.2, p. 7, it
follows from (1.28) that

ml(—Al + Al) + mz(—Al + AQ) + mg(—Al + Ag)

—A1+P=
! mi + mo + ms (1 30)
_ Mmaais + maais .
m1 + mo + ms3
so that
= Ay + P||2 _ m%aﬁ + m%a%:; + 2maomasaioai3 COS (1.31)

(m1 —+ mo + m3)2
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14 Barycentric Calculus

Applying the law of cosines to triangle A; As A3 and its angle «; in
Fig. 1.2, p. 7, we have

2 2 2
2a12a13 cOS Q1 = afy + ajs — 53 (1.32)

Eliminating cosay between (1.31) and (1.32) we obtain the first equation
in (1.29). The second and the third equations in (1.29) are obtained from
the first by cyclic permutations of the triangle vertices. O

1.6 Vector Barycentric Representation

Two points P, P’ € R™ define a vector v = —P’ 4+ P in R" with a tail
P’ and a head P. In the following theorem we show that if each of the
points P and P’ possesses a barycentric representation with respect to a
pointwise independent set S = {A;,..., Ay} of N points in R", then the

vector v = — P’ + P possesses an induced representation with respect to the
vectors a;; = —A; + A, 4,5 =1,...,N, i < j, called a vector barycentric
representation.

Theorem 1.8 (The Vector Barycentric Representation). Let

N
; iAi
P:%?#%f (1.33)
=1 T
and
Yo, mhA;
p== (1.34)
Ej:l m;

be barycentric representations of two points P, P’ € R™ with respect to a
pointwise independent set S = {A;,..., AN} of N points of R™. Then, the
vector v formed by the point difference v.= —P + P’ possesses the vector
barycentric representation

Eﬁfj:l(mim;— —mim;)(—A; + 4;)

v=-P+P =5 __ - (1.35)
D ket Mi Zj:l m;
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Euclidean Barycentric Coordinates 15

Proof. The proof is given by the following chain of equations, which are
numbered for subsequent explanation.

1 N N
papal TLm(PrA)  TLim(A +P)
— ZN m! - ZN m'
J=1""j j=1""%
(2) N ( Zt 1m A )
DY L S il ) oy
Ej mj
N mi(—A;+A;
S SRl
- N
225 ™
4 N N
f(/_)\ Dojm1 ™y Dy mi(—Ai + Aj)
- N N
Dim1 M 25— M

) SN maml (= A+ Ay) + XN mam (= A + 4;)
/= i<j >
T N N

Dim1 M Zj:l mj
(6) Zz] 1My 3(_141"‘14]) Zz] 1Mm;m ( A; +A)
= i<J i<j
- N

Dim1 M Zj mj
(M SNy (mgm, — mimy)(— Ay + Aj)
~ <j
T N N

Dim1 i Dy M

(8) Eivg 1(m1m] —mim;)a,;
=~

Zij\il my; Z;V:I m;
(1.36)

Derivation of the numbered equalities in (1.36) follows:

(1) Follows from the barycentric representation (1.34) of P’ along with the
covariance property (1.26) of barycentric representations.

(2) Follows from (1) by a substitution of the barycentric representation
(1.33) of P.
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16 Barycentric Calculus

(3) Follows from (2) by the covariance property (1.26) of barycentric rep-
resentations.

(4) Follows from (3) immediately.

(5) Follows from (4) straightforwardly, noting that the contribution of pairs
(4,7) vanishes when i = j.

(6) Follows from (5) by interchanging the labels ¢ and j of the two sum-
mation indexes in the argument of the second ¥ on the numerator of
(5).

(7) Follows from (6) immediately.

(8) The passage from (7) to (8) is merely a matter of notation that we
introduce here for its importance in the book. In this notation, the
vector —A;+A; with tail A; and head A; is denoted by a;; = —A;+A;,
and its magnitude is denoted by a;; = || — A; + Aj]|.

Example 1.9 (A Vector Barycentric Representation). Let

a3 A1 + a1342 + a1243
a12 + ai3 + ass

I =

(1.37)

and

a13As + a12A
p_ 2 + a1243 (1.38)
aiz + a3
be barycentric representations of points I, P € R", where a2, a3, ass > 0,
and S = {A;, Ay, A3} is a pointwise independent set in R™, n > 2.
Then, in the barycentric coordinate notation in Theorem 1.8,

m1 A1 + moAs +msAs

I= (1.39)
mi1 + mo + ms3
and
m’lAl + m/QAQ + m’3A3
P= (1.40)
1 2 3
where
my = azg
mo = a13 (14].)
m3 = ai2
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Euclidean Barycentric Coordinates 17

and
my =0
mhy = a3 (1.42)
mhy = aia

Hence, by Identity (1.35) of Theorem 1.8, we have the vector barycentric
representation

_J+P= (mimfh — mimsz)ais + (mymfs — mims)ais + (mamf — mbhmg)ass

(m1 + ma + ms)(m + mh +mj)

aizaie + ajgag3
3
(@12 + a13)(a12 + a13 + a23)

:a2

(1.43)

1.7 Triangle Centroid

The triangle centroid is located at the intersection of the triangle medians,
Fig. 1.3.

Let A1 A3 A3 be a triangle with vertices Ay, A and Az in a Euclidean n-
space R", and let G be the triangle centroid, as shown in Fig. 1.3 for n = 2.
Then, G is given in terms of its barycentric coordinates (mq : msg : ms)
with respect to the set {41, A2, A3} by the equation

mi A + moAs +m3As
mi + mo + M3

G:

(1.44)

where the barycentric coordinates my, mo and ms of Ps; are to be deter-
mined in (1.50) below.
The midpoint of side A1 Ay is given by
A+ Ay

Maja, = — (1.45)

so that an equation of the line Lio3 through the points Ma,a, and Az is

M% (1.46)

Lias(t1) = Az + (—A3+ 5

with the line parameter ¢t; € R.
The line L123(t1) contains one of the three medians of triangle A; A As.
Invoking cyclicity, equations of the lines L123, L231 and L312, which contain,
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18 Barycentric Calculus

Ao

Az L
G = §(A1 + As + As)

5

d = 3(A1 + Ay)
= %(x‘h + Az)
= $(Ay + As)

Fig. 1.3 The side midpoints M and the centroid G of triangle A; A3 A3 in a Euclidean
plane R2.

respectively, the three triangle medians are obtained from (1.46) by index
cyclic permutations,

t t
Ligs(t1) = %Al + %Ag + (1 —t1)A3
t t
Lazi(t2) = 52142 + 52143 + (1 —t2)A (1.47)

t t
L31o(ts) = §3A3 + §3A1 + (1 —1¢3)As

t1,t2,t3 € R.

The triangle centroid G, Fig. 1.3, is the point of concurrency of the
three lines in (1.47). This point of concurrency is determined by solving
the equation L123(t1) = Logi(t2) = Ls12(t3) for the unknowns t1, 2,13 € R,
obtaining t; = to = t3 = 2/3. Hence, G is given by the equation

AL+ Az + Az

G= 3

(1.48)
Comparing (1.48) with (1.44) we find that the special barycentric co-
ordinates (mq,ma, m3) of G with respect to the set {A1, A2, A3} are given
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Euclidean Barycentric Coordinates 19

by

mi1p = Mmo = M3 = (149)

Wl

Hence, convenient barycentric coordinates (mj : mo : m3) of G may be
given by

(my:mg:mg)=(1:1:1) (1.50)

as it is well-known in the literature; see, for instance, [Kimberling (web);
Kimberling (1998)].

1.8 Triangle Altitude

Let A1 A2A3 be a triangle with vertices A1, Az, and A3 in a Euclidean
n-space R", and let the point P3 be the orthogonal projection of vertex
As onto its opposite side, A; Ay (or its extension), as shown in Fig. 1.4 for
n = 2. Furthermore, let (m; : mga) be barycentric coordinates of P; with
respect to the set {A;, As}. Then, P; is given in terms of its barycentric
coordinates (m; : mg) with respect to the set {41, A3} by the equation
Py = miAs +meds (1.51)
mi + meo
where the barycentric coordinates m, and mgy of Ps are to be determined
in (1.61) below.
By the covariance (1.26) of barycentric coordinate representations with
respect to translations we have, in particular, for X = A; and X = A,

ma(—A1 + Az) moajgg

| 1 1+ 3 . pp—.
(1.52)
Ao+ A _
p2:_A2+P3:m1( 2+ 1): miaig
my + ma my + ma
As indicated in Fig. 1.2, p. 7, we use the notation
aij = —Ai + Aj, ai; = ||ayl] (1.53)
1,7 =1,2,3,4 # j. Clearly, in general, a;; # aj;, but a;; = aj;.
We also use the notation
p1 = —A1 + B3, p1=[pll
(1.54)
p2 = — Az + P, p2 = [|p2|l
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20 Barycentric Calculus

ajp = —A1+ Az, a2 = |laiz|
a;3 =—A;+ A3, a3 = |a]|
agz3 = —Ay+ Az, agz = ||ag]|
hs; = —As + Ps, hs = ||hs]|
%,
[6D) -A2
ai2

p1=-A1+ P, pi=|pi]

p2=—As+ P3, p2=|p2

Fig. 1.4 Orthogonal projection, Ps3, of a point, A3, onto a segment, AjAs, in a Eu-
clidean n-space R™. The segment A3Pj3 is the altitude hs of triangle A; A2 A3 dropped
perpendicularly from vertex As to its foot P3 on its base, which is side AjAs of the
triangle. Barycentric coordinates {m1 : ma} of the point P3 with respect to the set of
points {A1, A2}, satisfying (1.51), are determined in (1.61).

and
h = —A3 + P, h = ||| (1.55)

In this notation, the vector equations (1.52) lead to the scalar equations

pL= Maai2
= ——
mi + mo
(1.56)
Py = miai2
g = —— "=
mi + mo

The Pythagorean identity for the right-angled triangles A;P3;As and
AsP3 A3 in Fig. 1.4 implies

h* = af3 —pi = a3 — v (1.57)
Hence, by (1.56)—(1.57),

2 2 2 2
2 Mmaayy 2 miayy

I et v R - 12 1.58
ais (M + ma)? as3 (M + ma)? ( )
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Euclidean Barycentric Coordinates 21

Normalizing m; and msy,
mi1+mo =1 (159)

and solving (1.58)—(1.59) for m; and ms, the special barycentric coordi-
nates {my, ma} of the point P; with respect to the set {41, A2} are

2 2 2
ajp — ayz +ag;

my =
2a3,

(1.60)
afy + aiz — a3z

mo =
2a2,

so that convenient barycentric coordinates (my : ma) of P35 with respect to
the set {A1, A2} may be given by

m1 = ai, — afs + a3
.., (1.61)
m2 = ajp + ajg — a3
Hence, by (1.51) and either (1.60) or (1.61) we have
1 /a2 — a2 2 1 /a2 2 2
Py=3 <a12 a;:& +a23) A+ : <a12 +a%3 a23) A, (1.62)
a12 a12
Following the law of sines,

a3 a1z Q12 (1.63)
sino;  sinas  sinasg '

for triangle A; A2 Az in Fig. 1.5, (1.62) can be written in terms of the triangle
angles as

sin? a; — sin? g + sin® asg — sin® oy + sin® ap + sin? ag

Py = A+

Ay
(1.64)

2 sin? Qas 2 sin? Qas

Taking advantage of the triangle 7 condition
o1 +ogtas=m (1.65)
that triangle angles obey, we have the trigonometric elegant identities
) ) 2 o . .
—sin” a1 + sin” a + sin” a3 = 2 cos o sin o sin ag
(1.66)
) ) 2 o } .
sin” a; — sin” aig + sin” ag = 2'sin 1 cos g sin g
where a3 = ™ — a1 — Q.
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22 Barycentric Calculus

Substituting (1.66) into (1.64), we have

sin a1 cos aip COS (v1 Sin aip
P; = A A 1.67
3 sin(a + a2) v sin(a1 + aw) 2 (1.67)

so that the special trigonometric barycentric coordinates (mi,ms) of Ps
with respect to the set {A1, A2} is

sin oy cosay  €os oy sin g )

(m1,mg) = ( (1.68)

sin(ag + ag)’ sin(ay + az)

and, accordingly, convenient trigonometric barycentric coordinates (mj :

mb) of P; with respect to the set {41, A} are

(m/ : mb) = (sinay cos g : cos ay sin ag)

(1.69)
= (tanaq : tan ag)
The altitude hg of triangle A; A A3 in Fig. 1.4 is the vector
hy = —-A3 + P
- 1 aty _aza‘ﬂl%a (—A3—|—A1)+1 a%z‘“@:& — a3, (—As + Ay)
2 aiy 2 aiy
_ 1 afy — aj; + a3, as, + 1 afy + aj; — a3 a3,
2 a?y 2 a?,
(1.70)
as we see from (1.62) by employing the covariance property (1.26), p. 12,
of barycentric coordinate representations. Note that az; = —aj3, so that
aiz = ||az1|| = [|awz]| = a1s, etc.

Noting the law of cosines,

2 2 2
a’lQ = a13 + a23 - 2a13a23 COS (x3 (171)

in the notation of Fig. 1.4, we have
2a31-a32 = 2(—A3 —|— Al)-(—Ag —|— AQ)
= 2a13093 COS ('3 (1.72)
_ 2 2 2
= —ajp +aj3z +ag;
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Euclidean Barycentric Coordinates 23

Hence, by (1.70) and (1.72), the squared length h% of altitude hg,
Fig. 1.4, is given by

2 _ 2
hi = ||hg]|
2 2 2 2 2 2
1 aip — ai3 +a\ o ajp +ajz3 —az\ -
=37 )at | V35— ]axy
4 a a
12 12
2 2 2 2 2 2
" a1y — G13 T A33 a1p +af3 — 033, o L a2 4 a
2 2 (—aiy + ajz + ass)
p) ars
(a2 +a13 +azs)(—a12 + aiz + as3)(aia — a1z + ass)(ai2 + a1z — ass)
= 2
4afi,
Fy(ai2,a13,a23)
==
4ai, (1.73)

Here Fz(alg, ais, CL23), given by

Fy(ai2,a13,a23)
= (a12 + a13 + a23)(—a12 + a1z + a23)(a12 — a13 + a23)(a12 + a13 — ag3)

0 a%Q a%31
a%l 0 a§31
a%l a§2 01
1 1 10 (1.74)

[Veljan (2000)] is a symmetric function of the triangle side lengths that
possesses an elegant determinant representation, in terms of the so called
Cayley-Menger determinant.

Equation (1.73) gives rise to Heron’s formula of the triangle area in the
following theorem:

Theorem 1.10 (Heron’s Formula). The area |A1A2A3| of triangle
A1 A3A3 in a Fuclidean space R™ is given by Heron’s Formula

|A1 A2 As| = ai2hs

1
= Z\/Cllz + a13 + agzv/—a12 + aiz + azzVai2 — aiz + azzVaiz + aig — ass
(1.75)
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24 Barycentric Calculus

Owing to their importance, we elevate the results in (1.62) and (1.73)
to the status of theorems:

Theorem 1.11 (Point to Line Perpendicular Projection). Let A,
and As be any two distinct points of a Fuclidean space R™, and let L4, 4,
be the line passing through these points. Furthermore, let As be any point
of the space that does not lie on L., 4,, as shown in Fig. 1.4. Then, in
the notation of Fig. 1.4, the perpendicular projection of the point Az on the
line L4, 4, is the point P3 on the line given by, (1.62), (1.69),

1 (a2, — a2, + a2 1 (a2, + a2, — a2

P3:§< 12 %3 23)A1+§< 12 %3 23)A2
p) p)

(1.76)

_ tanag Ay +tanag Ay

tan oy + tan as

Theorem 1.12 (Point to Line Distance). Let A; and Az be any two
distinct points of a Euclidean space R™, and let L, 4, be the line passing
through these points. Furthermore, let Az be any point of the space that does
not lie on L, 4,, as shown in Fig. 1.4. Then, in the notation of Fig. 1.4,
the distance hs = || — As + Ps|| between the point As and the line L4, 4, s
given by the equation

F>(a12,a13, az3)

h2 =
3 2
4af,

(@12 + a1z + az3)(—ai2 + a13 + ag3) (@12 — a1z + as3)(ai2 + a1z — ags)
4a%2

2 9 2 9 2 9 4 4 4
_ 2(afpais + afsass + ajzaszs) — (afs +ajs + ass)

40,%2
(1.77)
Following the result, (1.77), of Theorem 1.12 we have
a2 a2 2 2 2 92N 4 4 4
a2,h2 = (aiqais + afyass + afzass) — (aiy + ajz +asz) (1.78)

4

1.9 Triangle Orthocenter

The triangle orthocenter is located at the intersection of its altitudes,
Fig. 1.5.
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Euclidean Barycentric Coordinates 25

ajpg =—A1+ Az, a2 = |laiz

As aji3=—A1+As, a3 = |las]|

azs = [lass||

A1 P3 a12
a1 = ZAQAlAg
.(l23 = .al?’ = .(l12 Qo = ZA1A2A3
sina;  sinag  sinasg

a3 = 4A1A3A2

Fig. 1.5 The Triangle Orthocenter H. A triangle orthocenter is the point at which the
three altitudes are concurrent. The standard triangle index notation along with its law
of sines is presented.

Let P, P, and Ps be the feet of the three altitudes of a triangle A; A3 A3
in a Euclidean n-space R", shown in Fig. 1.5 for n = 2. The barycen-

tric coordinate representation of the altitude feet with respect to the set
{Al, AQ, Ag} are

P == —aiy + ai; + a3, Ay + 1 (af, —afs + a3 As
a3 2 a3

N =

1/ —a2 2 2 1 /a2 2 2
Py = . ( aip + 0;13 + a23> A+ . <a12 + a;3 a23) As (1.79)
a13 ars
P — 1/ afy—aj;+a3, Ay + 1 (af, +afs — a3 As
7 al, 2 ay

The third equation in (1.79) is established in (1.62), and the first two equa-
tions in (1.79) are obtained from the third by vertex cyclic permutations.
The equations of the lines that contain the altitudes of triangle A; A3 Az,
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26 Barycentric Calculus

Fig. 1.5, are
Layp, = A1+ (41 + Pty
Lazry, = Ay + (—A2 + Pty (1.80)
Lagry = Az + (—Az + Ps)t3

for the three line parameters —oo < t1,ta,t3 < 0o, where the altitude feet
Py, P, and Ps are given by (1.79).

In order to determine the point of concurrency H of the triangle alti-
tudes, Fig. 1.5, if exists, we solve the vector equations

A1+ (A1 + Pty = As + (= A + Po)to = Ag + (—As + P3)ts  (1.81)
for the three scalar unknowns ¢, s and t3. The solution turns out to be

2(—a12 — a1z + a23)

t1 = D a23
2(— _

ty = (—a12 + a13 — ag3) s (1.82)

D

2( a0 —aiz—a

tg _ ( 12 Dl3 23) a1o

where
D = Q%Q + a%3 + a§3 — 2((112(113 + ai12a93 + a13a23) (183)

Substituting the solution for ¢; (respectively, for to, t3) in the first (re-
spectively, second, third) equation in (1.80) we determine the orthocenter
H of triangle A1 As A3 in terms of barycentric coordinates,

mi1 A1 + maAs +m3As

H= (1.84)
mi + meo + M3
where convenient barycentric coordinates are
4 2 2 \2
mi1 = ay3 — (aiy — aj)
4 2 2 \2
ma = ayz — (ajy — a3z) (1.85)

ms3 = 6‘4112 - (a§3 - a%3)2
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Euclidean Barycentric Coordinates 27

Following the law of sines (1.63), the barycentric coordinates of H in
(1.84)—(1.85) can be written in terms of the triangle angles as

1 — cos2a1 — cos2asg + cos2a3

= 14 cos2aq — cos2a — cos2asg
1 —cos2a — cos2ag + cos 2as (1.86)
m =
2T 9C cos 2ai; + cos 2aig — cos 2ai3
ms = 1

Taking advantage of the relationship (1.65) between triangle angles, and
employing trigonometric identities, (1.86) can be simplified, obtaining the
elegant barycentric coordinates of the orthocenter H of triangle A; As A3 in
terms of its angles,

tan aq

m; = ——
tan as

g — tan ag (1.87)
tan as

ms = 1

or equivalently, owing to the homogeneity of the barycentric coordinates,
mi = tanag
me = tan as (1.88)
ms = tan asg

Following (1.84) and (1.88), the orthocenter H of a triangle A; Az As
with vertices Ay, As and Az, and with corresponding angles a1, as and as,
Fig. 1.5, is given in terms of its barycentric coordinates with respect to the
set {A1, Ag, A3} by the equation

tan a1 A1 + tan as A + tan az As
tan o + tan as + tan ag

H =

(1.89)

1.10 Triangle Incenter

The incircle of a triangle is a circle lying inside the triangle, tangent to the
triangle sides. The center, I, of the incircle is called the triangle incenter,
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28 Barycentric Calculus

Fig. 1.8, p. 34. The triangle incenter is located at the intersection of the
angle bisectors, Fig. 1.7, p. 30.

Let P3 be a point on side Aj As of triangle A; As A3 in a Euclidean n
space R™ such that AsPj is an angle bisector of angle ZA; A3 As, as shown in
Fig. 1.6. Then, P; is given in terms of its barycentric coordinates (mq, ms)
with respect to the set {A1, A2} by the equation

p, = AL+ mady (1.90)
mi + mo
where the barycentric coordinates m, and msy of P3 are to be determined
in (1.98)—(1.99) below.

As in (1.52), by the covariance (1.26) of barycentric coordinate repre-
sentations with respect to translations we have, in particular for X = A,
and X = A,,

ma(—A; +A2)  moaiy

P1 1+ 3 . pp—.
(1.91)
A+ A _
pQ:—A2+P3:m1( 2+ A1) _ TMian
mi + ma m1 + mo
As indicated in Fig. 1.6, we use the notation
ajp = —A; + Ao, a2 = ||laiz]|
ajg = —A; + As, a3 = ||las]| (1.92)
ass = —Ay + As, azs = ||ags||
and
p1 = —A + P, p1 = ||p1]]
(1.93)
p2 = —Ay + P, p2 = ||p2]|
so that, by (1.91)—(1.93),
L= maai2
my + ma
(1.94)
Dy = miai
2 mi + mo
implying
b1 _ M2 (1.95)
b2 my
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ajg=—A1+ Az, a2 = |laiz
a;3=—A1+As, a3 = |as|
As ags = —As+ A3,  ass = ||ags||

h = |h]]

pi=-A1+ P,  pi=|pil

P2 =—A2+ P, p2=|p2f
01 = LAy AL As, g = ZA1AsAs, s = LAy AsAs
LA1A3Ps = LA3A3Ps

Fig. 1.6 Angle bisector, A3 P3, of angle ZA; A3 A2 in a Euclidean n-space R"™, for n = 2.
The segment A3 P3 forms the angle bisector in triangle A; A2 As, dropped from vertex
A3 to a point P3 on its opposite side A1 Aa. Barycentric coordinates {m1 : ma} of the
point P3 with respect to the set of points {A1, A2}, satisfying (1.90), are determined in
(1.98) —(1.99).

By the angle bisector theorem, which follows immediately from the law
of sines (1.63) and the equation sin ZA; PsAs = sin A3 P3Ag in Fig. 1.6,
the angle bisector of an angle in a triangle divides the opposite side in the
same ratio as the sides adjacent to the angle. Hence, in the notation of
Fig. 1.6,

h_ s (1.96)
b2 az3
Hence, by (1.95)—(1.96), and by the law of sines (1.63),
me _ iz _ sinas (1.97)
mi a3 S ovq
so that barycentric coordinates of P3 in (1.90) may be given by
my = a23
(1.98)
m2 = a3
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ajp = —A; + Ao, a2 = ||laiz]|
a3 = —A; + As, aiz = ||ais]|

ags = |lazs||

4A2A1P1 = ZA3A1P1
ZAlAQPQ = ZA3A2P2

p1=—A + Py, p1 = |p1ll
p2 = Az + P, p2 = [|p2|
p3 = —Az + P, p3 = ||p3l|

a1 = ZAgAlAg, Qg = ZAlAQAg, a3 = ZAlAgAQ

Fig. 1.7 The Triangle Incenter. The triangle angle bisectors are concurrent. The point
of concurrency, I, is called the incenter of the triangle. Here A1 A2 A3 is a triangle in a
Euclidean n-space, n = 2, and the line Ay Py is the angle bisector from vertex Ay to the
intersection point Py with the opposite side, kK = 1,2, 3.

or, equivalently, by

miq = sin oy
] (1.99)
mo = SN (1
Accordingly, Ps in Fig. 1.7 is given in terms of its barycentric coordinates
(m1, mo) with respect to the set {A;, As} by each of the two equations

ass A1 + a13As

P; =
G23 + a13

(1.100)
sin a1 A1 + sinap Ag

P =

sin ap + sin ag

The three bisector segments of triangle Ay A;As are A1 Py, As P, and
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A3 P, as shown in Fig. 1.7. Tt follows from (1.100) by vertex cyclic per-
mutations that barycentric coordinates of their feet, P;, P, and P5, with
respect to the set of the triangle vertices {A;, A3, A3} are given by

a134s + a1243

P =
a13 + a2
A A

p, = fd1 1 a124s (1.101)
a23 + a12

j as3Ai + a13As

a23 + a13
or, equivalently, by

sinag As + sinaz A
P =

sin oo + sin ag

i A i A
p, = S +sinasds (1.102)
sin v + sin g

sin a; A1 + sin aig A

Ps : -
sin v + sin o

The equations of the lines that contain the angle bisectors of triangle
A1A2A3, Flg 17, are
Lap, = A1+ (41 + Pty
Laye, = Ag + (—As + Po)ts (1.103)
Laspy = Az + (—As + Ps)ts
for the three line parameters —oo < t1, ta, t3 < 0o, where the angle bisector
feet P1, P, and Ps are given by (1.101).

In order to determine the point of concurrency I of the triangle angle
bisectors, Fig. 1.7, if exists, we solve the vector equations

A1+ (A1 + Pty = As + (—Ax + Po)to = As + (—As + P3)ts  (1.104)

BARYCENTRIC CALCULUS IN EUCLIDEAN AND HYPERBOLIC GEOMETRY - A Comparative Introduction
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7740.html



32 Barycentric Calculus

for the three scalar unknowns 1,5 and t3. The solution turn out to be

PR Y + a3
= Aarvms
a12 + a13 + ass
ty = a12 + a3
a12 + a1z + az3 (1.105)
a13 + a3
t3 =

a12 + a13 + ass

Substituting the solution for ¢; (respectively, for to, t3) in the first (re-
spectively, second, third) equation in (1.103) we determine the incenter I
of triangle A1 AsAs in terms of barycentric coordinates,

mi A1 + moAs + msAs

1= e — (1.106)
where the barycentric coordinates are
my = a23
me = a3 (1.107)
m3z = a2

or, equivalently by (1.97),

mi1 = sinag
Mo = sin o (1.108)
ms3 = sin ag
Following (1.106) and (1.107), the incenter I of a triangle A1 A3 A3 with
vertices Ay, As and As, and with corresponding sidelengths as3, a13 and
a12, Fig. 1.7, is given in terms of its barycentric coordinates with respect
to the set {A1, Aa, A3} by the equation
a3A1 + a13A3 + a1243
a23 + a1z + a2

Following (1.106) and (1.108), the incenter I of a triangle A1 A3 A3 with
vertices A;, Ay and As, and with corresponding angles a7, as and asg,

I =

(1.109)

Fig. 1.7, is given in terms of its trigonometric barycentric coordinates with
respect to the set {A;, As, As} by the equation
sin o1 A1 + sin ag Ay + sin g As

I = - - - (1.110)
sin o; + sin aig + sin ag
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The sine of any triangle angle is positive. Hence, by convexity consid-

erations, the incenter I of a triangle lies on the interior of the triangle.

1.11 Triangle Inradius

Let A1 A5 A3 be a triangle with incenter I in a Euclidean space R™. Fol-
lowing (1.109) and the covariance property (1.26), p. 12, of barycentric

representations, we have, in the notation of Fig. 1.8,

a23A1 + a1342 + a2 A3

A+ 1=—-A+
a23 + a13 + aiz

a13(—A1 + Az) + a12(— A1 + A3)
a23 + a13 + ai2

a1zalz + ajzais
a23 + aiz + aiz

Hence,

2a3,a33(1 + cosay)
(@12 + a1z + a23)?

afy = — A+ I|* =

noting that
(—Al + Ag)-(—Al + A3) = a12G13 COS (/1
By the law of cosines for triangle A A; As,

(@12 + a13)2 - a%:;

a120a13

2(14cosaq) =

Hence, by (1.112)~ (1.114),

412013

_92 2 2
a7 = a2+ a —a
13 (a12+a13+a23)2{( 12 +a13) 23}
Similarly,
a2y = || — Ay + I = 2a35a33(1 + cos ay)
Qg3 - 2 2
(@12 + a1z + a23)
and hence
_92 a12023 2 2
Aoq = a2 +a —a
23 (a12+a13+a23)2{( 12 +az3)” — ajs}
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ajp = —A; + Ao, aiz = |laiz|
ajg = —A; + As, a3 = |lais||
= —As + As, ass = ||ags||

o] = 4A3A1A2

Qo = 4A1A2A3

A2 a3 = ZAQAgAl

a3 =-A1+1, a3z = — A1+ 1|

asg = —As + 1, agz = || — A2 + I||

Fig. 1.8 The Triangle Incircle, Incenter and Inradius. The triangle angle bisectors are
concurrent. The point of concurrency, I, is called the incenter of the triangle. Here
A1 A2 A3 is a triangle in a Euclidean n-space, R™, and T} is the point of tangency where
the triangle incircle meets the triangle side opposite to vertex Ay, k = 1,2, 3. The radius
r of the triangle incircle, determined in (1.122), is called the triangle inradius.

The vectors a;3 and ass along with their magnitudes a3 and ass are
shown in Fig. 1.8.

The tangency point T3 where the incenter of triangle A; A; A3 meets
the triangle side A; As opposite to vertex As, Fig. 1.8, is the perpendicular
projection of the incenter I on the line L,, 4, that passes through the points
Ay and As. Hence, by the point to line perpendicular projection formula
(1.76), p. 24,

T3 e l (a%2_a§3+a’§3>141+1 <a’%2+a§3_a§3>142 (1118)
2 ais 2 ais
Substituting (1.115) and (1.117) into (1.118), we obtain

a12 — a13 + as3 a1z + a3 — ass
T3 = A+

2612 2a12

A, (1.119)

Equation (1.119) gives rise to the following theorem:

Theorem 1.13 (The Incircle Tangency Points). Let A;AsA; be
a triangle in a Euclidean space R™, and let Ty be the point of tangency
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where the triangle incircle meets the side opposite to vertex Ay, k=1,2,3,
Fig. 1.8. Then, in the standard triangle notation, Figs. 1.7—-1.8,

—a12 + a13 + a3 a12 — @13 + a23

T = A A
1 a3 2+ s 3
—ai12 +a13 +a a2 +a13 —a
T, = 12 13 23 A+ 12 13 23 As (1.120)
2a13 2a13
a2 — a3+ a a2 +a13 —a
Ty = 12 13 23 A+ 12 13 23 Ay
2619 2a12

Proof. The third equation in (1.120) is established in (1.119). The first
and the second equations in (1.120) are obtained from the first by vertex
cyclic permutations. O

Applying the point to line distance formula (1.77), p. 24, to calculate
the distance r between the point As and the line L,, ., that contains the
points A; and As, Fig. 1.8, we obtain the equation

2= (@12 + @13 + G23)(—ai2 + @13 + G23) (@12 — @13 + G23)(a12 + G13 — G23)
4a?,
(1.121)
Substituting (1.116) into (1.121), we obtain the following theorem:

Theorem 1.14 (The Triangle Inradius). Let A1A3As be a triangle
in a Fuclidean space R™. Then, in the standard triangle notation, Fig. 1.8,
the triangle inradius r is given by the equation

= \/(p —aw)(p —paw)(p ~ a2) (1.122)

where p is the triangle semiperimeter,

p= a2 + a;:a + a3 (1.123)

Following Theorem 1.14 it is appropriate to present the well-known
Heron’s formula [Coxeter (1961)].

Theorem 1.15 (Heron’s Formula). Let AjAsAs be a triangle in a
Euclidean space R™. Then, in the standard triangle notation, Fig. 1.2, the
triangle area | A1 Ay As| is given by Heron’s formula,

|A1A2As| = /p(p — a12)(p — a13)(p — a23) (1.124)

BARYCENTRIC CALCULUS IN EUCLIDEAN AND HYPERBOLIC GEOMETRY - A Comparative Introduction
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7740.html




36 Barycentric Calculus

or, equivalently,

1
|A1A2A3|2 = 1—6F2(a12,a13,a23) (1125)

where Fy (a2, a1s, azs) is the 4x4 Cayley-Menger determinant (1.74), p. 23.

The determinant form (1.125) of Heron’s formula possesses the compar-
ative advantage of admitting a natural generalization to higher dimensions,
as indicated in (1.194)—(1.195), p. 63.

Theorems 1.14 and 1.15 result in an elegant relationship between the
triangle area |A; A3 As| and its inradius 7,

. |A1 Az As| 2| A1 Ay A3

= (1.126)
p a12 + ai3 + az3

1.12 Triangle Circumcenter

The triangle circumcenter is located at the intersection of the perpendicular
bisectors of its sides, Fig. 1.9. Accordingly, it is equidistant from the triangle
vertices.

Let A1 A3A3 be a triangle with vertices A1, Az and Az in a Euclidean
n-space R", and let O be the triangle circumcenter, as shown in Fig. 1.9.
Then, O is given in terms of its barycentric coordinates (mj : mso : ms)
with respect to the set {41, A2, A3} by the equation

mi Ay +moAy + mzAsz
mi + mo + ms

0= (1.127)

where the barycentric coordinates m1, mo and ms of P3 are to be deter-
mined.

Applying Lemma 1.7, p. 13, to the point P = O in (1.127) we obtain
the equations

2 2 2 2 2 2 2
m3ai, + miajs + mams( ajy +af; — asz)

— A +0|? =
| — A1+ 0| (e 1y + )
| = As +O|% = miat, +miads +mims( afy — ai; + a3s) (1.128)
(ml + mg + m3)2
| = Ay + 0|2 = Tots +mBads + muma(—at, + afy + a3y)

(m1 + mo + m3)2
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2 _ 2 2
a53 = afy + ajs — 2a12a13 COS vy

2 2 2
ai3 = afy + a3z — 2a12a23 COS (2

2 _ 2 2
aiy = ajs + a33 — 2a13a23 COs a3

aj;p = —A; + Ay, aiz = |laiz||
ajz3 = —A; + As, a3 = ||las||
Az agy = —Ay + As, azz = ||azs||
Ay a2 P3
p1 = —A + P, p1 =
p2 = —Azy + P, _
p2 =
P3 = _A?) + P37 _
b3

Fig. 1.9 The Triangle Circumcenter is located at the intersection of its perpendicular

bisectors. Accordingly, it is equidistant from the triangle vertices.

Equations (1.128) along with the triangle circumcenter condition,

Fig. 1.9,

| = A1+ Ol = || - A2 + O|f?
| = A2+ Ol = || - A5 + O

and the normalization condition

mi+mo+mg=1

(1.129)

(1.130)

give the following system of three equations for the three unknowns mq,
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38 Barycentric Calculus

mo and mg:
miai, + m3ats + mams(ais + afy — a3s) =
m%a%Q + m%agg + maims( a%z - a%?, + ags)
miai, +m3azs +mims(aiy — afs + a3s) = (1.131)
miaiy + miazs + mimg(—ai, + aiz + as;)
mi1+mo+mz=1

Substituting ms = 1 — my — mo from the third equation in (1.131) into
the first two equations in (1.131), and simplifying (the use of a computer
system for algebra, like Mathematica or Maple, is recommended) we obtain
two equations for the unknowns m; and ms, each of which turns out to
be linear in m; and quadratic in my. Eliminating m3 between these two
equations, we obtain the following single equation that relates mi to mso
linearly:

a%s - ags - ml(“%z + a%s - a§3) + m2(a%2 - a%s + ags) =0 (1.132)

A vertex cyclic permutation in (1.132) gives a second linear connection,
between mo and mg. A third linear connection, between my, ms and ms,
is provided by (1.130) thus obtaining the following system of three linear
equations for the three unknowns my, ms and mg:

a%s - ags - ml(“%z + a%s - ags) + ma( a%z - a%s + a§3) =0
aly — afy — ma(aiy — aiy + a33) + ma(—aiy +afs +a33) =0 (1.133)

mp+mg +ms =1

The solution of the linear system (1.133) gives the special barycentric
coordinates {mi, ma, m3} of the triangle circumcenter O:

a3s( aiy + aiz — a3y)

my = D
2 2 2 2

—— ars( aiy Dal3 +azs) (1.134)
2 (.2 2 2

ms = ais(—afy + afs + a3;)

D
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in terms of its side lengths, where D is given by

D = (aiy + af3 + a33)(—afy + afs + ady)(afy — aiy + as;)(afs + aiy — a3y)

(1.135)

Finally, it follows from (1.134) that barycentric coordinates {my : mx :
ms} of the triangle circumcenter O are given by

my = azs( aiy +ajz —a3s)
ma = aig( a%z - a%?, + agg) (1.136)
ms = ajy(—aiy + ajz + a3s)

We now wish to find trigonometric barycentric coordinates for the tri-
angle circumcenter, that is, barycentric coordinates that are expressed in
terms of the triangle angles. Hence, we calculate my/mg and msy/ms by
means of (1.136) and the law of sines (1.63), p. 21, and employ the trigono-

metric identity sin? a = (1 — cos 2a)/2, obtaining

my (14 cos2a; — cos2as — cos 2as) sin® ay

m3 (1 —cos2ay — cos2as + cos 2as) sin® ag
(1.137)
mg (1 — cos2a; + cos2as — cos 2a3) sin® a

mg (1 — cos2a; — cos2as + cos 2a3) sin” a3

Hence, trigonometric barycentric coordinates {m; : mg : mg} for a
triangle circumcenter are given by

my = (1 + cos2a; — cos2as — cos2as) sin® oy
mg = (1 — cos2a; + cos2as — cos2as) sin? ag (1.138)
m3 = (1 — cos2a; — cos2asg + cos2as) sin? a

Taking advantage of the relationship (1.65), p. 21, between triangle
angles, and employing trigonometric identities, (1.138) can be simplified,
obtaining the following elegant trigonometric barycentric coordinates of the
circumcenter O of triangle A; A A3, Fig. 1.9, in terms of its angles,

my = sin a cos o
o = Sin ag COS iy (1.139)
mg = sin a3 cos a3
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40 Barycentric Calculus

For later reference we note that owing to the m-identity of triangles,
(1.65), p. 21, the three equations in (1.139) are equivalent to the following
three equations:

-1 + ag + a3

myp =sin —————~sino
2
. ap —a2 +as
mo = smfsmaz (1.140)
. ap + a2 —as
ms = smfsmag

There is an important distinction between the elegant barycentric coor-
dinates (1.140) and their simplified form (1.139). The former is free of the
m-identity condition, while the latter embodies the m-identity. As a result,
the validity of the latter is restricted to Euclidean geometry, where the -
identity holds. The former is also valid in Euclidean geometry but, unlike
the latter, it survives unimpaired in hyperbolic geometry as well, where the
m-identity does not hold.

Indeed, it will be found in (4.251), p. 248, that hyperbolic barycentric
coordinates of the hyperbolic circumcenter of hyperbolic triangles in the
Cartesian-Beltrami-Klein ball model of hyperbolic geometry are given by
(1.140) as well.

1.13 Circumradius

The circumradius R of a triangle A1 A5 A3 in a Euclidean space R™ is the
radius of its circumcircle. Hence, in the notation of Fig. 1.10,

R = | - A1 + O
=|-A42+0|? (1.141)
= - A3+ O
where O is the triangle circumcenter.

The circumradius R = || — 41 + O|| is determined by successively sub-
stituting || — A1 + OJ|? from the first equation in (1.128), p. 36, and my,
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ajp = —A; + Ay, a2 = ||aiz|
aj3 = —A; + As, a1z = ||as]||
azs = [lazs||
R=|-A+0|=|-A424+0| = - A2+ 0|

Fig. 1.10 The Circumcenter O and Circumradius R of a triangle A1 A2 A3 in a Euclidean
space R™.

k=1,2,3, from (1.136), p. 39, into (1.141), obtaining

R2 — a%za%gagg
16p(p — a12)(p — a13)(p — az3)

2 2 2
_ 120713023
(@12 + a1z + ag3)(—ai2 + a13 + az3) (@12 — a1z + as3)(a12 + aiz — azs)

_ aiyatsads
16|41 A3 As|?
(1.142)
Hence, the triangle circumradius is given by
(12013023 (12013023 12013023
R= = = (1.143)
4y/p(p — ar2)(p — ar3)(p —ass 4414243 drp

where p and 7 are the triangle semiperimeter and inradius, and where
|A1 Az As| is the triangle area given by Heron’s formula (1.124), p. 35.
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Fig. 1.11 The triangle incircle and excircles. Here T;; is the tangency point where
the in-excircle with center E;, i = 0,1,2,3, meets the triangle side, or its extension,
opposite to vertex Aj, j = 1,2,3. The incircle points of tangency, Tp; are determined by
Theorem 1.13, p. 34, and the excircle points of tangency, T%;, i = 1,2, 3, are determined
by Theorem 1.17, p. 49. Trigonometric barycentric coordinate representations of the
in-excircle tangency points Tj; are listed in (1.168), p. 50.

1.14 Triangle Incircle and Excircles

An incircle of a triangle is a circle lying inside the triangle, tangent to each
of its sides, shown in Fig. 1.8, p. 34. The center and radius of the incircle
of a triangle are called the triangle incenter and inradius. Similarly, an
excircle of a triangle is a circle lying outside the triangle, tangent to one
of its sides and tangent to the extensions of the other two. The centers
and radii of the excircles of a triangle are called the triangle excenters and
exradii. The incenter and excenters of a triangle, shown in Fig. 1.11, are
equidistant from the triangles sides.

Let E be an incenter or an excenter of a triangle A1 A5 Ag, Fig. 1.11, in
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a FEuclidean n space R", and let

mi Ay +moAy + m3Asz
mi + mo + ms

E =

(1.144)

be the barycentric coordinate representation of E with respect to the set
{A;, Az, A3}, where the barycentric coordinates my, k = 1,2, 3, are to be
determined in Theorem 1.16, p. 46.

Applying Lemma 1.7, p. 13, to the point P = E in (1.144) we obtain
the equations

2 2 2.2 2 2 2
msai, +msajz +mams( ajy +afs — asz)

-~ A+ E|? =
I 1 I (my + mag +m3)2
| Ayt 2 = e R s af —ady b ad) )
(my + my + m3)?
= A+ 2 = Mot + miads + muma(—a; + al; + o)
(my + mg + m3)?
Imposing the normalization condition
my +mz +ms =1 (1.146)

in (1.144)—(1.145) is clearly convenient.
Let F represent each of the incenter and excenters Fy, k = 0,1, 2,3, of
a triangle A1 As A3 in a Euclidean n-space R™, shown in Fig. 1.11 for n = 2.

(1) The distance of E from the line L, 4, that passes through points A;
and Ao, Fig. 1.11, is the altitude r3 of triangle A;AsE drawn from
base A;As. Hence, by the point-line distance formula (1.77), p. 24, in
Theorem 1.12, the distance r3 between the point E and the line L4, 4,
is given by the equation

2 _
T3 =
(a12 + @13 + a23)(—ai2 + a1z + az3)(a12 — 13 + a23)(a12 + @13 — Go3)
4a?,
(1.147a)
where
ajs = — A+ E|?
) ) (1.147b)
Q3 = || — A2 + E]|
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Substituting successively, d13 and dg3 from (1.147b) and || — 41 + E||
and || — A2 + E| from (1.145) into (1.147a) we obtain an equation of
the form

r3 = f3(ar2, a3, azz, m1, ma, m3) (1.147c)

where r3 is expressed as a function of the sides of triangle A; A A3 and
the unknown barycentric coordinates of the point E in (1.144).

The distance of E, Fig. 1.11, from the line L4, ,, that passes through
points A; and As, Fig. 1.11, is the altitude ro of triangle A; A3 E' drawn
from base A As. Hence, by the point-line distance formula (1.77), p. 24,
the distance 13 between the point E and the line L4, 4, is given by the
equation

2 __
Ty =
(@12 + a13 + @23)(—G12 + @13 + G23)(G12 — @13 + G23)(Q12 + a13 — G23)
4a%3
(1.148a)
where
ajy = | — A1 + E|?
) (1.148b)
Qa3 = | —As + £

Substituting successively, d12 and dg3 from (1.148b) and || — 41 + E||
and || — As + E from (1.145) into (1.148a) we obtain an equation of
the form

r2 = fa(ar2, a3, azs, m1, me, ms) (1.148¢)

where ro is expressed as a function of the sides of triangle A; A A3 and
the unknown barycentric coordinates of the point E in (1.144).

The distance of E from the line L ,,,, that passes through points As
and As, Fig. 1.11, is the altitude r; of triangle A3 A3FE drawn from
base AsAs. Hence, by the point-line distance formula (1.77), p. 24,
the distance 71 between the point E and the line L4, ., is given by the
equation

2=

(@12 + @13 + a23)(—G12 + @13 + a23)(G12 — Q13 + a23) (@12 + Q13 — a23)
da3s

(1.149a)
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where

= A B (1.149b)
ais = || — A3 + E||?

Substituting successively, @12 and @3 from (1.149b) and || — A3 + E||
and || — As + E from (1.145) into (1.149a) we obtain an equation of
the form

r1 = fi(ai2, a3, azz, m1, m2,m3) (1.149c¢)

where r1 is expressed as a function of the sides of triangle A1 A5 A3 and
the unknown barycentric coordinates of the point E in (1.144).

The condition that the point E, which represents each of the points Ey,
k=0,1,2,3, Fig. 1.11, is equidistant from the sides of triangle A; A5 A3 is
equivalent to the system of two equations

T =T2
(1.150)
M =7T3
These equations along with the normalization condition (1.146) form a
system of three equations for the three unknowns mq, mq, mg in (1.144).

Solving the system (1.150) and, then, ignoring the normalization con-

dition (1.146), we obtain

2 _ 2
my = Qa3
2 _ 2
m5 = ajs (1.151)
2 _ 2
m3z = a1a

The equations in (1.151) present eight solutions for the triple (m1, ma, ms).
Owing to the homogeneity of barycentric coordinates, only four of the eight
solutions are indistinguishable. These are:

(my:mg:ms)=( ass: aiz: a2

my1 iMmo M3

)
—ag3: ai: a12; (1.152)

my

(
= ( a3 @ —aiz: a2
mo M3 (

(mq :

(my :mg :ms
(ma azz: aiz: —ai)

Each of the four barycentric coordinate sets in (1.152) determines the

barycentric coordinates of the point F in (1.144), which is equidistant from
the sides of triangle Ay A3 A3 in Fig. 1.11. Accordingly, the first equation
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in (1.152) gives the barycentric coordinates of the incenter, E = Ejy, of
triangle A; Ao Az, and the other equations in (1.152) give the barycentric
coordinates of each of the excenters, E = Ey, k = 1,2, 3, of the triangle.
By the law of sines (1.63), p. 21, and owing to their homogeneity, the
barycentric coordinates in the first equation in (1.152) can be written as

. . [ Q23 Qi3
(ml.mg.mg)— — . —:1
a2 Aa12

_ <sina1 _sinap :1) (1.153)

sinas  sinas

= (sina : sinag : sin ag)

Similarly, all the barycentric coordinates in (1.152) can be expressed
trigonometrically in terms of the triangle angles.
Formalizing, we thus obtain the following theorem:

Theorem 1.16  (In-Excenters Barycentric Representations). Let
A1 A3 A3 be a triangle with incenter FEy and excenters By, k = 1,2,3, in
a Fuclidean space R™, Fig. 1.11. Then the barycentric coordinate repre-
sentations of the triangle in-excenters Ey, k = 0,1,2,3, are given by the
equations

a3 A1 + a13As + a2 A3

Eo =
a23 + aiz + aiz
B = —ag3A; + a13As + a1243
—ag3 + a3 + a2
(1.154)
B = a3 A1 — a13As + a2 A3
Q23 — ai3 + a1z
e — ax3A1 + a13As — a12As3
s =

a23 + aiz — a2

and their trigonometric barycentric coordinate representations are given by
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the equations

sin a1 A7 + sin ag Ag + sin az As

Ey = : - -
Sin «v; + sin g + sin g
B —sin a1 Ay + sinasAs + sin a3 As
1= - - ;
—sin 1 + SIn g + SIn (g
(1.155)
> sin a1 A1 — sin ag A9 + sin g As
2 = - - ;
SIn (v; — S1N (v + SIn (3
> sin a1 A7 + sin ag Ag — sin az As
3 =

sin a1 + sin ap — sin ag

1.15 Excircle Tangency Points

Let A;As A3 be a triangle in a Euclidean space R™, with excircles centered
at the points Ey, k = 1,2,3, and let the tangency point where the As-
excircle meets the triangle side A; As be T33, as shown in Fig. 1.11, p. 42.
The tangency point T33 is the perpendicular projection of the point F5 on
the line L4, 4, that passes through the points A; and A,, Fig. 1.11. Hence,
by the point to line perpendicular projection formula (1.76), p. 24, the point
T35 possesses the barycentric coordinate representation

1 (a2, — a3, + a2 1 (a2, +a’, — a3
Tas = = (—12 L3 23) A+ = (—12 13 23) Ay (1.156)
2 aiy 2 aiy

with respect to the set S = {41, A, A3} of the triangle vertices, where

ayg = | — A1 +E3H2
(1.157)
a3s = || — Ay + E3]|?

By Lemma 1.7, p. 13, we have

2 2 2 2 2 2 2
m3ai, + miai; + mams( ajy +af; — asz)
(m1 —+ mo + mg)Q

| — A1+ B3| =

m2a?, + m2a2s + mim a3y — a?q + a?
H—Ag-l—EgHQZ 1912 3423 1 3( 122 13 23) (1.158)
(m1+m2+m3)

2 92 2 92 2 2 2
miaiz + miaz; +mima(—ai; +aiz +ass)
(m1 + mo + m3)2

| — Az + Bs||* =
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48 Barycentric Calculus

where myg, k = 1,2, 3, are the barycentric coordinates of E3, given by
(m1 Mmoo m3) = (agg tays —alg) (1159)

as indicated in the fourth equation in (1.154).

Substituting successively, a2, and a?4 from (1.157), || — A1 + F3||* and
| — Ay + Es]|? from (1.158), and my, k = 1,2, 3, from (1.159) into (1.156)
we obtain

1 — 1 —
Ty = = a12 + a1z — as3 A+ = a1z — @13 + a23 Ay (1.160)
2 ai2 2 ai2

Now let T35 be the tangency point where the As-excircle meets the
extension of the triangle side A;As, as shown in Fig. 1.11, p. 42. The
tangency point T35 is the perpendicular projection of the point F5 on the
line L,, 4, that passes through the points A; and As, Fig. 1.11. Hence, by
the point to line perpendicular projection formula (1.76), p. 24, the point
T35 possesses the barycentric coordinate representation

1 [ —a3 +als + a3 1 /a3y +a’s — a3
T32 _ 5 ( 12 213 23 Al + 5 12 %3 23 A3 (1.161)
ais ais

with respect to the set S = {A1, A, A3} of the triangle vertices, where

aly = | — A + Bs?
(1.162)
dys = || — Az + Es|?
Substituting successively, a3, and a3; from (1.162), || — A1 + E3||? and

| — Az + Es||? from (1.158), and my, k = 1,2,3, from (1.159) into (1.161)
we obtain

1
A1+§

Ty — 1 (au + a3 + a23>
a13

—ai2 + a1z —as3
2

a13

)A3 (1.163)

Finally, let T3; be the tangency point where the As-excircle meets the
extension of the triangle side AsAs, as shown in Fig. 1.11, p. 42. Then,

1 (a12+a13+a23> 1 (—am —a13 + as3

T31:2 Az + 5

5 ) As  (1.164)

as3 a23

Here, (1.164) is obtained from (1.163) by interchanging the triangle vertices
A1 and AQ.

Equations (1.160) and (1.163)—(1.164) give rise to the following theo-
rem:
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Euclidean Barycentric Coordinates 49

Theorem 1.17 (Excircle Tangency Points). Let A;A2As be a tri-
angle in a Fuclidean space R" and let T;;, i,j = 1,2,3, be the points of
tangency where the triangle A;-excircle, i = 1,2, 3, meets the side opposite
to Aj, or its extension, of the triangle, Fig. 1.11, p. 42.

Then, barycentric coordinate representations of the tangency points T};
with respect to the pointwise independent set S = {A1, Az, As} are given by
the equations listed below.

a1z — a13 + ag3 —a12 + a13 + as3

T A A
11 Y3 2+ s 3
—ai12 +ai3 —a a2 +a13+a
Ty = 12 13 23 A+ 12 13 23 As (1.165&)
2a13 2a13
a2 —a13 — a a2 +a13+a
Ty = 12 13 23 A+ 12 13 23 Ay
2a19 2a12
—a12 — a3 + a a2 +a13+a
Ty, = 12 13 23 Ay + 12 13 23 As
2a93 2a23
a2 +aiz3 —a —ai2 +aiz +a
Tyy = 12 13 23 A+ 12 13 23 As (1.165b)
2a13 2a13
a2 +ais+a a2 —a13 — a
Ty = 12 13 23 A+ 12 13 23 Ay
2a19 2a12
a2 +a13+a —ai2 —ais + a
Ty, 12 13 23 A,y + 12 13 23 As
20,23 2a23
a2 +a13+a —ai2 + a3 —a
Ty = 12 13 23 A+ 12 13 23 As (1.1650)
2a13 2a13
a2 +a13 —a a2 —a13+a
Ty = 12 13 23 A+ 12 13 23 Ay

2a19 2a12

Proof. The proof of (1.165c) is established in (1.160) and (1.163)—
(1.164). The proof of (1.165a)—(1.165b) follows from (1.165¢) by invoking
cyclicity, that is, by cyclic permutations of the triangle vertices. 0

By the law of cosines for triangle A;As Az in Theorem 1.17, with the
triangle standard notation in Fig. 1.2, p. 7, and by the triangle 7 condition
(1.65), p. 21, that triangle angles obey, we have the first equation in (1.166)
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50 Barycentric Calculus

below.
a2 —aiz+azz 1 (sinag  sinag L1) = tan %
2a93 T 2 \sinay  sinag  tan 9 4 tan 22
(1.166)
—aizt+aiz+azs 1 (sinas n sin o L1) = tan %
2a93 T 2 \sinay  sinag  tan 92 4 tan 22

The second equation in (1.166) is obtained in a similar way.

Hence, the barycentric coordinate representation of the tangency point
Ty in (1.165a) can be written as the trigonometric barycentric coordinate
representation

tan €3 Ao + tan 2 A cot 2 Ay + cot 224
Ty, = 222 22 2 78 _ N5 2 3 3 (1.167)

s Qg ey ey
tan 5 +tan 5 cot —+ cot ~

As in (1.167), all the barycentric coordinate representations of the tan-
gency points in Theorem 1.13, p. 34, and Theorem 1.17, p. 49, shown in
Fig. 1.11, can be written as trigonometric barycentric coordinate represen-
tations, obtaining the following theorem:

Theorem 1.18 (In-Excircle Tangency Points). Let A1A3A3 be a
triangle in a Euclidean space R™ and let T35, 1=0,1,2,3, j = 1,2,3, be the
points of tangency where the triangle in-excircle with center E; meets the
side opposite to Aj, or ils extension, of the triangle, Fig. 1.11, p. 42.

Then, trigonometric barycentric coordinate representations of the tan-
gency points Tj; with respect to the pointwise independent set S =
{41, Az, A3}, are given by the equations listed below.

_ tan G Ag + tan G A3
tan <2 + tan <

01 —

tan $L Ay + tan £ A
Top = ——2 : :
02 tan G- + tan (1.1682)

tan G- A; + tan 2 Ay

o Qg
tan 5+ + tan <
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cot 2 As + cot G A3

1 =
cot % + cot
tan £L A — cot &2 A3
Tip = 2 2 1.168b
12 tan 5t — cot ( )
tan G- Ay — cot 2 Ao
Tis = tan & — cot &2
2 2
T tan 52 Az — cot G A3
21 =

Qz asz
tan B cot 5

cot L A1 + cot &3 As
Toy = 2 2 1.1
2 cot G+ + cot G (1.168¢)

Ty, — cot G- A; —tan 2 Ay

o Qg
cot = tan =

_ cot F Ay — tan 5 A3

Qg Qs
cot 5 tan 5

cot G- A; — tan G A3
T = o o (1.168d)
cot 5+ — tan

cot G- A1 + cot G Ay
cot G- + cot

T33 =

Proof. The trigonometric barycentric coordinate representation of 747 in
(1.168b) is established in (1.167). All the other trigonometric barycentric
coordinate representations in the Theorem can be established in a similar
way. U

Surprisingly, we will find in Theorem 5.2, p. 273, that the trigonometric
barycentric coordinates in the trigonometric barycentric coordinate repre-
sentations of tangency points in Theorem 1.18 survive unimpaired in the
transition from Euclidean to hyperbolic geometry. This remarkable result
indicates the comparative advantage of trigonometric barycentric coordi-
nate representations in our comparative study of the transition from Eu-
clidean to hyperbolic geometry.
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52 Barycentric Calculus

Fig. 1.12 Gergonne Point, G¢. In the notation of Fig. 1.11, p. 42, for the triangle
in-excircle tangency points, the lines ATy, kK = 1,2,3, are concurrent, and the result-
ing point of concurrency is the triangle Gergonne point Ge. Trigonometric barycentric
coordinate representation of Ge is given by (1.169).

1.16 From Triangle Tangency Points to Triangle Centers

The triangle tangency points 7T, ¢ = 0,1,2,3, j = 1,2, 3, in Theorem
1.18, shown in Fig. 1.11, p. 42, give rise to the following three triangle
centers:

(1) Gergonne Point G.. In the notation of Fig. 1.11, the lines ATy, k =
1,2,3, are concurrent, Fig. 1.12. The resulting point of concurrency,
called the triangle Gergonne point, G, possesses the trigonometric
barycentric coordinate representation (see Exercise 9, p. 64)

_ tan G A; + tan G2 Ay + tan S A3

G, = 1.169
tan S+ 4 tan < + tan < ( )
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Fig.

1.13 Nagel Point, N,. In the notation of Fig. 1.11, p. 42, for the triangle in-

excircle tangency points, the lines ApTkr, k = 1,2, 3, are concurrent, and the resulting
point of concurrency is the triangle Nagel point. Trigonometric barycentric coordinate
representation of N, is given by (1.170).

(2)

with respect to the vertices of the reference triangle A; As As.
Nagel Point G. In the notation of Fig. 1.11, the lines ATk, k = 1,2, 3,
are concurrent, Fig. 1.13. The resulting point of concurrency, called
the triangle Nagel point, N,, possesses the trigonometric barycentric
coordinate representation (see Exercise 10, p. 64)

_cot G A1+ cot 2 Az + cot F A3

N, = 1.170
cot G 4 cot G + cot G ( )

with respect to the vertices of the reference triangle A1 A As.

Point P,. In the notation of Fig. 1.11, the lines EyTxr, k = 1,2, 3, are
concurrent, Fig. 1.14. The resulting point of concurrency, called the
triangle point P,, possesses the trigonometric barycentric coordinate
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Fig. 1.14 The Triangle P, Point. In the notation of Fig. 1.11, p. 42, for the triangle in-
excircle tangency points, the lines Ex Ty, k = 1,2, 3, are concurrent, and the resulting
point of concurrency is the triangle P, point. Trigonometric barycentric coordinate
representation of P, is given by (1.171).

representation (see Exercise 11, p. 64)

A A A
p, = MdL+ mads +mads (1.171a)
m1 + mg + mg

where gyrotrigonometric gyrobarycentric coordinates (my : ma : ms)
of P, Fig. 1.14, in (1.171a) are

my = sinay (1 + cosay — cosag — cosas)
mg = sin g (1l — cosay + cosag — cos ag) (1.171b)

ms = sinas(l — cosay — cosag + cosas)

with respect to the vertices of the reference triangle A1 A As.

BARYCENTRIC CALCULUS IN EUCLIDEAN AND HYPERBOLIC GEOMETRY - A Comparative Introduction
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7740.html



Euclidean Barycentric Coordinates 55

1.17 Triangle In-Exradii

The Asz-exradius r3 of a triangle A; As A3 in a Euclidean space R"™ is the
distance from excenter F5 to side Ay As of the triangle, as shown in Fig. 1.11,
p. 42. Applying the point to line distance formula (1.77), p. 24, to calculate
the distance r3 between the point F3 and the line L ,, 4, that passes through
the points A; and A, Figs. 1.11-1.14, we obtain the equation

2= (a12 + G13 + G23)(—a12 + @13 + a23)(a12 — @13 + G23)(a12 + a13 — Go3)
2=

4a%2
(1.172)
where
ajs == | — Ay + Es||?
(1.173)
azs = || — A2 + Esl|?

Substituting successively, a13 and a3 from (1.173) and || — A; + Es5|| and
|| — A2 + E3|| from (1.158), p. 47, along with the barycentric coordinates of
Es5 in (1.159) into (1.172) we obtain the equation

p— a2
where p is the triangle semiperimeter (1.123), p. 35.
Equation (1.174) gives rise to the following theorem:

Theorem 1.19 (Triangle In-Exradii). Let A; A2 A3 be a triangle in a
FEuclidean space R™ with inradius ro and exradii v, k = 1,2,3, and with a
perimeter p. Then

(p—a12)(p — a13)(p — azs)
p

2=

2 _ PP —aw)(p —aw)
' b —az3

(1.175)

o plp—a12)(p—az)
Ty

B p—ai3
p(p — ai3)(p — az3)
P — a2

Proof. The first equation in (1.175) is the result of Theorem 1.14, p. 35.
The fourth equation in (1.175) is established in (1.174). The second and

2 _
r3 =
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the third equations in (1.175) follow from the fourth equation by cyclic
permutations of the triangle vertices. (|

By Heron’s formula (1.15), p. 35, the equations in (1.175) for the in-
exradii ri, kK = 0,1,2, 3, along with the equation in (1.143), p. 41, for the
circumradius of triangle A; A3 A3 can be written as

2| A1 Ay A3
a1z + a13 + as3
2|A1 Az A3
a12 + a3 — as3
py = 2AA1A A (1.176)
a12 — @13 + a23

2|A1 Az A3
—ai2 + a13 + as3

r3 =

12013023

R= —"—"=
4| A1 Ay A3

implying
—t+—+—=— (1.177)
and

rr+1r9+13 :4R+T0 (1178)

It can be shown that the in-exradii rg, & = 0,1,2,3, in (1.176) are
related to the circumradius R of triangle A1 A3 A3 by the equations

rog = 4Rsin%sin%sin%
e « «

ry = 4RSIH71COS7260873

(1.179)

ap |, o a3

ro = 4RCOS7SID76087
« as . o«

ryg = 4RCOS7160872811173
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or, equivalently, by the equations

1 cos @m0 cog —Mt2—s o ——gutas
o= 2 cos G cos F cos G
B 1 cos al—a22—a3 cos —ai1tas—as coS —a1—a+tas
e 2 cos G sin %2 sin
B 1 cos a170t22*013 cos —agtas—as cos —ag—astas (1180)
2= 2 sin G- cos F sin
1 cos H1=92=91 og —ER2-Qa o5 —HL—Q2taa
375 sin &L sin 22 cos %

2 2 2

Remarkably, the equations in (1.179) fail in hyperbolic geometry while
the equations in (1.180) remain valid in hyperbolic geometry as well. Ac-
cordingly, we say that the equations in (1.179) embody the m-identity con-
dition of triangles, (1.65), p. 21, which fails in hyperbolic geometry, while
the equations in (1.180) are free of the m-identity condition.

1.18 A Step Toward the Comparative Study

In this chapter we have introduced the notion of Mébius barycentric coor-
dinates in the Cartesian model R™ of Euclidean geometry and used it for
the determination of several barycentric coordinate representations, includ-
ing those of the four classical triangle centers, with respect to the vertices
of reference triangles. Using the standard notation for a triangle A; As A3,
Fig. 1.2, p. 7, we expressed barycentric coordinates {my : mg : ms} (i)
in terms of triangle side-lengths, ai2, a13, a3, and (i) in terms of triangle
angles aq, as, a3. The resulting trigonometric barycentric coordinates, in
which barycentric coordinates are expressed in terms of the angles of the ref-
erence triangle will prove useful in the extension of our study from Euclidean
to hyperbolic geometry. Indeed, studying triangle centers comparatively,
we will find in Tables 4.1-4.2, p. 254, that trigonometric barycentric co-
ordinates that do not embody the m-identity condition of triangles, (1.65),
p- 21, survive unimpaired the transition from Euclidean to hyperbolic ge-
ometry.

As a first step in the comparative study of triangle centers, a table of
the trigonometric barycentric coordinates of the four classic triangle centers
is presented in Table 1.1.
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Table 1.1 Trigonometric barycentric coordinates of the classical triangle centers
and the triangle altitude foot.

Center Symbol Trigonometric Barycentric Coordinates
mi
G, (1.50), p. 19
Centroid Fi’ ( 1.3 ), P18 mo | =1
g. 1.3, p. s 1
m1 tan ap
H, (1.88 .2
Orthocenter K ( ), p- 27 mo | = | tanas
Fig. 1.5, p. 25
ms tan a3
I, (1.108), p. 32 m smal
Incenter . mo | = | sinag
Fig. 1.7, p. 30 .
ms sin as
. —aytastas
mi sin —L2270E3 gin g
Circumcenter I?i’ (11'1940)’ 2‘740 ma | = | sin —¥1=22%23 ¢ip o,
& 5P m3 sin w sin a3
sin a1 cos ap
= | sinag cos a2
sin ag cos as
t
Altitude P3, (1.76), p. 24 Z; _ tzg Z;
Foot Fig. 1.4, p. 20 ma 0

The comparative study of triangle centers, initiated here in Table 1.1,
will be completed in Tables 4.1-4.2, p. 254.

1.19 Tetrahedron Altitude

Let A1A>A3A4 be a tetrahedron with vertices Ay, A, Az and Ay in a
Euclidean n-space R™, and let the point P, be the orthogonal projection
of vertex A4 onto its opposite face, 41 A3As (or its extension), as shown
in Fig. 1.15 for n = 3. Furthermore, let (mi,m2, m3) be barycentric co-
ordinates of P, with respect to the set {A1, A2, A3}. Then, P, is given in
terms of its barycentric coordinates (mq,mo, mg) with respect to the set
{A;, Az, A3} by the equation
m1 A1 + moAy +msAs

Py = 1.181
4 m1 + mo + ms3 ( )
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A4

hy

Py Ay

Ay

Fig. 1.15 The foot Py of the altitude hy drawn from vertex A4 of a tetrahedron Aj Az A3
in a Euclidean 3-space R3. The special (that is, normalized) barycentric coordinates
(m1, ma2,m3) of Py with respect to the set {A1A2A3} are determined in (1.188), p. 61.

where the barycentric coordinates m1, mo and mg of Py, Fig. 1.15, are to
be determined in (1.188) below.
By the covariance (1.26), p. 12, of barycentric coordinate representa-

tions with respect to translations we have, in particular, for X = Ay,
k=1,2,3,4,
R ma(—A1 + Ag) +ma(=A1 + Az) _ moeais + maaiy
mi + mo + M3 my + mg + ms
Dy = —Ay+ Py = mi(=As + A1) +mg(—As + Az)  maag + maag

mi + mo + M3 mi + mo + ms3

mi(—As + A1) + mao(—As + A2)  miag + moass

= —A3+ P,
P3 3 4 mi + mo + ms mi + meo + M3

mi(—As+ A1) + ma(—As + Az) + m3(—As + A3)

hy,:=—-A P,
* 4 mi + ma + ms

miaq) + Maays + Mmaays
mi + mo + M3

(1.182)
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60 Barycentric Calculus

where we use the notation
aj; = —Ai +4;, ai; = |lagl| (1.183)

for 7,7 = 1,2, 3, noting that a;; = aj;.

Let ayg, be the angle with vertex Ay, k = 1,2, 3, of triangle A; As A3 that,
in turn, forms the face opposite to vertex A4 of tetrahedron A;AsA3A4,
Fig. 1.15.

Then, the squared norms pi = ||px||?, k¥ = 1,2,3 are obtained from
(1.182), in (1.184) below, by the law of cosines.

2 2 2 2 2
— (m3afs + m3ais + 2mamsai2a13 COS A1)

0
(1.184a)

1
_ 2 2 2 2 2 2 2
= {msaiy + m3ais + mamg(aj, + ajs — ass)}
0

1
p% = W(m%a% + m§a§3 + 2mimgai2as3 cos a42)
0
(1.184b)

1
_ 2 2 2 2 2 2 2
=2 {miaiy + m3azs +mims(ajy — ajz +azs)}
0

p3 = W(m%a% + m3a3; + 2m1maay3a23 COS (143)
0
(1.184c¢)

1
2 9 2 2 2 2 2
2 {miai; + myazs +mima(—aiy +ajz +asz3)}
0

where
mo = m1 + mo + M3 (1184(1)
The condition that the tetrahedron altitude h is perpendicular to the
vectors pg, k = 1,2, 3, along with the Pythagorean theorem, imply

hi = aiy — p = a3, —p3 = a3y — p3 (1.185)

thus obtaining the system of two equations

P% - a%4 = P% - a§4
(1.186)

2 2 _ .2 2
Py — Q14 =P3 — Q34

for the three unknowns my, mo and ms,
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Substituting p?, k = 1,2,3, from (1.184) into (1.186) along with the
normalization condition

ms = 1— mi1p — mo (1187)

the system (1.186) reduces to a system of two linear equations for the two
unknowns m; and ms. Solving the resulting linear system for m; and ms,
and calculating ms from (1.187) we obtain the unique special barycentric
coordinates (mq,mg, ms) of the point P, in (1.181), p. 58,

1
my = B{a%zi(—a%z + afs + a3s)

—|—a§4( a%z - a%?, + ags) (1.188a)

2 2 2 2 2 2
+azs( aiy +ajz — azs) — 2a7,a53}

1
my = 5@%4(_0%2 + afs + a3s)

+afs( afy —afs + a3s) (1.188D)

2 2 2 2 2 2
+azy( aiy +ajz —azs) — 2“13“24}

1
m3 = B{aﬁ(_aﬁ + afs + a33)

+ai,( afy —als + ads) (1.188¢)

2 2 2 2 2 2
tag,( afy + ajs — ayz) — 2ai.a3,}
where D is given by the equation
2 2 2 2 2 2 4 4 4
D = 2(ajya7; + ajpa3; + ajzazs) — (ajp + ajz + as3)
= (a12 + a13 + a23)(—a12 + a1z + as3)(a12 — a13 + azs)(ai2 + a13 — as3)

= 16|A; Az A3|?
(1.188d)

The third equation in (1.188d) follows from (1.75), p. 23, where, by
Heron’s formula, |A; A2 As| is the area of triangle 4; A;As.

Convenient barycentric coordinates for the point P4 can be obtained
from (1.188) by omitting the nonzero common factor 1/D.
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62 Barycentric Calculus

Formalizing the main result of this section we obtain the following the-
orem:

Theorem 1.20 (Point to Plane Perpendicular Projection). Let
Ay, Ay and As be any three pointwise independent points of a Fuclidean
space R™, n > 3, and let ma, 4,45 be the plane passing through these points.
Furthermore, let Ay be any point of the space that does not lie on wa,a;45,
as shown in Fig. 1.15, p. 59. Then, the perpendicular projection Py of the
point Ay on the plane wa,a,4;5 is given by, (1.181),

Py = m1 A1 + moAs +m3As (1189)

where the special barycentric coordinates mi, ms and ms are given by
(1.188), satisfying the normalization condition

mi+mo+mg=1 (1190)

1.20 Tetrahedron Altitude Length

By the last equation in (1.182), p. 59, the squared length of the tetrahedron
altitude hy is given by the equation

hi = (miaq + moags + maays)?
= miad; +miaj, +mials
+ 2m1Mmaoa14G24 COS (34 (1].9].)
+ 2m1m3a14a34 COS Qi24
+ 2mam3a24a34 COS 14
Hence, by the law of cosines,
hi = mial, + m3as, +m3a3,
+mimg(—afy +aiy + ajy)
(1.192)
+ mymg(—als + a3, + a3,)
+ mgms(—ady + a3, + a3y)
We now substitute the special barycentric coordinates m1, ms and mg
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from (1.188), p. 61, into (1.192) obtaining

p2 L Fy(a12, a1z, a14, azs, azq, aza)
172 F.
b(a12, a13, azs)

(1.193)

where F; is given by its 4 x 4 determinant representation in (1.74), p. 23,
and where Fj is given by the similar, 5 x 5 determinant representation

0 afy afzaiy 1

a3 0 @%3 a3y 1

Fs(a12,a13, a14, 23, G24, a34) = |a3; a3y 0 a3y 1 (1.194)
afy aiy a4213 01
1 1 1 10

[Veljan (2000)] known as the 5 x 5 Cayley-Menger determinant.
We can now calculate the volume |A;A3A3A4| of tetrahedron
Ay Ay A3 Ay By (1.125), p. 36, and (1.193) - (1.194),

1 1
|A1 Ag A3 Ay? = §|A1A2A3|2hi = @Fg(alg,a13,a14,a23,a24,a34)
(1.195)

1.21 Exercises

(1) Show that the pointwise independence of the set S in Def. 1.5, p. 9,
insures that the barycentric coordinate representation of a point with
respect to the set S is unique.

(2) Prove the trigonometric identities in (1.66), p. 21.

(3) Employ the m-identity of triangles, (1.65), p. 21, to simplify the
barycentric coordinates (my : ms : m3) in (1.138), p. 39, into the
barycentric coordinates (m; : mg : m3) in (1.139).

(4) Employ the m-identity of triangles, (1.65), p. 21, to simplify the
barycentric coordinates (my : ms : m3) in (1.140), p. 39, into the
barycentric coordinates (m; : mg : ms) in (1.139).

(5) Solve the vector equations in (1.81), p. 26, for the three scalar unknowns
t1,t2 and t3. Substitute the solution in (1.80) and, hence, obtain the
equation in (1.84) for the point of concurrency, H, of the three lines in
(1.80).

(6) Derive the circumradius R of a triangle A3 AsAs in (1.142), p. 41 by
successively substituting || — Ay +O||? from the first equation in (1.128),
p. 36, and my, k = 1,2,3, from (1.136), p. 39, into (1.141).
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(7)
(8)

(14)

Barycentric Calculus

Derive the equations in (1.151), p. 45, from the equations in (1.150).
Verify the trigonometric identities in (1.166), p. 50, under the triangle
7 condition (1.65), p. 21.

Verify the trigonometric barycentric coordinate representation (1.169),
p. 52, of the triangle Gergonne point G, with respect to the vertices
of its reference triangle in a Euclidean space R™. See also Exercise 2,
p- 283.

Verify the trigonometric barycentric coordinate representation (1.170),
p. 53, of the triangle Nagel point N, with respect to the vertices of its
reference triangle in a Euclidean space R™. See also Exercise 3, p. 284.
Verify the trigonometric barycentric coordinate representation (1.171),
p. 54, of the triangle P, Point with respect to the vertices of its reference
triangle in a Euclidean space R™. See also Exercise 4, p. 284.

Verify the equations in (1.179) and (1.180), p. 57.

Substitute p2, k = 1,2,3, from (1.184), p. 60, into (1.186) along with
the normalization condition (1.187) to obtain a linear system of two
equations for m; and mso. Then solve the resulting linear system and
calculate mg from the normalization condition and, hence, obtain the
solution (my1,mg, mg) in (1.188).

Substitute the special barycentric coordinates mi, mo and mg from
(1.188), p. 61, into (1.192), p. 62, to obtain h3 in (1.193), p. 63.
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