LECTURE 1

i) Definition of a group and examples

Definition. A group G is a set S = {g} such that for any two ele-
ments g1,g2 € S, a composition law o called a product is defined. It has
the properties:

1) 91,92 € G = g1 0 g2 € G. We write g1 0 g2 = g19>.
2) The product is associative : g1(g2g3) = (9192)953-
3) G contains an identity e. That is, ge = eg = g,Vg € G.

It follows that the identity is unique. For if ¢’ is another identity, then
e/ = e = €. e is sometimes written as 1, and if the composition law is
addition (4), then it is written as 0.

4) For every g € G there is an inverse, g-' € G, such that
997t =g"lg=e.

The inverse is unique. For if e = g~1g = gg, multiply on the right by
g =g l=7

Definition. The order of a group is the number of elements in it. It
can be finite, countably infinite, or uncountably infinite.

Examples:

1) The permutation group S,, on n objects. The order is n!.
Take n objects, number them 1, 2, ..., n. Put them in n boxes in a
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4 GROUP THEORY AND HOPF ALGEBRAS

row. For n = 4, we could have :

A permutation s € S,,, written as

< 1 2... n>
S =
S1 82 ...8np

sends object k to object si. Thus if
s 1234
- \4132)°

s|2[1]3]4]=[1]4]3]2].

then

The order of the columns of s is immaterial.

The group arises here from maps of an underlying set (the set being
objects in boxes). It is a ‘transformation group’. We now verify the group
properties:

Closure :

12...n 1 2...n 1 2... n
= €S,
tltz...tn 8182 ... 8p tSltSQ"‘tSn
Associativity :
1 2... n 12...n 1 2...n
U U2 ... Up t1t2...tn S§1 82 ... 8p
_ 1... n 1.... n\ 1... n
B Utp ... Up tsl . tsn n Utsl e ’U,ts"
1 2.... n 12...n 1 2...n
U U2 ... Up t1t2...tn 81 82 ... 8p

Uty -

Il
7N
—
£
503
~~
N
[V
e
o
s 3
~~_
Il
7N
g
-
g
S~
~—

Identity:
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LECTURE 1 5

1... n _1_ S1 ... 8n
S1 ... 8 “\1...n)°

S, can also be thought of as linear transformations on a complex n-

Inverse:

dimensional vector space C™. Let ey, ea, ..., e, be a basis of this vector
space. Define a family of n! linear operators by

12...n
t [(51 Sg ... Sn)] zgiei = ;@esi

where )", &e; is a generic vector of C™. If s, t are permutations, then one
sees easily that L(s)L(t) = L(st). The set {L(s)} is clearly a group with
group multiplication as operator multiplication. It can also be thought of
as Sp. [See Lecture 2.]

Sy, appears in the discussion of i) Pauli exclusion principle in quantum
mechanics and ii) some continuous groups and all finite groups.

2) The rotation group O(3) in 3 dimensions.

Consider R? = real three-dimensional vector space, i.e., R3 =
{z = (%1, %2, x3) |z; real}. The linear transformations + — Rz, z; — R;;z;,
which preserve the scalar product (z, y) = 3. z;y; are such that RTR =1
(hence R is real and orthogonal), and det R? =1 or det R =1 or —1.

The set of all real, orthogonal matrices with det = +1 is the group SO(3)
of rotations without inversions. (“Det” is an abbreviation for determinant.)
The set of all rotations (including reflections) is the group O(3). The set

of all elements with det = —1 does not form a group. (There is no identity,
and the set is not closed under multiplication.)
Let
-1
P= -1 €0(3)
-1

be “parity”. We have det P = —1 and P? = e. If R € O(3) had det R = —1,
write R = PR’ (where R’ = PR). Here R’ € O(3) and detR' = +1 =
R’ € SO(3) = 0(3) = SO(3) U PSO(3).

The corresponding groups in n dimensions are SO(n), O(n).

3) The group SU(2) = {g}. Here g is a 2 x 2 unitary matrix with det g =
+1. SU(2) leaves (z, z') = Zle z¥z} invariant. A similar definition holds

for SU(n) while U(n) = {g}, g being any n X n unitary matrix.
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6 GROUP THEORY AND HOPF ALGEBRAS

4) The Lorentz group £ = {A}. A is a real 4 x 4 matrix which leaves
the form (z, y) =Y x,y* = zoyo — Z?Zl x;y; invariant. If

1 0
-1
77 - _1 I
0 -1
then
(33, y) = TiNijY;j
and

ATgA = g.

5) The Poincaré group P consists of all Lorentz transformations and
translations. An element of P is (a, A) where a = (ag, a1, az, a4) € R?
and A € £. On a four-vector z,

(a, N)x = Az + a,

ie. first Lorentz transform, and then translate. [This choice of order is
only a convention.|
Now

/ ’

(@', A)(a, Nz = (a, A)(Az+a)
= (AN (Az+a)+d)
= (A/a +d, A/A)ac
or
(@', A)(a, A)=(a +Aa, A'A).
The identity is (0, 1) and the inverse of (a, A) is
(@, )7t = (=A""a, A7Y).
The groups above appear concretely as transformation groups on un-

derlying sets. In the associated abstract group, we just consider the group
structure (and forget about their origin as transformation groups).
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LECTURE 2

i) Mapping and functions for sets

Consider two sets E' and F', which can be either distinct or the same.

A law f which assigns to each z € F, a unique element f(z) € F is a
function from F to F.

If to each y € F, there is an « € F such that y = f(x), then the map f
is onto F'.

If the image of E under f is not all of F, the map is into F.

If to each y € F', 3 only one « € F such that f(z) =y, the map is one-
to-one (1-1). In this case,

f(372) = f($1) = T9 = 1.

The symbol f~1 is defined by: for y € F, f~!(y) is the set in E such
that each member of the set is mapped to y by f. f~! is in general not a
function unless f is 1-1.

ii) Isomorphisms and homomorphisms

Assume that the mapping is onto. For if the mapping were not onto, we
can restrict attention to the image.

1) A map f of a group G onto a group G’ is a homomorphism if it
preserves the group laws, i.e.

f(91)f(g2) = f(9192)-

This rule implies the following :
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8 GROUP THEORY AND HOPF ALGEBRAS

(a) If e G, ¢ € G' are identities then f(e) =¢€'. For f(e)f(g9) =
fleg) = f(ge) = f(g)f(e) = f(g). Since f is an onto map, and €’ is
unique, f(e) =¢.

(b) flg=") = f(g)~". For f(g~")f(g9) = flg~"g) = ¢

The set of all elements in G mapped to €’ by f is called the kernel of
the homomorphism f and denoted as Ker f.

2) If in 1), f is 1-1, then the homomorphism is an isomorphism. Then
G and G’ as groups are identified.

3) If G’ = G, then replace “homo” by “endo”, and “iso” by “auto” in

the above.
Examples:
1) Let
1...
s = < n) €S,.
81 ...8p
Let L(s) be the linear operator on C™ with basis e;, es, ..., e, defined by

L(s)e; = eg,.

Then {L(s)} forms a group under multiplication, L(s)L(t) = L(st). Call
this group S/, = {L(s)}scs, - Then

L:S, — S, s L(s)

is an isomorphism.
2) Let go be a fixed element in a group G. Consider

f _
G 39 —">goggy  €G.

This map is an automorphism, a so-called inner automorphism.

Proof :

1—1:g0995 " =g09'95' = g9=4¢

Onto : For arbitrary g € G, go_lggo € G and this is mapped by fg, to
g.

Homomorphism: fy,(91) fy,(92) = (909195 ") (909295 ) = 90(9192)95 ' =
foo(9192)-
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LECTURE 2 9

iii) SU(2) and SO(3)

There is a 2-1 homomorphism R from SU(2) onto SO(3) with +U € SU(2)
having the same image R(U) € SO(3). SU(2) is called the covering group
(in fact the universal covering group) of SO(3).

We show the following [and hence the existence of the 2-1 homomor-
phism]:

1. There exists an R which maps U to a real 3 x 3 matrix R(U) such
that

R(U1)R(Uz) = R(U1Us).

2. The map is into SO(3). [i.e. R(U)TR(U) =1, detR(U) = +1.]
3. The map is onto SO(3).
4. R(Ul) = R(Ug) = U; = £Us.

Proofs:

1) Let 71, 72, 73 be Pauli matrices : TiT =, tr 7, = 0. Any 2 X 2 matrix
m is a linear combination of the unit matrix 1 and 7;:

m = Qo 1+ o Ti.
If m is traceless and m' = m, then
Qo = 0
and
* *
Ty = QT O O = (.

Thus any traceless hermitian 2 X 2 matrix is a real linear combination of
the 7;’s.
Now consider U 7; Ut = 7/ with U € SU(2). Then

Tr 7, =0, TZ»/T =7=>UnU = R;i(U)7;

where the real R;;(U) are uniquely defined from U by linear independence
of the 7’s. So U — R(U) is a map.

Thus for each U, we have a real 3 x 3 matrix R(U).

For V € SU(2),

VUR UV = (VU)7,(VU)T
or

V{RL(U)m}VT = Ryu(VU)7;
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10 GROUP THEORY AND HOPF ALGEBRAS

or
Ry (U) R (V)7j = Ryu(VU)T;

or

R(V)R(U) = R(VU).

2) Using the identity 7; 7; = 6;; 1 + i€, T, we have
UrirUT = UnUTUnUT

= R (U)n Ry (U)1p,

= Ry Rpnj{01m + t€imnTn }

= (R"R)ij1 + i{Rii R j€mnTn}-
Also

UTiTjUT = i1 + i€ Rk Tn.
= RT'R=10r R O(3)

and

RiiRoj€imn = €ijplink.
Now multiply by R, and use R” R = 1. Then

Ry R Rys€imn = €ijs,

i.e. det R =1.

So
R € 50(3).
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LECTURE 3

i) SU(2) and SO(3) (continued)

We have shown that the image of SU(2) under R is contained in SO(3).
We want to show the equality, i.e. {R(U)} = SO(3).

3) To show that the map R is onto SO(3):

Let S € SO(3). We know that S = S3(7)S2(8)S3(a) where S;(¢) =
rotation by ¢ around the i*" axis. We show that Us(a) exists such that
R[Us(«)] = S3(«). Similarly one finds Us(3), Us(7). Finally because R is
a homomorphism, it follows that Us(y)Uz(8)Us(«) s,

Now

cosa sina 0
S3(a) = | —sina cosa 0
0 01

To find Us () such that Us(a) 7; Us(a)T = S3(a) j; 75, we first write out
each term in this equation:

Us(a) 7 Ug(&)T =cosa T —sina Ty,
Us() 7 Us(a)' = sina 71 + cosa 7,

U3(Oé) T2 Ug(Oé)T = T73.
Try

o .«
:COS§ “+1 73 SIn —

2
_ e ‘O
De %

11

€ SU(2).
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12 GROUP THEORY AND HOPF ALGEBRAS

- T3

Ug(()l)T =e '2¢

o . e’
:cosa—m-g sin —.

2
Then
Us(a) 7 Us(a)t = {71 cosg — 7y sin %} [cosg — 14 73 sin g}
=7 (0052 % — sin? %) + 7 (—2 cos % sin %)

=cosa 71 — Sina 7.

Similarly for the rest of the equations.
Finally we show that the map R is two-to-one.
4) To show that the map is 2 — 1:
(a) R(U) = R(—U) so that £U are mapped to the same R(U).
W) IfU 7; Ut =V 7; VT, then U = £V. For then,
ViU 7, =7, VIU

or
[VvTUv7 Ti] =0.

But [VTU, 1] =0, so [VIU, M] =0 for any M. Consequently
ViU =aq 1.

Taking the determinant we have

or

ap = +1.

This completes the proof.

ii) Subgroups

A subgroup H of a group G is a (non-empty) subset of G which itself forms
a group with respect to the group composition defined on G.
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LECTURE 3 13

Thus
heH=h"'eH.
hi,ho € H = hihs € H.
e € H.
Examples:

1) S5 has three distinct Sy subgroups consisting of e and permutation
of ¢ and j alone. All are isomorphic.

2) SO(3) consists of an infinite number of SO(2) subgroups. A typical
one will be all rotations about a fixed axis n:

{77, fixed, all 6},

J = spin one angular momentum operator.

They are all isomorphic. The isomorphism map is:
ot J0 _, irin-JO
3) Real orthogonal matrices are also unitary. So O(n) C U(n), SO(n) C
SU(n). Also, U(n) DU(n—1) > U(n—2) D --- D U(1).
4) G = the Poincaré group. The translations 7y = {(a,1)},cgre form
a subgroup of G. The Lorentz transformations O(3,1) = {(0,A)} form a

subgroup of G.

iii) Cosets and invariant subgroups

Let H be a subgroup of a group G. Then the left coset of H with re-
spect to an element g € G is the set gH = {gh|h € H}. (Similarly right
cosets are given by Hg = {hg | h € H}. The space of left (right) cosets is
{9H}gec {Hgl}geq).)

We will prove the following:

(1) G=U,gH.

(2) gH N ¢g’'H is either gH = ¢’ H or ¢(the null set).

(3)If g € gH, then gH = gH.

Thus if we say that g; is equivalent to g2, g1 ~ g2, when g; and g, are
in the same left coset, then the symbol ~ is an equivalence relation. That
is, it is symmetric (g1 ~ g2 = g2 ~ g1), reflexive (g ~ ¢) and transitive
(g1 ~ g2, g2 ~ g3 = g1 ~ g3). Also since left cosets are identical or totally
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14 GROUP THEORY AND HOPF ALGEBRAS

disjoint, we can label them by picking one element g from each left coset
gH. Then automatically, gH = gH.

Similar statements hold for right cosets.

(1) is due to the fact that e € H and hence g € gH.

(2) and (3) are proved by the following lemmas.

Lemma 1

g1 and gy are in the same left coset iff g, "1gs € H.

If: Let gy 'go=he€ H. Then go =gih or goH = gihH = g, H.
(hH = H because H is a group.)

Only if: Suppose g1, go € gH. Then 3 hy,hy € H such that g; = ghy
and go = ghs. Consequently

g1 g2 =h1 'hy € H.

Lemma 2
For any two cosets g1 H, goH, either g1H = g2 H or g1H NgoH = @.
Proof:

Suppose g1 H and g2 H have an element ¢ in common. Then 3 hq,
ho € H such that g = g1h1 = goho. This implies g1 " 'go = h1h271 € H and
(by Lemma 1) g1H = g2 H.

Lemma 3

If g € gH, then gH = gH.

Lemma 2 gives the result since both the cosets contain g, e being in H.

A subgroup H C G is an invariant or a normal subgroup if gHg~™' = H
for all g € G.

Note that now each g € G induces an automorphism f; of H where

fo(h) = ghg™".
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LECTURE 4

i) Cosets and invariant subgroups (continued)
Examples:

1) Let V,, be an n-dimensional vector space. It is a group under vector
addition. If V,,, is an m-dimensional subspace of V,,, it is an invariant
subgroup.

2) G = the Poincaré group. It contains 4-dimensional translations 7y =
{(a, 1)} as an invariant subgroup.

3) G = SO(3), H = rotations around 3" axis = {R3(vy)}. This H is
not an invariant subgroup of G.

Lemma

If H is an invariant subgroup of G, the left and right cosets are the
same.

So in this case one can talk of cosets without specifying left or right and
denote the space of cosets by

G/H = {gH} = {Hg}.

Theorem

If H is an invariant subgroup of G, G/H is a group, the factor group of
G with respect to H. The multiplication rule is set multiplication of cosets.
The identity is H.

15
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16 GROUP THEORY AND HOPF ALGEBRAS

For
gHg'H = g’ HH = g¢' H = another coset;
gHH = gH or H is the identity;
(gH)™' = g~ ' H is the inverse since g~ 'HgH = H.
Examples:

1) G=0(3); H=S0(3). Because det(ghg~!) =det h =1, H is an
invariant subgroup of G.
If g¢ H, g = Ph where h € H and

-1
So gH = PH and the cosets are H and PH. The group multiplication
table becomes:

H |PH
H | H |PH
PH|\PH| H

This group is isomorphic to Ss.

2) G = the Poincaré group, H = Ty. Since

Ty(a,A) = Ty(a,1)(0,A) = T4(0, A),
these cosets are in one-to-one correspondence with the elements of the
Lorentz group {A}. Since
T4 (0, A)T4(0,A") = T4 (0, AN),

G/H is isomorphic to the Lorentz group.

3) G=S,, H=A, = the alternating subgroup = the set of all even
permutations. [Any permutation s can be written as t1 ... t; where t; is a
transposition. If k is even (odd), then s is even (odd)(see Lecture 11).]

Lis even, A, is

Clearly A, is a group. Also since a € A,, implies sas™
an invariant subgroup.
If s is odd, then s = tga where t; is any transposition and a is even.
Also
a even = ad, = A,
while
sodd = A, =tyA,.
So
Sn/Ap = Sa.
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LECTURE 4 17

ii) Conjugate elements and classes

We say g1 and g2 are conjugate to each other if 9g9 € G such that

92 = 909195 -

Let us write g1 ~ g2 if such a gy exists in G. The relation ~ is symmet-
ric, reflexive, and transitive, i.e. a) g1 ~ g2 iff g ~ g1; b) g ~ g; ¢) g1 ~ ga,
g2 ~ g3 = g1 ~ gz. S0 ~ is an equivalence relation. The set of all such
equivalent ¢’s forms a class.

Examples:

1. The class containing e € G is {e}.
2. G = S0(3). Consider a rotation by 6 around the axis 7:

g= Q70 — g(n,0).
If R is a rotation, then
RJ;R™' = R;;J;.
So
RgR™ = exp {i i;RJI;R™'0}
= exp {1 Rj;n;J;0}.

So the class containing this g is that of rotations about every axis by
the same angle 6.

iii) Simple groups

Definition. A group G is simple if it has no invariant subgroup be-
sides the identity and itself.

Examples:

1. S5 is simple.

2. SO(3) and the group of proper orthochronous Lorentz transforma-
tions. El are simple. [We omit the proofs.]

3. SU(2) is not simple as it has the invariant subgroup

A= {aa] - o]}
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18 GROUP THEORY AND HOPF ALGEBRAS

4. SU(n) is not simple as it has the invariant subgroup

P
an{exp<i;;k>1 | k=0, 1, ..., n—l}.

5. The group SO(2) is Abelian, so every discrete subgroup of SO(2)
is invariant. Therefore, SO(2) is not simple. [See next lecture for the
definition of Abelian groups.]

6. The group SL(2,C) is {g} where the element g is a 2 X 2 complex
matrix with det ¢ = +1. It is not simple because the subgroup

A= {lo1]~[o1]}

is invariant.
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LECTURE 5

i) Abelian and semi-simple groups
Definition. A group G = {g,} is Abelian if g,g93 = 939a; ¥V ga, 93
Examples:

1) Translations in R™ are Abelian.
2) SO(2) is Abelian.

Definition. A group G is semi-simple if it has no Abelian invariant
subgroup besides the identity and itself.

Examples:

1) Any discrete subgroup of SO(2) is Abelian and invariant. So SO(2)
is not semi-simple.
2) SU(n) is not semi-simple since

Zn:{e%““/"uk:o, 1, ..., n—1}

is an Abelian invariant subgroup.
3) The Poincaré group is not semi-simple since translations form an
Abelian invariant subgroup.

19
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20 GROUP THEORY AND HOPF ALGEBRAS

ii) Representations of a group

Given a group G = {g}, a representation I = {T'(g)} of G is a set of linear
operators on a vector space which forms a group under the usual product

rule of linear operators such that

g —— T(g)

is a homomorphism. The vector space V' on which I' acts is the carrier or
support space of the representation.

We will freely interchange the use of linear operators with matrices in
view of their well-known correspondence.

The representation is called faith ful if T' is an isomorphism.

Examples:

1) SO(3) is a representation of SU(2) which is not faithful. However,
SU(2) is not a representation of SO(3). The spin j representation of SU(2)
is TUW) = {DWU} where DY) are rotation matrices for angular momentum
j=0,1/2,1,.... For j half an odd integer, the representation is faithful for
SU(2), but not so for j an integer. For j an integer, they are representations
of SO(3) and when j # 0, they are faithful representations of SO(3). [For
proof, see Lectures 3 and 25.]

2)
1234
P= (2 34 1)’
P2 P3, P* = e form a group. Now the fourth roots of unity are e
k=0, 1, 2, 3. Define

2mik /4
)

T(PF) = e¥mik/41,
T(P*) is a linear operator on the one-dimensional complex vector space
C! = {z}. T = {T(P*)} is a faithful representation of the above group.
3) A four-dimensional representation of SO(3) is given by

SO(3)3 R — {RO].

01
A 3n-dimensional representation is given by
RO ..0
OR
R— | . .R.
0 .. R
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LECTURE 5 21

4) Suppose S is a fixed 3 x 3 non-singular matrix and R € SO(3). Then
the map R — SRS™! gives a representation {SRS~'} of SO(3).

iii) The regular representations

Consider the set V of all functions from G to C:

Gagfe—v>f(g)e(c.

Define for «, § complex numbers and f1, fo € V the function af; + 3 f2
by

(afi + Bf2)(g) = afi(g) + Bfa(g)-

This makes V into a complex vector space.
For each g € G, define the linear operator T'(g) on V as follows: For any
f, T(g)f is the function defined by

[T(9)f1(g") = flg7"d).

For g,g € G,
[T(9)T(9)f)(g") = [T(9)fg™"9")
= f(g-197"9)
= fl(99) "9l
= [T(99)f1(¢")
So

T(9)T(g) = T(99),

and {T'(g)} is a representation of G, called the left regular representation.

Now define S(g) on V by

Then

GROUP THEORY AND HOPF ALGEBRAS - Lectures for Physicists
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7872.html



22 GROUP THEORY AND HOPF ALGEBRAS

or

S(9)5(9) = S(99)-
Thus {S(g)} is a representation of G, called the right regular

representation.
For finite groups, define the scalar product

(@, B) =Y _a"(9)8(g)

fora, B € V.
Then

(T(@)a, T(9)8) = Bga™ (57" 9)B(T ' 9)
= (a, B).
Thus T'(g)’s (and similarly S(g)’s) are unitary in this scalar product.

Definition. Given two representations
1 = {DW(g)} and I'; = {DP(g)}

on vector spaces Vp, Vo, they are equivalent if there exists a non-singular
(1 — 1, onto) linear operator S from V; onto V5 such that

SDW(g)S™' = DP(g).
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LECTURE 6

i) Reducibility of representations

Suppose one is given a representation I" on a vector space V. A subspace
Vo of V is invariant under a linear transformation T if TVy C Vp, that is, if
xo € Vp implies Txg € Vy. A subspace Vj is invariant under I' = {D(g)} if
it is invariant under every D(g). A representation I' is reducible if there is
a subspace Vo(# {0} or V) of V which is invariant under T.

Suppose T is reducible. Choose a basis eq, ..., e, for V where eq, ..
em span V. The matrix D(g) in this basis is of the form

_ | Di(g) alg)
D(g)_[ 10 Dz(g)}

I

where D1(g) is m xm, a(g) is m x (n—m) and D2 (g) is (n —m) X (n —m).
Conversely if D(g) does take this form in some basis, then vectors of the
form (&1,...,&m,0,...,0) are clearly invariant under I', that is, they span
an invariant subspace. Thus I' is reducible iff all D(g)’s are of the above
form in some basis.

Note that
_ | Di(g1) a(g1) | [Di(g2) a(ge)
Dia)Dle:) = { 0 1 D2(911)} { 0 2 Dz(gzz)}
_ {Dl(gl)Dl(gz) D1(g1)a(g2) +Oé(91)D2(gz)}
0 Ds(g1)D2(g2)
= D(g192)

)

by the group property of D(g)’s. Therefore

)
D1(91)D1(92) = Di(g192)
D3(g1)D2(g2) = D2(g192)-
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24 GROUP THEORY AND HOPF ALGEBRAS

Thus I'y = D1(g) and 'y = Ds(g) are themselves representations.
Examples:

1) Let 7y ={T(a)}serr be translations on the vector space
Vi = {x},er: such that

T(a)xr =z + a.

The T'(a)’s are not linear operators on V5. Consider now

o~ foo- 3]}

=[] 1o

= D(a+1b).

Then

Thus T is a reducible representation of 77.
The two-dimensional translation group is 7 = {T'(a1, a2)} where

X1 x|+ aq
T = .
(&1’ a2) <$2) <$2+a2)

A two-dimensional representation for 75 is

o= 111}

A four-dimensional representation is
1 ag a1 ajag
1 aq ® 1 a9 . 010 aq
01 01 100 1 a
00 0 1

2) Suppose one is given two representations I'; = {D;(g)} on vector
spaces V; where D; are matrices. The direct sum I'y @ I'y is the reducible

I‘epresenl a,( iOIl gi\/en by

The preceding construction can be stated in a coordinate-free way as
follows: If one is given two vector spaces Vi and Vs, their direct sum V =
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LECTURE 6 25

Vi @ Vb, is the linear combination of vectors in Vi and V5 in a well-known
sense.

The dimension of V', dim V', is dim Vi +dim V5. If T} is a linear operator
on V7, and Tj is a linear operator on Vs, then the direct sum T'= T @ T5 is
a linear operator on V defined as follows: If z € V| then z = x + y, where
x€Vyand y € V5. We set

Tz = Tll‘ + Tgy.

Now given representations I'; = {T;(g)} on V;, their direct sum T is

Iy & T, = {T(g) = Ti(g) & Ta(g)}. Note that

T(91)T(92)z = T(g91)(T1(92)x + T2(92)y)
= T1(91)T1(g2)z + T2(91)T2(92)y
=Ti(g192)x +Ts(9192)y
=T(g192)z.

Here z € V1 @ Vo, z € V4, y € V5. Thus I is also a representation.
Now choose a basis e1, ..., emn, f1, ..., fn where e; span Vi, f; span

V5. Then in this basis,
Di(g) O
T =
(9) [ 0 Dag)]’
or I is reducible.

ii) Full or complete reducibility

Let T' = D(g) be a reducible representation on a vector space V with in-
variant subspace V7. Now if there exists another invariant subspace V5 such
that V=V, & Vo, then I' is fully reducible into a direct sum I'y @ I'y where
T'; is the restriction of T to V;. [In the preceding discussion, I'; = {D;(g)}.]

Now I'y may or may not be reducible on V;. If it is reducible, we can
try writing V3 itself as the direct sum of two invariant subspaces.

iii) Irreducible representations

Definition. A representation I'" on a vector space V is irreducible
(IRR) if V has no invariant subspace besides {0} and V itself.
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26 GROUP THEORY AND HOPF ALGEBRAS

Examples:

1) The representation

{[o1]}

of 77 is reducible, but not fully reducible. Here

we{(0)) e

is invariant. The general form of V; (if it exists) will be

Vo = {<Az) | Aﬁxed,yeRl}.

] ()= (4o

So V5 is not invariant under 77.

But

Theorem

2) Let H be a Hilbert space with scalar product: (-, -). Let I' = {U(g)}
be a unitary representation of G on H:

(z, Ulg)y) = U'(g)z, y) = (U (9), v).

Then T is the direct sum of irreducible representations: I' = &;I";. Also, if
H = &®;H; is the corresponding decomposition of H, then this direct sum
of H can be chosen to be an orthogonal sum, i.e., if o € H,, xg € Hpg,
then (x4, xg) =01if a # 3.

Proof :

Note that:

a) If Hy is a subspace of H, then we have the decomposition
H = Hy & H; where the sum is an orthogonal direct sum. H;j is the or-
thogonal complement of Hy in H.

b) If U is unitary, defined on H, and Hy is invariant under U, then so
is Hl.

For since Hj is invariant under U and U is unitary, 3 e, ..., ey span-
ning Hy such that Ue; = \;e;, |\;| = 1. This implies that U~ le; = )\i_lei
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LECTURE 6 27

so that Hy is invariant under U~'. Now let zg € Hy, =1 € H,. By defi-
nition, (x1, z9) = 0. To prove (Uzy, xo) = 0, we note that (Uzy, z¢) =
(w1, Utzg) = (z1, U tzg) = (21, x}) = 0 since =, € Hy.

¢) Thus if Hy is invariant under I', we can write H = Hy ® H; where H;
is orthogonal to Hp and invariant under I'. If H;(¢ = 0,1) has an invariant
subspace under I', one repeats the process.
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LECTURE 7

i) Schur’s lemma

Given two vector spaces V and W, we can think of linear operators L from
V to W:

VB:E‘L%LSCGW

such that
L(x1 + x9) = Ly + Lag
and
L(Az) = ALz, X = any complex number.
Forexample V. ={(&, ..., &), W={(m, ..., nm)}and Lisann x m
matrix.

Let L:V — W be a linear operator. The null space N(L) of L is
{z|Lz = 0 € W} and the range R(L) of L is {y|ly = Lz, x € V}.

1. Themap L:V — Wis 1—1iff N(L) consists of the zero vector. If:
Lxy = Lzo = L(zx1 —22) =0 = 21 — 29 € N(L) = 1 = x5 since N(L)
consists of the zero vector. Only if: £ € N(L) = Lx = L(z +§).

2. The map L:V — W is onto iff R(L) = W.

3. L is invertible iff N(L) =0 and R(L) = W.

4. If L is invertible, dimW = dimV'.

Proofs to 2-4:
Here 2 and 3 are obvious while 4 can be proved as follows.

Choose a basis 1, ..., z, € V. lf y € W, 3z € V such that y = Lx.
Then x =3, &x; = y =), &(La;) = La; is complete in W. Also

Zmez:Oém:O

29
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30 GROUP THEORY AND HOPF ALGEBRAS

because
L (Zﬂﬂii) =0= Zml‘i S N(L) = mei =0= N = 0

by linear independence of {x;}. Thus the {Lz;} are linearly independent.
As {Lxz;} is complete as well, {Lz;} is a basis for W. Hence dim V = dim
w.

Statement of Schur’s Lemma:

1) Let Ty = {A(g)} and T'p = {B(g)} be two IRR’s of a group G = {g}
on complex vector spaces V4, V. Let L: V4 — Vg be a linear operator
such that

LA(g) = B(g)L, g€G.

(One says that L intertwines the two representations.) Then either L =0
or L is invertible so that

B(g) = LA(g)L™!

and the two representations are equivalent. (The possibility that L is sin-
gular, but not zero is excluded.)

2) Let I' = {D(g)} be an IRR on a vector space V, andlet L: V — V
be a linear operator such that [L, D(g)] = 0. Then L is a multiple of the
unit operator.

See H. Weyl: Classical Groups, Chap. 5. The following proof is from
this chapter.

1) We can assume that L # 0. We then show that N(L) and R(L)
are invariant subspaces of I'4 and I'g. By irreducibility it will follow that
N(L) = {0} or V4 and R(L) = {0} or Vg. Then L # 0= N(L) = {0} and
R(L) = Vg = L is invertible.

Let © € N(L), then

A(g)z € N(L).

But this implies that N (L) is invariant under I 4.
Let y € R(L), then 3 & € V4 such that y = La. Therefore

B(g)y = B(g)Lx
= L(A(g)x).
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LECTURE 7 31

Consequently, B(g)y € R(L), and this implies that R(L) is invariant
under I'g.

2) L has at least one eigenvector x with Lx = Az.  Therefore
(L—=X)x =0 = (L—Al) is singular. But [L — A1, D(g)] =0, so by 1),
L — A1 =0 (since L — Al is singular) or L = Al.

Example :

Al TRR’s of an Abelian group are one-dimensional. For let I' = D(a) be
such an IRR. Then D(a)D(b) = D(b)D(a) = for any ag, D(ag) commutes
with every D(a). So 2) = D(ag) = A(ag)1. This is true for all ag. Since T’
is IRR, here 1 must be a 1 x 1 matrix.

If T, = {a}aern is the n-dimensional translation group, its IRR’s are
given by

a=(a, ..., an)HeXpZAiai, (A1, ) €C”

with A; fixed in a given IRR. [Prove this as an exercise. Here C" = n -
dimensional complex vector space.|

ii) Operations with representations and with groups

1) Let ' = D(g) be a representation of a group G in terms of matrices.
(a) D(91)"D(g2)" = [D(91)D(g2)]"
= D(g192)"
=g — D(g)"
gives a representation I'* = {D(a)*}, the complex conjugate of T.
(b) D(g1)TD(92) = [D(g2)D(g0)]”
= D(g291)".
So
D(gr )" D(gz )" = D((9192)™H)"
=g —D(g™")"
gives a representation called the representation contragradient to I'.

(¢)g— D(g™ ")
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32 GROUP THEORY AND HOPF ALGEBRAS
also gives a representation, which can be called T't. If the representation is
unitary,

D(g~")' = D(g~")~" = D(g).

So (c) is the same as I', and (b) is the same as (a).
I" and T'* may or may not be equivalent.

Example:
For SU(2) or SO(3), I and IT'* are equivalent for any I'. [See Problem

19]
For SU(3), G = {g} where g is a 3 x 3 matrix with detg = 1 and

g' = g7!. The representation 3 for SU(3) associates the matrix g itself
with g, i.e.,
SU@B)>9—D(g)=g€3
So
SUB)2g9—D(g)"=g"€3"
Now
o27i/3
z = e?mi/3 € SU(3).
027i/3
We have D(z) = z, but
e47ri/3
D(z)"=2"= elmi/3

e47ri/3

Since D(z), D(z)* have different spectra (their eigenvalues differ), they
cannot be related by a similarity transformation. This implies that 3 and

* is an outer automorphism. (An inner

3* are not equivalent. Therefore,
automorphism would be a map via conjugation by an element of G itself.)

2) Similarity transformations on representations give equivalent repre-
sentations.

3) Direct sums of representations give representations.
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LECTURE 7 33

iii) Direct product of representations

Consider two vector spaces V; (i = 1, 2), V4 with basis ey, ..., e, and
V5 with basis f1, ..., fn. Then Vi3 ® V5 has a basis
e®f;,i1=1,2, ...,mj=1,2, ..., n.

A general element in V; ® V3 is

T = Zaij e ® fj.
The dimension dim [V} ® V5] is mn.
If L; are linear operators on V;, then we define L = L1 ® Ly by

Lx = Za” L1€Z Lgfj)

If M = M, ® M5 is another linear operator, then clearly
ML = (ML) ® (MsLs).
Suppose D is the matrix of L; in the above basis:
Lye; = D](;)ej,
Lofi = D;?)fj'
Then the matrix of L in basis {e; ® f;} is defined by
L(ei ® f;) = Dirjrijer @ fy
=Lie; ® Laf;
_ D(I)D(2 e ® fir.
Comparing the two expressions gives
Dyjri; = D(l)D(2)

If we enumerate the basis in the order e; ® f1,e1 ® fa, ..., 1 ® fn; €2 ® f1,
5 €2® fni ...y €m ® frn, then

(DY D@ DY) p® . . D) D@ ]

pp> plp>
D =

pWp@ Dl D@

Thus D is the Kronecker product D) @ D@ of DM and D®).
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34 GROUP THEORY AND HOPF ALGEBRAS

If S;, D; are matrices, then recall results
(S1® S2)(D1 ® Da) = 51D1 ® SoDo
and

Tr D=Y Dy ;;=Tr DY Tr D®.
0.

Given two representations I'; = { D (g)}, the direct product of the two
representations I' =Ty @ Ty is I' = {D™ @ D@}, T is a representation of
the group (see product rule above). One can define the direct product for
any number of representations in this way. I' may not be irreducible even
if the I';’s are.

The Clebsch-Gordan Problem

Consider representations I'; of G on vector spaces V;. Then ' =Ty ® 1T’
is defined on V7 ® V5 = V. Assume I' can be written as the direct sum of
IRR’s. Then we can pose the following problems:

a) Write I' as the direct sum I' = ®I'; where I'; are IRR.

b) If T', are acting on V¢ C V|, find a basis for V¢ in terms of those in
V; and V5.

Example:
SU(2) :
Consider IRR
Vj, with basis [j1 mi), mi = —j1, -+, +71 L
and
V;, with basis |j2 ma), me = —ja, -+, + jo r,,.
Then
. I F )
Ui @ T, = &5, -
A basis for T'; is |j1 j2 j m), m=—j, ---, +j, with
rdzdimy= Y C(ija dimy mym)ljs my) ®|jz ma).

m=mi+mz

The C(j1 j2 j, m1 mg m) are called Clebsch-Gordan coefficients.
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LECTURE 7 35

iv) Direct products of groups

Let G = {g} and H = {h} be groups. Then the direct product group is
GxH={(g, h)|] ge G, he H},
with multiplication rule
(915 h1)(g2, h2) = (9192, hih2).
If {D(g)}, {S(h)} are representations of G and H, then
I'={D(g) ® S(h)}

(® is the Kronecker product) is a representation of G x H. However, I'
may not be faithful.

Example:

SU(2) x SU(2): Consider the mapping of group products into Kro-
necker products:

(9,h) = g®h.
Then
(1,1) = 1®1 and
(-L-1) = (- @ () =1s1

Consequently certain different elements in the group product can be the
same in the Kronecker product.
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