Preface

The Kronecker product of matrices plays an important role in mathematics
and in applications found in theoretical physics. Such applications are sig-
nal processing where the Fourier and Hadamard matrices play the central
role. In group theory and matrix representation theory the Kronecker prod-
uct also comes into play. In statistical mechanics we apply the Kronecker
product in the calculation of the partition function and free energy of spin
and Fermi systems. Furthermore the spectral theorem for finite dimen-
sional Hermitian matrices can be formulated using the Kronecker product.
The so-called quantum groups rely heavily on the Kronecker product. Most
books on linear algebra and matrix theory investigate the Kronecker prod-
uct only superficially. This book gives a comprehensive introduction to the
Kronecker product of matrices with a large number of applications.

In chapter 1 we give a comprehensive introduction into matrix algebra.
The basic definitions and notations are given in section 1.1 and the basic
operations are given in section 1.2. Matrices are closely associated with
linear equations. This connection is described in section 1.3. The trace
and determinant of square matrices are introduced and their properties
are discussed in section 1.4. The eigenvalue problem plays a central role
in physics. Section 1.5 is devoted to this problem. Section 1.6 presents
the Cayley-Hamilton theorem which is very useful for computing functions
of matrices. Projection matrices and projection operators are important
in Hilbert space theory and quantum mechanics. They are also used in
group theoretical reduction in finite group theory. Section 1.7 discusses
these matrices. In signal processing Fourier and Hadamard matrices play
a central role for the fast Fourier transform and fast Hadamard transform,
respectively. Section 1.8 is devoted to these matrices. Transformations
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of matrices are described in section 1.9. The invariance of the trace and
determinant are also discussed. Finite groups can be represented as permu-
tation matrices. These matrices are investigated in section 1.10. Various
useful matrix decompositions are introduced in section 1.11. The pseudo
inverse for all matrices is defined in section 1.12. The vec operator describes
an important connection between matrices and vectors. This operator is
also important in connection with the Kronecker product. Section 1.13
introduces this operator. The different vector and matrix norms are de-
fined in section 1.14. The relationships between the different norms are
explained. We also describe the connection with the eigenvalues of the ma-
trices. Section 1.15 discusses the approximation of a matrix by a lower rank
matrix. Sequences of vectors and matrices are introduced in section 1.16
and in particular the exponential function is discussed. The Gram-Schmidt
orthonormalization technique is very important in matrix algebra. This
technique is described in section 1.17. Groups and matrices are studied in
section 1.18. A number of their properties are given. Section 1.19 intro-
duces Lie algebras. The commutator is the basic operation of Lie algebras
and is central in quantum mechanics. Commutators and anti-commutators
are described in section 1.20. The exponential function of a square matrix
is useful in many applications, for example Lie groups, Lie transformation
groups and for the solution of systems of ordinary differential equations. In
section 1.21 methods for calculating functions of matrices are described.

Sections 2.1, 2.2 and 2.3 in chapter 2 give an introduction to the Kronecker
product. In particular, the connection with matrix multiplication is dis-
cussed. In section 2.4 permutation matrices are discussed. Section 2.5 is
devoted to the trace and determinant of a matrix and their relation to the
Kronecker product. The eigenvalue problem is studied in section 2.6. We
calculate the eigenvalues and eigenvectors of Kronecker products of matri-
ces. We consider projection matrices and the Kronecker product in section
2.7. Fourier and Hadamard matrices are important in spectral analysis,
such as fast Fourier transforms. These matrices are introduced in section
2.8 and their connection with the Kronecker product is described. The di-
rect sum and the Kronecker sum are studied in section 2.9 and 2.10. Some
matrix decompositions which are specific to Kronecker product structures
are described in section 2.11. Section 2.12 is devoted to the vec-operator
and its connection with the Kronecker product. Groups and the Kronecker
product are investigated in sections 2.13 and 2.14. In particular the matrix
representation of groups is described. In section 2.15 the relation between
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the Kronecker product, the commutator and the anticommutator is inves-
tigated. The inversion of partitioned matrices is discussed in section 2.16.
Approximation of matrices by a nearest Kronecker product is the topic of
section 2.17.

In chapter 3 we study applications in statistical mechanics, quantum me-
chanics, Lax representation and signal processing for the Kronecker prod-
uct. First we introduce Pauli spin matrices and give some applications in
section 3.1. The Pauli group, Clifford groups and Bell group are discussed
in section 3.2. Applications in quantum theory are given in section 3.3.
We assume that the Hamilton operator is given by a Hermitian matrix.
We investigate the time evolution of the wave function (Schrédinger equa-
tion) and the time evolution of a matrix (Heisenberg equation of motion).
The eigenvalue problem of the two point Heisenberg model is solved in
detail. The one dimensional Ising model is solved in section 3.5. Fermi
systems are studied in section 3.6. We then study the dimer problem,
which is a combinatorical problem in section 3.7. The two dimensional
Ising model is solved in section 3.8. In section 3.9 the one dimensional
Heisenberg model is discussed applying the famous Yang-Baxter relation.
Quantum groups are discussed in section 3.11. Section 3.12 describes the
connection of the Kronecker product with the Lax representation for ordi-
nary differential equations. Signal processing and the Kronecker product
is discussed in section 3.13. Section 3.14 describes Clebsch-Gordan series.
Section 3.15 considers the connection between the Kronecker product and
Braid-like relations. One application of the nearest Kronecker product is
image compression. An example method for this type of image compression
is presented in section 3.17. The Kronecker product can be used to find
fast transforms. Section 3.16 examines the fast Fourier transform in terms
of the Kronecker product.

The tensor product can be considered as an extension of the Kronecker
product to infinite dimensions. Chapter 4 gives an introduction into the
tensor product and some applications. The Hilbert space is introduced in
section 4.1 and the tensor product in section 4.2. Sections 4.3 and 4.4 give
two applications. In the fist one we consider a spin-orbit system and the sec-
ond one a Bose-spin system. For the interpretation of quantum mechanics
(system and the measuring apparatus) the tensor product and Kronecker
product is of central importance. We describe this connection in section
4.5. Section 4.6 introduces the universal enveloping algebra.
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Chapter 5 presents a number of computer algebra implementations in Sym-
bolicC++ and Maxima of examples and concepts from the previous chap-
ters.

In most sections a large number of examples and problems serve to illus-
trate the mathematical tools. The end of a proof is indicated by (0. The
end of an example is indicated by é.

If you have any comments about the book please send them to us at:

email: steebwilli@gmail.com
email: yhardy@uj.ac.za

Web page: http://issc.uj.ac.za

The authors regularly update a collection of problems in matrix algebra
and multilinear algebra. The problem collections can be found at the web
site:

http://issc.uj.ac.za/downloads/problems/problems.html

The International School for Scientific Computing (ISSC) provides certifi-
cate courses for this subject. Please contact the authors if you want to do
this course or other courses of the ISSC.
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