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Theorem 11.1. For a kernel k on a set S the following statements are 
equivalent. 

(i) k(f,g) is exponentially PDH 

(ii) there exists a CPD hermitean kernel qo such that k has the form 

k(f,g) = eqo(f,g) f,g E S (65) 

(iii) k(f, g) is an infinitely divisible PDH kernel, i.e. k(f, g)t is PDH, Vt 2': 0 

(iv) there exists a PDH kernel q on S and a map f E S N K,f E C such that, 
denoting {H,v} (resp. {JC,u}) the Kolmogorov decomposition ofk (resp. q), 
then the map 

(66) 

extends to a unitary isomorphism between H and the Fock space r(JC) over 
JC. 

Proof. (i)=>- (ii). If k is an exponentially PDH kernel then it has the form 
(64) with q( . , . ) PDH. Therefore, defining 

K,f := Logcf 

where Logcf denotes the principal determination of the logarithm of cf one 
has 

cf =: e"'! 

and the identity (69) holds with 

qo(f,g) := q(f,g) - K,j - K,g (67) 

From Lemma (7.2) we know that the kernel qo(f, g) is CPDH because q(f, g) 
is PDH hence a fortiori CPDH. 

(ii)B(iii). k(f,g) has the form (69), for some CPD kernel go, if and only if 
Vt 2': 0 

(68) 

and, since qo(f, g) is CPDH, the right and side is PDH by Theorem (7.2). 
This is equivalent to say that k(f, g) is an infinitely divisible PDH kernel. 

(iii)=>- (iv) If k is infinitely divisible then, by Theorem (7.2), it has the form 
(69) for some CPDH kernel qo. Then by Theorem (7.1), and up to replacing 
qo by an equivalent CPD hermitian kernel, V fa E S the kernel 
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is PDH. By construction the Kolmogorov decomposition {N, v}, of k, sat­
isfies 

Therefore 

(e-qo(f,!o)* vf, e- qo(fo ,g)vg) = (e - qo(fo,!)vf, e-qo(fo,g)vg) = 

and (iv) follows by choosing 

"'f := qo(fo, f) 

(iv) B (i). Suppose that (iv) holds and define 

cf := elif 

the unitary isomorphism (66) implies that 

cjk(f, g)cg = (elijvj, eligvg) = (eUf , eUg ) = e(Uj,Ug) = eq(Uj,ug) 

this means that k(f, g) is exponentially PDH, i.e. (i) holds. Since the con­
verse statement, i.e. that (i) implies (iv) is clear, this ends the proof. D 

Theorem 11.2. Let S be a set. The infinitely divisible PD hermitean ker­
nels on S, under pointwise multiplication, are a semi- group whose only 
invertible elements are the kernels equivalent to the identity kernel. 

Proof. According to Theorem (11.1) (ii), k is an infinitely divisible her­
mitian kernel on S if and only if on S there exists a CPDH kernel qo such 
that k has the form 

k(f,g) = eqo(f,g) f,g E S (69) 

Up to replacing qo by an equivalent CPDH kernel one can assume that 
there exists fo E S such that 

qo (fo , fo) = 0 

In fact, for any fo E S, if 0 : <C -+ <C is any function such that 

qo (fo , fo) = 2Re(ojo) 

then the CPDH kernel defined by 

q~(f,g) := qo(f,g) - OJ - Og 
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by construction is equivalent to qo and such that qb(fo, fo) = O. 
Finally, if k has the form (69) and has an infinitely divisible PD (hence also 
hermite an) inverse, then 'Vt :::: 0 

k(f, g)-t = e-tqo(J,g) f,g E S 

is CPDH. But since qo (f, g) is CPD, -qo (f, g) can be CPD if and only if 
for any finite set F and any AJ (f E F) such that LJEF AJ = 0, one has 

L )..Jqo(f, g)Ag = 0 
J,gEF 

By hemiteanity qo(f, f) is real for all f E S. Therefore, possibly replacing 
qo(f, g) by the equivalent CPDH kernel qo(f, g) - ho(f, f) - ~qo(g, g), one 
can assume that 

'Vf E S 

With this assumption, choosing F = {j, g} and A J = - Ag = 1 and using 
hermiteanity, we obtain 

0= qo(f, f) + qo(g, g) - qo(f, g) - qo(g, f) = -2Re(qo(f, g)) 

i.e. qo (f, g) is purely imaginary and we can write 

with ql (f, g) real. Hermiteanity then implies that 

Fixing fo E S, the PDH kernel 

q(f, g) := qo(f, g) - qo (fo , f) - qo(g, fo) 

is identically zero beacuse of the Schwarz inequality and 

q(f, f) := qo(f, f) - qo (fo , f) - qo(f, fo) = -iql(fO, f) - iql(f, fo) 

= -iql(fO, f) + iql(fO, f) = 0 

Thus k(f, g) is equivalent to the identity kernel and this ends the proof. 0 
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