Chapter 1

Qubits

A single qubit is a two-state system, such as a two-level atom. The states
(kets) |h) and |v) of the horizontal and vertical polarization of a photon can
also be considered as a two-state system. Another example is the relative
phase and intensity of a single photon in two arms of an interferometer.
The underlying Hilbert space for the qubit is C2. An arbitrary orthonormal
basis for C? is denoted by {|0), |1) }, where (scalar product)

00) = (A1) =1, (0]1) = (1]0) = 0.

Any pure quantum state |¢) (qubit) of this system can be written, up to a
phase, as a superposition (linear combination of the states)

) =al0) +BI1), |a*+ 8P =1, a,feC.

The classical boolean states, 0 and 1, can be represented by a fixed pair of
orthonormal states of the qubit.

If the qubit represents a mized state one uses a two-dimensional density
matriz for its representation. We therefore express one qubit as

(I2 + nio1 + n2o2 + n303)

N =

1
p:§(I2—|—n-a)E

where n € R3, n-n =n? +n3 +n3 <1, and o = (01, 02,03) denote the
Pauli spin matrices. For pure states we have n-n =1 and p = ) (1.



4 Problems and Solutions
Problem 1. Any state (qubit) in C? can be written as
(g) a,B€C, o +]8=1.

Find a parameter representation (i) if the underlying field is the set of real
numbers (ii) if the underlying field is the set of complex numbers.

Solution 1. (i) Using o = cos#, B = sin 6 and the identity cos? §-+sin® § =

1 for all § € R we have
cos
sinf )

(ii) We have as a representation

€' cosf
sin 6
where 6, ¢ € R and e*?e™*® = 1.

Problem 2. Consider the normalized states (61, 62 € [0, 27))

cos 01 cos 05
sinfy /’ sinfy /-

Find the condition on #; and 65 such that
cos 01 n cos
sin 01 sin 0,

Solution 2. From the condition that the vector

(cos 01 + cos 02)

is normalized.

sin 67 + sin 65
is normalized it follows that
(sin#y + sin 02)2 + (cos By + cos 92)2 =1.

Thus we have

1
sin 6 sin 5 + cos 01 cos O3 = —5-

It follows that 1
cos(fy — 63) = —3-
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Therefore, 81 — 03 = 27/3 or 01 — 65 = 47/3.

Problem 3. Let {|0),|1)} be an orthonormal basis in the Hilbert space
R2. Let

A= [0)(0] + [1){1].

Consider the three cases

om=(g).  m=(})
(ii) |o>::%(i>, |1>:=%<_11>
(i) [0) = (‘;?jz ) = (fi;ifa) ~

Find the matrix representation of A in these bases.

Solution 3. We find
. 1 0 0 0 1 0
(@) A‘(o o)+<o 1)‘(0 1)
.. 1/1 1 1 1 -1 1 0
i) A‘§<1 1>+§(—1 1)‘(0 1)

2 . . 92 B .
(iif) A:( cos* 0 (308951n9>+< sin” 6 cos@smG)

cos fsin 0 sin® 6 —cosfsinf cos? 0

(5 1)

For all three cases A = I5, where I is the 2 X 2 unit matrix. Obviously, the
third case contains the first two as special cases. This is the completeness
relation.

Problem 4. Let {]0),|1)} be an orthonormal basis in the Hilbert space
C2. The NOT operation (unitary operator) is defined as
0) = 11),  [1) =10).

(i) Find the unitary operator Uyor which implements the NOT operation
with respect to the basis { |0}, |1) }.

(ii) Let
0-(1) (1)

Find the matrix representation of Unyor for this basis.

(iii) Let
0o (1) ()
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be the Hadamard basis. Find the matrix representation of Unor for this
basis.

Solution 4. (i) Obviously,
Unor = [0)(1] + [1)(0]

since (0]0) = (1|]1) = 1 and (0]1) = (1|0) = 0.
(ii) For the standard basis we find

0 1
UNOT=<1 0)-

(iii) For the Hadamard basis we find

1 0
Unor = <0 _1> -

Thus we see that the respective matrix representations for the two bases
are different.

Problem 5. The Walsh-Hadamard transform is a 1-qubit operation, de-
noted by H, and performs the following linear transform

1 1
0) - —(|0) + [1)), 1) — —(]0) —|1)).
10) \/§(|>|>) 1) \/5(|>|>)
(i) Find the unitary operator Uy which implements H with respect to the
basis { |0}, |1) }.

(ii) Find the inverse of this operator.
(iii) Let

be the standard basis in C2. Find the matrix representation of Uy for this

basis.
0-(D) w=h ()

(iv) Let
be the Hadamard basis in C2. Find the matrix representation of Uy for
this basis.

Solution 5. (i) Obviously,

U = %ﬂm + )0 + %um — )l
1 1
= 1001+ (1)) + 1) (0] — {1]).
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(ii) The operator Uy is unitary and the inverse is given by U ' = Uy =Upn,
where * denotes the adjoint.
(iii) For the standard basis we find

(i L)

(iv) For the Hadamard basis we find

1 /1 1
=71 4)-
We see that the matrix representations for each of the two bases are the
same.

Problem 6. The Hadamard operator on one qubit can be written as

1

V2

(i) Calculate the states Ug|0) and Ug|1).
(ii) Calculate UgUpy.

Un ((10) + [1))(0] + (|0) — [1))(1])-

Solution 6. (i) We obtain the normalized states
1 1
V2 V2
(ii) Since (0]|0) = (1]1) =1 and (0]1) = (1]0) = 0 we obtain

Unl0) = —=(10) +[1)), Unll) = —=(0) — [1))
UnUn = [0)(0] + [1)(1] =T

where T is the identity operator (2 x 2 unit matrix).

Problem 7. Consider the Hilbert space C? and the linear operator (2 x 2
matrix)

3
1
H(l’l) = 5 I + E n;o;
j=1

where n := (n1,n2,n3) (n; € R) is a unit vector, i.e., n} +n3 +n3 = 1.
Here 01, 02, 03 are the Pauli matrices

(01 (0 =i (10
=81 0) 27\ o) 7 \o 41
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and Is is the 2 x 2 unit matrix.
(i) Describe the properties of II(n), i.e., find IIf(n), tr(II(n)) and I1%(n).
(ii) Find the vector (4,6 € R)

€' cos 6
H(n)( sin @ ) )

Discuss.

Solution 7. (i) For the Pauli matrices we have o] = o1, 0} = 02, 74 = 03.

Thus II(n) = IIf(n). Since tro; = troy = tros = 0, trl, = 2, and the trace
operation is linear, we obtain tr(II(n)) = 1. Since

o?=0l=0=1
and
[017 02]+ =0, [027 U3]+ =0, [037 Ul]+ =0
where [A, B]; := AB + BA denotes the anticommutator, the expression
1 > T 1 n e
1?(n) = 1 Ig—i—anaj 2112—1—5271]0] ZZZ JNETjO)
j=1 j=1 j=1k=1

simplifies to
1%(n) = 112 —|—123:n-0- —|—123:n2-12
4 2j:1“ 4j:1J '

Using n? +n3+n% = 1 we obtain I1?(n) = II(n). Thus II(n) is a projection
matrix.

(ii) We find

M(n <ei¢cos0> 1 ((1+n3)ei¢cost9+(n1 —ing)sin0>

sin 6 “ 2\ (n1 +in9)e*® cosf + (1 — n3)sinb

Problem 8. The qubit trine is defined by the following states

[vo) = 10), [¢1) = —%|0> - \/7§|1>, lho) = _%|0> i ?m

where {]0), |1) } is an orthonormal basis. Find the probabilities
[(Wolvn)?,  [@alw)?, (w2l

Solution 8. Using (0|0) =1, (1]1) = 1 and (0|]1) = 0 we find
1 1 1
(o) = 7, [Wnla)l* = 7, [(Waldo)* = 7.
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Problem 9. The kets |h) and |v) are states of horizontal and vertical
polarization, respectively. Consider the normalized states

[9) = —5 (1R) + V3)

[2) = —5(1h) — V3lo))

) = R

61) = %(—vo V32T

|62) = %(—vo V3623
1

9) = = (=11 + V).

Give an interpretation of these states.
Solution 9. Since (h|h) = (v|v) =1 and (v|h) = (h|v) = 0 we find

(Wnlth2) = _%’ (Y1ls) = —%, (Valv3) = —% )

Since the solution to cos(a) = —1/2 is given by a = 120° or a = 240° we
find that that the first three states |11), |12), |t)3) correspond to states of
linear polarization separated by 120°. We find
1
(P1]¢2) = A

The states |¢1) and |¢2) correspond to elliptic polarization and the third
state |¢3) corresponds to linear polarization.

€' cosf
V) = ( sin 0 >
where ¢, 0 € R.

(i) Find the density matrix p := |¢) ().
(ii) Find trp.
(iii) Find p?.

Problem 10. Let

Solution 10. (i) Since

(] = (e7% cos @, sin 0)
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we obtain the 2 x 2 density matrix

p=1o)tol = (

cos2 6 €' sin # cos
e~ sin § cos 0 sin® 6

(ii) Since cos? @ + sin? § = 1 we obtain from (i) that trp = 1.
(iii) Since (|¢)) = 1 we have

p* = (1) (W1)* = )W) (W] = [¥) (el = p.

Problem 11. Given the Hamilton operator
H= hwoy .
(i) Find the solution
[p(0) = e~ M as( = 0))
of the Schridinger equation
i) = Hl)
dt

with the initial conditions

(ii) Find the probability
[{(t = 0)|w(t).
(iii) The solution of the Heisenberg equation of motion

 do,
ih i

= [o=, H](1)

is given by A A
O'Z(t) _ eth/ho,Ze—th/h

where 0,(t = 0) = 0,. Calculate o,(t).
(iv) Show that

(@t = 0)lo=(O)](t = 0)) = (W(t)|o=]¥(t)) -

Solution 11. (i) The solution of the Schrodinger equation is given by
[9()) = exp(—iHt/h)|(t = 0)).
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Since 02 = I we find the unitary matrix

exp(—iHt/h) = U(t) = (_Czossliloi;)t) _g;:?c&fd)t)> .

Thus the normalized state at time ¢ is

oy =ve ()= (et ).

(ii) We find the probability

(¥t = 0)[(t))]* = cos? (wt).

(iii) Since the commutators are given by

[0, H| = lwlo, 0] = 2ihwaoy,, [0y, H] = hw[oy, 05] = —2ihwo,
we obtain the linear system of matrix-valued differential equations

dos _ 2woy(t), doy _ —2wo,(t)

dt
with the initial conditions o, (¢t = 0) = 0, and 0, (t = 0) = 0,,. Here we used
the Heisenberg equation of motion for o, to obtain the second differential
equation. The solution of this system of matrix-valued linear differential
equations is given by

0.(t) = 0, cos(2wt) + oy, sin(2wt)

oy(t) = oy cos(2wt) — o, sin(2wt) .

(iv) We find
(¥t = 0)|o=(t)[¢(t = 0)) = cos(2wt)

and
(W)~ | (t)) = cos?(wt) — sin’(wt) = cos(2wt) .

Problem 12. Consider a Mach-Zehnder interferometer in which the
beam pair spans a two-dimensional Hilbert space with orthonormal basis
{0}, |1) }. The state vectors |0) and |1) can be considered as orthonormal
wave packets that move in two given directions defined by the geometry of
the interferometer. We may represent mirrors, beam splitters and relative
Up phase shifts by the unitary matrices

0 1 1 /1 1 ex
m= (i) e (L) e (50)
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respectively. Consider the density matrix

pin = 10){0]
where {]0), |1) } denotes the standard basis. Using this basis find
pout = UpUnUpUppinULULUT, UL .
Give an interpretation of the result.

Solution 12. Since

=001 = (5 ) 0= (5 7)

C 1/ el eix—1
UBUMUPUB—§<_61'X+1 _eix_1>

and

we obtain
_ L (1+cos(x) isin(x)
Pout =35\ —i sin(x) 1—cos(x) /"’
This yields the intensity along |0) as
I 14 cos(x).

Thus the relative Up phase x could be observed in the output signal of the
interferometer.

Problem 13. Let {|0),|1)} be an orthonormal basis in C2.
(i) Find the commutator

L1031, [1)¢01 ]
(ii) Find the operator exp(t|0)(1]).
(iii) Find the operator exp(¢|1)(0]).
(iv) Find the operator exp(t|0)(1]) exp(¢|1)(0]).
Ev Find the operator exp(¢(]0)(1| + [1){0])).

vi) Is
exp(¢(|0) (1] 4 [1){0])) = exp([0)(1]) exp(¢[1){0[) ?

Solution 13. (i) We have

L1031, [1)¢01 | = J0)(0] — 1)1
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since (0]0) = (1]1) =1 and (0|1) = (1]0) = 0. We see that the commutator
is nonzero.

(ii) Since (0]1) = (1]0) = 0 we find

o0

ti
exp(t0)(1]) :Z—' |0)(1])7 = I + t|0)(1] .
:O

(iii) Analogously

o0

exp(t|1)(0]) = Z |1 (0])7 = I + t]1)(0] .
O

(iv) Multiplying the results found above we obtain

exp(t|0)(1]) exp(t[1)(0]) = Iz + £(|0)(1] + [1)(0]) + £2]0){0] .

(v) Since
(10)(1] + 1)(0)* =
we obtain
0 2j o 2j+1
exp(t0) 1]+ #1)(0) = 3 il + 3 g (0011 + 1)(0)
J=0 ' Jj=0

= cosh(t)I + sinh(¢)(]0) (1] + |1)(0]) .
(vi) Clearly when ¢ # 0 we have

exp(£(|0) (1] + [1){01)) # exp(t[0)(1]) exp(¢[1)(0]) .

Problem 14. Consider the unitary matrix for the NOT gate

0 1
Unor = <1 0) .

Show that we can find a unitary matrix V such that V2 = Uyop. Thus V
would be the square root NOT gate. What are the eigenvalues of V7

Solution 14. We find the unitary matrix

1 /144 1—4
V=3 (1—i l-l—i) '
Obviously —V is also a square root. The eigenvalues of V" are 1 and ¢. The

eigenvalues of —V are —1 and —i. Note that the eigenvalues of Uyor are
1 and —1.
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Problem 15. Let 01,053,053 be the Pauli spin matrices. Let n be a unit
vector in R3. We define the operator

Y:=n-o0 =n101 +ngos + nzos3.

(i) Calculate 2. From this result and the fact that ¥ is hermitian show
that ¥ is unitary.

(ii) Find the eigenvalues of X.

(iii) Let

Calculate the state X|¢) and the probability |(y|Z]y)]?.

Solution 15. (i) Using n} + n3 +n} =1, 07 =03 =05 = I, and
0102 + 0901 =0, 0103+ 0301 =0, 0903+ 0302 =0
we obtain

2 = (nlal —+ noog + Tl30'3)2
=(n34n3+ndl,
+n1n2(010'2 + 0’2(71) + TL17”L3((730'1 + (71(73) + TLQTL3(O’2(73 + (730'2)
:IQ .
Since ¥ is hermitian, i.e. ¥ = ¥* and X2 = I, we find that ¥ is a unitary
matrix with ¥ = £71.

(ii) Since ¥ is hermitian and unitary the eigenvalues A1, A2 can only be +1.
Since tr¥ = 0 = A1 + A2 we obtain that the eigenvalues are +1 and —1.

(iii) We find
Sl = ny (?) +ng (?) +ng (é) .

[(Y[2[w)|* = n3 .

It follows that

Problem 16. Let n be a unit vector in R, o = (01, 09,03) and
n-o:=nyoy+ neo2 + n3os.

(i) Find the unitary matrix exp(ifn - o), where 6 € R.

(ii) Find the state
exp(ifn - o) (é) .
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Solution 16. (i) Since

3
00 =5jk12—|-i E €5k00¢
(=1

where €123 — €231 — €312 — ]., €321 — €213 — €132 — —1 and 0 otherwise, we
obtain

exp(ifn - o) =Iscosf +i(n - o)sind
[ cosf+ingsin® i(ng —ing)sind
“ \i(ny +ing)sinf cosf —ingsinf )

Note that we could also use (n-o)? = I to find the result.
(ii) Using (i) we find

exp(ifn - o) <(1)> _ (cos0+zngsln0) .

i(n1 +ing)siné

Problem 17. Consider the Pauli spin matrix ¢, and the state in C?
_( cos(8)
) = <sin(0) )
Calculate the variance

Vo (v) = (@lo2]v) — (¢lo=[1))?

and discuss the dependence on 6.

Solution 17. Using that o2 = I; we have
Vo. () = (W] 12|v) — (($]o=]1))?
—1— (cos(d) sin(6)) <2§;((§)))
=1 —2cos(#)sin(6).

For = 0 we have V,_(¢) = 1. The minimum value is 0, for example at
6 = 7/4. The maximum value is 2, for example at § = 37/4.

Problem 18. Consider the Hamilton operator

ﬁ:hw<0 Oz)
a 1
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where o > 0. Find « where the energy gap between the two energy levels
is the smallest.

Solution 18. From the eigenvalue equation we find
E? — hwE = h2w?a?.
Consequently
Eo=hw(l—V1+0a?2), B =ho(l+V1+0a?).

Thus

El—EOZQM\/1+Oé2.

Therefore the shortest energy gap is for a = 0.
Problem 19. Consider the Hamilton operator

H = hwo, + Ao,
where A > 0.

(i) Find the eigenvalues and the normalized eigenvectors of H.
(ii) Use the Cayley-Hamilton theorem to calculate exp(—iHt/h).

Solution 19. (i) The Hamilton operator is given by
- hw A
i ( o hw) |

From det(H — EI,) = 0 we find the two eigenvalues
Ei = +v/h2w? + A2,

We set E := v/ h2w? + A2. Then from the eigenvalue equation

(% ) ()=e ()

for the eigenvalue E; = E we find Aug = (E—hw)u;. Thus the eigenvector

is given by
A
(%)

A2+(1E—hw)2 (E—A’W>

After normalization we have
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Analogously we find for the eigenvalue E_ = —FE the normalized eigenvec-
tor

A2+(1E+hw)2 <—EA—hw> '

(ii) Since By # E_ and Ey = E, E_ = —E we have to solve the system of
equations , '
e Bth — o + B, BN = g — o1 B

for ¢y and ¢;. Then

e_“f[t/h =cols +01H: (CO l‘lim ¢o iléhﬁd) .

The solution of the system of equations is given by

co = cos(Et/h)
e Bt/ _ oiBt/h _jsin(Et/h)

a= °F - E
Thus
—ifitjn _ [ cos(Et/h) —isin(Et/h)hw/E —isin(Et/h)A/E
€ - < —isin(Et/h)A/E cos(Et/h) +isin(Et/h)hw/E) '

Obviously, exp(—iHt/h) is a unitary matrix.

Problem 20. Consider the Pauli spin matrices o,, oy and o,. Can one
find an a € R such that

exp(iao,)o, exp(—iao,) = oy ?

Solution 20. We have
21
exp(iao,)o, exp(—iao,) = <€_gm eo ) .
Thus we have to solve
exp(2ia) = —1, exp(—2ia) = 1.

For a € [0,27) we obtain o = 37/4.

Problem 21. Consider the unary gates (2 X 2 unitary matrices)

(Y )
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1 0 1 0
V:(O eiﬂ'/2>7 WZ(Q eiﬂ'/4>

and the normalized state
1 1
w=75(1)

Calculate the state NHVW |¢)) and the expectation value (¢|NHVW|).

Solution 21. We find the unitary matrix

1 1 _ei37r/4
NHVW = (1 A ) .

Thus we obtain the state

1 1— 61'371'/4
NHVW|) = o\ 14eiBm/a ) -

It follows that

(WINHVIW ) = % |

Problem 22. Let n and m be a unit vectors in R?, o = (01, 02, 03) and
n-o :=nyoy + neo2 + n3os.

Calculate the commutator [n- o, m - o].

Solution 22. We find

[n-o,m- o] =2i((noms —mansz)oy + (ngmi — msny)os
+(nimg — ming)os)

=2ilnxm)- o

where x denotes the vector product. Thus the vector n xm is perpendicular
to the plane spanned by the vectors n and m.

Problem 23. We define a linear bijection, h, between R* and H(2), the
set of complex 2 x 2 hermitian matrices, by

t+x y—1iz
R CA A B

We denote the matrix on the right hand side by H.
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(1) Show that the matrix can be written as a linear combination of the Pauli
spin matrices and the identity matrix Is.

(ii) Find the inverse map.

(iii) Calculate the determinant of the 2 x 2 hermitian matrix H. Discuss.

Solution 23. (i) We have
H =1l +x0, +yo, + zoy.
(ii) Consider (a,b € R)

a c\ _ (t+x y-—iz
b)) \y+iz t—axz )

Comparing the entries we obtain

t_a—i—b _a—b _c+c* _c*—c
T YT Ty YT T AT Ty

(iii) We obtain

det H =12 — 22 —y? — 22,
This is the Lorentz metric. Let U be a unitary 2 x 2 matrix. Then
det(UHU*) = det(H).

Problem 24. Let |[¢)1) and [¢3) be two normalized states in a Hilbert
space H. A distance d with 0 < d < w/2 can be defined as

cos® d = [ (1 [1h2)[? .

Let H = C? and consider the states

w=—5(1) w=5(1)-

Solution 24. Since (¢1]12) = 0 we have cos? d = 0 and therefore d = 7 /2.

Find d.

Problem 25. Let p; and py be density matrices in the same Hilbert
space. The Bures distance between the two density matrices is defined as

Do pa) 1= /201 — tr((p}papt/)12))

Consider the density matrices

pl:((l) 8)’ '02:<162 1(/)2>
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acting in the Hilbert space C2. Find the Bures distance.

1/2 1 0
Py = P1= 0 0
1/2 0
it (3)
Dp(p1,p2) = /2(1-1/V2).

Problem 26. Consider the Hilbert space C2. Show that

1(1 —i 11
Hs_ﬁ(i 1)’ HA_i(—z‘ 1)

are projection matrices and decompose the Hilbert space into sub-Hilbert
spaces.

Solution 25. Since

we obtain

Thus

Solution 26. We have
g = II%, 1% = Mg,
Iy =115, %4 =114

and
g 4+ 114 = Io, IIgIl4 = 05.

e gin @
V)= ( cosf ) '
Then

Tg|) = <ei¢sin9—icosﬁ)’ T ) = < e®sinf + i cosd >

ie'® sin + cos 6 —ie" sinf + cos 6

Consider the state

with
(Y[ ldgp) = 0.





