Chapter 2

Lattice Dynamics at Finite Temperatures

The formalism developed in Chap. 1 enables us to deal with ground state
properties of many-body systems. It thus applies to systems which are,

in the thermodynamic sense, at zero temperature. In this limit we obtain
a theory which is free from the complicating effects of temperature
motions and which can be applied to real systems provided that tempera-
ture effects are negligible. But there are many interesting properties which
cannot be discussed in this way; for example, thermodynamic quantities
such as specific heats are zero at T = 0, and in the case of other quantities
(e.g., magnetic susceptibilities, scattering cross-sections) which are non-
zero at T = 0 we may wish to study the variation with temperature and
with other parameters at finite 7. In this chapter we extend the tech-
niques developed in Chap. 1 to deal with non-zero temperatures.

When T # 0 the ground state expectation values of Chap. 1 are replaced
by thermal averages over an appropriate thermodynamic ensemble. [For
a summary of relevant thermodynamic formulae, see, for example, Fetter
and Walecka (1971), Chap. 2.] The Green’s functions which enable us
to calculate such averages have more complicated properties than the
zero temperature functions (although we shall see that close analogies
exist). In particular, we now have to consider two types of Green’s
function. We first study the so-called temperature Green’s function, in
which the time variable is replaced by a temperature variable. This has a
perturbation theory analogous to that developed in Chap. 1, and it allows
us to determine the equilibrium thermodynamic properties of the system.
We shall use it to determine the free energy of the harmonic lattice at
temperature 7. For discussing excitations and the response of the system
to an external perturbation we need a time-dependent Green’s function
at temperature T; we shall use such a function to obtain the neutron
scattering cross-section at finite temperature. The relation between the
two types of Green’s function is discussed in Appendix 2.

We adopt a similar approach to that of Chap. 1 and begin by calculat-
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30 Green’s Functions for Solid State Physicists

ing the lattice free energy by a direct method, using the exact phonon
eigenvalues and eigenstates. We then rederive the same result by calculat-
ing the temperature Green’s function for the problem, and we finally
show that the temperature Green’s function needed for the free energy
also allows us to determine the time-dependent Green’s function needed
for the neutron scattering cross-section.

2.1. THE FREE ENERGY IN THE HARMONIC APPROXIMATION

If we exclude fluctuation properties, the different ensembles of thermo-
dynamics lead to equivalent results and we can use whichever is most
convenient. We shall usually work with the grand canonical ensemble, in
which neither the energy nor the number of particles in the system has
to be precisely specified. This is the appropriate ensemble for use in a
many-body theory expressed in the language of second quantization (see
Appendix 1) which allows for the creation and destruction of particles.
Furthermore, in some systems (e.g., the quantum condensates in super-
fluid helium and superconductors) the existence of a variable particle
number is more than a mathematical convenience and corresponds to the
physical reality of the situation.

In the grand canonical ensemble all the thermodynamic properties can
be deduced from the thermodynamic potential

Q(]; V,ﬂ):—kBTlOgZG, (2.1.1)

which is a function of temperature T, volume V, and chemical potential
M. Zg is the grand partition function, defined in terms of the many-body
hamiltonian H as a trace

Z = Tr e 0H -ul), (2.1.2)

where 3= 1/kgT (kg = Boltzmann’s constant) and N is the (total) number
operator (see Appendix 1). The entropy S, pressure P, and number of
particles N in the system are obtained from £ by differentiation:

3Q a2 )
= (22) , p=—[22) , N=—|Z7] , (213
(aT)V,u (aV)T,u (aﬂ )T,V ( )

and from these quantities the specific heats, the equation of state, and
other thermodynamic relations can be deduced.
In the canonical ensemble (where N is fixed) one deals instead of {2
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with the (Helmholtz) free energy
F(T, V, N)=8 + uN, (2.1.4)

in terms of which the chemical potential is given by

0F
M= (—a-ﬁ)T’V. (215)

For the phonon system u = 0 [this is because there is no restriction on
the number of phonons, so that the equilibrium state for fixed T'and V
is obtained by minimizing # with respect to N, leading to the condition
(0 F/3N)r = 0]; hence in this case the canonical and grand canonical
ensembles are identical. We shall therefore work in this chapter with the
free energy

F=_kgTlogTre #H, (2.1.6)

In the limit T = O the trace (which is in general a sum over the eigen-
values of H) reduces to a single term exp (—3Eg), and & reduces to the
ground state energy discussed before.

& may again be evaluated, when H is given in the harmonic approxi--
mation by Egs. (1.1.3), (1.1.4), by diagonalizing H in terms of the
normal modes. But it should be remembered that the linear terms in the
expansion of the interatomic potential were zero since the expansion was
about the equilibrium, static, configuration of the atoms. As the system
is heated up, the lattice will in general expand and the equilibrium atomic
spacing will change with temperature. This leads to a change in the
harmonic frequencies of the normal modes. However, we will stick to an
expansion about the static equilibrium configuration at 7' = 0 (neglecting
zero-point vibrations), and remain in the idealized harmonic approxima-
tion for which, in the absence of anharmonic corrections, the thermal
expansion does not occur.

The direct way to evaluate Eq. (2.1.6) is to perform the trace directly
over the eigenstates of the set of normal mode oscillators whose frequen-
cies are given by Eq. (1.1.11). To construct these eigenstates we need to
generalize the creation and annihilation operators given in Eq. (1.5.3) for
the single vibrating atom to the normal mode case. The main complication
is that the normal mode displacement operators

Qx(?) :A/(AN—d) Ze“"“"ui (2.1.7)
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32 Green’s Functions for Solid State Physicists

are now complex and, using the fact that the atomic displacements u; are
real, have to satisfy the reality condition

Q= Qux (2.1.8)

obtained by taking the conjugate of (2.1.7). Eq. (2.1.8) means that the
modes k and —k are not in fact independent dynamical variables. The
definition (2.1.7) may be inverted by writing

“ \/(JIVM) 2, Ry, (2.1.9)

k

which follows from (2.1.7) on using periodic boundary conditions.
Inserting (2.1.7), and the analogous definition of the normal mode
momentum variable Py,

Pe= \/(JifM) 2, ¢ b, (2.1.10)

i

into the hamiltonian (1.1.3), (1.1.6), and using the normal mode
frequencies (1.1.11), the hamiltonian may be rewritten as

H= % % (PkP—k + Qk2QkQ—k)' (2111)

From Eq. (2.1.7) the commutation rules are
[P, Qu] = =10y, «"» (2.1.12)

and annihilation and creation operators may be introduced as in Eq.
(1.5.8) by the relations [using (2.1.8)]

Q :
by z_ﬁ%@ (Qx + iPy), kaZA/(E—k) (Q_x — P-x), (2.1.13)

from which

[bx, b T]= by (2.1.14)

and A may be re-expressed as

H=73 Qu(byfby +1). (2.1.15)
k
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The normalized, n-phonon eigenstates may be written (see Appendix 1)

(bif)"*
Iny , ,...>=| | [0), 2.1.16
Mk,» Nk, . \/(”k!) ( )

where | 0? is the ground state, defined by
bxl0) =0 (2.1.17)

for all k. It may be shown then that b, Tby is the phonon number operator
for phonons with wave-vector k

kakank:’ nk,’ .. .> = nklnk" nk’)’ .. .)_ (2.1.18)

Hence, using the fact that the &,’s commute for different k,
- - 1.
(nkl,nkz,...le ﬁHInkl,nkz,..):e 3§Qk(nk+2)’ (2119)

and the free energy is given by

1

=—Z=log 3 e P I k(k+y)
g {7k}
-1 log 3 [T e Aokid), (2.1.20)
g {nk} k
Here {ny} indicates the set of choices of Mk, Mkys « - o where each ny can

take all integer values. Inverting sum and product we have, for fixed k,

sokinks b - € POk |
-BOknk+yH - € 1~ . -
nk=(§1,2,...e : 1 — e-ﬁﬂk {2 sinh (%ﬁﬂk)} y

and hence we obtain the well-known result
1 .
-5 Z log {2 sinh (388%4)}. (2.1.21)

At zero temperature (8 = o) this reduces to the ground state energy, Eq.
(1.1.12),

F>1S Q as P (2.1.22)
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2.2. THE PHONON TEMPERATURE GREEN’S FUNCTION

As in the previous chapter, another way of calculating the free energy is
by integration of the average interaction energy over the coupling constant.
Again, this is not really necessary for the harmonie lattice, for which the
method of Sec. 2.1 provides the straightforward solution. However, as in
the zero-temperature case the more general approach provides a powerful
systematic method for dealing with more complicated many-body
problems such as the anharmonic lattice. Here we apply the method to
the harmonic lattice at non-zero temperatures in order to provide a
simple illustration of the technique.

We begin by generalizing the formula (1.2.3), which expresses the
ground state energy as an integral over coupling constant, to the free
energy (2.1.6). Let [ W, (A)), E,(\) be the exact eigenfunctions and eigen-
values of the hamiltonian H(\) of Eq. (1.1.5) with variable coupling
constant. Then

—BF =log > e BEn(\)
n

and, since 9E,(N)/ON = (W, (M) H (| W,(A)) [compare Eq. (1.2.2)], we have

—BEn
sy 3 IENIHIE)

N

:<H1>)\) (221)
Z e BEn

where (- - -), now denotes the thermal average
(H\ = Tr{e PHMH } Tr e PHM, (2.2.2)

Thus for the harmonic lattice case we have, instead of the expression
(1.2.4) for AE,

i+]

1
AF =M 2 D f a\ wuph, (2.2.3)
0

where A & is the change in free energy as A is switched on.

To calculate thermal averages such as that in Eq. (2.2.3) (other
examples will be encountered later) we define a single-particle temperature
Green’s function by

Gij(0 — ¢') = (T[a (o) (0")]). (2.2.4)
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The brackets (- - -) now denote the thermal average, defined as in Eq.
(2.2.2), of the operator product at inverse temperature §, and the time
variable in the argument of the operators has been replaced by a “tem-
perature variable” 0. #(0) is a modified Heisenberg operator in the
variable o,

i(o) = e Mu e H, (2.2.5)

which satisfies the temperature analog of the Schrodinger equation, the
Bloch equation [Bloch (1932)]

a—gf}ﬂ = [H, u]. (2.2.6)
The T symbol orders the operators according to the value of ¢ with the
larger on the left. The temperature Green’s function is a function of
the variables 0 and ¢’ and, if H is independent of time, it depends only
on the difference ¢ — ¢’ (this follows, as at 7= 0, from the analysis of
Appendix 2).

It will be noted that Eqgs. (2.2.5) and (2.2.6) can be obtained formally
from the conventional time-dependent Heisenberg picture by replacing
it by 6. 0 may thus be called an imaginary time variable. By regarding o
as a complex variable which can take real and imaginary values, one can
thus establish a correspondence between the Green’s function methods
at finite and at zero temperatures, and also between temperature and
real-time Green’s functions at finite T (see Appendix 2). This correspond-
ence will become apparent as the analysis proceeds.

The thermal average required for the free energy may now be expressed
in terms of G;; by

Cuguyd = lir;r)x+ Gi(0). (2.2.7)
It is understood here that A contains the coupling constant A.

The calculation of G now proceeds in close analogy with the zero
temperature case. The equation of motion with respect to the tempera-
ture variable o follows, by the same analysis as led to Eq. (1.4.14), as

d? 2 1
(d_a'f - Q, ) Gij(0) = — o7 8;8(0) + A ; D;,Gyj(0). (2.2.8)
We shall again solve this by a Fourier transform method. First we need
to examine the analytic form of the unperturbed Green’s function
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G°(0)8;;. Introducing the creation operator for the atom with displace-
ment u; as in Eq. (1.5.3), we find

B;(0) = e~ %8B, B;(0) = ¢*S%e°BT, (2.2.9)
so that
0 = -Q.0pn 1 ,20n+t . ki
G(0) ML, (T[(e™®"B; + ¢%°B,1)(B; + B (2.2.10)

[Note that, for real o, the operator B;(0) is not the adjoint of B,(0). The
notation should not lead to any confusion.]
1t is convenient to define

G (o) = G%o) (6>0),

G°<(0) = G%o) (0 <0).
Using the fact that BB is a number operator for phonons of constant
frequency §24, we have

(BB;)=ny=1/(e* — 1), (2.2.12)

(2.2.11)

where ny is the Planck function (the distribution function for the
phonons at inverse temperature ), and

(BB =ng+1=1J(1 — e¥%). (2.2.18)
Hence
1 -2,0 o
GO7(0) = garqy, ((ro + 1) €77 + o7,
and
1 ,
G%(0) = gy (noe™ e + (no + 1) %),

from which, for all o,

G%o) = 2MIQO {(no + 1) e ol 4 p gSololy, (2.2.14)
It will be seen that G®” and G°< both contain the real exponentials
exp (—$§2¢0) and exp (+£240). If we want to make a Fourier transform of

GY the integrals involved will now diverge exponentially at the limits
0 — too, However, if we restrict ourselves to the region 0 < 0 < §, it may
be seen that the term exp (8£2p) in the denominator of the Planck
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function will cancel the exponential growth of the exp (0§2,) in the
numerator, thus keeping the integrand finite for any value of . This
argument suggests that convergence problems will be overcome provided
the Fourier transforms are made over this finite region of the o axis. We
therefore artificially repeat the function periodically in the regions

0 <0 <, <0< 28 etc. Thus the function G%0) can be represented
over the region 0 < 0 <Xf§ by means of a Fourier series of the form
[Abrikosov, Gor’kov, and Dzyaloshinskii (1959), Fradkin (1959), Martin
and Schwinger (1959)]

G%0) = g eminolB GOy, (2.2.15)

where u takes integer values 0, £1, 2, .. .. In fact one can prove directly
(see Appendix 2) that the single-particle temperature Green’s function
G(o) for bosons is always periodic in 0 with period §, for ¢ in the range
0 <o <. [Itis left to the reader to check this property for the function
(2.2.14). For fermions the corresponding Green’s function is antiperiodic
with period §, and therefore periodic over the range 26.]

By Fourier’s theorem Eq. (2.2.15) may be inverted to give

8
GOu) = Bl Of do e 9GO (g), (2.2.16)
where
u = 2um/p. (2.2.17)

The Fourier coefficient G%u), which replaces the Fourier transform
G°%(w) of the zero-temperature theory, is thus a function of a discrete
frequency variable u. For fermions there is a corresponding Fourier
expansion with u = (2u + 1)m/B. Using the fact that

1
B

: Q 1 ( -8R, __ 1)
do e—iﬁ” e % n, + 1 == =) = ’ ngt+1
! ( 0 ) ‘3 " QO ( 0 )

__ 1/
"= a (2.2.18)
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we thus find, substituting (2.2.14) into (2.2.16),
— 1 1 1
GO (F) = (=1 -
(”) 2&2051” 7% + Qo Z’ll — QO
-1
M u? + Q%

(2.2.19)

The same result could also have been obtained from the equation of
motion (2.2.8), by inserting the Fourier expansion (2.2.15) in the limit
A = 0 and using a Fourier series representation of the §-function.

It is seen that G%u) is a similar function to the zero-temperature
Fourier transform G°(w), Eq. (1.6.9), with two poles corresponding to
imaginary values of i at iu = €2, We obtained this simple result because
we worked with a Green’s function defined in terms of imaginary time
variables. It is a consequence of the periodicity property of this Green’s
function, which permitted the Fourier series expansion (2.2.15). The
real-time Green’s function G°(t) at finite temperature T, defined as the
thermal average of

—iTu;(¢);(0))

for X = 0, has evidently the same form as G°(0), with |0 replaced by 7| ¢,
but its Fourier transform G%w) is a more complicated function than at
T = 0 and still involves the Planck distribution functions ng and (no + 1).
The real-time functions are discussed in Sec. 2.3 below.

The solution of the equation of motion (2.2:8) for A ¥ 0 now follows
directly from the equation

Gii(ﬁ_‘) = GO(II)‘SU‘ - MMGO(E).? DiIGlj(l-_‘)s (2.2.20)

which corresponds to the Fourier-transformed integral equation (1.6.2).
This is solved, as in the zero-temperature case of Eq. (1.6.6), in terms of
k-space Green’s functions as
_ (@)
G = =
KB = T MG @)Dy
__ 1M
/~_‘2 + ka ’

where §,2 = £ + ADy as beforc. Thus the effect of the interaction is
again to shift the poles of the Green’s function from ££24 to ££2.

(2.2.21)
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Finally, the expression (2.2.3), (2.2.7) for the change in free energy
may be expressed in terms of G(u):

Fo LM e (R .
-gﬁz S ek Rﬂjdxolg&%e“ck(u) (2.2.22)
leading to
AF = lim iM j d\ 3 Dy z PG (). (2.2.23)
o—0+ k

C

A@C—z

C""""" X X 3 X X ’9

Fig. 2.1. Contours for the evaluation of Gy~ (0).

For o > 0 the function

2 e'BoG (1)

I

is G~ (0), and in order to perform the frequency sum over y it is con-
venient to introduce a contour integral representation

v .
Gy (o) = % f dw o 1 Gy(iw), (2.2.24)

C

where (' is the contour in the complex w-plane encircling the poles of

1/(¢?“ — 1) which lie on the imaginary axis at w = 2miu/8 (t=0, 1, %2,

(Fig. 2.1). Because of the fact that 0 <o <f, the ¢’“ in the integrand
does not lead to any divergence, and if Eq. (2.2.24) is evaluated by resi-
ducs, it is seen that the contour integral leads to the Fourier series for

39
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Gy~ (0). Now

4 1/pM

G =
k(lw) —w?+ ka s

and we can obtain (2.2.24) in closed form by deforming the contour C,

to a contour €, encircling the poles w = £8; of Gy (1w) in the negative

sense. (The integrals over the large arcs involved in the deformation

vanish.) We now use the residue theorem again, evaluating the contributions

of the two poles which lie inside C;, to obtain in the limit ¢ = 0+

N 1 1
Clo =0 =5am {emk— 11T oo }

= 30,07 (5692 (2.2.25)

But by direct differentiation with respect to A it may be seen that

d
log {s nh

™ ﬁﬂk(x)} ~PDx cot

: o ot (162 (2.2.26)

Hence Eq. (2.2.23) reduces to

1
AF =4M [ d\ 3 DyGylo = 0+)
0 k

B Z {ZEE 723‘())} (2.2.27)

which is in precise agreement with the result obtained by direct calcula-
tion for the change in the free energy on switching on A.

From this example we see that there are close analogies between the
time-dependent Green’s function at T = 0 and the temperature Green’s
function at finite 7. The main difference is that the imaginary time
variable it has become transformed to a real temperature variable 0, and
that 0 is to be confined to a restricted range of values 0 < g <. This
analogy will be further exploited in the following chapter.
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2.3. THE REAL-TIME GREEN’'S FUNCTION AND NEUTRON SCATTERING AT
FINITE TEMPERATURES

The temperature Green’s function studied in the last section enabled us
to calculate equilibrium thermodynamic properties which are independent
of the time. To study excitations, however, we need to be able to calcu-
late time-dependent correlation functions, and for this we require the
finite-temperature generalization of the real-time Green’s function
studied in Chap. 1. As an example of such a quantity we now consider
the generalization to non-zero temperatures of the neutron scattering
cross-section evaluated for T = 0 in Sec. 1.7.

At T # 0 we cannot assume in calculating the cross-section that the
target is in its ground state initially but have to consider a distribution of
initial states | ;) with energy E;, occupied with probability p;. The
generalization of the formula (1.3.10) for the differential cross-section
is thus

ds _ K’ (ﬂ
dQdw 27K \2m

x (Yl Xi@ gia- X))y, . (2.3.1)

2 -]
) Vo2 2 j E9tde 2 pg
I jl

For a canonical ensemble at inverse temperature §3,
pr= e‘ﬁEl/g e PEI (2.3:2)

and thus the cross-section now involves a thermal average over the
ensemble. We deduce that the correlation function (1.3.11), (1.3.12) is
replaced by

F(q,t) = > e'a (RI-Rj)(,—iq Tj(t) ,iq-U0))
jl

=~ g2 ,Zz el RIRD (G (1)1,(0)), (2.3.3)

where the brackets now denote a thermal average of the time-dependent
quantities enclosed. (The Debye-Waller factor—now temperature-
dependent—has again been omitted.)

Again, for the present problem this correlation function can be ob-
tained directly from the exact phonon eigenstates. To obtain it by a
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Green’s function method, we define the single-particle real-time Green’s
function at temperature 7 as

Gy(t — t') = —iC Tty (t) ], (2.5.4)

which is an immediate generalization of the zero-temperature definition
(1.4.6). The only difference is in the meaning of the brackets: the ground
state expectation value has been replaced by a thermal average

(@) =Tr (e *# @)/ TreFH. (2.3.5)

u(t)is a time-dependent Heisenberg operator as in Chap. 1. The Green’s
function (2.3.4) is thus a function of both temperature and time variables.
To obtain G(t) we again appeal to the analogy between the time-
dependent and the temperature formalism. It is shown in Appendix 2
that the time-dependent Green’s function at temperature 7 can be
obtained by an analytic continuation of the temperature Green’s function.
For this purpose it is in fact simpler to work not with the time-ordered
but with the retarded Green’s function at temperature T

Gi(t — ') = —10(t — )< [@(t), #;(t)]. (2.3.6)
The essential formulae are Egs. (A.2.8), (A.2.22) of Appendix 2:

oo

GR (w) = j(l_e—ﬁw')ﬁ%% (n=04), (2.3.7)

— oo

_ — 1 T —w .]l( ) (")
Gyi(u) = -3 i b ) T 2n (2.3.8)

which express the Fourier transform of G(t) and the Fourier coefficient
in the Fourier series for G;(0) in terms of the Fourier transform

§ 3

Ji(w) = (@,(t)a,(0)) &' dt (2.3.9)

of the time-correlation function {i(t)u;(0)).
Egs. (2.3.7), (2.3.8) apply equally to the k-space Green’s functions,
and we see that we obtain G (w) by replacing —ip in —BGy(n),
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Eq. (2.2.21), by w + i, leading at once to

1 1
R = —
Gy (w) M __(w +l',n)2 +Qk2
__ 1 1 1
—2MQk !w—Qk+z’n —w+Qk+l'n}' (2-3.10)

We can invert the relation between G, ®(w) and Ji(w) to obtain Ji(w)
explicitly, using the formula [Messiah (1961, p. 469)] for the real and
imaginary parts of the singular function (x +in)™":

1
x +1n

|
=,?—x~ —imd(x) (n = 0+), (2.3.11)
where Z denotes the principal part. For Ji(w) real, we thus have from
Egs. (2.3.7) and (2.3.10)

Jd@) =~ T Im G*(w)

_ g
M1 — ™)

{8(w — ) — 6(w + )} (2.3.12)

The §-function peaks in the spectral density function J(w) correspond
to the poles at +£2, of the retarded Green’s function.
The lattice function corresponding to Jy(w) is

Ji{w) =Ni 2 Ji(w) e TR, (2.3.13)

and we finally obtain the time correlation function (2.3.3) by inverting
the Fourier transform (2.3.9). Thus

dw

F(q, t) — q2 Z eiq-(Rz—R,') j ]]1((4)) e—iwt 2 ,
jl oo i

and, substituting (2.3.13) and (2.3.12), we can perform the frequency
integral to obtain the final result

Ha. 1) 2NM Z Z {(”k+ 1) e ikt Lilq-k)-(R{-R))

+ 1y E,xﬂkt i@ +k) (RI-Rj)y (2.3.14)



44 Green’s Functions for Solid State Physicists

Here

1
143" =;5—Sﬁ (2.3.15)

is the distribution function for phonons of wave-vector k, and we have
changed the sign of k in the second term.

Eq. (2.3.14) is the finite-temperature generalization of Eq. (1.7.3) and
gives the temperature dependence of the neutron scattering cross-section.
We see that F(q, t) now contains, in addition to the phonon emission
processes described by the first term, phonon absorption processes
described by the second term in which the target loses energy %2y to
the neutron. As the temperature is increased these absorption processes
become more important until, when the temperature is large compared
with the phonon frequencies, there is equipartition and emission and
absorption processes are then equally frequent.

For completeness we finally use Egs. (A.2.9) and (A.2.11) of Appendix
2 to evaluate the time-ordered real-time Green’s function for the phonon
problem at temperature 7. (The details are left to the reader.) The
Fourier transform Gy(w) is given by

- _ nk + 1 { 1 . 1 }
Gy(w) = M N w+ Qe —m w— Qg+t
_ ng 1 B 1 ;
2MSYy, {w—ﬂkwin w+ Qe +inl” (2.5.16)

The poles of this function now correspond to the energy differences
between the excited states of the system. In fact, because in the harmonic
approximation the matrix elements governing transitions between phonon
states vanish unless only a single phonon is emitted or absorbed, the

poles are at 82y as at T = 0 (but there are now two poles in the upper
and two in the lower half-plane). In more general problems the function
G(w) contains both energies and lifetimes of excited states. Eq. (2.3.16)
should be compared with the simpler expressions for Gy (1), Eq. (2.2.21),
and G®*(w), Eq. (2.3.10); we note that, as at T = 0, the retarded Green’s
function is regular in the upper half of the w-plane. The time-dependent
Green’s function corresponding to Eq. (2.3.16) is

2’ -
Gk(t) = ?Mﬂk (nk + 1) € Cklel_ 2MQk

in close analogy to the form of the temperature Green’s function {com-
pare Eq. (2.2.14)].

ny kIl (2.3.17)



