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´<RXU 0DMHVWLHV� <RXU 5R\DO +LJKQHVVHV� /DGLHV DQG *HQWOHPHQ�

1HLWKHU RI WKLV \HDU·V ODXUHDWHV LQ SK\VLRORJ\ RU PHGLFLQH LV D PHGLFDO GRFWRU� 1HYHUWKHOHVV�

WKH\ KDYH DFKLHYHG D UHYROXWLRQ LQ WKH ILHOG RI PHGLFLQH� ,W LV VRPHWLPHV VDLG WKDW WKLV QHZ

;�UD\ PHWKRG WKDW WKH\ KDYH GHYHORSHG ³ FRPSXWHULVHG WRPRJUDSK\ ³ KDV XVKHUHG

PHGLFLQH LQWR WKH VSDFH DJH� )HZ PHGLFDO DFKLHYHPHQWV KDYH UHFHLYHG VXFK LPPHGLDWH

DFFHSWDQFH DQG PHW ZLWK VXFK XQUHVHUYHG HQWKXVLDVP DV FRPSXWHULVHG WRPRJUDSK\� ,W

OLWHUDOO\ VZHSW WKH ZRUOGµ�

6SHHFK E\ 3URIHVVRU 7RUJQ\ *UHLW] DW WKH 1REHO SUL]H FHUHPRQ\ LQ ���� DW

ZKLFK $� 0� &RUPDFN DQG *� 1� +RXQVILHOG UHFHLYHG WKH SUL]H IRU

3K\VLRORJ\ RU 0HGLFLQH ZLWK WKH FLWDWLRQ�

´IRU WKH GHYHORSPHQW RI FRPSXWHU DVVLVWHG WRPRJUDSK\µ�

������������	
������

9HU\ RIWHQ JUHDW LGHDV KDYH WKH LUULWDWLQJ KDELW RI VHHPLQJ REYLRXV RQFH

WKH\ KDYH EHHQ H[SODLQHG� &RPSXWHULVHG 7RPRJUDSK\ LV QR H[FHSWLRQ�

%HKLQG WKH H[SHQVLYH KDUGZDUH DQG WKH VHYHUDO WKRXVDQGV RI OLQHV RI

FRPSXWHU FRGH WKDW FRPSULVH WKH PRGHUQ PHGLFDO VFDQQHU WKHUH VLWV D YHU\

VLPSOH LGHD� WRPRJUDSK\� 7KH ZRUG ¶WRPRJUDSK\· ZDV FRQVWUXFWHG XVLQJ WKH
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*UHHN URRW ¶WRPRV· PHDQLQJ WR VOLFH� &RPSXWHULVHG 7RPRJUDSK\� EH LW

XVLQJ ;�UD\V� JDPPD SKRWRQV RU 05,� DOZD\V SURFHHGV E\ D VHULHV RI VOLFLQJ

VWHSV WKDW UHGXFH D �' YROXPH� ILUVW WR D FROOHFWLRQ RI �' VHFWLRQV RU VOLFHV�

WKHQ HDFK VOLFH LV FURVV�KDWFKHG ZLWK OLQHV WR SURGXFH D FROOHFWLRQ RI �'

VWULSV� (DFK VWDJH UHGXFHV WKH DPRXQW RI LQIRUPDWLRQ WKDW HQGV XS LQ WKH

GHWHFWRUV WR D OHYHO WKDW D UHFRQVWUXFWLRQ DOJRULWKP FDQ KDQGOH ZLWKRXW

DPELJXLW\�

$OWKRXJK FUXGH PHWKRGV RI WRPRJUDSK\ H[LVWHG LQ WKH HDUO\ ����·V� LW

ZDV +RXQVILHOG·V GHPRQVWUDWLRQ RI D SUDFWLFDO FRPSXWHULVHG WRPRJUDSKLF

;�UD\ PHWKRG LQ ����� ZKLFK PDUNHG WKH VWDUW RI ZKDW ZH FDOO WKH ¶6HFRQG

5HYROXWLRQ LQ 0HGLFDO ,PDJLQJ·� ,Q SULQFLSOH WKH PHWKRG FRXOG KDYH EHHQ

FDUULHG RXW XVLQJ WKH ROG�IDVKLRQHG KDQG PHFKDQLFDO FDOFXODWRU� LQ PXFK WKH

VDPH ZD\ WKDW HDUO\ ;�UD\ FU\VWDO GLIIUDFWLRQ GDWD ZHUH PDQLSXODWHG WR

REWDLQ D FU\VWDO VWUXFWXUH� ,Q SUDFWLFH KRZHYHU WKH PHWKRG GHPDQGV WKH XVH

RI D GLJLWDO HOHFWURQLF FRPSXWHU WR FROOHFW DQG SURFHVV WKH UHODWLYHO\ ODUJH

DPRXQWV RI GDWD� ZKLFK FRQWULEXWH WR D KLJK�UHVROXWLRQ LPDJH� 7KH VHFRQG

UHYROXWLRQ FRXOG QRW UHDOO\ JHW JRLQJ EHIRUH WKH LQWURGXFWLRQ RI VPDOO�

GHGLFDWHG GLJLWDO FRPSXWHUV LQWR LQGXVWU\� VFLHQFH DQG PHGLFLQH�

,Q WKLV FKDSWHU ZH GHVFULEH WKH XQGHUO\LQJ SULQFLSOHV RI WRPRJUDSK\�

ODUJHO\ GLYRUFHG IURP DQ\ RQH RI LWV VHYHUDO DSSOLFDWLRQV ZLWKLQ PHGLFLQH�

(DFK WHFKQRORJ\ KDV LWV RZQ FRPELQDWLRQ RI VSHFLDO ELWV RI SK\VLFV DQG

HQJLQHHULQJ WKDW WRJHWKHU FUHDWH D SDUWLFXODU LPDJH FRQWUDVW PHFKDQLVP�

+RZHYHU RQFH WKH GDWD KDV EHHQ FROOHFWHG� HVVHQWLDOO\ WKH VDPH

PDWKHPDWLFDO PHWKRG LV XVHG WR FUHDWH WKH ILQDO LPDJH LQ HDFK FDVH� :H

VWDUW WKH FKDSWHU E\ GHVFULELQJ WKH VLPSOHVW DSSUR[LPDWH WRPRJUDSKLFDO

UHFRQVWUXFWLRQ PHWKRG WKDW ZH FDOO VLPSOH EDFNSURMHFWLRQ� 7KLV FDQ EH

XQGHUVWRRG� DQG LQGHHG SHUIRUPHG� XVLQJ MXVW WKH PDWKHPDWLFDO RSHUDWLRQV

RI GLYLVLRQ DQG DGGLWLRQ� ,W WXUQV RXW WKDW� DOWKRXJK WKLV VFKHPH LV DFWXDOO\

UHPDUNDEO\ VXFFHVVIXO� JLYHQ LWV VLPSOLFLW\� LW LV QRW JRRG HQRXJK IRU KLJK�

UHVROXWLRQ UHFRQVWUXFWLRQ DQG LV QRW HYHU XVHG MXVW RQ LWV RZQ� ,Q RUGHU WR

JR IXUWKHU ZH KDYH WR PDNH XVH RI WKDW EUDQFK RI DSSOLHG PDWKHPDWLFV

FDOOHG )RXULHU DQDO\VLV� ,Q SULQFLSOH WKLV SURYLGHV DQ H[DFW� DV RSSRVHG WR DQ

DSSUR[LPDWH URXWH WR LPDJH UHFRQVWUXFWLRQ� $ JHQHUDO LQWURGXFWLRQ WR

)RXULHU $QDO\VLV LV JLYHQ LQ $SSHQGL[ $� DQG $SSHQGL[ % SURYLGHV D

GHULYDWLRQ RI WKH PRVW LPSRUWDQW UHVXOW IRU WRPRJUDSK\� WKH &HQWUDO 6OLFH
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7KHRUHP� 7KLV� LQ RQH IRUP RU DQRWKHU� LV DW WKH KHDUW RI DOO WRPRJUDSKLF

UHFRQVWUXFWLRQ WHFKQLTXHV� ,W LV KRSHG WKDW WKLV FKDSWHU� WDNHQ LQ

FRQMXQFWLRQ ZLWK WKH WZR DSSHQGLFHV� ZLOO SURYLGH WKH UHDGHU ZLWK D EDVLF

XQGHUVWDQGLQJ RI PXFK RI WKH FRPPRQ MDUJRQ RI WRPRJUDSKLF PHWKRGV

DQG D VLQJOH IUDPHZRUN IRU XQGHUVWDQGLQJ WKH GHWDLOV RI WKH LQGLYLGXDO

WRPRJUDSKLF PHWKRGV WKDW ZH GHVFULEH LQ ODWHU FKDSWHUV�

��
����������������������������������
������

������������

$OO WRPRJUDSKLF LPDJH UHFRQVWUXFWLRQ LQYROYHV WKH WKUHH EDVLF RSHUDWLRQV

LOOXVWUDWHG LQ )LJXUH ���� 7KH ILUVW VWHS FRQVLVWV RI FDUYLQJ WKH REMHFW LQWR D

VHW RI SDUDOOHO VOLFHV� ,Q WKH VHFRQG VWHS� HDFK WZR�GLPHQVLRQDO ��'� VOLFH LV

DQDO\VHG LQ WXUQ E\ DFTXLULQJ D VHW RI SURMHFWLRQV RI WKDW VOLFH� ,Q WKH ILQDO

VWHS WKH VHW RI SURMHFWLRQV DUH UHFRPELQHG� DFFRUGLQJ WR D SDUWLFXODU

PDWKHPDWLFDO DOJRULWKP� WR UHFRQVWUXFW DQ LPDJH RI WKH �' VOLFH� 7KXV RXU

ILUVW WDVN LV WR GHILQH ZKDW ZH PHDQ E\ D SURMHFWLRQ RI D VOLFH�

$ SURMHFWLRQ FDQ EH WKRXJKW RI DV D VKDGRZ� &RQVLGHU WKH FKLOG·V JDPH

RI FUHDWLQJ DQLPDO KHDG VKDGRZV RQ WKH ZDOO� E\ FODVSLQJ WKH KDQGV LQ D

SDUWLFXODU ZD\ LQ IURQW RI D OLJKW EXOE� 7KH KDQGV DUH WKUHH�GLPHQVLRQDO

REMHFWV WKDW HQWLUHO\ VWRS DQ\ OLJKW WKDW IDOOV GLUHFWO\ RQWR WKHP� 7KH LPDJH

RQ WKH ZDOO� KRZHYHU� LV WKH VKDGRZ FDVW E\ WKH RXWOLQH RI WKH KDQGV� ,W LV

WZR�GLPHQVLRQDO DQG WKXV FDQ EH PDGH WR UHVHPEOH DQ RXWOLQH RI VRPH

RWKHU WKUHH�GLPHQVLRQDO REMHFW� IRU H[DPSOH� D UDEELW KHDG ZLWK ORQJ IORSS\

HDUV� 7KH FRQWUDVW LQ WKH SURMHFWLRQ LV DOO RU QRWKLQJ� IRUPHG E\ OLJKW

DEVRUSWLRQ LQ WKH KDQGV� ,I ZH LPDJLQH D VHULHV RI VWUDLJKW OLQHV RU UD\V IURP

WKH OLJKW EXOE WR WKH SURMHFWLQJ ZDOO� VRPH OLQHV VWRS DW WKH KDQGV� FUHDWLQJ

GDUNQHVV RQ WKH ZDOO DQG VRPH PLVV DOWRJHWKHU� FUHDWLQJ OLJKW RQ WKH ZDOO�

7KH ERXQGDU\ EHWZHHQ WKH WZR UHJLRQV LV WKH SDUWLFXODU RXWOLQH� IRUPHG

IURP WKH OLQHV WKDW MXVW PLVV RU JUD]H WKH KDQGV DQG WKHQ FRQWLQXH WR WKH

ZDOO� ,I WKH KDQGV DUH URWDWHG� WKH LPDJH RQ WKH ZDOO FKDQJHV� VLPLODUO\ LI WKH

KDQGV DUH KHOG IL[HG EXW WKH SRVLWLRQ RI WKH OLJKW EXOE LV FKDQJHG� VR WKH

VKDSH RI WKH VKDGRZ RU SURMHFWLRQ RQ WKH ZDOO FKDQJHV�
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,Q D PRUH VHULRXV FRQWH[W WKLV VKDGRZ PHWKRG FDQ EH XVHG WR

UHFRQVWUXFW WKH �' VXUIDFH VKDSHV RI REMHFWV� $JDLQ� ZH VHW XS D OLJKW EXOE

ZLWK DQ REMHFW LQ IURQW RI LW� EXW WKLV WLPH SXW WKH REMHFW RQ D URWDWLQJ WDEOH

DQG XVH D FRPSXWHU WR UHFRUG WKH VKDSH RI WKH VKDGRZ� ,I ZH FROOHFW ORWV RI

VKDGRZV� HDFK ZLWK WKH REMHFW DW D VOLJKWO\ GLIIHUHQW WDEOH DQJOH� WKHQ ZH

FRXOG XVH WKH FRPSXWHU WR UHFRQVWUXFW D �' UHQGHULQJ RI WKH VXUIDFH RI WKH

REMHFW�

,Q WKH PHGLFDO DSSOLFDWLRQV RI WRPRJUDSK\ ZH ZDQW WR VHH EHQHDWK WKH

VXUIDFH RI SDWLHQWV DQG VR ;�UD\V DUH XVHG� 1RZ ZH REWDLQ PRUH

FRPSOLFDWHG VKDGRZV� IRUPHG E\ REMHFWV LQVLGH WKH ERG\� DV ZHOO DV WKH

ERG\ VXUIDFH� $ SURSRUWLRQ RI WKH ;�UD\V SDVV VWUDLJKW WKURXJK� DQG LW LV

WKHVH ;�UD\V WKDW DUH GHWHFWHG WR IRUP WKH VKDGRZJUDSK� ,I ZH FROOHFW ORWV

RI ;�UD\ VKDGRZV� WDNHQ DW GLIIHUHQW DQJOHV� WKHQ ZH FDQ UHFRQVWUXFW WKH

VKDSH RI WKH ERG\ LQFOXGLQJ GHWDLOV RI REMHFWV RQ WKH LQVLGH� ,Q JHQHUDO

;�UD\ VKDGRZV IRU WRPRJUDSK\ DUH REWDLQHG IURP RQH SDUWLFXODU WKLQ VOLFH

DW D WLPH EHFDXVH ;�UD\V DUH VFDWWHUHG DV ZHOO DV VWRSSHG E\ WLVVXH� ;�UD\V

VFDWWHUHG WKURXJK D ZLGH DQJOH IURP RQH UHJLRQ ZRXOG FRQIRXQG WKH

 

)LJXUH ��� 7KH WRPRJUDSKLF SURFHVV JHQHUDOO\ FRQVLVWV RI WKUHH VWHSV� )LUVW D VLQJOH VOLFH LV

VHOHFWHG� 1H[W D FRPSOHWH VHW RI SURMHFWLRQV RI WKDW VOLFH LV REWDLQHG� )LQDOO\ WKH VHW RI

SURMHFWLRQV DUH UHFRPELQHG� XVLQJ D PDWKHPDWLFDO UHFLSH� WR IRUP D UHFRQVWUXFWHG LPDJH RI

WKH VOLFH�
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FRHIILFLHQW DYHUDJHG RYHU WKH SDUWLFXODU OLWWOH YROXPH RI WLVVXH� ,Q SUDFWLFH

HDFK VOLFH PXVW KDYH D VPDOO EXW ILQLWH VOLFH ZLGWK DQG WKXV HDFK RI RXU

QXPEHUV DFWXDOO\ UHSUHVHQWV D VPDOO HOHPHQW RI YROXPH� :LWK VPDOO DUUD\V LW

LV FOHDUO\ SRVVLEOH WR VROYH WKH SX]]OH� XVLQJ WULDO DQG HUURU� EHJLQQLQJ DW WKH

FRUQHUV� )RU WKH ODUJH DUUD\V� ��� × ��� RU ELJJHU� XVHG LQ PHGLFDO

WRPRJUDSK\ WKH JXHVVLQJ FRXOG JR RQ IRU D YHU\ ORQJ WLPH EHIRUH ZH JHW

DQ DQVZHU� )RUWXQDWHO\ WKHUH LV D YHU\ VLPSOH SURFHGXUH WKDW ZLOO UDSLGO\

SURGXFH DQ DSSUR[LPDWH DQVZHU� DQG DQ H[DFW PHWKRG WKDW XVHV WKH

SURSHUWLHV RI )RXULHU WUDQVIRUPV�

�����������������������

,Q )LJXUH ���� HDFK RI WKH QXPEHUV RXWVLGH WKH ER[ LV WKH VXP RI ER[

QXPEHUV� DORQJ D SDUWLFXODU GLUHFWLRQ� WKURXJK WKH DUUD\� 6LQFH ZH DUH JRLQJ

WR FRQVLGHU D QXPEHU RI SURMHFWLRQV� HDFK RQH FRPSULVLQJ D QXPEHU RI

HOHPHQWV� ZH QHHG D V\VWHPDWLF ODEHOOLQJ FRQYHQWLRQ IRU D SDUWLFXODU HOHPHQW

LQ D SDUWLFXODU SURMHFWLRQ� $ SURMHFWLRQ LV ODEHOOHG 3
L
ZKHUH L  �� �� �� � HWF�

GHQRWHV WKH DQJOH DW ZKLFK WKH SURMHFWLRQ ZDV WDNHQ� 7KXV WKH ILUVW HOHPHQW�

FRXQWLQJ IURP WKH OHIW� LQ 3URMHFWLRQ � LV ZULWWHQ 3
�
���� WKH VHFRQG HOHPHQW

LQ SURMHFWLRQ � LV 3
�
��� DQG VR RQ� ,Q WKH ERWWRP RXWVLGH URZ RI )LJXUH ���

ZH VHH WKDW�

3
�
���  ��  D � I � N � S � X

3
�
���  ��  E � J � O � T � Y

�����������������������

3
�
���  ��  H � M � R � W � \

DQG LQ WKH ULJKW�KDQG RXWVLGH FROXPQ� ZH KDYH WKDW

3
�
���  �  D � E � F � G � H

3
�
���  ��  I � J � K � L � M

�����������������������

3
�
���  ��  X � Y � Z � [ � \ �����

(DFK VHW RI H[WHUQDO QXPEHUV UHSUHVHQWV D VLQJOH SURMHFWLRQ WKURXJK

WKH ER[ DQG RI FRXUVH LW FRQWDLQV LQIRUPDWLRQ DERXW WKH YDOXHV DQG WKH

DUUDQJHPHQW RI WKH KLGGHQ QXPEHUV� ,Q WKH ;�UD\ FDVH WKH DQDORJ\ ZLWK RXU

SX]]OH LV TXLWH FOHDU� 7KH ILUVW QXPEHU LQ 3URMHFWLRQ � LV REWDLQHG E\ VKLQLQJ
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D ILQH SHQFLO EHDP RI ;�UD\V WKURXJK WKH ER[ IURP WKH WRS WR WKH ERWWRP

DORQJ WKH OHIWPRVW FROXPQ� 7KH UHODWLYH QXPEHU RI ;�UD\ SKRWRQV WKDW

VXUYLYH WKH WULS WKURXJK WKH ER[ LV KHUH UHSUHVHQWHG E\ 3
�
���  ��� (DFK

OLWWOH YROXPH ZLOO DWWHQXDWH WKH EHDP E\ DQ DPRXQW GHWHUPLQHG E\ WKH ORFDO

DWWHQXDWLRQ� VR WKDW HDFK QXPEHU LQ WKH SURMHFWLRQ UHSUHVHQWV WKH WRWDO

DWWHQXDWLRQ WKURXJK WKH ER[� DORQJ D SDUWLFXODU OLQH� WKH VXP RI ER[

QXPEHUV DORQJ WKDW OLQH� 3
�
���� WKH VHFRQG QXPEHU LQ WKH ILUVW SURMHFWLRQ� LV

REWDLQHG E\ VKLIWLQJ WKH EHDP E\ RQH FROXPQ WR WKH ULJKW� 7KH GLIIHUHQW

SURMHFWLRQV DULVH IURP GLIIHUHQW FKRLFHV RI EHDP GLUHFWLRQ�

,I ZH SLFN DQ\ ER[ QXPEHU� P� IRU H[DPSOH� LW LV FOHDU WKDW LW FRQWULEXWHV

WR DOO SURMHFWLRQV� $W HYHU\ DQJOH WKHUH ZLOO EH RQH OLQH RI VLJKW WKDW SDVVHV

WKURXJK WKH P FHOO� 6LQFH WKLV LV WUXH RI DOO WKH ER[ QXPEHUV� ZH FDQ WKLQN RI

WKH UHFRQVWUXFWLRQ DOJRULWKP VLPSO\ DV D ZD\ RI VROYLQJ D VHW RI

VLPXOWDQHRXV HTXDWLRQV� ,Q WKLV FDVH ZH KDYH �� QXPEHUV DQG WKLV UHTXLUHV

�� HTXDWLRQV WR JHW D VROXWLRQ� ,I ZH ZHUH RQO\ GHDOLQJ ZLWK YHU\ VPDOO DUUD\V

WKHQ WKH UHFRQVWUXFWLRQ FRXOG SURFHHG LQ WKLV PDQQHU� ,Q D UHDO DSSOLFDWLRQ�

SURYLGLQJ D VSDWLDO UHVROXWLRQ RI D IHZ PP LQ D FURVV�VHFWLRQ RI WKH KXPDQ

WRUVR� WKH VL]H RI WKH DUUD\ ZLOO EH ��� × ��� RU ODUJHU� 7KLV ZRXOG UHTXLUH
WKH VLPXOWDQHRXV VROXWLRQ RI ��� HTXDWLRQV� $OWKRXJK WKLV LV E\ QR PHDQV

LPSRVVLEOH LW ZRXOG EH H[WUHPHO\ WLPH�FRQVXPLQJ DQG IRUWXQDWHO\ LV

XQQHFHVVDU\�

6LPSOH EDFNSURMHFWLRQ EHJLQV ZLWK DQ HPSW\ PDWUL[ WKDW UHSUHVHQWV WKH

LPDJH RI WKH REMHFW VOLFH DQG WKH LGHD LV WR ILOO LQ� RU UHFRQVWUXFW� WKH

XQNQRZQ QXPEHU LQ HDFK FHOO� &RQVLGHU WKH ILUVW QXPEHU 3
�
���� LQ WKH ILUVW

SURMHFWLRQ� 'XULQJ WKH GDWD FROOHFWLRQ WKLV ZDV EXLOW XS IURP FRQWULEXWLRQV

IURP DOO FHOOV� DORQJ WKH OLQH RI VLJKW WKDW HQGV DW WKLV SRLQW LQ WKLV

SURMHFWLRQ� $V D ILUVW DSSUR[LPDWLRQ ZH FDQ WKLQN RI HDFK FHOO DORQJ WKLV OLQH

DV FRQWULEXWLQJ WKH VDPH DYHUDJH DPRXQW WR WKH VXP� 7KXV ZH SXW EDFN LQWR

HDFK RI WKH FRUUHVSRQGLQJ HPSW\ FHOOV WKH QXPEHU

��

���
�

XSNID3 ++++= �����

DQG UHSHDW WKLV IRU DOO WKH RWKHU QXPEHUV LQ WKH ILUVW SURMHFWLRQ� 7KH

EDFNSURMHFWLRQ SURFHVV LV UHSHDWHG IRU WKH VHFRQG DQG VXEVHTXHQW

SURMHFWLRQV� EXW DW HDFK VWDJH ZH DGG WKH QHZ DYHUDJH QXPEHUV IURP WKH
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FXUUHQW SURMHFWLRQ WR WKRVH DOUHDG\ LQ WKH PDWUL[� $IWHU WZR SURMHFWLRQV KDYH

EHHQ EDFNSURMHFWHG� WKH FHQWUH FHOO RI WKH UHFRQVWUXFWLRQ DUUD\ ZLOO FRQWDLQ�

���

���

�

���
�� RQPONZUPKF33 +++++++++=+ �����

:H VHH WKDW WKH UHDO FRQWULEXWLRQ WR WKH FHQWUH FHOO� P� HQWHUV WZLFH LQWR WKH

WHPSRUDU\ DQVZHU� ZKHUHDV DOO WKH RWKHU FRQWULEXWLRQV RQO\ HQWHU RQFH�

$IWHU 1 SURMHFWLRQV ZH ZLOO KDYH 1P�� FRPLQJ IURP WKH WDUJHW FHOO

WRJHWKHU ZLWK D VXP RI RWKHU FRQWULEXWLRQV� )LJXUH ��� VKRZV WKH

UHFRQVWUXFWLRQ SURFHVV LQWHUUXSWHG DIWHU WZR VWDJHV RI EDFNSURMHFWLQJ WKH

VXPV� $V ZH SURFHHG� WKH LPDJH JUDGXDOO\ FRQGHQVHV LQWR D UHDVRQDEO\ JRRG

DSSUR[LPDWLRQ WR WKH RULJLQDO DUUD\�

6LPSOH EDFNSURMHFWLRQ KDV D VHYHUH OLPLWDWLRQ DV IDU DV UHDO LPDJLQJ LV

FRQFHUQHG� 5HJLRQV RI WKH VOLFH WKDW FRQWULEXWH QR VLJQDO WR WKH SURMHFWLRQ

DFWXDOO\ HQG XS ZLWK D GHILQLWH SRVLWLYH LQWHQVLW\ DIWHU EDFNSURMHFWLRQ� :H

0 0 0 0 0 0  2 2 8 2 2 

10 10 10 10 10 50  12 12 18 12 12 

0 0 10 0 0 10  4 4 10 4 4 

0 0 10 0 0 10  4 4 10 4 4 

0 0 10 0 0 10  4 4 10 4 4 

             

10 10 40 10 10         

             

2 2 8 2 2        

2 2 8 2 2        

2 2 8 2 2        

2 2 8 2 2        

2 2 8 2 2        

)LJXUH ��� 5HFRQVWUXFWLQJ WKH QXPEHUV LQ D ER[� 7KH RULJLQDO ¶LPDJH· WRJHWKHU ZLWK WZR

SURMHFWLRQV LV DW WKH WRS OHIW� 7KH DUUD\� DIWHU EDFNSURMHFWLRQ RI WKH YHUWLFDO SURMHFWLRQ� LV DW

ERWWRP OHIW� $IWHU DGGLQJ WKH VHFRQG� KRUL]RQWDO EDFNSURMHFWLRQ WKH DUUD\ LV DW WKH WRS ULJKW�

(YHQ MXVW WZR SURMHFWLRQV EHJLQ WR UHYHDO WKH ¶7· LQ WKH RULJLQDO LPDJH�
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QRWHG DERYH WKDW WKH VLPSOH SURFHVV SXWV EDFN LQWR HDFK ER[ D PXOWLSOH RI

WKH UHDO RULJLQDO QXPEHU WRJHWKHU ZLWK RWKHU FRQWULEXWLRQV� 7KHVH XQZDQWHG

FRQWULEXWLRQV DUH DOO SRVLWLYH DQG WKXV NHHS RQ DGGLQJ WR RXU DQVZHU DV ZH

VWHS WKURXJK WKH SURMHFWLRQV� 7KLV OHDGV WR DQ LQFRUUHFW� JUDGXDO IRJJLQJ RI

WKH UHFRQVWUXFWHG LPDJH WKDW LV XQDFFHSWDEOH� $ SDUWLDO UHPHG\ LV WR

FDOFXODWH WKH DYHUDJH YDOXH RI DOO WKH HQWULHV FXUUHQWO\ LQ WKH UHFRQVWUXFWLRQ

PDWUL[ DW HDFK VWDJH DQG VXEWUDFW WKDW IURP HDFK HQWU\� ,Q JHQHUDO VLPSOH

EDFNSURMHFWLRQ RQ LWV RZQ LV VHOGRP LI HYHU XVHG� VLQFH WKH EHWWHU )RXULHU

PHWKRG RU LWV GHULYDWLYH )LOWHUHG %DFNSURMHFWLRQ SURGXFHV D YHU\ PXFK

PRUH UHOLDEOH UHVXOW� :H KDYH GZHOW RQ WKH VLPSOH SURFHVV LQ RUGHU WR VKRZ

WKDW WRPRJUDSKLF UHFRQVWUXFWLRQ LV EDVLFDOO\ YHU\ HDV\ WR XQGHUVWDQG DQG

UHTXLUHV QR PDWKHPDWLFV EH\RQG DYHUDJLQJ DQG DGGLWLRQ�

�� ��������!�
�����"����	�

)RXULHU PHWKRGV DUH YHU\ ZLGHO\ XVHG LQ VFLHQFH DQG HQJLQHHULQJ�

SDUWLFXODUO\ LQ VLJQDO DQG LPDJH SURFHVVLQJ� 2QH UHDVRQ IRU WKHLU XVH LV WKDW

GLIILFXOW SUREOHPV LQ UHDO VSDFH FDQ RIWHQ EH VROYHG� XVLQJ VLPSOH DOJHEUD� LQ

)RXULHU VSDFH RU .�VSDFH� 7KH LGHD LV YHU\ VLPLODU WR WKDW RI XVLQJ ORJ WDEOHV

WR GR ORQJ PXOWLSOLFDWLRQ DQG GLYLVLRQ� ,W ZLOO EH UHFDOOHG WKDW WKH ORJDULWKP

RI D SURGXFW RI WZR QXPEHUV LV MXVW WKH VXP RI WKH LQGLYLGXDO ORJDULWKPV�

7KXV WR PXOWLSO\ WZR QXPEHUV ZH WDNH WKHLU ORJV� DGG WKH ORJV WRJHWKHU WKHQ

WDNH WKH DQWLORJDULWKP RI WKH VXP WR REWDLQ WKH SURGXFW� )RXULHU PHWKRGV

KDYH VLPLODU VWHSV� WKH RULJLQDO SUREOHP LV WUDQVIRUPHG LQWR D QHZ VSDFH�

.�VSDFH� ZKHUH VRPH DOJHEUDLF PDQLSXODWLRQ WDNHV SODFH� )LQDOO\ WKH DQVZHU

LV REWDLQHG E\ DQ LQYHUVH )RXULHU WUDQVIRUPDWLRQ EDFN WR UHDO VSDFH�

�-�������

$ PRUH GHWDLOHG GHVFULSWLRQ RI ZDYHV� )RXULHU DQDO\VLV DQG .�VSDFH

LV JLYHQ LQ $SSHQGL[ $� 7KRVH UHDGHUV ZLWK QR EDFNJURXQG LQ

XQGHUJUDGXDWH VFLHQFH DUH HQFRXUDJHG WR UHDG WKLV EHIRUH FRQWLQXLQJ ZLWK

WKLV VHFWLRQ� 7KH )RXULHU PHWKRG FDQ EH VXPPDULVHG LQ ZRUGV DV D

GHFRPSRVLWLRQ RI DQ LPDJH LQWR D VHW RI K\SRWKHWLFDO VLPSOH ZDYHV

ZLWK GLIIHUHQW IUHTXHQFLHV� )RU DQ LPDJH ZLWK HGJHV / × / � WKH VPDOOHVW
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IUHTXHQF\ LV JLYHQ E\ .
�
 �π�/� $OO WKH RWKHU ZDYHV LQ WKH VHW KDYH

IUHTXHQFLHV �.
�
� �.

�
� �.

�
«� 7KH WHUP ¶.�VSDFH· UHIHUV WR D PDS RI WKH

DPSOLWXGHV RI DOO WKHVH K\SRWKHWLFDO ZDYHV WKDW FDQ EH FRQVLGHUHG WR PDNH

XS WKH LPDJH� 7KH\ DUH ODLG RXW RQ D &DUWHVLDQ JULG ZLWK �[� SDUDOOHO WR [

DQG .\ SDUDOOHO WR \� 7KH DPSOLWXGH DW HDFK SRLQW FDQ EH UHSUHVHQWHG E\ D

OLQH DORQJ = �SHUSHQGLFXODU WR WKH SDJH� RU PRUH FRQYHQWLRQDOO\ E\ D FRORXU

VFDOH� 7KH JHQHUDO IHDWXUHV RI )RXULHU DQDO\VLV DUH LOOXVWUDWHG LQ )LJXUH ����

,Q JHQHUDO� DOWKRXJK D .�VSDFH PDS LV HQWLUHO\ PDWKHPDWLFDOO\ HTXLYDOHQW

The Wave at Katanga K Space Maps 

)LJXUH ��� 7KH PRQRFKURPH +RNXVDL� LQ WKH WRS OHIW SDQHO� LV )RXULHU WUDQVIRUPHG WR

SURGXFH LWV .�VSDFH PDS LQ WKH WRS ULJKW�KDQG SDQHO� 7KH .�VSDFH PDS LV ILOWHUHG� WR UHGXFH

WKH DPSOLWXGHV RI WKH ODUJHU . YDOXHV �VKRUWHU ZDYHV� LQ WKH ERWWRP ULJKW�KDQG SDQHO� 7KH

ILOWHUHG .�VSDFH ZDYHV DUH WKHQ UHFRPELQHG WR SURGXFH WKH ILOWHUHG �KHUH EOXUUHG� LPDJH LQ

WKH ERWWRP OHIW�KDQG SDQHO� +HUH ZH KDYH REOLWHUDWHG DOO EXW D WLQ\ FHQWUDO SRUWLRQ

RI WKH .�VSDFH PDS �DOO VKRUW ZDYHV� EXW VWLOO WKH UHFRQVWUXFWHG LPDJH LV VWLOO HDVLO\

UHFRJQLVDEOH DV WKH +RNXVDL�
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WR LWV UHDO SDUHQW LPDJH� LWV YLVXDO DSSHDUDQFH LV JHQHUDOO\ OHVV WKDQ

LOOXPLQDWLQJ� DV FDQ EH VHHQ LQ )LJXUH ���� 7KHUH DUH KRZHYHU D IHZ

JHQHUDO UXOHV RI WKXPE ZKLFK DUH XVHIXO JXLGHV WR LWV DSSUHFLDWLRQ� 7KH

UHJLRQ FORVH WR .  � LV E\ IDU WKH PRVW LPSRUWDQW SDUW� ,Q JHQHUDO� IRU

PHGLFDO LPDJHV� WKH PDS KDV LWV ELJJHVW DPSOLWXGH WKHUH� 6R WKDW RYHUDOO WKH

.�VSDFH PDS JHQHUDOO\ ORRNV OLNH D VLQJOH� URXJKO\ V\PPHWULFDO SHDNHG PHVD�

WDLOLQJ RII LQ KHLJKW DV . LQFUHDVHV LQ DOO GLUHFWLRQV DZD\ IURP .  �� ,W LV

KHUH WKDW WKH RYHUDOO IRUP RI WKH VOLFH LV UHSUHVHQWHG LQ ZDYHV� 6PDOO .

FRUUHVSRQGV WR ORQJ ZDYHOHQJWKV� WKH VPDOOHVW EHLQJ WKH RYHUDOO H[WHQW� / RI

WKH LPDJH� :DYHV IXUWKHU IURP .  � UHSUHVHQW ILQHU DQG ILQHU GHWDLOV ZLWKLQ

WKH VOLFH�

,I WKHUH ZHUH WR EH DQ\ URXJKO\ UHSHDWLQJ SDWWHUQ ZLWKLQ WKH VOLFH� IRU

H[DPSOH OLNH D FKHVVERDUG� WKHQ WKH )RXULHU PDS ZRXOG KDYH OLWWOH H[WUD

SHDNV DW SRVLWLRQV LQ .�VSDFH FRUUHVSRQGLQJ WR WKH VL]H RI WKH SDWWHUQ PRWLI�

+RNXVDL·V SULQW FHUWDLQO\ GRHV QRW FRQWDLQ D FKHVVERDUG EXW WKH .�VSDFH

PDS GRHV KDYH EULJKW VSRWV ZHOO DZD\ IURP .  �� 7KHVH DULVH IURP D

URXJKO\ UHSHDWLQJ WH[WXUH LQ WKH SDSHU WKDW KDV EHHQ SLFNHG RXW E\ WKH

UHSURGXFWLRQ SURFHVV�

+RZ ZHOO WKH )RXULHU PHWKRG UHFRQVWUXFWV WKH VOLFH GHSHQGV FULWLFDOO\

RQ KRZ IDU RXW LQWR .�VSDFH WKH GDWD DUH DFFXUDWH� 2IWHQ LQHYLWDEOH UDQGRP

QRLVH� FROOHFWHG DORQJ ZLWK WKH LPDJH GDWD� YDULHV UDSLGO\ ZLWK SRVLWLRQ� WKDW

LV WR VD\ ZLWK VPDOO ZDYHOHQJWKV� VR WKDW WKLV LV UHSUHVHQWHG DW ODUJHU .� 6LQFH

WKH UHDO LPDJH GDWD LV GHFUHDVLQJ LQ DPSOLWXGH ZLWK LQFUHDVLQJ . VR ILQHU

GHWDLOV HYHQWXDOO\ EHFRPH PDVNHG E\ QRLVH� 7KH ILOWHULQJ XVHG LQ )LJXUH ���

LOOXVWUDWHV WKLV� $IWHU UHPRYLQJ )RXULHU DPSOLWXGHV DW ODUJHU . YDOXHV� WKH

UHVXOWLQJ UHFRQVWUXFWHG LPDJH EHFRPHV EOXUUHG� LW KDV D UHGXFHG VSDWLDO

UHVROXWLRQ� ,W KDV DOVR ORVW WKH ¶LPDJH DUWHIDFWV· ZH DVVRFLDWHG DERYH ZLWK

SDSHU WH[WXUH�

7KH .�VSDFH PDS IRUPV DQ HVVHQWLDO LQWHUPHGLDWH VWHS LQ DOO

WRPRJUDSK\� $OO RI WKH WHFKQRORJLHV DLP WR JHW D JRRG HVWLPDWH RI WKH

.�VSDFH PDS RI WKH VOLFH XQGHU LQYHVWLJDWLRQ� H[WHQGLQJ LQ . DV IDU DV QRLVH

DOORZV DQG VDPSOHG DV ILQHO\ DV LV SUDFWLFDO� 05, LV GHOLEHUDWHO\ VHW XS WR

DFTXLUH WKH GDWD LQ WKH ILUVW SODFH DV D .�VSDFH PDS� 2QFH D JRRG . PDS KDV

EHHQ REWDLQHG WKHQ LW LV D UHODWLYHO\ VLPSOH PDWWHU WR UHFRPELQH WKH ZDYHV

DQG UHFRYHU D SLFWXUH RI WKH RULJLQDO VOLFH� )LUVW WKH FRQQHFWLRQV EHWZHHQ
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)LJXUH ��� 7KH &HQWUDO 6OLFH 7KHRUHP� 7KH SURMHFWLRQ� 3�[′ �� RI WKH VOLFH WKURXJK WKH

REMHFW LV REWDLQHG E\ PRYLQJ D ILQH ;�UD\ EHDP DFURVV WKH VOLFH DW WKH DQJOH VKRZQ LQ WKH OHIW

SDQHO� $ �' )RXULHU WUDQVIRUP RI 3�[′ � \LHOGV RQH SURILOH WKURXJK WKH �' )RXULHU WUDQVIRUP

RI µ�;� < � DV VKRZQ LQ WKH ULJKW SDQHO� 7KH OLQH LQ )RXULHU VSDFH PDNHV WKH VDPH DQJOH ZLWK

WKH . D[HV DV WKH RULJLQDO SURMHFWLRQ GLUHFWLRQ GRHV WR D VHW RI D[HV HVWDEOLVKHG LQ WKH UHDO

VSDFH VOLFH�

)RXULHU DQDO\VLV SURYLGHV WKH PHDQV QRW RQO\ WR GHFRPSRVH DQ LPDJH

LQWR ZDYHV EXW� VWDUWLQJ ZLWK WKH VHW RI ZDYHV� WKH .�VSDFH PDS� WR

UHFRPELQH WKHP LQWR D SLFWXUH RI WKH RULJLQDO VOLFH� 7KLV LV WKH LQYHUVH

)RXULHU WUDQVIRUP� ,I ZH PDNH WKH �' LQYHUVH )RXULHU WUDQVIRUP RI RXU

.�VSDFH PDS WKHQ ZH REWDLQ DQ HVWLPDWH RU SLFWXUH RI µ�;� < ��

���������	
��
���
�����

,Q SUDFWLFH DOO PHGLFDO WRPRJUDSK\ LV FDUULHG RXW ZLWK GLVFUHWH GDWD XVLQJ D

GLJLWDO FRPSXWHU� 7KLV OHDGV WR D QXPEHU RI VOLJKW FKDQJHV IURP WKH

GHVFULSWLRQ WKDW ZH KDYH MXVW JLYHQ DQG VRPH FRQVWUDLQWV� (DFK SURMHFWLRQ

LV PHDVXUHG XVLQJ GHWHFWRUV WKDW KDYH D ILQLWH UHVROXWLRQ� ,Q ;�UD\ &7 WKH

;�UD\ SKRWRQV DUH UHFRUGHG XVLQJ DQ DUUD\ RI GHWHFWRU HOHPHQWV� HDFK RI

ZKLFK LV DERXW �²�� PP DFURVV� 7KXV HDFK SURILOH LV DFWXDOO\ VDPSOHG DW D

ILQLWH QXPEHU� ��� �VD\� SRLQWV� 6LPLODUO\ LQ 05, WKH SURMHFWLRQ SURILOH LV

REWDLQHG IURP D WLPH VLJQDO WKDW LV VDPSOHG DW GHILQLWH� GLVFUHWH LQWHUYDOV LQ
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WLPH� ,Q DGGLWLRQ WKHUH ZLOO EH D ILQLWH QXPEHU� H�J� ���� RI GLIIHUHQW

SURMHFWLRQV WKDW WRJHWKHU VSDQ .�VSDFH�

,Q ;�UD\ &7 WKH SURMHFWLRQV DUH OLQHV WKURXJK WKH RULJLQ RI .�VSDFH DQG

VR WKH FRPSOHWH VDPSOLQJ LV DFKLHYHG E\ DVVHPEOLQJ D VHW RI ¶VSRNHV· ZLWK D

VHW RI ¶EHDGV· RQ HDFK VSRNH� (DFK EHDG FRUUHVSRQGV WR RQH YDOXH RI .
;
� .<

DQG DW HDFK RI WKHVH SRLQWV WKHUH LV RQH YDOXH RI )�.
;
� .

<
�� 7KH FRPSOHWH

VHW FRQVWLWXWHV D VDPSOHG YHUVLRQ RI WKH �' )RXULHU WUDQVIRUP RI µ�;� < ��
,Q 05, WKHUH LV FRQVLGHUDEO\ PRUH IOH[LELOLW\ LQ WKH ZD\ LQ ZKLFK .�VSDFH LV

DFWXDOO\ VDPSOHG� &RQYHQWLRQDOO\ LQ 05,� WKH YDOXHV RI )�.
;
� .

<
� SURILOHV

DUH FROOHFWHG DORQJ OLQHV SDUDOOHO WR .
;
DW FRQVWDQW YDOXHV RI .

<
� HDFK

SURMHFWLRQ WKHQ FRUUHVSRQGV WR D GLIIHUHQW YDOXH RI .
<
� 5DSLG LPDJLQJ 05,

VFKHPHV DUH QRZ XVHG WKDW KDYH D YDULHW\ RI PRUH H[RWLF SDWKV WKURXJK

.�VSDFH� LQFOXGLQJ VSLUDOV� ,Q ;�UD\ &7� WKH RUGHU LQ ZKLFK GLVFUHWH SURILOHV

DUH JDWKHUHG LV LPPDWHULDO EXW LQ 05,� SDUWLFXODUO\ LQ UDSLG LPDJLQJ

VFKHPHV� WKH RUGHU DQG WUDMHFWRU\ LQ .�VSDFH FDQ KDYH LPSRUWDQW

FRQVHTXHQFHV RQ WKH UHVXOWLQJ LPDJH� 7KLV LV GLVFXVVHG IXUWKHU LQ &KDSWHU ��

 

 
)LJXUH ��� 7ZR SURMHFWLRQV 3�� 3� RI WKH VOLFH LQ WKH OHIW SDQHO SURYLGH WZR OLQHV LQ

.�VSDFH DV VKRZQ LQ WKH ULJKW SDQHO� (DFK RI WKH ILOOHG ¶EHDGV· LQ )RXULHU VSDFH UHSUHVHQWV

RQH )RXULHU DPSOLWXGH REWDLQHG IURP WKH �' )7 RI WKH FRUUHVSRQGLQJ SURMHFWLRQ GDWD

VDPSOHG DW GLVFUHWH LQWHUYDOV� 1RWLFH WKDW DW ODUJH .� )RXULHU VSDFH LV OHVV ZHOO�VDPSOHG WKDQ DW

ORZ .� 7KLV OHDGV WR D ORVV LQ VSDWLDO UHVROXWLRQ� 7KH FLUFOH LQ )RXULHU VSDFH UHSUHVHQWV WKH

PD[LPXP SRVVLEOH YDOXH RI . WKDW FDQ EH REWDLQHG ZKHQ UHDO GHWHFWRUV RI ILQLWH ZLGWK RU

ILQLWH VDPSOLQJ LQWHUYDOV DUH XVHG�
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��'�����������������
����������%����( �

��)
�������$����#������������	���������"�*������

7KH SURMHFWLRQ UHFRQVWUXFWLRQ VFKHPH WKDW ZH KDYH MXVW GHVFULEHG

QHFHVVDULO\ UHTXLUHV WKDW WKH GDWD EH DFTXLUHG RYHU D ILQLWH SHULRG RI WLPH�

GLFWDWHG E\ PHFKDQLFDO� SK\VLFDO RU HYHQ SK\VLRORJLFDO FRQVWUDLQWV WKDW HQWHU

D SDUWLFXODU PHWKRG� 7KH RULJLQDO +RXQVILHOG (0, &7 VFDQQHU WRRN DERXW

DQ KRXU WR FROOHFW HQRXJK GDWD IRU RQH VOLFH� (DFK HOHPHQW LQ HDFK

SURMHFWLRQ UHTXLUHG WKH PHFKDQLFDO SRVLWLRQLQJ RI DQ ;�UD\ VRXUFH DQG DQ

;�UD\ GHWHFWRU DQG WKHQ D FRXQWLQJ WLPH DW HDFK SRVLWLRQ� 0RGHUQ ;�UD\ &7

PDFKLQHV DUH YHU\ PXFK IDVWHU DQG FROOHFW VOLFH GDWD LQ DERXW ��� V�

$QDWRPLFDO 05, RQ WKH RWKHU KDQG FDQ VWLOO WDNH DERXW ILYH PLQXWHV SHU

VOLFH IRU VRPH H[DPLQDWLRQV� 'XULQJ WKH WLPH WKDW GDWD LV EHLQJ DFTXLUHG LQ D

VHTXHQWLDO IDVKLRQ� JUHDW FDUH KDV WR EH WDNHQ WR OLPLW PRYHPHQW RI WKH

SDWLHQW� $Q\ PRYHPHQW ZLOO DOWHU WKH UHODWLYH SRVLWLRQV RI D VXEVHW RI WKH

SURMHFWLRQV� $W EHVW WKLV ZLOO XOWLPDWHO\ OLPLW WKH VSDWLDO UHVROXWLRQ RI WKH

LPDJH� OHDGLQJ WR VRPH VPHDULQJ� $W ZRUVW FRPSOHWHO\ ILFWLWLRXV IHDWXUHV FDQ

DSSHDU LQ WKH LPDJH EHFDXVH VRPH RI WKH SURMHFWLRQ GDWD LV PLVSODFHG ZLWK

UHVSHFW WR WKH UHVW� 7KH )RXULHU UHFRQVWUXFWLRQ SURFHVV FDQ EH XQIRUJLYLQJ

RI WKLV W\SH RI GDWD HUURU�

$�%�����������+�����������������

$V ZH KDYH DOUHDG\ VDLG WKH SURMHFWLRQ SURILOHV� 3�[′� DUH QRW REWDLQHG DV
FRQWLQXRXV IXQFWLRQV RI SRVLWLRQ EXW UDWKHU DV D ILQLWH QXPEHU RI VDPSOHV�

,Q WKH FDVH RI ;�UD\ &7 WKH GLVWDQFH EHWZHHQ VXFFHVVLYH VDPSOHV LQ DQ\ RQH

SURMHFWLRQ LV GHWHUPLQHG E\ WKH VL]H RI WKH ;�UD\ GHWHFWRU HOHPHQW XVHG�

(DFK OLWWOH GHWHFWRU VXPV WKH FROOHFWHG ;�UD\ LQWHQVLW\ RYHU LWV ZLGWK DQG

DYHUDJHV RYHU DQ\ VSDWLDO YDULDWLRQV ZKRVH VFDOH LV VPDOOHU WKDQ WKH GHWHFWRU

VL]H� ,W WKXV DFWV OLNH D ORZ SDVV VSDWLDO ILOWHU� )LQLWH GHWHFWRUV RU LQGHHG DQ\

ILQLWH VDPSOLQJ RI WKH SURMHFWLRQV VHWV D GHILQLWH ORZHU OLPLW RQ WKH ILQDO

VSDWLDO UHVROXWLRQ LQ WKH LPDJH� 7KH ILQLWH VDPSOLQJ LQWHUYDO LQ UHDO VSDFH

FRUUHVSRQGV WR WKH PD[LPXP YDOXHV RI .
;
� .

<
DW ZKLFK GDWD DUH FROOHFWHG

DQG WKXV WKH ILQH VSDWLDO GHWDLO WKDW FDQ EH UHVROYHG�
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,Q 05, WKH GDWD DUH DFTXLUHG DV D WLPH VLJQDO WKDW LV VDPSOHG DW D

GLVFUHWH QXPEHU RI WLPH SRLQWV� +HUH FDUH KDV WR EH WDNHQ WR DYRLG WKH

DOLDVLQJ SUREOHP �VHH $SSHQGL[ $� E\ HQVXULQJ WKDW WKH VLJQDO� EHIRUH

VDPSOLQJ� GRHV QRW FRQWDLQ DQ\ WHPSRUDO IUHTXHQF\ FRPSRQHQWV WKDW DUH

PRUH WKDQ WZLFH WKH VDPSOLQJ UDWH� )DLOXUH WR REVHUYH WKLV ZLOO UHVXOW LQ

JURVV LPDJH DUWHIDFWV DV D GLUHFW FRQVHTXHQFH RI WKH )RXULHU VFKHPH�

�����
������+�������������

,Q HYHU\ WHFKQRORJ\ D SDUWLFXODU H[SDQVH RI D VOLFH� FDOOHG WKH ILHOG RI YLHZ

�)29�� LV VHOHFWHG IRU LPDJH UHFRQVWUXFWLRQ� :KDWHYHU WKH VFKHPH XVHG WR

VDPSOH )RXULHU VSDFH� HDFK SURMHFWLRQ ZLOO VSDQ WKH ILHOG RI YLHZ LQ RQH

GLUHFWLRQ ZLWK� VD\ 1� GLVFUHWH SRLQWV� ,I WKH )29 KDV GLPHQVLRQV

/ × / � WKHQ WKH LQWHUYDO EHWZHHQ SRLQWV� DORQJ RQH GLUHFWLRQ ZLOO EH /�1�

7KH VPDOOHVW . YDOXH ZLOO EH .
PLQ

 �π�/ DQG WKH PD[LPXP YDOXH RI .

ZLOO EH .
PD[

 π1�/ � *HQHUDOO\ .�VSDFH ZLOO EH VDPSOHG LQ WKH RWKHU

RUWKRJRQDO GLUHFWLRQ LQ LQFUHPHQWV RI .
PLQ
� 7KH DLP LV WR VDPSOH .�VSDFH DV

XQLIRUPO\ DV SRVVLEOH VR WKDW WKHUH DUH DSSUR[LPDWHO\ HTXDO LQWHUYDOV

EHWZHHQ SRLQWV LQ ERWK WKH .[ DQG WKH .\ GLUHFWLRQV� 2QFH WKH GLJLWLVDWLRQ

VWHS DORQJ D SURMHFWLRQ LV HVWDEOLVKHG� E\ IRU H[DPSOH WKH FKRLFH RI GHWHFWRU

VL]H� WKHQ WKH LQWHUYDO EHWZHHQ VXFFHVVLYH SURMHFWLRQV LQ .�VSDFH LV DUUDQJHG

WR DFKLHYH XQLIRUP VDPSOLQJ� $Q\ XQGHU�VDPSOLQJ LQ D SDUWLFXODU GLUHFWLRQ

ZLOO LQWURGXFH DUWHIDFWV DJDLQ DV D GLUHFW UHVXOW RI WKH )RXULHU UHFRQVWUXFWLRQ

SURFHVV�

��%�������������������

$OO PHGLFDO LPDJLQJ VFKHPHV VXIIHU WR D JUHDWHU RU OHVVHU H[WHQW IURP WKH

HIIHFWV RI UDQGRP QRLVH� %RWK ;�UD\ DQG JDPPD UD\ GHWHFWLRQ LV D UDQGRP

SURFHVV ZKLFK KDV DQ LQHYLWDEOH DVVRFLDWHG VWDWLVWLFDO XQFHUWDLQW\� ,I 1

FRXQWV DUH FROOHFWHG LQ D GHWHFWLRQ SURFHVV WKHQ WKHUH LV DQ LQWULQVLF

XQFHUWDLQW\ RI 1 LQ WKH QXPEHU RI FRXQWV� 7KXV WKH VLJQDO WR QRLVH UDWLR

LV 1� 1  1 � 7KH UHODWLYH DFFXUDF\ RI DQ\ DWRPLF FRXQWLQJ

PHDVXUHPHQW LQFUHDVHV ZLWK WKH WRWDO QXPEHU RI FRXQWV FROOHFWHG� ;�UD\ &7

LV WKH OHDVW DIIHFWHG EHFDXVH H[WUHPHO\ ODUJH QXPEHUV RI ;�UD\ SKRWRQV DUH
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FROOHFWHG WR JLYH HDFK HOHPHQW LQ D SURMHFWLRQ� %RWK 63(&7 DQG 3(7� RQ

WKH RWKHU KDQG� DUH OLPLWHG E\ UDQGRP IOXFWXDWLRQV LQ WKH SKRWRQ FRXQWV

PDNLQJ XS HDFK SURMHFWLRQ HOHPHQW� ,Q 05, WKH UDGLR IUHTXHQF\ VLJQDO LV

LQWULQVLFDOO\ ZHDN LQ FRPSDULVRQ ZLWK WKHUPDO QRLVH DV VKRZQ LQ &KDSWHUV �

DQG � DQG WKXV LW WRR LV HYHQWXDOO\ OLPLWHG E\ UDQGRP IOXFWXDWLRQV LQ WKH

VLJQDO� ,Q DGGLWLRQ WR GHJUDGLQJ WKH LPDJLQJ VLJQDO� UDQGRP QRLVH FDQ DOVR

XSVHW WKH LQWHUYHQLQJ )RXULHU VWHSV LQ WRPRJUDSK\� LQWURGXFLQJ H[WUD

SUREOHPV� )RU H[DPSOH ODUJH DPRXQWV RI QRLVH FDQ PLPLF KLJK IUHTXHQF\

VLJQDOV� OHDGLQJ WR DOLDVLQJ DQG HYHQWXDOO\ WR LPDJH DUWHIDFWV DV ZHOO DV D

JHQHUDO UHGXFWLRQ LQ WKH VKDUSQHVV RI WKH ILQDO LPDJH�

����%����������%��,���+�����

7RPRJUDSK\� FDQ LQWURGXFH IDOVH GHWDLO DQG GLVWRUWLRQ� WKDW LV WR VD\ LPDJH

DUWHIDFWV� LQWR WKH ILQDO LPDJH DV D UHVXOW RI IDXOW\ HTXLSPHQW� HUURUV LQ WKH

VWRUHG GDWD DQG SDWLHQW PRYHPHQW� %HFDXVH RI LWV GLJLWDO QDWXUH�

WRPRJUDSK\ FDQ DOVR SURGXFH JHQHULF DUWHIDFWV� 3DWLHQW PRYHPHQW LV DOZD\V

D SUREOHP ZKHQ GDWD DFTXLVLWLRQ WLPHV H[FHHG D IHZ VHFRQGV� 7KH

PRYHPHQW FDQ VLPSO\ EOXU WKH LPDJH RU LQWURGXFH PRUH WURXEOHVRPH

GLVFUHWH DUWHIDFWV� ZKHQ WKH SDWLHQW PRWLRQ PRGXODWHV WKH SURMHFWLRQ

GDWD ZLWK D SDUWLFXODU WHPSRUDO IUHTXHQF\� 7KH LQWHUSUHWDWLRQ RI DQ\

WRPRJUDSKLF LPDJH FDQ EH FRQIXVHG E\ SDUWLDO YROXPH HIIHFWV� 7KHVH DULVH

GLUHFWO\ IURP WKH XVH RI ILQLWH LPDJH YR[HO GLPHQVLRQV� (YHQ D YHU\ KLJK

UHVROXWLRQ LPDJH� PDGH XS IURP FXELFDO FHOOV DERXW � PP RQ D VLGH PD\

ZHOO FRPSULVH VRPH FHOOV FRYHULQJ D UDQJH RI WLVVXH W\SHV� ERQH� EORRG

YHVVHO� PXVFOH DQG IDW� 7KH VLJQDO IURP WKHVH FHOOV ZLOO UHIOHFW WKH DYHUDJH

UDWKHU WKDQ MXVW RQH WLVVXH W\SH� $W WKH HGJHV RI YHU\ KLJK FRQWUDVW� VXFK DV

ERQ\ VWUXFWXUHV LQ &7� WKHUH ZLOO EH YHU\ DEUXSW FKDQJHV LQ WKH QXPHULFDO

YDOXHV PDNLQJ XS WKH SURMHFWLRQV� ,PDJH UHFRQVWUXFWLRQ XVLQJ D ILQLWH

QXPEHU RI SURMHFWLRQV FDQQRW IDLWKIXOO\ UHSURGXFH WKH VKDUS HGJH� UDWKHU LW

FUHDWHV D KDOR FORVH WR WKH HGJH LQ WKH LPDJH�
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-�(�#�����������#���������

&RQFHSW 6HFWLRQ &URVV 5HI

7KH WKUHH VWHSV LQ DOO 7RPRJUDSK\ ��� ���� ���� %�

.�VSDFH ��� ���� ���� $��� $��� %��

&HQWUDO 6OLFH WKHRUHP ��� ���� ���� %�

7RPRJUDSKLF LPDJH DUWHIDFWV ��� ���� ���

�
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����������	����������

�� D� ,Q WKH FRQWH[W RI ;�UD\ &7 H[SODLQ WKH WHUP SURMHFWLRQ�

E� 'HVFULEH WKH PHWKRG RI VLPSOH EDFNSURMHFWLRQ�

F� 6WDWH WKH FHQWUDO VOLFH WKHRUHP DQG H[SODLQ KRZ LW PD\ EH XVHG WR

UHFRQVWUXFW WRPRJUDSKLF LPDJHV� �VHH $SSHQGL[ %�

�� $ SKDQWRP REMHFW XVHG WR FKHFN ;�UD\ &7 FRQVLVWV RI D VROLG F\OLQGHU RI

ERQH RI UDGLXV 5 FP� HPEHGGHG LQ D YHU\ ZHDNO\ DWWHQXDWLQJ EORFN RI

UHVLQ� 6KRZ WKDW WKH SDWK OHQJWK / � RI DQ ;�UD\ EHDP SDVVLQJ DFURVV

WKH FURVV�VHFWLRQ RI WKH F\OLQGHU� D GLVWDQFH [ IURP WKH F\OLQGHU D[LV LV

JLYHQ E\�

[5 /
��

� −

6NHWFK WKH SURILOH RI D SURMHFWLRQ REWDLQHG E\ VFDQQLQJ D SHQFLO EHDP

DFURVV WKH GLDPHWHU RI WKH F\OLQGHU DQG XVH D VXSHUSRVLWLRQ SULQFLSOH WR

GHGXFH� ZLWKRXW IXUWKHU FDOFXODWLRQ� WKH SURILOH RI D KROORZ F\OLQGHU ZLWK

LQQHU DQG RXWHU UDGLL � DQG � FP�

�� $ VTXDUH FKHVVERDUG� ���� P RQ D VLGH� KDV �� HTXDO DGMDFHQW DOWHUQDWLQJ

EODFN DQG ZKLWH VTXDUHV� :KDW DUH WKH ORZHVW DQG WKH PRVW SUREDEOH

VSDWLDO IUHTXHQFLHV DVVRFLDWHG ZLWK WKH ERDUG"

�� 7KH HPSW\ UHFRQVWUXFWLRQ PDWUL[ IRU D FURVV VHFWLRQ RI WKH KXPDQ

WKRUD[ FRQVLVWV RI D VTXDUH DUUD\ RI ��� × ��� FHOOV� ,I WKH ILHOG RI YLHZ

MXVW FRQWDLQV WKH HQWLUH WKRUD[ HVWLPDWH WKH GLPHQVLRQV RI HDFK FHOO� &DQ

EORRG YHVVHOV EH LPDJHG ZLWK WKLV ILHOG RI YLHZ"

�� 7KH GHWHFWRUV XVHG LQ D FHUWDLQ &7 PDFKLQH KDYH D ZLGWK Z� +RZ PDQ\

VDPSOHV DUH UHTXLUHG WR REWDLQ WKH KLJKHVW SRVVLEOH UHVROXWLRQ LQ D

SURMHFWLRQ RI DQ REMHFW ZLWK D PD[LPXP GLPHQVLRQ '"





