Preface

The subject of this book, concentration compactness, is a method for
establishing convergence, in functional spaces, of sequences that are not
a priori located in a compact set. This situation occurs, in particular, in
variational problems with functionals that are invariant under some non-
compact group of operators, and therefore have non-compact level sets.
The concentration compactness argument considers possible “dislocated”
limits of the sequence, that is, limits under sequences of the “gauge” op-
erators. The proof of convergence then can be based on elimination of the
dislocated limits. Since a concentration compactness argument using blow-
up sequences appeared in the paper of J. Sacks and K. Uhlenbeck [103] on
harmonic maps and in the paper of H. Brézis and L. Nirenberg [24] on a
semilinear elliptic equation with a critical nonlinearity, the term “concen-
tration”, rooted in the use of unbounded sequences of dilations, has become
a common designation for all convergence arguments involving dislocated
limits, whatever group of transformations is involved. This was the term
adopted in the celebrated series of four papers [86], [87], [88] and [89] of
P.-L. Lions, which laid the broad foundations of the method and outlined
a wide scope of its applications. The book presents a function-analytic
formulation of the concentration compactness, inspired by the connection
between weak convergence under sequences of Euclidean shifts and con-
vergence in LP made in the paper [80] of E. Lieb, the celebrated improve-
ment of the Fatou Lemma, known today as Brézis-Lieb lemma, [22], the
use of the Brézis—Lieb lemma in P.-L. Lions’ subadditivity reasoning, and
the “multi-bump” expansions of M.Struwe [111], H.Brézis and J.-M. Coron
[25], P.-L. Lions [90] and numerous later works. The function-analytic
theory of concentration compactness follows the spirit of the work of P.-
L. Lions in one important respect: it gives attention to convergence of
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arbitrary sequences before studying properties of sequences that originate
in specific problems. The functional-analytic framework for concentration
compactness is the dislocation space H, D, where H is a separable Hilbert
space and D is a fixed group of unitary operators on H, satisfying certain
compactness-related properties. The purpose of endowing a Hilbert space
with a group D is to define an enhancement of the weak convergence: we
say that a sequence uj converges to zero D-weakly if for every sequence
gr € D, grur — 0. A refinement of the Banach—Alaoglou theorem (weak
compactness of the unit balls) then can be stated in terms of such con-
vergence: any bounded sequence has a convergent subsequence that, after
subtraction of all dislocated weak limits (terms of the form gw, gr € D,
w € H), converges to zero D-weakly. If D is the group of all unitary opera-
tors, the D-weak convergence becomes convergence in norm, but the group
is too large for the above decomposition to hold. On the other hand, the
convergence result of Lieb ([80]) states that weak convergence in H(RN)
enhanced by the group of Euclidean shifts yields convergence in measure
(which implies, together with the Sobolev imbedding, convergence in the
correspondent space LP(RY)).

We have selected the contents for the book in order to give an access-
ible, rather than technical, presentation of the concentration compactness.
We have opted to present the topic in Hilbert space, rather than Banach
space, and included three chapters with background material: Chapter 1
— a compilation of theorems from functional analysis, Chapter 2 — a com-
pendium on Sobolev spaces with focus on H!(£) and unbounded sets, and
Chapters 7-8 on differentiable manifolds and Lie groups. The reader is
expected to be familiar with basics of point-set topology, metric spaces and
measure theory. The presentation of Sobolev spaces in Chapter 2 implicitly
emphasizes the role of the conformal group of Euclidean space, an approach
which is later generalized in the concentration compactness argument for
a conformal group of a manifold in the treatment of subelliptic Sobolev
spaces in Chapter 9. The functional-analytic grounds of the concentra-
tion compactness are presented in Chapter 3, followed by applications in
Chapters 4, 5 and 6 to functions on Euclidean domains. Chapter 9 is an
introduction of subelliptic Sobolev spaces on Lie groups, followed by some
analogs of problems considered in the preceding chapters that involve sub-
elliptic operators and “magnetic” Laplace—Beltrami operators on manifolds.
Chapter 10 surveys several additional applications. The authors will use
a follow-up web page www.math.uu.se/~tintarev/cc.html to provide addi-
tional materials, problems, corrections etc.



Preface vii

The authors acknowledge, with their unreserved gratitude, the role of
Karen Uhlenbeck in initiating the theme of this book by her inspiring re-
marks on the role of transformation groups in analysis during her 1996
visit to Sweden. This led to discussions of the functional-analytic formal-
ization of concentration compactness between one of the authors (K.T.) and
Ian Schindler that yielded the core statement of this book, Theorem 3.1.
The authors thank the head of CEREMATH (Univ.Toulouse 1), Jacqueline
Fleckinger, for financial support and the warm hospitality throughout the
years. They acknowledge with appreciation the editorial involvement of
Maria Esteban which brought forth the publication of the core theorem in
[106].

The authors acknowledge with enthusiasm the crucial role of R.Schoen
who encouraged writing a book on the subject. The first author would
like to thank several mathematical departments for offering him visiting
positions in 2003-2005 that allowed the work on the manuscript: University
of California, Irvine; Technion - Haifa Institute of Technology; University of
Queensland; University of Toulouse 1; University of Cyprus (with partial
support from the University of Crete); Hebrew University at Jerusalem,
and in particular the financial support of the Lady Davis Fellowship Trust
and of the Ethel Raybould Fellowship; they also acknowledge a partial use
of funds from the Swedish Research Council. The authors would like to
extend their gratitude to their home department at Uppsala for allowing,
for the final three months of writing, to reschedule part of their teaching to
the following semester.

The authors thank J. Chabrowski for careful reading and commenting
on a main portion of the manuscript, and V. Benci, D.-M. Cao, G. Ce-
rami, H. Brézis, E. Hebey, E. Lieb, V. Maz’ya, Y. Pinchover, M. Schechter
and I. Schindler for their comments and remarks during the work on the
manuscript. Their special gratitude is to Hildegard Fieseler and Sonia Pratt
- Tintarev for their warm support and patience.

Karl-Heinz Fieseler, Kyril Tintarev





