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Chapter 1

Fluid Flows

Flowing fluids are ubiquitous in Nature, from large scale atmospheric
winds and oceanic currents to the circulation of blood or flow around
microorganisms swimming in a liquid media. Fluid motion is also
important in industrial processing and affects the motion of vehicles
(cars, aircrafts etc.). In this chapter we briefly review the basic
concepts and fundamental laws describing the motion of fluids. More
details can be found in fluid dynamics textbooks (see, e.g. Batchelor
(1967), Lamb (1932), Landau and Lifschitz (1959), Tritton (1988)).

In most cases one is interested in fluid flows at scales that are
much larger than the distance between the molecules. The value of
the molecular mean free path in air at room temperature and 1 atm
of pressure is λ = 6.7 × 10−8 m and in water λ = 2.5 × 10−10 m.
When the Knudsen number – defined as the ratio of the molecular
mean-free-path to a characteristic length scale of the flow (e.g. the
size of the smallest eddies) – is small, the fluid can be described as a
continuous medium in motion. In this continuum approximation the
flow can be characterized by the velocity field v(x, t) representing
the instantaneous velocity of infinitesimal fluid elements at time t
and at position x. Fluid elements represent small volumes of fluid
that are much smaller than the smallest characteristic scale of the
flow, but sufficiently large to contain a large number of molecules so
that a well defined local velocity exists and molecular fluctuations
can be neglected.
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2 1. Fluid Flows

1.1 Conservation laws

The equations of fluid motion can be derived from the physical prin-
ciples of conservation of mass, momentum and energy. The standard
form of such conservation equations is

∂A

∂t
+ ∇ · J = S(x, t) . (1.1)

A(x, t) is the density of the quantity which is conserved, J(x, t) is
the flux, i.e. the amount of that quantity crossing the unit surface at
location x per unit of time. S(x, t) is the production (or consump-
tion) rate of the quantity A per unit of volume at location x. When
S = 0, the balance between the terms in the left-hand-side indicates
that the quantity A changes locally just because it is moving from
place to place, so that it is globally conserved.

The conservation of the mass of a fluid in a velocity field v(x, t) is
expressed by Eq. (1.1) for the fluid density (mass per unit of volume)
field ρ(x, t), with S = 0. The only process moving the fluid mass is
transport by the velocity v, giving the advective flux J = ρv. Thus,
Eq. (1.1) becomes the continuity equation

∂ρ

∂t
+ ∇ · (ρv) = 0 . (1.2)

The second term can be written as a sum of two components: v ·∇ρ
that represents changes in the local density due to the flow bringing-
in fluid of different density from elsewhere, and ρ∇ · v representing
compression or expansion of the fluid volume when the velocity field
is convergent (∇ · v < 0) or divergent (∇ · v > 0).

Under normal conditions most fluids are not compressed much in
a flow. In general, if the typical flow velocity (U) is much smaller
than the speed of sound (c) in the medium (cair ≈ 340 m/s, cwater ≈
1500 m/s), i.e. the Mach number, Ma ≡ U/c, is small, then the
fluid is essentially incompressible. In this case the velocity field is a
divergence-free (solenoidal) vector field

∇ · v = 0 , (1.3)

implying that the fluid density at a fixed location can only change
due to transport from other fluid regions of different density.
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The rate of change of a physical field f(x, t) along the trajectory
of a fluid element, r(t), is obtained by differentiating f [x = r(t), t] as

Df

Dt
=
∂f

∂t
+
∑

i

∂f

∂xi

dxi

dt
=
∂f

∂t
+ (v · ∇)f , (1.4)

where the two components represent the rate of change in time at a
fixed position and the change due to the motion of the fluid, respec-
tively. The operator

D

Dt
=

∂

∂t
+ v · ∇ (1.5)

is called the Lagrangian or material derivative. Thus, for an in-
compressible flow the continuity equation states that the Lagrangian
derivative of the density is zero, Dρ/Dt = 0, meaning that the den-
sity is conserved along the path of the fluid elements. If initially the
density is uniform in space then an incompressible flow maintains
this uniform density.

The basic equation for the fluid velocity results from the conser-
vation of momentum and can be obtained by applying Newton’s law
to a fluid element

ρ
Dv

Dt
= F + ∇ · σ . (1.6)

Acceleration of the fluid elements is due to two types of forces, body
forces (per unit of volume), F , acting within the whole fluid element
volume (e.g. gravitational or electromagnetic forces) and forces act-
ing on the surface of the small fluid element representing interaction
with the rest of the fluid. The surface forces per unit of volume can
be written as the divergence of a stress tensor σ.

The stress tensor can be expressed as the sum of an isotropic
diagonal part, a normal stress described by a scalar pressure p, and
a deviatory component or shear stress that appears as a result of
internal friction between fluid layers moving relative to each other.
In the simplest case of an incompressible Newtonian fluid the stress
tensor is of the form

σ = −pI + µ(∇v + ∇vT ) , (1.7)

where the shear stress is assumed to be proportional to the strain
tensor that describes the infinitesimal deformation rates of the fluid.
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The coefficient µ is the dynamic viscosity, a fluid property that char-
acterizes the resistance of the fluid to shearing forces and (∇v)ij =
∂vi/∂xj is the velocity gradient tensor. Using this form of the stress
tensor one obtains the Navier-Stokes equation

∂v

∂t
+ v · ∇v = −1

ρ
∇p+ ν∇2v + F , (1.8)

where ν = µ/ρ is the kinematic viscosity. Typical values are νair =
1.5 × 10−5 m2/s and νwater = 10−6 m2/s. Thus the velocity at a
point fixed in space changes due to inertia, i.e. advection of the ve-
locity field by itself, pressure differences, internal friction and body
forces. The equation needs to be supplemented with boundary con-
ditions expressing that there is no flow through the boundary of the
domain, and the “no-slip” condition, i.e. the fluid velocity at a solid
boundary should be equal to that of the boundary. There are some
special cases (e.g. in large-scale ocean models) where the no-slip
condition is relaxed to allow for unrestricted fluid motion along the
boundary. For ideal inviscid fluids (ν = 0) the term representing vis-
cous dissipation is dropped and the corresponding equation is called
the Euler equation.

The momentum equation (1.8) together with the additional con-
straint of incompressibility (1.3) fully define the motion of an incom-
pressible fluid. They form a system of four scalar equations for four
unknown functions: the three components of the velocity field and
the pressure field. Note that there is no evolution equation for the
pressure field, which is given implicitly through the incompressibil-
ity condition. This somewhat complicates the analysis and numerical
solution of the Navier-Stokes equation.

One way to eliminate the pressure from the Navier-Stokes equa-
tion is by transforming it into an equation for the vorticity field
defined as the curl of the velocity field, ω = ∇ × v, that charac-
terizes the distribution and direction of the rotational motion in the
flow. By taking the curl of both sides of (1.8) and using the vector
identity (a · ∇)a = (1/2)∇|a|2 + (∇× a)× a and that for any scalar
field ψ, ∇×∇ψ = 0 one obtains

∂ω

∂t
= ∇× (v × ω) + ν∇2ω + ∇×F . (1.9)
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The nonlinear term can be further expressed as

∇× (v × ω) = (ω · ∇)v − (v · ∇)ω + v(∇ · ω) − ω(∇ · v) , (1.10)

where the last two terms vanish because of ∇ · ω = ∇ · (∇× v) = 0
and incompressibility, ∇ · v = 0. Thus the dynamics of the vorticity
field is described by the equation

∂ω

∂t
+ v · ∇ω = ω · ∇v + ν∇2ω + ∇×F . (1.11)

This shows how the vorticity of a fluid is affected by the forcing and
by the diffusion of vorticity. In addition, the first term on the right-
hand-side representing “vortex stretching” also affects the vorticity
field and the intensification of vorticity by the stretching of vortex
tubes allows the transfer of vorticity and energy from large to smaller
scales.

From the energetic point of view the work of the external forces
produces fluid motion with a certain kinetic energy that is trans-
formed into heat by internal friction. The energy balance can be
obtained by multiplying the Navier-Stokes equation (1.8) by v and
integrating over the whole domain (an operation denoted by brackets
〈...〉). The contribution of the advective and pressure terms vanish
for periodic or no-slip boundary conditions and we obtain

dE

dt
≡ 1

2

d〈v2〉
dt

= 〈v · F〉 − ν〈|ω|2〉 , (1.12)

where the mean square vorticity 〈|ω|2〉 is called the enstrophy. The
second term on the right-hand-side is always negative. Thus in the
absence of forcing the kinetic energy decreases monotonously due
to viscous effects. In a forced stationary state the total energy is
constant and there is a balance between the injection rate and the
dissipation rate, which are the two terms in the right-hand-side of
(1.12).

1.2 Laminar and turbulent flows

Depending on the forcing, boundary conditions and parameters, the
Navier-Stokes equations describe a great variety of flows ranging from
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time-independent laminar flows with a simple structure to highly
complex swirling turbulent flows. It was first observed by O. Reynolds
that the complexity of the flow depends on a non-dimensional pa-
rameter – named after him as the Reynolds number – defined as the
typical magnitude of the ratio of the terms representing inertia and
viscosity in the momentum equation (1.8):

Re =
U(U/L)

νU/L2
=
UL

ν
, (1.13)

where L and U are characteristic length and velocity scales. In-
troducing the non-dimensional quantities v′ = v/U , t′ = tU/L,
x′ = x/L, p′ = p/(ρU2), F ′ = FL/U2 (and dropping the primes) we
obtain the non-dimensional form of the Navier-Stokes equation as

∂v

∂t
+ v · ∇v = −∇p+

1

Re
∇2v + F , (1.14)

Reynolds performed experiments using a transparent tube with
a fine streak of dye injected into the flow for visualization (Reynolds,
1883). For low Re (i.e. small velocity, thin tube or high viscosity)
the streak of dye was straight indicating a simple time-independent
unidirectional flow parallel to the central axis of the tube. For large
Re (e.g. obtained by applying a higher pressure difference that pro-
duces larger flow velocities) the dye streak broke up into an irregular
fluctuating pattern as a consequence of the complex whirling fluid
motion.

Similar laminar-turbulent transitions for increasing Re can be
observed in range of different types of flows. One well known ex-
ample is the flow in the wake of an obstacle (e.g. a cylinder with
its axis perpendicular to the mean flow). For low Reynolds num-
bers the fluid simply passes around the cylinder. Then, at slightly
higher Re a steady recirculation zone is created behind the cylinder
breaking the symmetry between the upstream and downstream re-
gions. When the Reynolds number is increased further the flow in
the recirculation zone becomes time-dependent. First the velocity
field oscillates periodically in time, producing the so called Kármán
vortex street. Then the flow becomes aperiodic and for high Re
it has a completely irregular fluctuating structure both in space and
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time. Laminar-turbulent transition has also been studied extensively
in fluid convection induced by a vertical temperature gradient pro-
ducing an unstable density stratification (i.e. higher temperature at
the lower boundary). Depending on the material properties of the
fluid and the magnitude of the imposed temperature gradient there
is a range of possible flow regimes including heat conduction with no
flow, formation of a regular array of convection cells (rolls, hexagons
etc.) with a time-independent velocity field, unsteady e.g. oscillating
convection cells, and turbulent flow with an irregularly fluctuating
structure in both space and time.

Figure 1.1: Complex multiscale flow structure shown by the concen-
tration of a fluorescent dye in the cross section of a turbulent jet at
Re ∼ 20000 (experiment by Catrakis et al. (2002)).

Note that the laminar-turbulent transition is not a sharp transi-
tion that takes place at a fixed value of some parameters but rather
there is a range of Reynolds numbers in which simpler flows became
unstable and a sequence of transitions (bifurcations) gradually leads
to the formation of more and more complex flow structures on a
broad range of length and time scales that is characteristic to fully
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developed turbulence (see Fig. 1.1). The details of the initial transi-
tions and the corresponding values of Re depend on the type of flow
considered, but typically it takes place around Re ∼ 103.

Very large and very small Reynolds numbers both occur in real
life flows. The flow around a bacteria of size about 1µm swimming in
water at a typical speed of 15µm/s has a Reynolds number of about
10−5, while for the airflow around a car (L ≈ 1m) moving with a
velocity U = 100 km/h, Re ∼ 106. Large Reynolds number is also
a characteristic feature of the large-scale geophysical flows with the
well known consequence of the chaotic unpredictable nature of the
daily weather.

When the Reynolds number is very small the inertial term can
be neglected in the Navier-Stokes equation (1.14) and the velocity
field is typically time-independent so that in the absence of external
forces (F = 0) the pressure differences are balanced by viscous forces

ν∇2v =
1

ρ
∇p. (1.15)

This is the Stokes equation that has analytic solutions for certain
types of simple laminar flows, for example the laminar flow in a
straight channel known as Poiseuille flow (Fig. 1.2). Assuming that
the flow is unidirectional along the x axis (vy = vz = 0) it follows
from incompressibility that the velocity profile vx(y) is uniform along
the channel. When a pressure difference δp is applied along a channel
of length L and width d the Stokes equation reduces to

νv′′x(y) =
1

ρ
δpL . (1.16)

The solution consistent with the no-slip boundary conditions vx(y =
±d/2) = 0 has a parabolic velocity profile (Fig. 1.2) of the form

vx(y) =
δp

2νρL

(
d2

4
− y2

)
. (1.17)

A similar solution can be obtained for the flow in a cylindrical
pipe where y is replaced by the radial distance from the axis of the
cylinder. There are a few other simple analytic solutions of the Stokes
equation, e.g. for the flow around a sphere, etc. (Lamb, 1932).
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Figure 1.2: One of the simplest type of laminar flows: shear flow
with a parabolic velocity profile in a straight channel.

Note that in fact the plane Poiseuille flow (1.17) is also an exact
solution of the full Navier-Stokes equation. However, it was shown by
linear stability analysis that this becomes unstable to small pertur-
bations at a critical Reynolds number of 5772. In fact, the transition
to turbulence is observed experimentally at even lower values of Re
around 1000.

1.3 Turbulence

As already mentioned in the previous section, flows with a large
Reynolds number have a strongly irregular, turbulent, character. Un-
fortunately it is not possible to obtain general analytic solutions of
the Navier-Stokes equations for turbulent flows. Numerical solutions
are also limited to moderate Reynolds numbers. This is due to the
multiscale nature of the turbulent flows. As Re increases the range
of length and time scales represented in the turbulent flow broad-
ens and obtaining a good numerical approximation of the solution
requires high resolution in space and time.

Another characteristic of turbulent flows is unpredictability, that
is the high sensitivity of the solution to very small perturbations
that are always present in real physical systems or numerical simula-
tions. This unpredictability, also known as dynamical chaos, is a well
known feature of much simpler low-dimensional nonlinear dynamical
systems. Although in a strict mathematical sense a unique solu-
tion of the Navier-Stokes equation always exists for well-posed initial
conditions (at least for large finite times), in practice the details of
the forcing and boundary conditions are only known within some
approximations and thus the solution in the turbulent regime repre-
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sents only one of the possible typical realizations of the flow which
are consistent with the initial and boundary conditions specified up
to some finite precision. Although detailed information about a par-
ticular realization of a turbulent flow could be useful sometimes, for
example in weather prediction, it is unnecessary in most situations.
Therefore the general aim is to describe the statistical properties of
the typical solutions such as mean values, typical deviations, prob-
ability densities etc. which are robust features of the flow and not
affected by small perturbations.

An equation for the mean flow, defined as an average over many
realizations of the turbulent velocity field, can be obtained (Reynolds,
1895) by decomposing the velocity and pressure fields into the sum
of an ensemble-averaged and a fluctuating component:

v(x, t) = V(x, t) + v′(x, t), p(x, t) = P (x, t) + p′(x, t) (1.18)

where V = 〈v〉 and P = 〈p〉. The brackets 〈...〉 denote now ensemble
averages. Note that in the turbulent flow regime the fluctuations are
not small compared to the mean flow. From the continuity equation
it follows, assuming an incompressible fluid, that the mean flow and
the fluctuations are both divergence free. Substituting (1.18) into
the Navier-Stokes equation and averaging gives

∂Vi

∂t
+
∑

j=1,2,3

Vj
∂Vi

∂xj
= −1

ρ

∂P

∂xi
+Fi + ν

∂2Vi

∂x2
i

−
∑

j=1,2,3

∂〈v′jv′i〉
∂xj

. (1.19)

The averaging makes the fluctuations disappear from all the linear
terms, but there is a contribution to the dynamics of the mean flow
through the nonlinear term producing the last term on the right-
hand side of (1.19). The symmetric tensor 〈v′iv′j〉 can be interpreted
as an additional stress, known as the Reynolds stress, acting on the
mean flow due to turbulence. The equation (1.19) for the mean flow
is not closed. One can go further and obtain another equation for the
correlations by subtracting (1.19) from the Navier-Stokes equation,
but this will contain a term with third order correlations 〈v′iv′jv′k〉,
and so on for higher orders. This is known as the closure problem
in turbulence, that is characteristic to nonlinear dynamical systems
in general. The construction of approximate closure schemes for
modelling turbulent flows has been an area of extensive research.
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1.4 Kolmogorov’s theory of turbulence

Richardson (1922) suggested the concept of an “energy cascade” for
the description of turbulent flows. According to this the forcing in-
jects energy into the flow and produces large eddies that became
unstable and break up transferring their kinetic energy to some-
what smaller eddies. This “cascade” process generating smaller and
smaller eddies continues until a smallest scale is reached at which
the viscous forces dominate and the kinetic energy is converted into
heat.

Significant progress towards a theoretical description of this cas-
cade in homogeneous three-dimensional turbulent flows was made by
Kolmogorov in a series a papers (Kolmogorov, 1941a,b). His theory
is based on the assumption that at scales much smaller than the
forcing scale (L) the turbulent flow has a universal statistically ho-
mogeneous and isotropic structure independent of the details of the
forcing and of the large scale flow. Assuming statistical self-similarity
of the velocity field the statistical properties of the flow describing
the distribution of velocity fluctuations over different length scales
can be expressed as universal functions of the energy dissipation rate
and viscosity.

Kolmogorov further assumed that at sufficiently large Reynolds
number and intermediate length scales, that are much smaller than
the forcing scale but larger than the length scale where viscous dis-
sipation becomes important, the statistics of the velocity field is in-
dependent of the viscosity and only depends on the overall energy
dissipation rate. A consequence of this is that the energy dissipation
rate per unit mass must tend to a non-zero constant in the limit of
vanishing viscosity:

lim
ν→0

ν〈(∇× v)2〉 = ǫ > 0 . (1.20)

This appears to be in agreement with experimental observations.
Since the viscosity term has the highest derivative in the Navier-
Stokes equation the limit ν → 0 is singular and corresponds to diver-
gent velocity gradients. This is an example of a dissipative anomaly
in which the time-reversal symmetry, that is broken for the viscous
flow, is not restored in the limit of vanishing viscosity.
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Using the dissipation rate (ǫ) as the only relevant flow parameter
in the ν → 0 limit, from dimensional considerations the typical fluc-
tuations of the velocity field over a distance l and the corresponding
characteristic timescales τ(l), usually interpreted as “eddy turnover
time”, can be estimated as

δv(l) ∼ (ǫl)1/3, τ(l) =
l

v(l)
∼ ǫ−1/3l2/3. (1.21)

Thus, in the Re → ∞ limit the turbulent velocity field is a rough
non-differentiable function δv(l) ∼ l1/3 for l → 0. This expression
identifies the so-called Hölder exponent as α = 1/3. It is easy to see
that the energy transfer rate δv(l)2/τ(l) is independent of the length
scale l and applying the first of the above formulas to the integral
scale (L) one can relate the energy dissipation rate to the large scale
properties of the flow as ǫ ∼ U3/L.

The results of this dimensional analysis are supported by an ex-
act result obtained by Kolmogorov for the third-order longitudinal
structure function. The structure functions are moments of veloc-
ity differences measured at a given distance. More specifically the
structure function of order n, Sn(l), is defined as

Sn(l) ≡ 〈[(v(x + l) − v(x)) · l/l]n〉 . (1.22)

Brackets denote spatial or ensemble averages. Starting from the
Navier-Stokes equation and assuming a statistically isotropic and ho-
mogeneous velocity field one can derive the Kármán-Howarth equa-
tion for the longitudinal structure functions as

∂S2

∂t
+

1

3l4
∂

∂l
(l4S3) +

4

3
ǫ =

2ν

l4
∂

∂l

(
l4
∂S2

∂l

)
. (1.23)

Taking the ν → 0 limit in a stationary state the third moment of the
longitudinal velocity differences is obtained as

S3(l) = −4

5
ǫl. (1.24)

Note that this is consistent with the scaling (1.21) based on the
universality and self-similarity assumptions (δv(l) = S1(l)).
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Using the statistical self-similarity hypothesis this exact result
can be generalized to the nth order structure functions as

Sn(l) = Cnǫ
n/3ln/3, (1.25)

where Cn are dimensionless constants.

Alternatively, the fluctuating velocity field can be characterized
by the energy spectrum defined as the Fourier transform of the
two-point velocity correlation integrated over a spherical shell of
wavenumbers with magnitude k:

E(k) =
1

2(2π)3

∫ [∫
〈v(x) · v(x + r)〉e−ikrdr

]
δ(|k| − k)dk. (1.26)

From Kolmogorov’s hypotheses it follows that the energy spectrum
at large Re has a form E(k) = f(k, ǫ) and dimensional analysis yields

E(k) = CKǫ
2/3k−5/3 (1.27)

where CK is called the Kolmogorov constant that from experimental
data is around CK ≃ 1.5. The spectral exponent γ = 5/3 can also
been obtained from the mathematical relationship between γ and
the exponent of the second-order structure function S2 ∼ lζ2, as
γ = 1 + ζ2.

For large, but finite Reynolds numbers the above scalings remain
valid in the range of lengthscales where both the energy injection
due to external forces and the viscous dissipation can be neglected.
Viscous dissipation becomes important at the lengthscale where the
eddy turnover time τ(l) is comparable to the characteristic time of
diffusion of momentum l2/ν. Alternatively one can define a scale-
dependent effective Reynolds number that measures the ratio of the
inertial and viscous terms for eddies of size l as Re(l) = δv(l)l/ν.
For turbulent flows with Re = Re(L) ≫ 1 there is a range of scales
where viscous dissipation is negligible and the kinetic energy flows
to smaller scales without any losses. The lengthscale η where this
energy cascade ends is thus given by the condition

Re(η) =
δv(η)η

ν
≃ O(1). (1.28)
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Figure 1.3: Schematic diagram of the kinetic energy spectrum of a
turbulent flow.

Using (1.21) this gives

η ∼
(
ν3

ǫ

) 1
4

∼
(
Lν3

U3

) 1
4

=
L

Re3/4
. (1.29)

This is the Kolmogorov scale that represents the size of the small-
est flow structures in the turbulent velocity field. Thus, the range
of validity of the scalings in (1.21) and (1.25) is given by the so
called inertial range where L ≫ l ≫ η (see Fig. 1.3). Note that the
lengthscale ratio of the largest and smallest eddies increases with the
Reynolds number as Re3/4. Thus the number of gridpoints or Fourier
modes needed to fully resolve a three-dimensional turbulent flow in a
numerical simulation can be estimated as (L/η)3 ∼ Re9/4 indicating
that many of the naturally occurring highly turbulent flows are well
beyond the reach of the capacity of current computers.

Experiments are in good agreement with the predicted −5/3 en-
ergy spectrum (1.27), but there are significant deviations from (1.25)
for higher order structure functions with n > 3. They follow power
laws Sn(l) ∼ lζn , but with scaling exponents ζn < n/3 that do
not satisfy the self-similarity hypotheses (Sreenivasan and Antonia,
1997). These deviations are due to the intermittent, strongly non-
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homogeneous character of the velocity fluctuations, that cannot be
described by a single constant value of the dissipation rate. Cur-
rently, there is no satisfactory theoretical description for the exper-
imentally measured anomalous scaling exponents. Further informa-
tion on Kolmogorov’s theory, their corrections, and turbulent flows
in general, can be found in books such as Batchelor (1953), Frisch
(1995), Lesieur (1990), or Pope (2000).

1.5 Two-dimensional flows

Although strictly speaking there are no two-dimensional flows in
nature there has been considerable research on turbulent flows in
two spatial dimensions (see the reviews by Kraichnan and Mont-
gomery (1980) or Tabeling (2002)). This has been partly motivated
by the interest in geophysical flows that can be considered quasi-
two-dimensional since stable density stratification and the Earth’s
rotation both restrict large scale motions to two-dimensional layers.
Quasi-two-dimensional turbulent flows have also been studied in lab-
oratory experiments with soap films, density stratification or using
rotating tanks. Obviously, two-dimensional turbulence is also more
accessible for high resolution numerical simulations.

It turns out that there are significant differences in some aspects
of turbulence between three- and two-dimensional systems. As the
vorticity vector points in the direction perpendicular to the plane
of the flow ω ⊥ v, fluid motion can be fully described by a scalar
field ω(x, y). A consequence of two-dimensionality is that the vortex
stretching term ω · ∇v vanishes in the vorticity equation (1.11) that
becomes

∂ω

∂t
+ v · ∇ω = ν∇2ω + |∇ × F|. (1.30)

Thus, in the absence of the forcing and viscous dissipation the vor-
ticity is conserved along the trajectories of fluid elements. Equation
(1.30) describes the evolution of the vorticity distribution in a given
velocity field. However, ω and v are obviously not independent of
each other, but are two alternative representations of the instanta-
neous flow field. The velocity field is a vector, but it is subjected to
the incompressibility condition. This constraint can be eliminated
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in two-dimensional flows by introducing the scalar streamfunction
ψ(x, y, t) that defines the flow as

vx = −∂ψ
∂y

, vy =
∂ψ

∂x
(1.31)

and automatically satisfies incompressibility. Taking the curl of the
velocity field one obtains a relationship between the streamfunction
and vorticity field as

ω(x, y) =
∂2ψ

∂x2
+
∂2ψ

∂y2
. (1.32)

Thus the dynamics can be described from (1.30) as the vorticity field
advected by the flow defined by the streamfunction (1.31) while the
new streamfunction at a later time can be obtained from the vorticity
field by inverting (1.32). This second step is computationally expen-
sive since it requires the solution of an elliptic equation in which the
streamfunction at any given point depends on the whole distribution
of vorticity.

In the case of a two-dimensional inviscid fluid with no forcing a
special class of simple analytic solutions is a system of point vortices
represented as a singular distribution of vorticity concentrated on a
set of points

ω(x, t) =
∑

i

Γiδ(|x − ri(t)|), (1.33)

where Γi and ri are the strength and position of the ith vortex,
respectively. The streamfunction for the velocity field generated by
the point vortex system can be obtained from (1.32) as the Green’s
function of the Laplace equation

ψ(x, t) = −
∑

i

Γi

2π
log |x − ri(t)| (1.34)

and the velocity components of a single point vortex in polar coor-
dinates with the origin at the vortex center are

vr = 0, vφ =
Γ

2πr
. (1.35)
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Since the vorticity is conserved within the fluid elements the equa-
tion of motion for the vortex centers in a system of point vortices
is given by the advection equation ṙi = v[x = ri(t), t]. Each point
vortex is passively advected just like any other fluid element by the
superposition of the velocity fields generated by all the other vortices
(excluding self-interaction). Thus the equation of motion of a system
of point vortices is given by

ẋi = − 1

2π

∑

j 6=i

Γj(yi − yj)

r2ij
, ẏi =

1

2π

∑

j 6=i

Γj(xi − xj)

r2ij
, (1.36)

where rij = |ri − rj| is the distance between vortices i and j. This
type of point vortex systems exhibit a great variety of flows (Aref,
1983) and have been used as model flows in theoretical studies of
mixing.

More complex turbulent-flow solutions appear in the presence
of forcing and non-zero viscosity. As mentioned earlier the vortex
stretching mechanism for transferring energy to smaller scales does
not operate in two-dimensional turbulent flows. In the absence of
forcing and viscosity the vorticity is conserved along the trajectories,
Dω/Dt = 0. Thus vorticity can not diverge in the inviscid limit and
the viscous energy dissipation rate ν〈ω2〉 vanishes as ν → 0. Thus,
from (1.12) the energy cannot be removed by viscosity at small scales
in the ν → 0 limit. This rules out the possibility of the direct energy
cascade to smaller scales as in three-dimensional turbulence. Kraich-
nan (1967) suggested that the energy injected into the flow by the
forcing is transferred to larger scales resulting in an “inverse energy
cascade”. In a finite system the energy is eventually dissipated by
friction acting at the boundaries or by other large scale processes. In
numerical simulations a stationary state can be established by intro-
ducing some sort of damping to prevent the accumulation of energy
at the largest scales set by the size of the computational domain. Di-
mensional arguments imply that the energy spectrum for the inverse
cascade range, i.e. between the largest scale and the forcing scale
has the same form as in three dimensions: E(k) = C ′ǫ2/3k−5/3 and
the predicted k−5/3 power law has been verified in experiments and
numerical simulations (Tabeling, 2002). The scaling of the structure
functions follows Sn(l) ∼ ln/3 and in contrast with three-dimensional
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turbulence the experimental data do not show significant deviations
from this due to intermittency, in this large scale range.

viscosity

log E(k)

larger scales

log k

inverse cascade

energy transferred to

forcing

−5/3
E(k)~k

E(k)~k
−3

enstrophy cascade

larger scale
damping

Figure 1.4: Schematics of the dual cascade energy spectrum in two-
dimensional turbulence.

Batchelor (1969) and Kraichnan (1967) also proposed the exis-
tence of another cascade in two-dimensional flows that is associated
with the transfer of the enstrophy to smaller scales through the for-
mation of thin vorticity filaments due to the large scale strain gen-
erating strong vorticity gradients. The enstrophy cascade ends at
a small length scale where enstrophy is dissipated by the diffusion
of vorticity due to molecular viscosity. Assuming a constant flux of
enstrophy gives an energy spectrum of the form E(k) ∼ θ2/3k−3 at
scales below the forcing scale, where θ = ν〈(∇ω)2〉 is the enstrophy
dissipation rate. Similarly to the energy dissipation rate in three-
dimensional turbulence the enstrophy dissipation rate converges to a
finite constant in the limit of vanishing viscosity. At finite viscosity
the enstrophy cascade ends at the length scale lZ = θ−1/6ν1/2.

Note that in contrast to the “rough” velocity field of three-dimen-
sional turbulence, the k−3 spectrum implies an almost everywhere
smooth velocity field at small scales such that δv(l) ∼ l (with loga-
rithmic corrections). This also means that at scales below the forcing
scale, within the enstrophy cascade range, the flow has a single char-
acteristic timescale: τ(l) ∼ l/δv(l) ≈ τ∗, which is independent of the
lengthscale l.
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The theoretically predicted dual cascade with two power-law re-
gimes in the kinetic energy spectrum (Fig. 1.4) has been reproduced
in numerical simulations and confirmed by laboratory experiments.
In some of the experiments spectra steeper than k−3 was observed
in the enstrophy cascade range. This deviation can be related to the
presence of additional damping at large scales, the so-called Ekman
friction. Since the theoretical description of this regime is very similar
to the problem of chemical decay in smooth flows we will return to
this later in Chapter 6.




