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Chapter 1

The Geometry of the Riemann

Curvature Tensor

1.1 Introduction

In Chapter 1, we present some basic results that we will be using subse-

quently; we also summarize some of the literature in the field. Throughout,

we define a number of tensors. In the interests of brevity, we shall only give

the non-zero entries up to the obvious symmetries. Here is a brief outline

to Chapter 1.

In Section 1.2, we define the curvature of a connection on a vector

bundle. We introduce affine manifolds and pseudo-Riemannian manifolds.

We discuss scalar Weyl invariants, holonomy, and geodesics.

In Section 1.3, we pass to the algebraic context and discuss algebraic cur-

vature tensors and algebraic covariant derivative curvature tensors. We in-

troduce the Weyl tensor and we discuss k-curvature models and k-curvature

homogeneity in both the affine and in the pseudo-Riemannian settings.

There are certain canonical curvature tensors which will play a crucial role

in our development. These are introduced in Section 1.3.2.

In Section 1.4, we give a brief survey of the literature concerning cur-

vature homogeneity. In Theorem 1.4.1, we recall results of Prüfer, Tricerri,

and Vanhecke (1996) relating the local scalar Weyl invariants to questions

of homogeneity in the Riemannian setting. In Theorem 1.4.2, we recall

a result of Singer (1960) and of Podesta and Spiro (1996) concerning k-

curvature homogeneity; the appropriate generalization to the affine setting

is given in in Theorem 1.4.3 which is due to Opozda (1996). Theorem 1.4.4

is due to Tricerri and Vanhecke (1986) in the Riemannian setting and to

Cahen, Leroy, Parker, Tricerri, and Vanhecke (1991) in the Lorentzian set-

ting and deals with manifolds which are 0-curvature modeled on irreducible

symmetric spaces. We conclude Section 1.4 with a survey of the literature.
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2 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

The subject is a vast one and we can provide only a very brief introduction

to the field. For further details, the reader is urged to consult Boeckx,

Kowalski, and Vanhecke (1996).

In Section 1.5, we summarize some needed results from linear algebra.

We review the notion of Jordan normal form and discuss the spectrum of a

linear operator. We show that given an arbitrary linear map T of a vector

space V of dimension m, that there exists a non-degenerate inner product

〈·, ·〉 on V with respect to which T is symmetric. We present some technical

results concerning ordinary differential equations.

In Section 1.6, we summarize some elementary results from differential

geometry. Let M1 = (V, 〈·, ·〉, A0, A1) be a 1-model. Here 〈·, ·〉 is a non-

degenerate inner product on a vector space V of dimension m, A0 is an

algebraic curvature tensor on V , and A1 is an algebraic covariant derivative

curvature tensor on V . In Lemma 1.6.2, we show that M1 is geometrically

realizable; this fact plays an important role in the discussion of Section 4.3.

We also introduce some technical facts concerning principal bundles.

Using symmetric and anti-symmetric bilinear forms, respectively, we de-

fine two families of algebraic curvature tensors that will play an important

role in our investigations. In Theorem 1.6.1, we establish a result of Fiedler

showing these algebraic curvature tensors span the vector space of all al-

gebraic curvature tensors. In Section 1.6.4, we turn to complex geometry

and give several equivalent conditions for the compatibility of an algebraic

curvature tensor with a pseudo-Hermitian almost complex structure; this

defines the notion of a compatible complex model. In Section 1.6.5, we in-

troduce the pseudo-spheres and pseudo-complex projective spaces; any real

or complex space form is locally isometric to one of these examples. Section

1.6.6 deals with conformal complex space forms. We conclude Section 1.6

in Section 1.6.7 with a quick review of Kähler geometry.

In Sections 1.7 and 1.8, we discuss natural operators related to the

curvature tensor and to the covariant derivative of the curvature tensor.

It is an interesting geometrical question to study when such an operator

has constant eigenvalues or, more generally, constant Jordan normal form

on the appropriate domain of definition. One often studies such questions

first in the algebraic setting and then subsequently passes to the geometric

setting; the second Bianchi identity then plays a crucial role in the analysis.

Here is a brief guide to some of the terminology that will be employed

subsequently. We use the word “Osserman” when the underlying opera-

tor is related to the Jacobi operator and the word “Ivanov–Petrova” when

the underlying operator is related to the skew-symmetric curvature opera-
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tor. We shall use the words “spacelike”, “timelike”, “mixed”, and “of type

(r, s)” as modifiers reflecting the underlying domain of the operator. Thus,

for example, the words “spacelike Osserman” will refer to the Jacobi op-

erator on spacelike unit vectors and the words “timelike Ivanov–Petrova”

will refer to the skew-symmetric curvature operator on timelike 2-planes.

We will add the modifier “Jordan” when instead of studying the eigenval-

ues we are studying the Jordan normal form of the operator. The words

“Tsankov” and “Videv” refer to various commutativity properties that will

be discussed subsequently in Chapter 6.

We will usually work first in the algebraic context by defining the notions

on a k-model. If M is a pseudo-Riemannian manifold, we add the modifier

“pointwise” if the structures in question have a given property on TP (M) for

each P ∈ M but if the eigenvalues (or Jordan normal form) are permitted

to vary with the point in question; the modifier “global” is added if in

fact the eigenvalues (or Jordan normal form) do not vary with the point in

question.

In Section 1.7, we discuss the Jacobi operator, the higher order Jacobi

operator, and the Weyl conformal Jacobi operator. In Section 1.8, we

treat the complex Jacobi operator, the skew-symmetric curvature operator,

the Stanilov operator (higher order skew-symmetric curvature operator),

the conformal skew-symmetric curvature operator, and the complex skew-

symmetric curvature operator. We conclude our discussion by dealing with

the Szabó operator.

In Section 1.9, we present various results concerning natural operators in

Riemannian Geometry and survey the literature. If Θ is a natural operator

of Riemannian geometry and if the natural domain D of Θ decomposes

into disjoint sets D1,... reflecting the various possible signatures, then one

can complexify and use analytic continuation to see that the eigenvalues

of Θ are constant on D1 if and only if they are constant on the remaining

Di. Thus, for example, spacelike Osserman and timelike Osserman are

equivalent conditions. We refer Theorem 1.9.1 for further details. In Section

1.9.2, we show k-Osserman manifolds are m − k Osserman and Einstein;

this is a useful duality result. In Section 1.9.3, we present work of Blažić

concerning natural operators with bounded spectrum. Let M0 be a 0-model

of signature (p, q) where p > 0 and q > 0. We show that if the Jacobi

operator of M0 has bounded spectrum on the pseudospheres of timelike or

spacelike unit vectors, then M0 is Osserman; similar results hold for the

other natural operators of Riemannian geometry.

We then survey the literature on the spectral geometry of the curvature
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4 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

tensor. The Osserman conjecture is discussed in Section 1.9.4, the higher

order Jacobi operator is discussed in Section 1.9.5, the conformal Jacobi

operator is discussed in Section 1.9.6, the Stanilov and Szabó operators are

discussed in Section 1.9.7, the skew-symmetric curvature operator is dis-

cussed in Section 1.9.8, the conformal skew-symmetric curvature operator

and the complex skew-symmetric curvature operator are discussed in Sec-

tion 1.9.9. As was true for curvature homogeneity, the subject is a vast one

and this section is only a very brief introduction; further information on

these questions may be found in Garćıa-Rı́o, Kupeli, and Vázquez-Lorenzo

(2002) and in Gilkey (2002).

1.2 Basic Geometrical Notions

In this section, we shall define the basic concepts and notions we will be

working with. Section 1.2.1 provides a brief introduction to linear algebra in

the indefinite context. Section 1.2.2 deals with vector bundles, connections,

and curvature. Section 1.2.3 introduces holonomy and parallel translation.

Affine manifolds, geodesics, and completeness are discussed in Section 1.2.4.

Section 1.2.5 is concerned with pseudo-Riemannian geometry, the Levi-

Civita connection, and the Riemann curvature tensor. In Section 1.2.6,

we use the metric to contract indices in pairs and construct scalar Weyl

invariants.

1.2.1 Vector spaces with symmetric inner products

Let V be a real vector space of dimension m. Let V ∗ be the dual vector

space and let End(V ) be the vector space of all linear maps from V to V ;

setting η∗ ⊗ ξ : v → η∗(v)ξ identifies

End(V ) = V ∗ ⊗ V .

Let Gl(V ) ⊂ End(V ) be the general linear group on V ; Gl(V ) is the Lie-

group of all invertible elements of End(V ); the Lie algebra gl(V ) of Gl(V )

is given by

gl(V ) = End(V ) .

Let Al(V ) be the group of invertible affine linear maps of V ; A ∈ Al(V ) if

and only if Ax = ax + b for some a ∈ Gl(V ) and some b ∈ V . We define

Gl(n) and Al(n) by taking V = Rn.
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Let 〈·, ·〉 ∈ S2(V ∗) equip V with a symmetric bilinear inner product. We

say that 〈·, ·〉 is non-degenerate if 〈φ1, φ2〉 = 0 for all φ2 ∈ V implies φ1 = 0.

We define a linear map from V to V ∗ by setting φ∗1(φ2) = 〈φ1, φ2〉. The

inner product is non-degenerate if and only if this map is an isomorphism

from V to V ∗.
Let 〈·, ·〉 be non-degenerate. Let End±(V, 〈·, ·〉) denote the subspaces of

symmetric (+) and anti-symmetric (−) linear maps;

End±(V, 〈·, ·〉) := {φ ∈ End(V ) : 〈φξ1, ξ2〉 = ±〈ξ1, φξ2〉 ∀ ξi ∈ V } .

Let O(V, 〈·, ·〉) be the associated orthogonal group;

O(V, 〈·, ·〉) = {T ∈ Gl(V ) : T ∗〈·, ·〉 = 〈·, ·〉} .

We let o(V ) denote the associated Lie algebra;

o(V ) = End−(V, 〈·, ·〉) .

We say that v ∈ V is spacelike, timelike, or null if (v, v) > 0, if (v, v) < 0,

or if (v, v) = 0, respectively. Let S±(V, 〈·, ·〉) be the pseudo-spheres of unit

spacelike (+) and timelike (−) vectors:

S±(V, 〈·, ·〉) := {v ∈ V : 〈v, v〉 = ±1} .

Similarly let N(V, 〈·, ·〉) be the null cone:

N(V, 〈·, ·〉) := {v ∈ V : 〈v, v〉 = 0} .

Let δ be the Kronecker symbol;

δab = δba :=

{
1 if a = b,

0 if a 6= b .

We can always find a basis B := {e−1 , ..., e−p , e+1 , ..., e+q } for V so that

〈e−i , e−j 〉 = −δij , 〈e−i , e+a 〉 = 0, and 〈e+a , e+b 〉 = δab .

Such a basis B is said to be an orthonormal basis for V . The pair (p, q) is

called the signature of V and is independent of the particular orthonormal

basis chosen. Note that p+ q = m. We say that 〈·, ·〉 has neutral signature

if p = q.

We can define an inner product of signature (p, q) on Rp+q by setting

〈~x, ~y〉 := −x1y1 − ...− xqyq + xq+1yq+1 + ...+ xp+qyp+q . (1.2.a)
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Let R(p,q) denote Rp+q with this particular inner product and let O(p, q)

be the associated orthogonal group. Choosing an orthonormal basis B for

V defines an isometry from V to R(p,q) that identifies the two Lie groups

O(V, 〈·, ·〉) = O(p, q) .

We say that π ⊂ V is a non-degenerate subspace of signature (r, s) if

the restriction of the inner product to the subspace π is non-degenerate

and has signature (r, s). Let Grr,s(V ) denote the Grassmannian of all

such subspaces and let Gr+r,s(V ) be the Grassmannian of all oriented such

subspaces; these Grassmannians are connected and non-trivial if

1 ≤ r + s ≤ m− 1, 0 ≤ r ≤ p, and 0 ≤ s ≤ q .

Such values of (r, s) will be said to be an admissible pair. Forgetting the

orientation defines a double cover

Z2 → Gr+r,s(V ) → Grr,s(V ) .

More generally, if we permit φ ∈ S2(V ∗) to be degenerate, we can

let kerφ := {ξ : φ(ξ, η) = 0 ∀ η}. We pass to the quotient V/ kerφ, to

see that we can construct a basis for V so that φ(ei, ej) = 0 for i 6= j

and so that φ(ei, ei) ∈ {0,±1}. If φ ∈ Λ2(V ∗), we can choose a basis

{e1, ..., er, f1, ..., fr, n1, ..., ns} so the non-zero entries in φ are φ(ei, fi) = 1.

1.2.2 Vector bundles, connections, and curvature

We shall work in the smooth context, unless otherwise noted. Thus the

words “M is a manifold” are to be understood to mean “M is a smooth

manifold”, the words “f is a function” are to be understood to mean “f is

a smooth function”, and so on. Occasionally, we shall have to restrict to

the real analytic context, but this will be clearly noted, as, for example, in

Theorem 2.2.2.

Let M be a connected manifold of dimension m. Let T (M) and T ∗(M)

be the tangent and cotangent bundles of M , respectively. If ξ ∈ C∞(T (M))

is a vector field on M and if ξ∗ ∈ C∞(T ∗(M)) is a 1-form on M , then the

natural pairing between cotangent and tangent vectors defines a function

ξ∗(ξ) ∈ C∞(M).

Let ρ : V →M be a vector bundle overM . Let VP be the fiber of V over

P ∈ M . Let V ∗ be the dual bundle of V and let S2(V ∗) be the bundle of
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symmetric 2-cotensors on V . Let End(V ) be the bundle of endomorphisms

of V . Let Λ(V ) be the exterior algebra bundle.

Let C∞(V ) be the space of sections to V . If φ ∈ C∞(V ), we shall

sometimes use the notation φP to denote the element φ(P ) ∈ VP . A section

g ∈ C∞(S2(V ∗)) defines a symmetric bilinear inner product on V . We say

g is non-degenerate if gP ∈ S2(V ∗
P ) is non-degenerate for every P ∈M .

Let ∇ be a connection on V . If ξ ∈ C∞(T (M)) is a tangent vector field

on M and if φ ∈ C∞(V ) is a section to V , then ∇ξφ is once again a section

to V . Let f ∈ C∞(M). Then ∇ is bilinear, function linear in the first

argument, and behaves like a derivation in the second argument:

∇{ξ1+ξ2}{φ1 + φ2} = ∇ξ1φ1 + ∇ξ1φ2 + ∇ξ2φ1 + ∇ξ2φ2,

∇fξφ = f∇ξφ, and ∇ξ{fφ} = f∇ξφ+ {ξ(f)}φ .

In particular, if ξ1(P ) = ξ2(P ), then

{∇ξ1φ}(P ) = {∇ξ2φ}P .

Covariant differentiation is a local operator. If O is an open subset of M ,

if ξ1|O = ξ2|O, and if φ1|O = φ2|O, then

∇ξ1φ1|O = ∇ξ2φ2|O .

We extend ∇ to act naturally on the associated tensor bundles.

For example, the induced connections on C∞(V ∗), on C∞(S2(V ∗)), on

C∞(End(V )), and on C∞(Λ(V )) are characterized, respectively, by the

identities:

{∇ξφ
∗}φ = ξ{φ∗(φ)} − φ∗(∇ξφ),

{∇ξg}(φ1, φ2) = ξ{g(φ1, φ2)} − g(∇ξφ1, φ2) − g(φ1,∇ξφ2),

{∇ξE}(φ) = ∇ξ{Eφ} −E{∇ξφ},
∇ξ{w1 ∧ w2} = {∇ξw1} ∧ w2 + w1 ∧ {∇ξw2} .

Let ρ2 : V2 → M2 be a vector bundle over M2. Let f : M1 → M2. The

pull-back bundle f∗V2 is the vector bundle over M1 defined by

f∗(V2) := {(P1, v2) ∈M1 × V2 : f(P1) = ρ2(v2)}

with the projection ρ1(P1, v2) := P1 from f∗(V2) to M1. If φ2 ∈ C∞(V2),

then the pull-back section is given by:

f∗(φ2)(P1) := (P1, φ2(f(P2))) .
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8 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

If g2 ∈ S2(V ∗
2 ) defines a non-degenerate fiber metric on V2, then the pull-

back f∗g2 is a non-degenerate fiber metric on V1 which is defined by:

f∗(g2)((P1, v2), (P1, w2)) = g2(v2, w2) .

If ∇ is a connection on V2, then the pull-back connection f∗∇ is character-

ized by the identity:

{(f∗∇)ξ1f
∗φ}(P1) = (P1, {∇f∗ξ1φ}(f(P1))) .

If ξ1, ξ2 ∈ C∞(T (M)), let [ξ1, ξ2] := ξ1ξ2 − ξ2ξ1 be the Lie bracket. Let

R be the curvature operator:

R(ξ1, ξ2) := ∇ξ1∇ξ2 −∇ξ2∇ξ1 −∇[ξ1,ξ2] .

The curvature is tensorial; {R(ξ1, ξ2)φ}(P ) depends only on ξ1(P ), on

ξ2(P ), and on φ(P ). If {ei} is a local frame for T (M) and if {φa} is a

local frame for V , then

R
(∑

i

uiei,
∑

j

viej

){∑

a

waφa

}
=
∑

i,j,a

uivjwaR(ei, ej)φa .

We may regard

R ∈ C∞(T ∗M ⊗ T ∗M ⊗ V ∗ ⊗ V ) .

Let V be trivial over an open subset O. Let {φ1, ..., φs} be a local frame

for V |O and let x = (x1, ..., xm) be local coordinates on O. Decompose

∇∂xi
φa =

∑

b

ωia
bφb . (1.2.b)

The connection 1-form ω completely describes the connection ∇ on O. Let

ξ =
∑
i ξ
i∂xi be a vector field on O and let φ =

∑
a α

aφa be a section to V

on O; here ξi, αa ∈ C∞(O). One has:

∇ξφ =
∑

i,a

ξi∂xi{αa}φa +
∑

i,a,b

ξiαaωia
bφb .

The curvature tensor may then be described by:

R(∂xi , ∂xj )φa =
∑

b

Rija
bφb

where

Rija
b := ∂xiωja

b − ∂xjωia
b +

∑

c

(ωic
bωja

c − ωjc
bωia

c) .



THE GEOMETRY OF CURVATURE HOMOGENEOUS PSEUDO-RIEMANNIAN MANIFOLDS 
© Imperial College Press
http://www.worldscibooks.com/mathematics/p503.html

February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

The Geometry of the Riemann Curvature Tensor 9

If V = TM , one has Christoffel symbols for ∇:

∇∂xi
∂xj =

∑

k

Γij
k∂xk . (1.2.c)

Denote the ith covariant derivative of the curvature operator by

∇iR ∈ C∞(⊗i+2T ∗(M) ⊗ V ∗ ⊗ V ) .

We shall use the following notations for the evaluation:

(∇iR)(ξ1, ξ2; ξ3, ..., ξi+2)φ or ∇ξi+2 ...∇ξ3R(ξ1, ξ2)φ .

One has inductively that

(∇iR)(ξ1, ..., ξi+2)φ

= ∇ξi+2{(∇i−1R)(ξ1, ..., ξi+1)φ} − (∇i−1R)(ξ1, ..., ξi+1)∇ξi+2φ

−
i+1∑

j=1

(∇i−1R)(ξ1, ...,∇ξi+2ξj , ..., ξi+1)φ .

It is immediate from the definition that if i ≥ 2, then one has the following

commutation formula for covariant differentiation

(∇iR)(ξ1, ..., ξi+1, ξi+2) − (∇iR)(ξ1, ...., ξi+2, ξi+1)

= R(ξi+2, ξi+1){(∇i−2R)(ξ1, ξ2, ..., ξi)}
−∑1≤j≤i(∇i−2R)(ξ1, ...,R(ξi+2, ξi+1)ξj , ..., ξi)

−{(∇i−2R)(ξ1, ..., ξi)}R(ξi+2, ξi+1) .

(1.2.d)

Thus, for example, we have

(∇2R)(ξ1, ξ2; ξ3, ξ4) − (∇2R)(ξ1, ξ2; ξ4, ξ3)

= R(ξ4, ξ3)R(ξ1, ξ2) −R(ξ1, ξ2)R(ξ4, ξ3)

− R(R(ξ4, ξ3)ξ1, ξ2) −R(ξ1,R(ξ4, ξ3)ξ2) .

Fix a non-singular symmetric inner product g ∈ C∞(S2(V ∗)) on the

vector bundle V . We say that ∇ is Riemannian if ∇g = 0. In terms of

the connection 1-form defined in Eq. (1.2.b), this means equivalently that

relative to any orthonormal frame field {φ1, ..., φs} that

ωia
b + ωib

a = 0 .

If ∇ is Riemannian, then R is skew-symmetric:

0 = g(R(ξ1, ξ2)φ1, φ2) + g(φ1,R(ξ1, ξ2)φ2) .
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10 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

In the special case that V = T (M), we say that ∇ is torsion free if

∇ξ1ξ2 −∇ξ2ξ1 = [ξ1, ξ2] .

Equivalently in the notation of Eq. (1.2.c), this means that relative to a

coordinate frame {∂x1 , ..., ∂xm}, we have the symmetry property:

Γij
k = Γji

k .

We set

Γijk :=
∑

l

gklΓij
l = g(∇∂xi

∂xj , ∂xk) .

There is a unique torsion free Riemannian connection on T (M) which is

called the Levi-Civita connection; the Christoffel symbols of the Levi-Civita

connection are given in Eq. (1.2.f).

1.2.3 Holonomy and parallel translation

Let ∇ be a connection on a vector bundle V . Let γ be a curve in M . We

say that a section ξ(t) to V along γ is parallel if ∇γ̇(t)ξ(t) = 0. If {φa}
is a local frame field, we may expand ξ(t) =

∑
a ξ

a(t)φa(γ(t)). Expand

γ(t) = (γ1(t), ..., γm(t)) in a system of local coordinates. Then ξ is parallel

if and only if

0 = ξ̇a(t) +
∑

b,i

γ̇i(t)ξb(t)ωib
a(γ(t)) = 0 ∀a .

Consequently, given ξ ∈ Vγ(0)(M), there is a unique parallel section ξ(t)

along γ with ξ(0) = ξ0. The map Pγ : ξ0 → ξ(1) is called parallel transla-

tion; Pγ defines a linear isomorphism from Vγ(0) to Vγ(1). We say that γ is

a closed loop at P ∈M if γ(0) = γ(1) = P . Let

HP := {Pγ : γ(0) = γ(1) = P} ⊂ Gl(VP )

be the holonomy group at P . Since M is connected, the isomorphism class

of the Lie group HP is independent of the point P ∈M .

Let g ∈ C∞(S2(V ∗)) be a non-degenerate inner product on the vector

bundle V and let ∇ be a Riemannian connection. The holonomy group is

then a subgroup of the orthogonal groupO(VP , gP ) since parallel translation

preserves the inner product.
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The Geometry of the Riemann Curvature Tensor 11

The holonomy is said to be reducible if there exists a proper invariant

subspace; this means there exists V1 ⊂ VP so that

0 ( V1 ( VP and HPV1 = V1 .

Otherwise, the holonomy is said to be irreducible. The holonomy is said

to be decomposable if there is a non-trivial invariant decomposition of VP .

This means that we can find a decomposition VP = V1 ⊕ V2 with

0 ( Vi ( TPM and HPVi = Vi .

Otherwise the holonomy is said to be indecomposable. If the connection

is Riemannian with respect to a positive definite inner product, these two

notions coincide. These notions are distinct for indefinite metrics, see, for

example, the discussion in Section 3.2.

1.2.4 Affine manifolds, geodesics, and completeness

Let ∇ be a torsion free connection on T (M). The pair F := (M,∇) is

said to be an affine manifold. An affine manifold F is said to be reducible,

irreducible, decomposable, or indecomposable when the holonomy has this

property.

We say that a curve γ in M is a geodesic if γ̇ is a parallel vector field

along γ; this means that γ solves the geodesic equation ∇γ̇ γ̇ = 0. Let

γ = (γ1(t), ..., γm(t)) be a curve. Then γ is a geodesic if and only if

0 = γ̈k +
∑

ij

γ̇iγ̇jΓij
k for 1 ≤ k ≤ m. (1.2.e)

Thus the fundamental theorem of ordinary differential equations shows that

given P ∈M and given ξ0 ∈ TPM , there is a unique geodesic γP,ξ so that

γP,ξ(0) = P and γ̇P,ξ(0) = ξ0 .

Two torsion free connections ∇ and ∇̌ are said to be projectively equiva-

lent if their unparametrized geodesics coincide or equivalently by Eisenhart

(1964), if there exists a 1-form Θ̂ so that

∇̌vu−∇vu = Θ̂(u)v + Θ̂(v)u.

If γ is a curve and if s ∈ R+, we rescale γ to define the curve γs by

setting γs(t) = γ(st). If γ is a geodesic, then γs is once again a geodesic.

Since γs(0) = P and γ̇s(0) = sγ̇(0), γP,ξ(st) = γP,sξ(t). Consequently by

the fundamental theorem of ordinary differential equations, there exists an
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12 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

open neighborhood O of O ∈ TPM so that γP,ξ(t) exists for |t| ≤ 1 and for

all ξ ∈ O. We define the exponential map

expP : O → M by expP (ξ) := γP,ξ(1) .

It is then immediate that γP,ξ(t) = expP (tξ). The map ξ → expP (ξ) defines

a coordinate system on M ; such coordinates are called geodesic coordinates

centered at P . Straight lines through the origin are geodesics in these

coordinate systems.

We say that an affine manifold F is geodesically complete if all geodesics

extend for infinite time; this means that expP is defined on all of TPM

for any point P in M . We say that F is strongly geodesically convex if

there exists a unique geodesic between any two points of M ; F is complete

and strongly geodesically convex if and only if the exponential map is a

diffeomorphism from TPM to M for any P ∈M .

Let ρ(u, v) := Tr{y → R(y, u)v} be the Ricci tensor. This tensor need

not be symmetric for a general affine connection; ∇ is Ricci symmetric if

and only if ∇ locally admits a parallel volume form, see Pinkall, Schwenk-

Schellschmidt, and Simon (1994) for details. If f ∈ C∞(M), then the

Hessian H∇(f) ∈ C∞(S2(T ∗M)) is defined by

H∇(f)(u, v) := u(v(f)) − df(∇uv) .

The Hessian is symmetric if and only if ∇ is torsion free.

One says M = (M, g) exhibits Ricci blowup if there exists a geodesic γ

whose parameter range is [0, T ) for T <∞ and where

lim sup
t→T

|ρ(γ̇, γ̇)| = ∞ .

Necessarily such a manifold is incomplete; it may not be embedded as an

open subset of a complete affine manifold. Examples of locally homogeneous

3-dimensional Lorentz manifolds with Ricci blowup are given in Theorem

3.2.1.

1.2.5 Pseudo-Riemannian manifolds

Let g ∈ C∞(S2(T ∗(M))). We say that g is a pseudo-Riemannian metric

of signature (p, q) on M if gP is a non-degenerate symmetric inner product

of signature (p, q) on TPM for every point P of M . The pair M := (M, g)

is said to be a pseudo-Riemannian manifold of signature (p, q). Note that

p+ q = m. We say that M is a Riemannian manifold if p = 0; we say that
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M is a Lorentzian manifold if p = 1. Every manifold admits a Riemannian

metric. There are topological obstructions to admitting metrics of higher

signature. For example, if M is compact, then M admits a Lorentzian

metric if and only if the Euler-Poincaré characteristic of M vanishes. In

Theorem 4.2.3, we relate the signature of indefinite metrics on spheres to

the Adams number.

The Levi-Civita connection on M is a connection on T (M) which is

characterized by the following properties:

∇ξ1ξ2 −∇ξ2ξ1 = [ξ1, ξ2] [torsion free]

ξ3g(ξ1, ξ2) = g(∇ξ3ξ1, ξ2) + g(ξ1,∇ξ3ξ2) [Riemannian] .

Let x = (x1, ..., xm) be a system of local coordinates on M . Set

gij := g(∂xi , ∂xj )

and let gij be the inverse matrix;

∑

j

gijg
jk = δki .

Introduce Christoffel symbols Γijk := g(∇∂xi
∂xj , ∂xk ). We then have

Γijk = 1
2{∂xjgik + ∂xigjk − ∂xkgij} . (1.2.f)

It is then easily checked that

Γijk = Γjik so ∇ is torsion free,

Γijk + Γikj = ∂xigjk so ∇ is Riemannian .

One has that

∇∂xi
∂xj =

∑

k

Γij
k∂xk where Γij

k =
∑

`

g`kΓij` .

Relative to the coordinate frame, the Lie bracket is trivial and the

derivatives of the metric encode the Levi-Civita connection. With an or-

thonormal frame {ei}, the reverse is true. Let [ei, ej ] =
∑
k Cijkek describe

the Lie bracket of a local orthonormal frame. We then have

∇eiej =
∑

k

1
2{Cijk − Cjki + Ckij}ek .
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14 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

The corresponding affine structure is given by taking F(M) := (M,∇)

and the curvature tensor R ∈ ⊗4(T ∗(M)) of M is defined by setting:

R(ξ1, ξ2, ξ3, ξ4) := g(R(ξ1, ξ2)ξ3, ξ4) .

This satisfies the usual curvature symmetries:

R(ξ1, ξ2, ξ3, ξ4) = −R(ξ2, ξ1, ξ3, ξ4) = R(ξ3, ξ4, ξ1, ξ2),

0 = R(ξ1, ξ2, ξ3, ξ4) +R(ξ2, ξ3, ξ1, ξ4) +R(ξ3, ξ1, ξ2, ξ4) .
(1.2.g)

The first relations are Z2 symmetries, the final relation is the first Bianchi

identity. Relative to a coordinate frame,

R(∂xi , ∂xj )∂xk =
∑

`

Rijk
`∂x` and R(∂xi , ∂xj , ∂xk , ∂x`) = Rijk`

where Rijk` =
∑
n gn`Rijk

n and where

Rijk
` = ∂xiΓjk

` − ∂xjΓik
` +

∑

n

{
Γin

`Γjk
n − Γjn

`Γik
n
}
.

We set

ker(R) := {η ∈ TM : R(η, ξ1, ξ2, ξ3) = 0 ∀ ξi ∈ TM} .

We define the covariant derivative ∇R ∈ C∞(⊗5T ∗(M)) by setting

∇R(ξ1, ξ2, ξ3, ξ4; ξ5) := g(∇ξ5R(ξ1, ξ2)ξ3, ξ4) .

This tensor has the symmetries

∇R(ξ1, ξ2, ξ3, ξ4; ξ5) = −∇R(ξ2, ξ1, ξ3, ξ4; ξ5)

= ∇R(ξ3, ξ4, ξ1, ξ2; ξ5),

0 = ∇R(ξ1, ξ2, ξ3, ξ4; ξ5) + ∇R(ξ2, ξ3, ξ1, ξ4; ξ5)

+∇R(ξ3, ξ1, ξ2, ξ4; ξ5),

0 = ∇R(ξ1, ξ2, ξ3, ξ4; ξ5) + ∇R(ξ1, ξ2, ξ4, ξ5; ξ3)

+∇R(ξ1, ξ2, ξ5, ξ3; ξ4) .

(1.2.h)

The first relations are Z2 symmetries, the next relation is the covariant

derivative of the first Bianchi identity, and the final relation is the second

Bianchi identity. The tensors ∇iR ∈ C∞(⊗4+iT ∗(M)) for i > 1 are defined

similarly.

Let R be the curvature operator. The Jacobi operator is given by:

J (ξ) : η → R(η, ξ)ξ .



THE GEOMETRY OF CURVATURE HOMOGENEOUS PSEUDO-RIEMANNIAN MANIFOLDS 
© Imperial College Press
http://www.worldscibooks.com/mathematics/p503.html

February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

The Geometry of the Riemann Curvature Tensor 15

Let σ be a geodesic in M. A vector field Y along σ is said to be a Jacobi

vector field if the Jacobi equation is satisfied:

Ÿ + J(σ̇)Y = 0 .

The fundamental theorem of ordinary differential equations shows that a

Jacobi vector field Y along a curve is specified by Y (0) and by Ẏ (0).

Jacobi vector fields arise in the study of geodesic sprays. We say that

T : [a, b] × [c, d] → M is a geodesic spray if the curves σv : u → T (u, v) are

geodesics for every v ∈ [c, d]. The following is well known:

Lemma 1.2.1

(1) Let T be a geodesic spray. Then T∗(∂v) is a Jacobi vector field along

σv for every v.

(2) Let Y (u) be a Jacobi vector field along a geodesic σ : [0, T ] →M . Then

there exists ε > 0 and a geodesic spray T : [0, ε] × [0, ε] → M so that

σ(u) = T (u, 0) and so that Y (u) = T∗(∂v)|v=0 for u ∈ [0, ε].

One can symmetrize the Jacobi or polarize the Jacobi operator to define

J (x, y) : η → 1
2{R(η, x)y + R(η, y)x} .

Note that ρ(x, y) = Tr{J (x, y)} and J (x) = J (x, x). We say that M is

Einstein if there is a constant c1 so that ρ = c1g. We say that M is k-stein

if there exist constants ci such that

Tr{J (ξ)i} = cig(ξ, ξ)
i for all ξ ∈ T (M) and 1 ≤ i ≤ k .

This definition is motivated by the observation that 1-stein and Einstein

are equivalent notions as noted by Carpenter, Gray, and Willmore (1982).

1.2.6 Scalar Weyl invariants

Let ∇kR be the kth covariant derivative of the curvature operator defined

by the Levi-Civita connection. Let x := (x1, ..., xm) be local coordinates

on M . Expand

∇∂xj1
...∇∂xjl

R(∂xi1 , ∂xi2 )∂xi3 = Ri1i2i3
k
;j`,...,j1∂xk

where we adopt the Einstein convention and sum over repeated indices.

Scalar invariants of the metric can be formed by using the metric tensors

gij and gij to fully contract all indices. For example, one may use the
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16 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

Einstein convention to define the scalar curvature τ , the norm of the Ricci

tensor |ρ|2, and the norm of the full curvature tensor |R|2 by:

τ := gijRkij
k,

|ρ|2 := gi1j1gi2j2Rki1j1
kRli2j2

l, and (1.2.i)

|R|2 := gi1j1gi2j2gi3j3gi4j4Ri1i2i3
i4Rj1j2j3

j4 .

Such invariants are called Weyl invariants; if all possible such invariants

vanish, then M = (M, g) is said to be VSI (vanishing scalar invariants).

In Chapter 2, we will discuss a number of families of pseudo-Riemannian

manifolds. Many of these families will have vanishing scalar invariants;

the task then is to construct other invariants to distinguish them. For

example, in Theorem 2.3.2, we consider the following family of manifolds.

Let (x, y, x̃, ỹ) be coordinates on R4, let f ∈ C∞(R), and let Mf := (R4, gf )

where gf is the metric of neutral signature (2, 2) on R4 given by:

gf (∂x, ∂x) = −2f(y), gf (∂x, ∂x̃) = gf (∂y, ∂ỹ) = 1 .

We show that these manifolds all have vanishing scalar invariants. Assume

that f (3) 6= 0. For k ≥ 2, set:

αk(f) :=
{
f (k+2){f (2)}k−1{f (3)}−k

}
.

We shall show presently that:

(1) If there is a local isometry Φ : Mf1 → Mf2 with Φ(P1) = P2, then

αk(f1)(P1) = αk(f2)(P2) for all integers k ≥ 2.

(2) If f1 and f2 are real analytic and if αk(f1)(P1) = αk(f2)(P2) for all

integers k ≥ 2, then there is an isometry Φ : Mf1 → Mf2 such that

Φ(P1) = P2.

1.3 Algebraic Curvature Tensors and Homogeneity

Section 1.3.1 deals with algebraic curvature tensors and covariant derivative

algebraic curvature tensors. In Section 1.3.2, we introduce the canonical

curvature tensors associated to a symmetric or an anti-symmetric bilinear

form. In Section 1.3.3, we decompose the action of the orthogonal group

on the space of algebraic curvature tensors to define the Weyl conformal

curvature tensor. The notion of a k-curvature model Mk is introduced in

Section 1.3.4; this encodes information on the covariant derivatives of the

curvature up to order k. In Section 1.3.5, various notions of homogeneity
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are presented. In Section 1.3.6 we introduce the notion of a Killing vector

field; in Section 1.3.7 we discuss nilpotent curvature.

1.3.1 Algebraic curvature tensors

Let V be a real vector space of dimension m which is equipped with a

non-singular inner product 〈·, ·〉.

Definition 1.3.1 A 4-tensor A ∈ ⊗4V ∗ is said to be an algebraic curva-

ture tensor if it satisfies the relations of Eq. (1.2.g); this means that

(1) A(ξ1, ξ2, ξ3, ξ4) = −A(ξ2, ξ1, ξ3, ξ4).

(2) A(ξ1, ξ2, ξ3, ξ4) +A(ξ2, ξ3, ξ1, ξ4) +A(ξ3, ξ1, ξ2, ξ4) = 0.

(3) A(ξ1, ξ2, ξ3, ξ4) = −A(ξ1, ξ2, ξ4, ξ3).

(4) A(ξ1, ξ2, ξ3, ξ4) = A(ξ3, ξ4, ξ1, ξ2).

Let {e1, ..., en} be a basis for V . We set gij := 〈ei, ej〉. If A ∈ ⊗4(V ∗),
we set Aijkl := A(ei, ej , ek, el). The components gij determine the inner

product; the components Aijkl determines the tensor A. If A is an algebraic

curvature tensor, then the Ricci tensor is defined by

ρA(ξ1, ξ2) =
∑

jk

gjkA(ξ1, ej , ek, ξ2) .

There is a bit of redundancy in Definition 1.3.1.

Lemma 1.3.1 Let A ∈ ⊗4V ∗. Suppose that Properties (1) and (2) of

Definition 1.3.1 are satisfied. Then the following assertions are equivalent:

(1) A(ξ1, ξ2, ξ3, ξ4) = −A(ξ1, ξ2, ξ4, ξ3).

(2) A(ξ1, ξ2, ξ3, ξ4) = A(ξ3, ξ4, ξ1, ξ2).

Proof. Assume that (1) holds. Let ξi ∈ V . Set

A(ξ1, ξ2, ξ3, ξ4) = a1, A(ξ3, ξ4, ξ1, ξ2) = a1 + ε1,

A(ξ1, ξ3, ξ2, ξ4) = a2, A(ξ2, ξ4, ξ1, ξ3) = a2 + ε2,

A(ξ2, ξ3, ξ1, ξ4) = a3, A(ξ1, ξ4, ξ2, ξ3) = a3 + ε3 .

We then use the first Bianchi identity to compute:

0 = A(ξ1, ξ2, ξ3, ξ4) +A(ξ2, ξ3, ξ1, ξ4) +A(ξ3, ξ1, ξ2, ξ4)

= a1 − a2 + a3,

0 = A(ξ1, ξ2, ξ4, ξ3) +A(ξ2, ξ4, ξ1, ξ3) +A(ξ4, ξ1, ξ2, ξ3)

= −a1 + a2 − a3 + ε2 − ε3,
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18 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

0 = A(ξ1, ξ3, ξ4, ξ2) +A(ξ3, ξ4, ξ1, ξ2) +A(ξ4, ξ1, ξ3, ξ2)

= −a2 + a1 + a3 + ε1 + ε3,

0 = (ξ2, ξ3, ξ4, ξ1) +A(ξ3, ξ4, ξ2, ξ1) +A(ξ4, ξ2, ξ3, ξ1)

= −a3 − a1 + a2 − ε1 + ε2.

This yields the relations:

0 = ε2 − ε3 = ε1 + ε3 = −ε1 + ε2

from which it follows that ε1 = ε2 = ε3 = 0 which establishes Assertion

(2). The implication (2) ⇒ (1) is immediate. �

Definition 1.3.2 A 5-tensor A1 ∈ ⊗5V ∗ is said to be a covariant deriva-

tive algebraic curvature tensor if it satisfies the relations of Eq. (1.2.h):

(1) A1(ξ1, ξ2, ξ3, ξ4; ξ5) = −A1(ξ2, ξ1, ξ3, ξ4; ξ5).

(2) A1(ξ1, ξ2, ξ3, ξ4; ξ5) +A1(ξ2, ξ3, ξ1, ξ4; ξ5) +A1(ξ3, ξ1, ξ2, ξ4; ξ5) = 0.

(3) A1(ξ1, ξ2, ξ3, ξ4; ξ5) +A1(ξ1, ξ2, ξ4, ξ5; ξ3) +A1(ξ1, ξ2, ξ5, ξ3; ξ4) = 0.

(4) A1(ξ1, ξ2, ξ3, ξ4; ξ5) = −A1(ξ1, ξ2, ξ4, ξ3; ξ5).

(5) A1(ξ1, ξ2, ξ3, ξ4; ξ5) = A1(ξ3, ξ4, ξ1, ξ2; ξ5).

The same argument used to prove Lemma 1.3.1 shows that (4) and

(5) are equivalent in Definition 1.3.2 given that (1) and (2) hold. One

sets Alg0(V ) ⊂ ⊗4V ∗ (respectively Alg1(V ) ⊂ ⊗5V ∗) to be the space

of all algebraic curvature tensors (respectively of all algebraic covariant

derivative tensors). We do not introduce the spaces Algk(V ) for k ≥ 2 as

the symmetries are more complicated and involve lower order terms as is

shown by Eq. (1.2.d).

In the study of affine geometry, one has the following notion:

Definition 1.3.3 We say that A ∈ ⊗2V ∗ ⊗ End(V ) = ⊗3V ∗ ⊗ V is an

affine curvature operator if

(1) A(ξ1, ξ2)ξ3 = −A(ξ2, ξ1)ξ3.

(2) A(ξ1, ξ2)ξ3 + A(ξ2, ξ3)ξ1 + A(ξ3, ξ1)ξ2 = 0.

(3) Tr{A(ξ1, ξ2)} = 0.

In the presence of an inner product 〈·, ·〉 on V , one can lower indices

and define A ∈ ⊗4V ∗ by the identity:

A(ξ1, ξ2, ξ3, ξ4) = 〈A(ξ1, ξ2)ξ3, ξ4〉 .

Let Fg be the set of such tensors; they are characterized by the properties:

(1) A(ξ1, ξ2, ξ3, ξ4) = −A(ξ2, ξ1, ξ3, ξ4).



THE GEOMETRY OF CURVATURE HOMOGENEOUS PSEUDO-RIEMANNIAN MANIFOLDS 
© Imperial College Press
http://www.worldscibooks.com/mathematics/p503.html

February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

The Geometry of the Riemann Curvature Tensor 19

(2) A(ξ1, ξ2, ξ3, ξ4) +A(ξ2, ξ3, ξ1, ξ4) +A(ξ3, ξ1, ξ2, ξ4) = 0.

(3)
∑
kl g

klAijkl = 0.

Let S2
0(V ∗, 〈·, ·〉) be the vector space of trace free symmetric bilinear

forms. If A ∈ Fg and if S ∈ Λ2(V ∗) ⊗ S2
0(V ∗, 〈·, ·〉), let

πs(A)ijkl = 1
2{Aijkl +Aijlk} ∈ Λ2(V ∗) ⊗ S2

0(V ∗, 〈·, ·〉),
α(S)ijkl := 1

2{Skjil + Sikjl − Sljik − Siljk} ∈ Λ2(Λ2(V ∗)) .

One then has the following relationship between the spaces Alg0 and Fg as

representation spaces for the orthogonal group as shown by Blažić, Gilkey,

Nikěcvić, and Simon (2006):

Lemma 1.3.2 There is a natural short exact sequence

0 → Alg0 → Fg
πs−→Λ2(V ∗) ⊗ S2

0(V ∗, 〈·, ·〉) → 0 .

The map Id +α splits the projection πs.

Proof. If A ∈ ker(πs), then A satisfies:

Aijkl = −Ajikl, Aijkl +Ajkil +Akijl = 0, Aijkl = −Aijlk .

By Lemma 1.3.1, Aijkl = Aklij and thus A is an algebraic curvature tensor.

Conversely, of course, if A ∈ Alg0, then Aijkl +Aijlk = 0. Thus

ker(πs) ∩ Fg = Alg0 .

If S ∈ Λ2(V ∗) ⊗ S2
0(V ∗, 〈·, ·〉), let T = α(S). We have

Tijkl = 1
2{Skjil + Sikjl − Sljik − Siljk},

Tjikl = 1
2{Skijl + Sjkil − Slijk − Sjlik} = −Tjikl,

Tklij = 1
2{Silkj + Skilj − Sjlki − Skjli} = −Tijkl .

Thus α(S) ∈ Λ2(Λ2(V ∗)). In particular πsα(S) = 0 so

πs(id +α) = Id on Λ2(V ∗) ⊗ S2
0(V ∗, 〈·, ·〉) .



THE GEOMETRY OF CURVATURE HOMOGENEOUS PSEUDO-RIEMANNIAN MANIFOLDS 
© Imperial College Press
http://www.worldscibooks.com/mathematics/p503.html

February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

20 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

To prove that S + α(S) ∈ Fg, we need only check that the first Bianchi

identity is satisfied:

(id +α)Sijkl + (id +α)Sjkil + (id +α)Skijl

= Sijkl + Sjkil + Skijl

+ 1
2{Skjil + Sikjl + Sjikl + Sikjl + Sjikl + Skjil}

− 1
2{Sljik + Slkji + Slikj + Siljk + Sjlki + Sklij}

= 0 .

The orthogonally equivariant decomposition

Fg = Alg0 ⊕ Λ2(V ∗) ⊗ S2
0(V ∗, 〈·, ·〉)

of the Lemma now follows. �

This decomposition is not irreducible. The map α can be used to define

a natural short exact sequence

0 → {Λ2(V ∗) ⊗ S2
0(V ∗, 〈·, ·〉)} ∩ Fg → Λ2(V ∗) ⊗ S2(V ∗)

α−→Λ2
0(Λ

2(V ∗)) → 0

which is split by the map

β(T )ijkl := 1
2 (Tkjil − Tkijl)

where

Λ2
0(Λ

2(V ∗)) := β−1{Λ2(V ∗) ⊗ S2
0(V ∗, 〈·, ·〉) .

Thus we may decompose

Fg = Alg0 ⊕
{
{Λ2(V ∗) ⊗ S2

0(V ∗, 〈·, ·〉)} ∩ Fg
}
⊕ Λ2

0(Λ
2V ∗)

as a representation space of the orthogonal group. This leads to the follow-

ing result of Blažić, Gilkey, Nikěcvić, and Simon (2006):

Theorem 1.3.1

(1) There is an O(V, 〈·, ·〉) equivariant orthogonal decomposition of

Fg ≈W1 ⊕W2 ⊕W4 ⊕W5 ⊕W6 ⊕W7 ⊕W8

as the direct sum of irreducible O(V, 〈·, ·〉) modules where:
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dim{W1} = 1,

dim{W2} = dim{W5} = 1
2 (m− 1)(m+ 2),

dim{W4} = 1
2m(m− 1),

dim{W6} = 1
12m(m+ 1)(m− 3)(m+ 2),

dim{W7} = 1
8 (m− 1)(m− 2)(m+ 1)(m+ 4),

dim{W8} = 1
8m(m− 1)(m− 3)(m+ 2).

(2) There are the following isomorphisms as O(〈·, ·〉) modules:

(a) W1 ≈ R.

(b) W2 ≈W5 ≈ S2
0(V ∗, 〈·, ·〉).

(c) W4 ≈ Λ2(V ∗).
(d) W6 = {A ∈ Alg0 : ρA = 0} = Weyl conformal curvature tensors.

(e) W8 ≈ {Θ ∈ ⊗4V ∗ : Θijkl = −Θjikl = −Θklij , g
ilΘijkl = 0}.

The module W7 is a bit more difficult to describe explicitly and we refer

to Blažić, Gilkey, Nikěcvić, and Simon (2006) for details. The notation is

taken from that established by Bokan (1990); if one drops the condition

that gklAijkl = 0, one then obtains the space of curvature tensors R(V )

and has

R(V ) = Fg(V ) ⊕W3 where W3 ≈ Λ2(V ∗) .

We shall return to this class again in Section 6.3 in our discussion of Jacobi

Tsankov tensors.

1.3.2 Canonical curvature tensors

Let S2(V ∗) and Λ2(V ∗) be the spaces of symmetric and anti-symmetric

bilinear forms on V . If Φ+ ∈ S2(V ∗) and if Φ− ∈ Λ2(V ∗), define 4-tensors

AΦ+(x, y, z, w) := Φ+(x,w)Φ+(y, z) − Φ+(x, z)Φ+(y, w),

AΦ−(x, y, z, w) := Φ−(x,w)Φ−(y, z) − Φ−(x, z)Φ−(y, w)

−2Φ−(x, y)Φ−(z, w) .

(1.3.a)

Define a corresponding linear map φ ∈ End(V ) so that 〈φx, y〉 = Φ(x, y);

if Φ ∈ S2(V ∗), then φ ∈ End+(V, 〈·, ·〉) is symmetric; if Φ ∈ Λ2(V ∗), then

φ ∈ End−(V, 〈·, ·〉) is skew-symmetric. The associated curvature operators

are then defined by

AΦ+(x, y)z := 〈φ+y, z〉φ+x− 〈φ+x, z〉φ+y,

AΦ−(x, y)z := 〈φ−y, z〉φ−x− 〈φ−x, z〉φ−y − 2〈φ−x, y〉φ−z .
(1.3.b)



THE GEOMETRY OF CURVATURE HOMOGENEOUS PSEUDO-RIEMANNIAN MANIFOLDS 
© Imperial College Press
http://www.worldscibooks.com/mathematics/p503.html

February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

22 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

In Lemma 1.6.3 we will show that these tensors are algebraic curvature

tensors and in Theorem 1.6.1, we will show that

Alg0 = Spanφ+∈S2(V ∗){Aφ+} = Spanφ−∈Λ2(V ∗){Aφ−};

this result is originally due to Fiedler (2003a). If φ = c Id and, correspond-

ingly, if Φ = c〈·, ·〉, then A is said to have constant sectional curvature c.

The curvature tensor of constant sectional curvature +1 will be denoted by

A〈·,·〉(x, y, z, w) := 〈x,w〉〈y, z〉 − 〈x, z〉〈y, w〉 .

Algebraic curvature tensors defined by a symmetric bilinear form appear

in hypersurface theory. Let Mm be a hypersurface in Rm+k. We work in

the positive definite setting, but there is a natural pseudo-Riemannian gen-

eralization. Fix a point P ∈M and choose an orthonormal basis {ν1, ..., νk}
for the normal plane at P . Let

Li(ξ1, ξ2) := 〈dξ1ξ2, νi〉

be the second fundamental form defined by νi at P ; this is a symmetric

bilinear form on TPM . We then have:

RP =

k∑

i=1

RLi .

The curvature tensors which arise from skew-symmetric bilinear forms

also have geometric significance. Let 〈·, ·〉 be a Riemannian inner product

on V . Let F = {J1, ..., J`} be a Clifford family on V . Here the Ji are skew-

symmetric endomorphisms of V which satisfy the Clifford commutation

relations:

JiJj + JjJi = −2δij Id .

The Ji form an anti-commuting family of Hermitian almost complex struc-

tures on V . Given real constants ci, following Eq. (1.3.a), one defines:

A := c0A〈·,·〉 +
∑̀

i=1

ciAJi .

We shall show presently in Lemma 1.6.3 that A ∈ Alg0(V ). Such a curva-

ture tensor is said to be given by a Clifford family.

Let CPn and HPn denote complex projective space and quaternionic

projective space. We endow these spaces with the Fubini–Study. Let J be

the natural almost complex structure on CPn and let {J1, J2, J3} be the
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natural quaternionic structure on HPn. We then have, see Section 1.6.5 for

details,

RCPn = RId +RJ and RHPn = RId +RJ1 +RJ2 +RJ3 .

1.3.3 The Weyl conformal curvature tensor

There is a natural representation of the orthogonal group O(V, 〈·, ·〉) on the

space of algebraic curvature tensors. This representation is not irreducible

but decomposes as the direct sum of 3 irreducible representations which

we can describe as follows. It is not necessary to assume the metric in

question is positive definite. Let gij := 〈ei, ej〉 and let gij be the inverse

matrix relative to some basis {ei} for V . Let A be an algebraic curvature

tensor on V . The associated Ricci tensor ρA and scalar curvature τA are

then defined by contracting indices:

ρA(x, y) := gijA(x, ei, ej , y) and τA := gijρA(ei, ej) .

One then has O(V, 〈·, ·〉) equivariant maps

σρ : A → ρA ∈ S2(V ∗) and στ : A→ τA ∈ R .

The space of algebraic Weyl curvature tensors

W(V, 〈·, ·〉) := ker(σρ)

is an irreducible representation space for O(V, 〈·, ·〉) and:

Alg0(V ) = W(V, 〈·, ·〉) ⊕ S2(V ∗)

as an O(V, 〈·, ·〉) representation space. Note that W is the space W6 of

Theorem 1.3.1. The further decomposition of S2(V ∗) as the direct sum of

the trace free tensors and the scalar multiples of the identity then completes

the decomposition of Alg0(V ) as a direct sum of irreducible O(V, 〈·, ·〉)
modules. More explicitly, one sets S2

0(V ∗, 〈·, ·〉) := ker(τA) and then uses

τA to decompose

S2(V ∗) = S2
0(V ∗, 〈·, ·〉) ⊕ R .

This then leads to the full decomposition

Alg0(V ) = W(V, 〈·, ·〉) ⊕ S2
0(V ∗, 〈·, ·〉) ⊕ R .
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Orthogonal projection πW from ⊗4V ∗ to W(V, 〈·, ·〉) is given by:

πW(A)(x, y, z, w) = A(x, y, z, w)

− 1
m−2{ρA(x,w)〈y, z〉 + 〈x,w〉ρA(y, z)}

+ 1
m−2{ρA(x, z)〈y, w〉 + 〈x, z〉ρA(y, w)}

+ 1
(m−1)(m−2)τA{〈x,w〉〈y, z〉 − 〈x, z〉〈y, w〉} .

If M is a pseudo-Riemannian manifold, then πWR is said to be the asso-

ciated Weyl conformal curvature tensor. Let g1 = αg2 be a conformally

equivalent metric where α ∈ C∞(M) is a positive function. The Weyl

conformal curvature tensor W ∈ ⊗4(T ∗(M)) simply rescales:

Wg1(x, y, z, w) = αWg2 (x, y, z, w) .

We may summarize the relevant facts we need as follows:

Lemma 1.3.3 Alg0(V ) is an irreducible Gl(V ) module. As an O(V, 〈·, ·〉)
module, we may decompose Alg0(V ) = W(V, 〈·, ·〉) ⊕ S2

0(V ∗, 〈·, ·〉) ⊕ R.

1.3.4 Models

Suppose given Ai ∈ ⊗4+iV ∗ for 0 ≤ i ≤ k. We assume A0 ∈ Alg0(V )

and A1 ∈ Alg1(V ) but impose no relations on Ai for i ≥ 2 as giving the

requisite symmetries would be unnecessarily complex. Let

Mk := (V, 〈·, ·〉, A0, A1, ..., Ak)

be the associated k-model. If k = ∞, then the string is infinite. If M1
k

(respectively M2
k) is a k-model defined on a vector space V 1 (respectively

on V 2), then φ is said to be an isomorphism from M1
k to M2

k if φ is a linear

isomorphism from V 1 to V 2 so that

φ∗{〈·, ·〉2} = 〈·, ·〉1 and φ∗{A2
i } = A1

i for 0 ≤ i ≤ k .

The notion of an affine k-model is defined similarly. The inner product 〈·, ·〉
plays no role and instead of considering Ai ∈ ⊗4+i(V ∗), one considers

Ai ∈ ⊗3+i(V ∗) ⊗ V = ⊗2+iV ∗ ⊗ End(V )

which are algebraic counterparts of ∇iR. If Mk is a k-model, we can define

the associated affine k-model Fk by using the inner product to raise indices

to define Ai ∈ ⊗2+iV ∗ ⊗ End(V ). In the interests of notational simplicity,

we set A := A0 and A := A0. In the interests of brevity, we shall sometimes
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say that M is a model if it is a 0-model or that F is an affine model if it is

an affine 0-model.

A model Mk is said to be decomposable if there exists a non-trivial

orthogonal decomposition V = V1 ⊕ V2 that induces a direct sum decom-

position Ai = Ai,1 ⊕ Ai,2 for 1 ≤ i ≤ k; if Mk is not decomposable, then

Mk is said to be indecomposable. Similarly an affine model Fk is said

to be decomposable if there exists a non-trivial direct sum decomposition

V = V1 ⊕ V2 that induces a decomposition Ai = Ai,1 ⊕Ai,2.

If P is a point of a pseudo-Riemannian manifold M, one defines the

associated k-model Mk(M, P ) by setting:

Mk(M, P ) := (TPM, gP , RP , ...,∇kRP ) .

This is a purely algebraic structure which encodes the covariant derivatives

of the curvature operator up to order k at P as well as describing the inner

product on TP (M). Similarly if F is an affine manifold, one defines the

affine k-model of Fk(F , P ) at P ∈M by setting:

Fk(F , P ) := (TPM,RP , ...,∇kRP ) . (1.3.c)

Many geometric properties have algebraic counterparts. For example,

if F0 is an affine 0-model, one may define the Jacobi operator J and the

Ricci tensor ρ, by setting, respectively,

J (v1, v2) : v3 → 1
2{A(v3, v1)v2 + A(v3, v2)v1},

J (v) := J (v, v), and ρ(v1, v2) := TrJ (v1, v2) .

We say that M0 is Einstein if ρ = c〈·, ·〉; we say that M0 is k-stein if there

exist constants ci so that

Tr{J (v)i} = ci〈v, v〉i for 1 ≤ i ≤ k .

Let M1 be a 1-model. We will show in Section 4.3 that M1 is geometri-

cally realizable; this means that there exists a pseudo-Riemannian manifold

M and that there is a point P ∈M so that M1 is isomorphic to M1(M, P ).

Thus the relations of Eqs. (1.2.g) and (1.2.h) are the only universal relations

that R and ∇R satisfy; the relations that ∇2R satisfy are more complicated

owing to the intertwining relation given in Eq. (1.2.d). We refer to Belger

and Kowalski (1994) for further details.

Let M and F be k-models. Let Gl(M) and Gl(F) be the Lie group of all

isomorphisms M and F; let gl(M) and gl(F) be the associated Lie-algebras.
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If T ∈ End(V ), extend T to act on the tensor algebra as a derivation. We

then have:

gl(F) = {T ∈ End(V ) : T · Ai = 0 for 0 ≤ i ≤ k},
gl(M) = {T ∈ End(V ) : T · 〈·, ·〉 = 0, T · Ai = 0 for 0 ≤ i ≤ k} .

Let F be a family of k-models. We assume an object α(Mk) is associated

to each Mk ∈ F . We say that α is an invariant of the family if M1
k

isomorphic to M2
k implies α(M1) = α(M2). For example, |ρ|2 is a scalar

invariant of the family of all 0-models. We shall often omit specifying the

family F if it is clear from the context.

1.3.5 Various notions of homogeneity

A pseudo-Riemannian manifold M = (M, g) is said to be k-curvature ho-

mogeneous if Mk(M, P ) and Mk(M, Q) are isomorphic for any two points

P,Q ∈ M . We say that Mk is a k-model for M if Mk is isomorphic to

Mk(M, P ) for any P in M . Clearly M is k-curvature homogeneous if and

only if it admits a k-model. In the interests of brevity, we shall sometimes

simply say that M is curvature homogeneous if it is 0-curvature homoge-

neous.

One says that M is locally homogeneous if for any two points P,Q ∈M ,

there are neighborhoods UP and UQ of P and Q in M , respectively, and

an isometry ψ from UP to UQ such that ψP = Q. One says that M is

homogeneous if UP = UQ = M and thus ψ is globally defined.

If H is a homogeneous space, let M(H) := Mk(H, Q) for any point

Q ∈ H ; the isomorphism class of M(H) is independent of the point Q ∈ H .

Let M be another pseudo-Riemannian manifold which is not necessarily

locally homogeneous. We say that M is k-modeled on H and that M(H) is

a k-model for M if Mk(H) and Mk(M, P ) are isomorphic for any P ∈M .

There are similar notions in the affine context. In Theorem 3.2.1, we

use work of Gilkey and Nikčević (2005d) to exhibit a complete Lorentzian

manifold which is 1-affine modeled on a homogeneous Lorentz manifold, 0-

curvature modeled on an indecomposable symmetric Lorentzian manifold,

and which is not 1-curvature homogeneous. Thus affine curvature homo-

geneity and curvature homogeneity are different notions. In Sections 2.9

and 2.10, we present examples which are k-curvature homogeneous but not

k + 1-affine curvature homogeneous where k is arbitrarily large.

One can weaken the notion of curvature homogeneity slightly. Suppose
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given Ai ∈ ⊗4+i(V ∗). One says that M is weakly k-curvature homogeneous

if for every point P ∈ M , there is an isomorphism Φ : TPM → V so that

Φ∗Ai = ∇iRP . There is no requirement that Φ preserve an inner product.

In Section 2.4, examples are given which show that affine curvature homo-

geneity and weak curvature homogeneity are different notions; the metric

is required to lower indices.

In the Riemannian setting, a homogeneous manifold is necessarily com-

plete. This is not true in the higher signature context. In Theorem 2.3.6,

we will give an example of a manifold of signature (2, 2) which is not ho-

mogeneous, but which contains a proper dense open submanifold O so that

O is homogeneous; necessarily O is incomplete.

Let G(M) (respectively G(F), G(Mk), G(Fk)) be the group of isome-

tries (respectively affine diffeomorphisms or isomorphisms) of a pseudo-

Riemannian manifold M (respectively of an affine manifold F , of a k-model

Mk, or of an affine k-model Fk). We let g(·) be the associated Lie algebra.

Let GP (M) (respectively GP (F)) be the isotropy subgroup fixing a point

P of M . If M or F are homogeneous, then there are natural identifications

M = G(M)/GP (M) and F = G(F)/GP (F) .

1.3.6 Killing vector fields

Let M be a pseudo-Riemannian manifold. We say that X ∈ C∞(T (M)) is

a Killing vector field on M if

g(∇ξX, η) + g(∇ηX, ξ) = 0 for all ξ, η ∈ C∞(T (M)) .

If ξ ∈ g(M), then necessarily ξ is a Killing vector field. The implication can

be reversed in the real analytic context for generalized plane wave manifolds

as we shall see shortly. In Theorem 2.3.6, we study the Lie algebra for a

family of real analytic pseudo-Riemannian manifolds of signature (2, 2). All

are 1-curvature homogeneous and 0-modeled on the same indecomposable

symmetric space. Some are symmetric, some are homogeneous, and some

are inhomogeneous.

One says that M is a local symmetric space if ∇R = 0; local symmetric

spaces are locally homogeneous. One says that M is a symmetric space if

∇R = 0 and if M is complete; symmetric spaces are homogeneous – see

Theorem 2.2.3 for a special case of this result.
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1.3.7 Nilpotent curvature

The eigenvalue 0 plays a distinguished role in the study of the Jacobi

operator. We say that a 0-model M0 is spacelike nilpotent Osserman if

0 is the only eigenvalue of J (v) or equivalently if J (v)m = 0 for any

v ∈ S+(V, 〈·, ·〉). The notion timelike nilpotent Osserman is defined sim-

ilarly; we will show in Theorem 1.9.1 that these are equivalent notions.

By using the appropriate operators, one can define the notions of higher

order nilpotent Osserman of type (r, s), nilpotent Ivanov–Petrova of type

(r, s), nilpotent Stanilov of type (r, s), and nilpotent Szabó similarly; only

the value k = (r + s) is relevant. In Section 3.5, we give examples of

pseudo-Riemannian manifolds which are Jacobi nilpotent or Szabó nilpo-

tent of arbitrarily high order.

1.4 Curvature Homogeneity – a Brief Literature Survey

In this section, we provide a brief review of some well known results related

to curvature homogeneity that we shall need subsequently.

1.4.1 Scalar Weyl invariants in the Riemannian setting

As discussed in Section 1.2.6, we can form scalar invariants by contracting

indices in pairs in the covariant derivatives of the curvature tensor; for

example, the scalar curvature τ , the norm of the Ricci tensor |ρ|2, and the

norm of the full curvature tensor |R|2 are given by

τ := gijRkij
k,

|ρ|2 := gi1j1gi2j2Rki1j1
kRli2j2

l, and

|R|2 := gi1j1gi2j2gi3j3gi4j4Ri1i2i3
i4Rj1j2j3

j4

where we adopt the Einstein convention and sum over repeated indices. All

scalar invariants of the metric arise in this fashion, see, for example, the

treatment in Atiyah, Bott, and Patodi (1973) or in Weyl (1946).

In the Riemannian setting, the scalar Weyl invariants determine the

local geometry of the manifold. We refer to Prüfer, Tricerri, and Vanhecke

(1996) for the proof of the following result:

Theorem 1.4.1 (Prüfer, Tricerri, and Vanhecke) If all local scalar

Weyl invariants up to order 1
2m(m − 1) are constant on a Riemannian



THE GEOMETRY OF CURVATURE HOMOGENEOUS PSEUDO-RIEMANNIAN MANIFOLDS 
© Imperial College Press
http://www.worldscibooks.com/mathematics/p503.html

February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

The Geometry of the Riemann Curvature Tensor 29

manifold M, then M is locally homogeneous and M is determined up to

local isometry by these invariants.

This result fails in the pseudo-Riemannian setting; Koutras and McIn-

tosh (1996) and Pravda, Coley, and Milson (2002) have exhibited examples

of non-flat manifolds all of whose scalar Weyl invariants vanish. We shall

exhibit many other families of pseudo-Riemannian manifolds subsequently

where this result fails. In Theorem 2.2.1, we shall show that all the scalar

invariants of a generalized plane wave manifold vanish. Nevertheless, there

are non-trivial scalar invariants of certain families of generalized plane wave

manifolds which are not of Weyl type. We refer to Theorems 2.3.4, 2.4.1,

2.5.2, 2.7.2, 2.8.1, 2.9.3, and 2.10.2 for examples of pseudo-Riemannian

manifolds which are not flat but all of whose scalar Weyl invariants van-

ish. The primary technical difficulty is, of course, constructing isometry

invariants which are not of Weyl type.

1.4.2 Relating curvature homogeneity and homogeneity

It is clear that local homogeneity implies k-curvature homogeneity for any

k. The following result is due to Singer (1960) in the Riemannian setting

and to Podesta and Spiro (1996) in the general context:

Theorem 1.4.2 [Singer, Podesta and Spiro] There exists an integer

kp,q so that if M is a complete simply connected pseudo-Riemannian man-

ifold of signature (p, q) which is kp,q-curvature homogeneous, then (M, g) is

homogeneous.

The integer kp,q is called the Singer number. We will show in Section 2.9

that kp,q ≥ min(p, q). There is some evidence to suggest that the correct

estimate is in fact kp,q = min(p, q) + 1. For example, in Theorem 3.2.1

(7), we give an example of a 3-dimensional Lorentzian manifold which is

1-curvature homogeneous but not curvature homogeneous.

There is a related result in the affine setting in the real analytic context

due to Opozda (1997). Let gl(Fk(F , P )) be the Lie-algebra of the k-affine

curvature model at P defined in Eq. (1.3.c). One says that the curvature

sequence stabilizes at level k0 if

gl(Fk(F , P )) = gl(Fk0(F , P )) for every k ≥ k0 .

Theorem 1.4.3 (Opozda) Let F be a real analytic affine manifold.

Assume that F is k-affine curvature homogeneous and that the curvature
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sequence stabilizes at level k − 1. Then F is locally affine homogeneous.

Theorem 1.4.3 shows that if the dimension m of (M,∇) is fixed, then

there is an integer kF (m) for which k-affine curvature homogeneity implies

affine homogeneity; this number is called the Opozda number. The examples

of Section 2.9 show kF(2p+ 6) ≥ p+ 3 for p ≥ 0.

1.4.3 Manifolds modeled on symmetric spaces

One says that a pseudo-Riemannian manifold M is a local symmetric space

if ∇R = 0; a complete local symmetric space is said to be a symmetric

space. If M is a simply connected symmetric space, then the geodesic

involution is an isometry and M is a homogeneous space. One has the

following rigidity result of Tricerri and Vanhecke (1986) in the Riemannian

setting and of Cahen, Leroy, Parker, Tricerri, and Vanhecke (1991) in the

Lorentzian setting:

Theorem 1.4.4

(1) Tricerri and Vanhecke A Riemannian curvature homogeneous man-

ifold which is 0-curvature modeled on an irreducible symmetric space is

locally symmetric.

(2) Cahen et al. A Lorentzian curvature homogeneous manifold which

is 0-curvature modeled on an irreducible symmetric space has constant

sectional curvature.

For example, any manifold of constant sectional curvature is modeled on

a pseudo-sphere. Similarly manifold which is modeled on a pseudo-complex

projective space is locally isometric to a pseudo-complex projective space.

These are rigid geometries. We refer to Lemmas 1.6.7 and 1.6.8 for further

details.

On the other hand, there exist curvature homogeneous spaces modeled

on indecomposable symmetric spaces which are not even locally homoge-

neous. For example, in Section 2.10, we shall construct neutral signature

generalized plane wave metrics on R4p+6 which are 0-modeled on an in-

decomposable symmetric space, which are (p+ 2)-curvature homogeneous,

and which are not p+ 3 affine curvature homogeneous. We refer to Bueken

(1997a), Bueken and Djoric (2000), Bueken and Vanhecke (1997), Cahen,

Leroy, Parker, Tricerri, and Vanhecke (1991) for additional work.
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1.4.4 Historical survey

Here is a very brief and necessarily incomplete introduction to the his-

tory of this subject. There are 2-curvature homogeneous affine manifolds

which are not locally affine homogeneous, see, for example, Garćia-Río, Ku-

peli, Vázquez-Abal, and Vázquez-Lorenzo (1999), Kowalski, Opozda, and

Vlášek (1999), Kowalski, Opozda, and Vlášek (2000), Kowalski, Opozda,

and Vlášek (2004), and Opozda (1996).

In the Riemannian setting (p = 0), Takagi (1974) showed that there are

0-curvature homogeneous complete non-compact manifolds which are not

locally homogeneous; subsequently Ferus, Karcher, and Münzner (1981)

exhibited compact examples. Many other examples are known Calvaruso,

Marinosci, and Perrone (2000), Kowalski and Prüfer (1994), Kowalski,

Tricerri, and Vanhecke (1992a), Kowalski, Tricerri, and Vanhecke (1992b),

Tomassini (1997), Tricerri (1988), Tsukada (1988), Vanhecke (1991). There

are no known Riemannian manifolds which are 1-curvature homogeneous

but not locally homogeneous.

In the Lorentzian setting (p = 1), Cahen, Leroy, Parker, Tricerri, and

Vanhecke (1991) showed that there exist curvature homogeneous mani-

folds which are not locally homogeneous; Bueken and Djoric (2000) and

Bueken and Vanhecke (1997) showed there exist 1-curvature homogeneous

Lorentzian manifolds which are not locally homogeneous. One could conjec-

ture that a 2-curvature homogeneous Lorentzian manifold must be locally

homogeneous.

The constants kp,q of Theorem 1.4.2 were first studied in the Rieman-

nian setting. Singer (1960) proved that k0,m < 1
2m(m − 1); subsequently

Yamato (1989) established the the bound 3m − 5 and Gromov (1986) es-

tablished the bound 3
2m−1. Work of Sekigawa, Suga, and Vanhecke (1992)

and Sekigawa, Suga, and Vanhecke (1995) showed that any 1-curvature ho-

mogeneous complete simply connected Riemannian manifold of dimension

m < 5 is homogeneous; thus k0,2 = k0,3 = k0,4 = 1. We refer to Boeckx,

Kowalski, and Vanhecke (1996) for further details concerning k-curvature

homogeneous manifolds in the Riemannian setting.

In the higher signature setting, results of Gilkey and Nikčević (2004d)

can be used to show kp,q ≥ min(p, q). One could conjecture that in fact

kp,q = min(p, q) + 1.

Opozda (1997) exhibited a 2-dimensional example showing that 1-affine

curvature homogeneity does not imply local homogeneity; it is also known

that if F is an analytic 2-dimensional affine manifold which is 2-affine cur-
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vature homogeneous and if ∇ has symmetric Ricci tensor, then F is locally

homogeneous. The examples we shall construct presently also show that in

general, the Opozda number is unbounded as the dimension is allowed to

increase.

1.5 Results from Linear Algebra

In Section 1.5.1, results are given concerning the spectral theory of linear

maps which are symmetric or anti-symmetric with respect to a Riemannian

(positive definite) inner product. Spectral theory and traces are related in

Section 1.5.2 and the Jordan normal form is discussed in Section 1.5.3. In

Section 1.5.4 it is shown that if T is an arbitrary linear map of a vector space

V , then there exists a non-degenerate inner product on V relative to which

T is symmetric. In Section 1.5.5, a technical result is established which is

needed subsequently in Chapter 2. It is demonstrated that any solution to

the ordinary differential equation h′′ = kh′h′, where k is constant, has the

form

h = aeλy + h0 or h = a(y + b)c + h0 .

1.5.1 Symmetric and anti-symmetric operators

Let V be a vector space of dimension m which is equipped with a Rie-

mannian (positive definite) inner product 〈·, ·〉. The conjugacy class of a

symmetric or of an anti-symmetric linear map is determined in this setting

by the eigenvalue structure. The following is well known:

Lemma 1.5.1 Let 〈·, ·〉 ∈ S2(V ∗) be positive definite.

(1) Let T ∈ End+(V, 〈·, ·〉) be a symmetric linear map. There exists an

orthonormal basis {ei} for V and λi ∈ R so Tei = λiei. If λ = maxi λi
or if λ = mini λi, then Tv = λv if and only if 〈v, Tv〉 = λ|v|2.

(2) Let T ∈ End−(V, 〈·, ·〉) be a skew-symmetric linear map. There exists

orthonormal basis {e+1 , e−1 , ..., e+` , e−` , f1, ..., fk} for V and λi ∈ R+ so

Te+i = λie
−
i , T e−i = −λie+i , and Tfj = 0 .

1.5.2 The spectrum of an operator

Let T ∈ End(V ). In general, of course, T is not diagonalizable. We say

that a is an eigenvalue of T if det(T − a Id) = 0. We let the spectrum
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of T denote the collection of eigenvalues where each eigenvalue is repeated

according to multiplicity. The following is a useful observation. We omit

the proof and refer instead to Lemma 2.1.6 in Gilkey (1995).

Lemma 1.5.2 Let T1, T2 ∈ End(V ). The following assertions are equiv-

alent.

(1) T1 and T2 have the same spectrum.

(2) Tr(T i1) = Tr(T i2) for 1 ≤ i ≤ dim(V ).

1.5.3 Jordan normal form

Let J(k, a) be the Jordan block of size k for a real eigenvalue a ∈ R:

J(k, a) :=




a 1 0 ... 0 0

0 a 1 ... 0 0

... ... ... ... ... ...

0 0 0 ... a 1

0 0 0 ... 0 a



. (1.5.a)

We define a Jordan block of size 2k×2k corresponding to the pair of complex

conjugate eigenvalues {a+
√
−1b, a−

√
−1b} by first setting

Aa,b :=

(
a b

−b a

)
, and I2 :=

(
1 0

0 1

)

and then setting

J(k, a, b) :=




Aa,b I2 0 ... 0 0

0 Aa,b I2 ... 0 0

... ... ... ... ... ...

0 0 0 ... Aa,b I2
0 0 0 ... 0 Aa,b



. (1.5.b)

We refer to Adkins and Weintraub (1992) for the proof of the following:

Lemma 1.5.3 Let T be a linear transformation of a vector space V .

Relative to a suitably chosen basis for V , T decomposes as a direct sum of

the Jordan blocks described in Eqs. (1.5.a) and (1.5.b). Furthermore, the

unordered collection of Jordan blocks is determined by T .

The Jordan normal form of T is the unordered collection of Jordan

blocks described in Lemma 1.5.3. We say that two linear maps T and T̃ of
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V are Jordan equivalent if any of the following three equivalent conditions

are satisfied:

(1) There exist bases B = {e1, ..., em} and B̃ = {ẽ1, ..., ẽm} for V so that

the matrix representation of T with respect to the basis B is equal to

the matrix representation of T̃ with respect to the basis B̃.

(2) There exists an isomorphism ψ of V so T = ψT̃ψ−1; this means that

T and T̃ are conjugate.

(3) The Jordan normal forms of T and T̃ are equal.

1.5.4 Self-adjoint maps in the higher signature setting

Let 〈·, ·〉 ∈ S2(V ∗) have signature (p, q). In the positive definite setting

(p = 0), the Jordan normal form of a symmetric linear map is determined

by the eigenvalue structure since T is diagonalizable. Similarly, if T is

skew-symmetric, then the eigenvalue structure is determined since T can

be written as the direct sum of blocks of the form

(
0 b

−b 0

)
and (0) .

However, the eigenvalue structure does not determine the Jordan normal

form of a symmetric map or of a skew-symmetric map in the higher sig-

nature setting (p > 0 and q > 0). In fact, there is no obstruction to an

operator being symmetric in the higher signature setting:

Lemma 1.5.4 Let T ∈ End(V ). There exists a non-degenerate inner

product 〈·, ·〉 ∈ S2(V ∗) so that T is symmetric with respect to 〈·, ·〉.

Proof. By Lemma 1.5.3, T can be decomposed as the sum of Jordan

blocks. Consequently, it suffices to prove Lemma 1.5.4 for the special cases

T = J(k, a) and T = J(k, a, b) described in Eqs. (1.5.a) and (1.5.b).

Let {e1, ..., ek} be the standard basis for Rk. The Jordan block J(k, a)

defines the linear transformation:

J(k, a)ei :=

{
aei + ei−1 if i > 1,

aei if i = 1 .

We define a non-degenerate inner product 〈·, ·〉 on Rk by setting:

〈ei, ej〉 := δi+j,k+1 .
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Since J(k, a) = a · Id +J(k, 0), and since Id is symmetric with respect to

any inner product, we may take a = 0. We have

〈J(k, 0)ei, ej〉 = δi−1+j,k+1 .

As this is symmetric in the indices i and j, the desired result follows.

To study the Jordan block J(k, a, b), let {e1, f1, ..., ek, fk} be the usual

basis for R2k. Then

J(k, a, b)ei =

{
aei − bfi + ei−1 if i > 1,

aei − bfi, if i = 1,

J(k, a, b)fi =

{
bei + afi + fi−1 if i > 1,

bei + afi, if i = 1.

We define the inner product

〈ei, ej〉 = δi+j,k+1,

〈ei, fj〉 = 0 for all i, j,

〈fi, fj〉 = −δi+j,k+1 .

We may decompose J(k, a, b) = J(k, 0, 0) + B where Bei = aei − bfi and

Bfi = bei + afj . The proof that J(k, 0, 0) is symmetric is the same as that

given above to show J(k, 0) is symmetric and is therefore omitted; the bases

{e1, ..., ek} and {f1, ..., fk} do not interact. To show that B is symmetric,

we compute:

〈Bei, ej〉 = aδi+j,k+1, 〈Bfi, fj〉 = −aδi+j,k+1,

〈Bei, fj〉 = bδi+j,k+1, 〈ei, Bfj〉 = bδi+j,k+1 .

This establishes the desired relations. �

1.5.5 Technical results concerning differential equations

Lemma 1.5.5 Let O be a connected open subset of R and let h ∈ C∞(O).

Assume that h′ 6= 0 and that hh′′(h′)−2 is constant. Then either one has

that h(y) = aeλy or one has that h(y) = a(y + b)c.

Proof. We have the equation h′′h = kh′h′. Thus

∫
h′′

h′ = k
∫
h′

h so ln(h′) = k ln(h) + β so

h′ = eβhk so
∫
h′

hk
= eβy + γ .
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If k = 1, this implies ln(h) = eβy + γ or equivalently h = eγee
βy which

leads to an exponential solution. If k 6= 1, then h1−k = (1 − k)(eβy + γ);

this leads to a solution involving powers of a translate of y. �

We shall need the following two results in Section 3.2 to study the

geodesic structure on certain 3-dimensional Lorentz manifolds.

Lemma 1.5.6 Let h : R → (−∞, 0) be smooth. Let [0, T ) be the maximal

domain of the solution y to the ordinary differential equation y′′ = h(y)

where y(0) = y0 and y′(0) = y′0. If T <∞, then

lim
t→T

y(t) = lim
t→T

y′(t) = −∞ and lim sup
y→T

∣∣∣∣
h(y(t))

y(t)

∣∣∣∣ = ∞ .

Proof. Since y′′ < 0, y′ is monotonically decreasing and y is bounded

from above on [0, T ). Suppose first that y is bounded from below on [0, T ).

This implies that y′′ is bounded and hence y′ is bounded as well on [0, T ).

Let

y1 = lim inf
t→T

y(t) and y′1 = lim
t→T

y′(t) .

The fundamental theorem of ordinary differential equations shows that

there exists κ > 0 so that if |z1 − y1| < κ and if |z′1 − y′1| < κ then

there exists a solution z to the equation z′′ = h(z) with initial conditions

z(s) = z1 and z′(s) = z′1 which is valid on the interval [s, s+κ). We choose

s ∈ (T − 1
2κ, T ) so that |y(s) − y1| < κ and |y′(s) − y′1| < κ .

Let z′′ = h(z) be defined on [s, s + κ) with z(s) = y(s) and z′(s) = y′(s).
Then z extends y to the region [0, T+ 1

2κ) which contradicts the assumption

that [0, T ) was a maximal domain.

Thus y is not bounded from below on [0, T ) so limt→T y
′(t) = −∞.

Consequently, y is monotonically decreasing for t close to T so one has as

well that limt→T y(t) = −∞. Suppose

lim sup
t→T

h(y(t))

y(t)
<∞ .
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This means that there exists C < ∞ so |h(y(t))| ≤ C|y(t)| on [t0, T ). We

then have

{ln |y(t)|}′′ =

{
y′(t)

y(t)

}′
=
y′′(t)

y(t)
−
{
y′(t)

y(t)

}2

=
h(y(t))

y(t)
−
{
y′(t)
y(t)

}2

≤ C .

This implies ln |y(t)| is bounded from above and hence |y(t)| is bounded

from above on [t0, T ) which is false. This contradiction shows

lim supt→T
h(y(t))
y(t) = ∞. �

We shall also need the following result:

Lemma 1.5.7 Let h : R → (−∞, 0) be smooth.

(1) Let α > 0. Let {tn}n≥1 be a sequence of real numbers with t1 = 1 and

with tn+1 − tn ≥ nα for n ≥ 1. Then tn ≥ n1+α

(1+α)21+α .

(2) Let ε > 0 and δ > 0. Suppose that h(y) < −ε|y|1+δ for y ≤ −1. Let

[0, T ) be the maximal domain of definition for the solution y to the

ordinary differential equation y′′ = h(y) with initial conditions given

by y(0) = −1 and y′(0) = −1. Then T <∞ and limt→T y(t) = −∞.

Proof. We prove Assertion (1) by induction on n; it holds trivially for

n = 1. We take n ≥ 2 and use the comparison test to compute:

tn > tn − t1 =

n∑

k=2

{
tk − tk−1

}
≥
∫ n

1

(x− 1)αdx

=
(n− 1)1+α

1 + α
=

n1+α

(1 + α)(1 + 1
n−1 )1+α

≥ n1+α

(1 + α)21+α
.

To prove Assertion (2), we suppose first T = ∞ and argue for a contra-

diction. Choose τ ≥ 1 so that

τε ≥ 21+δ/2(1 + δ/2) .

With our initial conditions, y′′ < 0 so y′ is monotonically decreasing and

y′ ≤ −1. This implies y decreases monotonically. Let ∆n = τ · n−1−δ/2.
Let s1 = 0 and let sn+1 = sn + ∆n for n ≥ 2. As δ > 0,

S := lim
n→∞

sn =

∞∑

n=1

τn−1−δ/2 <∞ .

Consider the following statements:
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(1)n y
′(sn) ≤ −n1+δ/2.

(2)n y(sn) ≤ −n.

(3)n y
′(sn+1) − y′(sn) ≤ −21+δ/2(1 + 1

2δ)n
δ/2.

We establish these statements by induction on n. Statements (1)n and (2)n
hold n = 1 by the choice of our initial conditions. Since y and y′ decrease

monontonically, we may estimate

y′′(s) ≤ −ε|y(s)|1+δ ≤ −ε|y(sn)|1+δ ≤ −εn1+δ for s ∈ [sn, sn+1],

y′(sn+1) − y′(sn) ≤ −∆nεn
1+δ = −τn−1−δ/2εn1+δ

≤ −21+δ/2(1 + δ/2)nδ/2 .

Statements (1)n and (2)n are thus seen to imply Statement (3)n.

Statements (3)k for 1 ≤ k ≤ n together with Assertion (1) imply State-

ment (1)n+1. Finally, we use Statement (1)n together with Statement (2)n
to establish Statement (2)n+1 by computing:

y′(s) ≤ y′(sn) ≤ −n1+δ/2 for s ≥ sn,

y(sn+1) ≤ y(sn) + ∆ny
′(sn) ≤ −n− τn−1−δ/2n1+δ/2 ≤ −n− 1 .

This establishes the truth of all the 3 statements. Thus, lims→S y(s) = −∞.

This contradicts the assumption that T = ∞.

This shows that y must be defined on a maximal domain [0, T ) for

T <∞; we use Lemma 1.5.6 to see limt→T y(t) = −∞. �

1.6 Results from Differential Geometry

In this section, we summarize some results from Differential Geometry that

we shall need. In Section 1.6.1, we discuss principle bundles. In Section

1.6.2, we show any 1-model is geometrically realizable. In Section 1.6.3, we

give generating sets for the space of algebraic curvature tensors in terms of

the canonical curvature tensors defined in Section 1.3.2. We also show that

if AΦ1 = AΦ2 where the Φi ∈ S2(V ∗) have rank at least 3, then Φ1 = Φ2.

In Section 1.6.4, we turn to complex geometry and give several equivalent

conditions for the compatibility of an algebraic curvature tensor with a

pseudo-Hermitian almost complex structure. Section 1.6.5 deals with space

forms and complex space forms, Section 1.6.6 deals with conformal complex

space forms, and Section 1.6.7 is concerned with Kähler geometry.
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1.6.1 Principle bundles

We say that π : E → B is a fiber bundle with fiber F if there exists an open

cover Oα of B and fiber preserving diffeomorphisms Φα from π−1(Oα) to

Oα×F . Let π : P → B be a fiber bundle whose fiber is a Lie group G. We

say that P is a principle bundle and write

G → P → B

if G acts freely on P from the right and if B = P/G. Equivalently, this

means that the transition functions of P are given by left multiplication

by the group G. Let Sn denote the usual round sphere, let CPn denote

complex projective space, let Grk(n) denote the Grassmannian of k-planes

in Rn, and let Gr+k (n) denote the oriented Grassmannian of k-planes in Rn.

As examples, we have the following principle bundles:

U(1) → U(n+ 1) → CPn,

SO(n) → SO(n+ 1) → Sn,

O(k) ×O(n− k) → O(n) → Grk(n),

SO(k) × SO(n− k) → SO(n) → Gr+k (n).

The following is well known:

Lemma 1.6.1 Let a Lie group G act on a space X from the left. If

x ∈ X, let G · x be the orbit and let Gx = {g ∈ G : gx = x} be the isotropy

subgroup.

(1) We have a principle bundle Gx → G→ G · x.
(2) dim{G} = dim{Gx} + dim{G · x}.

1.6.2 Geometric realizability

Although the following is well-known, see for example Belger and Kowalski

(1994) where a more general result is established, we shall give the proof to

keep the development as self-contained as possible and to establish notation

needed subsequently.

Let {x1, ..., xm} be local coordinates on a pseudo-Riemannian manifold

M. Let

∂i := ∂xi :=
∂

∂xi
.



THE GEOMETRY OF CURVATURE HOMOGENEOUS PSEUDO-RIEMANNIAN MANIFOLDS 
© Imperial College Press
http://www.worldscibooks.com/mathematics/p503.html

February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

40 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

Denote the components of the metric g, of the curvature tensor R, and

of the covariant derivative of the curvature tensor ∇R with respect to the

coordinate frame by:

gij := g(∂i, ∂j),

Rijkl := R(∂i, ∂j , ∂k, ∂l),

Rijkl;n := R(∂i, ∂j , ∂k, ∂l; ∂n) .

Lemma 1.6.2

(1) Let {x1, ..., xm} be local coordinates on a pseudo-Riemannian manifold

M. If {∂igjk}(P ) = 0, then:

(a) Rijkl(P ) = 1
2{∂i∂kgjl + ∂j∂lgik − ∂i∂lgjk − ∂j∂kgil}(P ).

(b) Rijkl;n(P ) = 1
2{∂i∂k∂ngjl+∂j∂l∂ngik−∂i∂l∂ngjk−∂j∂k∂ngil}(P ).

(2) Let M1 be a 1-model. There exists a point P of a pseudo-Riemannian

manifold M so that M1 is isomorphic to M1(M, P ).

Proof. Let P be a point of a pseudo-Riemannian manifold M. Let x be a

system of local coordinates on M ; we may assume without loss of generality

that P corresponds to the origin of the coordinate system. Suppose that

the 1 jets of the metric vanish at the origin. We establish Assertion (1) by

computing:

Γijk := g(∇∂i∂j , ∂k) = 1
2 (∂igjk + ∂jgik − ∂kgij) = O(|x|),

Rijkl = ∂iΓjkl − ∂jΓikl +O(|x|2),
Rijkl;n = ∂nRijkl +O(|x|) .

Let M = (V, 〈·, ·〉, A0, A1) be a 1-model. To prove Assertion (2), choose

an orthonormal basis {e1, ..., em} for V so that 〈ei, ej〉 = ±δij . Use this

orthonormal basis to identify V = Rm. Let Aijkl and A1,ijkl;n denote the

components of A and of A1, respectively, relative to this orthonormal basis.

Define

gik := 〈ei, ek〉 − 1
3

∑

jl

Aijlkxjxl − 1
6

∑

jln

A1,ijlk;nxjxlxn .

Clearly gik = gki. As gij(0) = 〈ei, ej〉, g is non-degenerate at the origin and

hence is non-degenerate on some neighborhood of the origin. Since the 1

jets of the metric vanish at 0, we may apply Assertion (1) to compute that:
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Rijkl(0) = 1
2{∂i∂kgjl + ∂j∂lgik − ∂i∂lgjk − ∂j∂kgil}(0)

= 1
6{−Ajikl −Ajkil −Aijlk −Ailjk +Ajilk +Ajlik +Aijkl +Aikjl}

= 1
6{4Aijkl − 2Ailjk − 2Aiklj} = Aijkl .

We complete the proof of Assertion (2) by computing:

Rijkl;n(0) = 1
2{∂i∂k∂ngjl + ∂j∂l∂ngik − ∂i∂l∂ngjk − ∂j∂k∂ngil}(0)

= 1
12{−Ajikl;n −Ajkil;n −Ajnkl;i −Ajknl;i −Ajinl;k −Ajnil;k

−Aijlk;n −Ailjk;n −Ainlk;j −Ailnk;j −Aijnk;l −Ainjk;l
+Ajilk;n +Ajlik;n +Ajnlk;i +Ajlnk;i +Ajink;l +Ajnik;l
+Aijkl;n +Aikjl;n +Ainkl;j +Aiknl;j +Aijnl;k +Ainjl;k}
= 1

12{(4Aijkl;n − 2Ajkil;n + 2Ajlik;n) + (−2Ajnkl;i − 2Ainlk;j)

+(−2Ajinl;k − 2Aijnk;l) + (−Ailnk;j −Ajnil;k)

+(−Ainjk;l −Ajknl;i) + (Ajlnk;i +Ainjl;k) + (Ajnik;l + Aiknl;j)}
= 1

12{6Aijkl;n+2Aijkl;n+2Aijkl;n+Ailkj;n+Ajkli;n−Ajlki;n−Aiklj;n}
= 1

12{10Aijkl;n + 2Ailkj;n + 2Aikjl;n} = 1
12{10Aijkl;n − 2Aijlk;n}

= Aijkl;n . �

1.6.3 The canonical algebraic curvature tensors

Let S2(V ∗) and Λ2(V ∗) be the spaces of symmetric and anti-symmetric

bilinear forms on V , respectively. If Φ+ ∈ S2(V ∗) and if Φ− ∈ Λ2(V ∗),
adopt the notation of Eq. (1.3.a) to define the canonical 4-tensors

AΦ+(x, y, z, w) := Φ+(x,w)Φ+(y, z) − Φ+(x, z)Φ+(y, w),

AΦ−(x, y, z, w) := Φ−(x,w)Φ−(y, z) − Φ−(x, z)Φ−(y, w)

−2Φ−(x, y)Φ−(z, w) .

Let Mw
0 := (V,AΦ) be the weak 0-model defined by Φ. If 〈·, ·〉 is a non-

degenerate inner product on V , let M0 := (V, 〈·, ·〉, AΦ) be the associated

0-model. Let

ker(AΦ) := {η ∈ V : AΦ(η, ξ1, ξ2, ξ3) = 0 ∀ ξi ∈ V } .

Lemma 1.6.3 Let Φ ∈ S2(V ∗) or Φ ∈ Λ2(V ∗). Assume Rank{Φ} ≥ 2.

(1) AΦ ∈ Alg0.

(2) If there is a decomposition V = V 1 ⊕ V 2 with AΦ = A1 ⊕ A2, then

either V 1 ⊂ kerΦ or V 2 ⊂ kerΦ.

(3) If Φ is non-degenerate, then Mw
0 is indecomposable.

(4) If kerΦ is totally isotropic, then M0 is indecomposable.

(5) ker(AΦ) = kerΦ.
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Proof. We must ensure that the identities of Eq. (1.2.g) are satisfied to

establish Assertion (1). Let A = AΦ where Φ ∈ S2(V ) or Φ ∈ Λ2(V ). The

curvature symmetries

A(x, y, z, w) = −A(y, x, z, w) = A(z, w, x, y)

are then immediate by inspection. Only the first Bianchi identity needs to

be established. If Φ ∈ S2(V ∗), then:

A(x, y, z, w) +A(y, z, x, w) +A(z, x, y, w)

= Φ(x,w)Φ(y, z) − Φ(x, z)Φ(y, w)

+ Φ(y, w)Φ(z, x) − Φ(y, x)Φ(z, w)

+ Φ(z, w)Φ(x, y) − Φ(z, y)Φ(x,w) = 0 .

Similarly, if Φ ∈ Λ2(V ∗), then:

A(x, y, z, w) +A(y, z, x, w) +A(z, x, y, w)

= Φ(x,w)Φ(y, z) − Φ(x, z)Φ(y, w) − 2Φ(x, y)Φ(z, w)

+ Φ(y, w)Φ(z, x) − Φ(y, x)Φ(z, w) − 2Φ(y, z)Φ(x,w)

+ Φ(z, w)Φ(x, y) − Φ(z, y)Φ(x,w) − 2Φ(z, x)Φ(y, w) = 0 .

This completes the proof of Assertion (1).

We follow the discussion in Dunn (2006) to prove Assertion (2). Assume

there exists a non-trivial direct sum decomposition V = V 1 ⊕ V 2 with

AΦ = A1 ⊕A2, V 1 6⊂ kerΦ, V 2 6⊂ kerΦ .

If v ∈ V , we expand v = v1 + v2 for vi ∈ V i. We argue for a contradiction.

Assume that Φ is symmetric. Choose v1
1 ∈ V 1 so that v1

1 /∈ kerΦ.

Suppose first Φ(v1
1 , v

1
1) 6= 0. Since Rank(Φ) ≥ 2, we can choose v2 ∈ V

so Φ(v1
1 , v2) = 0 and Φ(v2, v2) 6= 0. Decompose v2 = v1

2 + v2
2 for vi2 ∈ V i.

Then:

0 6= Φ(v1
1 , v

1
1)Φ(v2, v2) = Φ(v1

1 , v
1
1)Φ(v2, v2) − Φ(v1

1 , v2)Φ(v1
1 , v2)

= AΦ(v1
1 , v2, v2, v

1
1) = AΦ(v1

1 , v
1
2 , v

1
2 , v

1
1)

= Φ(v1
1 , v

1
1)Φ(v1

2 , v
1
2) − Φ(v1

1 , v
1
2)Φ(v1

1 , v
1
2) .

This shows π := Span{v1
1 , v

1
2} is 2-dimensional and Φ|π is non-degenerate.

If, on the other hand, we have Φ(v1
1 , v

1
1) = 0, since v1

1 6∈ kerΦ, we can
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choose v2 so Φ(v1
1 , v2) 6= 0. Consequently:

0 6= −Φ(v1
1 , v2)Φ(v1

1 , v2) = Φ(v1
1 , v

1
1)Φ(v2, v2) − Φ(v1

1 , v2)Φ(v1
1 , v2)

= AΦ(v1
1 , v2, v2, v

1
1) = AΦ(v1

1 , v
1
2 , v

1
2 , v

1
1)

= Φ(v1
1 , v

1
1)Φ(v1

2 , v
1
2) − Φ(v1

1 , v
1
2)Φ(v1

1 , v
1
2) .

Thus once again Φ|π is non-degenerate. Thus we may conclude:

Rank(Φ|V1) ≥ 2 and Rank(Φ|V2) ≥ 2 .

Since Rank{Φ|V1} 6= 0, we may find v1
1 ∈ V1 so Φ(v1

1 , v
1
1) 6= 0. Since

Rank{Φ|V2} ≥ 2, we can choose v2
2 ∈ V2 and v2

2 /∈ kerΦ so Φ(v1
1 , v

2
2) = 0.

Since v2
2 /∈ kerΦ, we can choose v3 so Φ(v2

2 , v3) 6= 0. We then have

AΦ(v1
1 , v

2
2 , v3, v

1
1) = Φ(v1

1 , v
1
1)Φ(v2

2 , v3) − Φ(v1
1 , v

2
2)Φ(v1

1 , v3)

= Φ(v1
1 , v

1
1)Φ(v2

2 , v3) 6= 0 .

This contradiction establishes Assertion (2) if Φ is symmetric.

We now prove Assertion (2) if Φ is skew-symmetric. One has:

AΦ(x, y, y, x)

= Φ(x, x)Φ(y, y) − Φ(x, y)Φ(y, x) − 2Φ(x, y)Φ(y, x)

= 3Φ(x, y)2 .

Choose v1
1 ∈ V1 with v1

1 /∈ kerΦ. Choose v2 so Φ(v1
1 , v2) 6= 0. Decompose

v2 = v1
2 + v2

2 for vi2 ∈ V i. This implies

3Φ(v1
1 , v

1
2) = AΦ(v1

1 , v
1
2 , v

1
2 , v

1
1) = AΦ(v1

1 , v2, v2, v
1
1) = 3Φ(v1

1 , v2)
2 6= 0 .

Consequently we may conclude:

Rank(Φ|V1) ≥ 2 and Rank(Φ|V2) ≥ 2 .

If there exists v2
2 ∈ V 2 so Φ(v1

1 , v
2
2) 6= 0, then AΦ(v1

1 , v
2
2 , v

2
2 , v

1
1) 6= 0 which

is false. Thus

V 1 ⊥Φ V 2 .
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Choose vi ∈ V i and wi ∈ V i so that Φ(vi, wj) = δij . Let v = v1 + v2,

w = w1 + w2. Then:

AΦ(v, w, w, v) = 3Φ(v, w)2 = 3{Φ(v1 + v2, w1 + w2)}2

= 3{1 + 1}2 = 12

= AΦ(v1, w1, w1, v1) +AΦ(v2, w2, w2, v2)

= 3Φ(v1, w1)2 + 3Φ(v2, w2)2 = 6 .

This contradiction establishes Assertion (2) if Φ is anti-symmetric.

If Φ is non-degenerate, then kerΦ = {0} and hence Vi 6⊂ kerΦ. Thus

Assertion (3) follows immediately from Assertion (2).

Suppose kerΦ is totally isotropic with respect to an inner product 〈·, ·〉.
If V = V1 ⊕ V2 is an orthogonal direct sum decomposition with respect to

an inner product 〈·, ·〉, then V1 and V2 are not totally isotropic with respect

to 〈·, ·〉. Thus Vi 6⊂ kerΦ and Assertion (4) follows from Assertion (2).

Clearly if ξ ∈ kerΦ, then ξ ∈ ker(AΦ). Conversely, suppose v1 /∈ kerΦ.

The arguments given to prove Assertion (2) show that there exists v2 so

AΦ(v1, v2, v2, v1) 6= 0 and thus v1 6∈ ker(AΦ); Assertion (5) follows. �

We generalize Lemma 1.6.3 (5) as follows. If A0 ∈ Alg0(V ), let

ker(A0) := {η ∈ V : A0(η, ξ1, ξ2, ξ3) = 0 ∀ ξi ∈ V } .

Let π be the natural projection from V to V̄ := V/ ker(A0). The algebraic

curvature tensor A0 descends to V̄ to define an algebraic curvature tensor

Ā0 ∈ Alg0(V̄ ) so that π∗Ā0 = A0.

Lemma 1.6.4 Let M0 := (V, 〈·, ·〉, A0). If M̄
w
0 := (V̄ , Ā0) is indecom-

posable and if ker(A0) is totally isotropic, then M0 is indecomposable.

Proof. We suppose, to the contrary, that there exists a non-trivial or-

thogonal direct sum decomposition V = V 1 ⊕ V 2 which decomposes

A0 = A1
0 ⊕A2

0. We argue for a contradiction.

Suppose there exists vi ∈ V i with 0 6= π(v1) = π(v2). Because

0 6= π(v1), v1 /∈ ker(A0). Consequently, we can choose ξ1, ξ2, ξ3 ∈ V so

A0(v
1, ξ1, ξ2, ξ3) 6= 0. Decompose ξi = ξ1i + ξ2i for ξ1i ∈ V 1 and ξ2i ∈ V 2.

Since A0 = A1
0 ⊕A2

0 and since v1 ∈ V 1,

0 6= A0(v
1, ξ1, ξ2, ξ3) = A0(v

1, ξ11 , ξ
1
2 , ξ

1
3) .

On the other hand, since π(v1) = π(v2), we have v1 − v2 ∈ ker(A0) so

0 6= A0(v
1, ξ11 , ξ

1
2 , ξ

1
3) = A0(v

2, ξ11 , ξ
1
2 , ξ

1
3) .
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This contradicts the decomposition A0 = A1
0 ⊕A2

0 and shows

π(V 1) ∩ π(V 2) = {0} .

Since π(V 1) + π(V 2) = π(V ) = V̄ , we have a direct sum decomposition

V̄ = π(V 1) ⊕ π(V 2) and Ā0 = Ā1
0 ⊕ Ā2

0 .

Since (V̄ , Ā0) is assumed to be indecomposable, one of the two summands

is trivial; without loss of generality we assume the notation is chosen so

π(V2) = {0}. This implies V 2 ⊂ ker(A0) and hence V 2 is totally isotropic.

This is false as the decomposition V = V 1 ⊕ V 2 is assumed to be an

orthogonal direct sum decomposition with respect to 〈·, ·〉. �

The following is a useful observation we shall need Section 2.5:

Lemma 1.6.5

(1) Let Φi ∈ S2(V ∗). If Rank(Φ1) ≥ 3 and if AΦ1 = AΦ2 , then Φ1 = ±Φ2.

(2) Let Φi ∈ Λ2(V ∗). If AΦ1 = AΦ2 , then Φ1 = ±Φ2.

Proof. Suppose that Φ1,Φ2 ∈ S2(V ∗) with Rank(Φ1) ≥ 3. Choose a

basis {e1, ..., er} for V so that

Φ1(ei, ej) = 0 and Φ1(ei, ei) = εi where εi ∈ {0,±1} .

Since Rank(Φ1) ≥ 3, we can assume εi 6= 0 for i = 1, 2, 3. By replacing

Φ1 by −Φ1 if necessary, we may assume that ε1 = 1 and ε2 = 1. Let

π := Span{e1, e2}. By diagonalizing the quadratic form Φ2|π with respect

to the positive definite quadratic form Φ1|π, we can further normalize the

choice of {e1, e2} so that:

Φ2(e1, e1) = %1, Φ2(e1, e2) = 0, Φ2(e2, e2) = %2 .

Let Ai := AΦi . We have

1 = Φ1(e1, e1)Φ1(e2, e2) − Φ1(e1, e2)
2 = A1(e1, e2, e2, e1)

= A2(e1, e2, e2, e1) = Φ2(e1, e1)Φ2(e2, e2) − Φ2(e1, e2)
2 = %1%2 .

Thus by replacing Φ2 by −Φ2 if necessary, we may assume that %1 > 0 and

%2 > 0. If k ≥ 3, then

0 = Φ1(e1, e1)Φ1(e2, ek) − Φ1(e1, e2)Φ1(e1, ek) = A1(e1, e2, ek, e1)

= A2(e1, e2, ek, e1) = Φ2(e1, e1)Φ2(e2, ek) − Φ2(e1, e2)Φ2(e1, ek)

= Φ2(e2, ek) .
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Thus Φ2(e2, ek) = 0 for k ≥ 3. Similarly Φ2(e1, ek) = 0 for k ≥ 3. Thus

εk = Φ1(e1, e1)Φ1(ek, ek) − Φ1(e1, ek)
2 = A1(e1, ek, ek, e1)

= A2(e1, ek, ek, e1) = Φ2(e1, e1)Φ2(ek, ek) − Φ2(e1, ek)
2

= %1%k,

εk = Φ1(e2, e2)Φ1(ek, ek) − Φ1(e2, ek)
2 = A1(e2, ek, ek, e2)

= A2(e2, ek, ek, e2) = Φ2(e2, e2)Φ2(ek, ek) − Φ2(e2, ek)
2

= %2%k .

Setting k = 3 then yields %1 = %2 and thus %2
1 = 1. Since %1 > 0, we

have %1 = %2 = +1. We can now conclude that %k = εk for all k ≥ 3.

Consequently Φ1 = Φ2; this proves Assertion (1).

Suppose that Φ1,Φ2 ∈ Λ2(V ∗). Choose a basis

{e1, ..., es, f1, ..., fs, n1, ..., nt}

for V so that the non-zero components of Φ1 are Φ1(ei, fi) = 1. We have

AΦi(x, y, y, x) = 3Φi(x, y)
2 .

Consequently, the non-zero components of Φ2 are Φ2(ei, fi) = εi = ±1. Let

Ai := AΦi . If i < j, then

12 = 3Φ1(ei + ej , fi + fj)
2 = AΦ1(ei + ej , fi + fj , fi + fj , ei + ej)

= AΦ2(ei + ej , fi + fj , fi + fj , ei + ej) = 3Φ1(ei + ej , fi + fj)
2

= 3(εi + εj)
2 .

Thus either εi = εj = +1 for all i, j and Φ1 = Φ2 or εi = εj = −1 for all

i, j and Φ1 = −Φ2. �

Remark 1.6.1 Lemma 1.6.5 (1) can fail if Rank(Φ1) < 3. Suppose that

dim(V ) = 2 and that Φi are any two non-degenerate symmetric bilinear

forms on V . If {v1, v2} is a basis for V , then AΦi(v1, v2, v2, v1) = ci for

some non-zero constants ci and thus AΦ1 and AΦ2 are multiples. It does

not, however, follow that Φ1 and Φ2 are multiples.

We can now establish a basic result in the field. It was originally proved

by Fiedler (2003a) using Young diagrams; subsequently a direct proof was

given in Gilkey (2002). We give a third proof here; a still different proof that

Alg0(V ) = SpanΦ∈S2(V ∗){AΦ} will follow from the discussion in Section 4.3

which uses the Embedding Theorem of Nash (1956).
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Theorem 1.6.1 [Fiedler]

Alg0(V ) = SpanΦ∈S2(V ∗){AΦ} = SpanΦ∈Λ2(V ∗){AΦ} .

Proof. To simplify the discussion, we introduce as temporary notation:

C+ := SpanΦ∈S2(V ∗){AΦ} and C− := SpanΦ∈Λ2(V ∗){AΦ} .

These are clearly subspaces which are invariant under the action of Gl(V ).

By Lemma 1.3.3, Alg0(V ) is an irreducible Gl(V ) module; in particular,

there are no proper invariant subspaces. The Lemma now follows since

C± 6= {0}. �

Remark 1.6.2 The proof in fact establishes a slightly stronger result.

One can restrict the generating elements Φ to those which have rank 2

since these also generate non-trivial Gl(V ) modules.

Fiedler also gave generators for Alg1(V ). If

Ψ ∈ S2(V ) and Ψ1 ∈ S3(V ),

define A1,Ψ,Ψ1 ∈ Alg1(V ) by:

A1,Ψ,Ψ1(x, y, z, w; v) := Ψ1(x,w, v)Ψ(y, z) + Ψ(x,w)Ψ1(y, z, v)

−Ψ1(x, z, v)Ψ(y, w) − Ψ(x, z)Ψ1(y, w, v) .
(1.6.a)

If one thinks of Ψ1 as the symmetrized covariant derivative of Ψ, then

A1,Ψ,Ψ1 can be regarded, at least formally speaking, as the covariant deriva-

tive of AΨ. Fiedler (2003b) used group representation theory to show:

Theorem 1.6.2 (Fiedler) Alg1(V ) = SpanΨ∈S2(V ),Ψ1∈S3(V ){A1,Ψ,Ψ1}.
In Section 4.3, we will give a proof of Theorem 1.6.2 which is based on

the Embedding Theorem of Nash (1956).

1.6.4 Complex geometry

Let M0 = (V, 〈·, ·〉, A) be a 0-model. An isometry J ∈ O(V, 〈·, ·〉) is said

to be a pseudo-Hermitian almost complex structure on V if additionally

J2 = − id. We use J to define a complex structure on V by setting

(a+ b
√
−1)v := av + bJv for v ∈ V and a+ b

√
−1 ∈ C .

Thus a linear transformation T of V is said to be complex linear if T com-

mutes with J . A subspace π of V is said to be a complex subspace if Jπ = π.

If dimR π = 2 and if π is complex, then π is said to be a complex line. We
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set CP±(V, 〈·, ·〉, J) to be the projective spaces of all complex spacelike (+)

or complex timelike (−) lines in V ; there are no complex mixed lines. We

shall also sometimes simply denote these spaces by CP±(V ). Let

πx := Span{x, Jx} for x ∈ S±(V, 〈·, ·〉)

be the associated complex line. The map x → πx defines the Hopf fibrations

S1 → S±(V, 〈·, ·〉) → CP±(V, 〈·, ·〉, J) . (1.6.b)

The following operators are independent of the particular unit vector x

which was chosen and depend only on the underlying complex plane:

J (πx) := J (x) + J (Jx) and A(πx) := A(x, Jx) .

We say that M = (V, 〈·, ·〉, J, A) is a complex 0-model if (V, 〈·, ·〉, A)

is a 0-model and if J is a pseudo-Hermitian almost complex structure on

V . The following Lemma shows several different compatibility conditions

between J and A are equivalent in this setting:

Lemma 1.6.6 Let M = (V, 〈·, ·〉, J, A) be a complex 0-model. The follow-

ing assertions are equivalent; if any (and hence all) are satisfied, we say A

and J are compatible:

(1) J∗A = A.

(2) J (π) is complex linear for every π in CP±(V, 〈·, ·〉, J).

(3) A(π) is complex linear for every π in CP±(V, 〈·, ·〉, J).

Proof. Suppose J∗A = A. Then for all x, y, z, we have that:

A(y, x, x, z) +A(y, Jx, Jx, z) = A(Jy, x, x, Jz) +A(Jy, Jx, Jx, Jz) .

Replacing z by Jz yields

A(y, x, x, Jz) +A(y, Jx, Jx, Jz) = −A(Jy, x, x, z) −A(Jy, Jx, Jx, z) .

This implies that

〈J (πx)y, Jz〉 = −〈J (πx)Jy, z〉 .

This shows that JJ (πx) = J (πx)J as desired. Thus Assertion (1) implies

Assertion (2). Similarly, we may compute that for all x, y, z we have:

〈JA(πx)y, z〉 = −〈A(πx)y, Jz〉 = −A(x, Jx, y, Jz)

= −A(Jx, JJx, Jy, JJz) = A(x, Jx, Jy, z) = 〈A(πx)Jy, z〉 .
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Thus JA(πx) = A(πx)J so Assertion (1) also implies Assertion (3).

We use an argument shown to us by Brozos-Vázquez to prove that

Assertion (2) implies Assertion (1). If J (πx) is complex then

J{J (x) + J (Jx)} = {J (x) + J (Jx)}J .

Suppose this identity holds for all x ∈ S±(V, 〈·, ·〉). We can rescale to see

this holds for all non-degenerate x. Since the set of non-degenerate vectors

is dense in V , this holds for all x ∈ V . Consequently, after moving J across

the inner product, we see that for all x, y, z,

−〈(J (x) + J (Jx))y, Jz〉 = 〈(J (x) + J (Jx))Jy, z〉

which implies that

−A(y, x, x, Jz) −A(y, Jx, Jx, Jz) = A(Jy, x, x, z) +A(Jy, Jx, Jx, z) .

Polarizing this identity and replacing z by Jz yields

A(y, x, w, z) +A(y, w, x, z) +A(y, Jx, Jw, z) +A(y, Jw, Jx, z)

= A(Jy, x, w, Jz) +A(Jy, w, x, Jz) +A(Jy, Jx, Jw, Jz)

+A(Jy, Jw, Jx, Jz).

(1.6.c)

Interchanging arguments 1 ↔ 2 and 3 ↔ 4 then yields:

A(x, y, z, w) +A(w, y, z, x) +A(Jx, y, z, Jw) +A(Jw, y, z, Jx)

= A(x, Jy, Jz, w) +A(w, Jy, Jz, x) +A(Jx, Jy, Jz, Jw)

+A(Jw, Jy, Jz, Jx).

(1.6.d)

If we change x ↔ y and z ↔ w in Eq. (1.6.d) we get

A(y, x, w, z) +A(z, x, w, y) +A(Jy, x, w, Jz) +A(Jz, x, w, Jy)

= A(y, Jx, Jw, z) +A(z, Jx, Jw, y) +A(Jy, Jx, Jw, Jz)

+A(Jz, Jx, Jw, Jy).

(1.6.e)

Adding (1.6.c) and (1.6.e) and simplifying yields:

A(y, x, w, z) +A(y, w, x, z)

= A(Jy, Jx, Jw, Jz) +A(Jy, Jw, Jx, Jz) .
(1.6.f)

In Eq. (1.6.f) we change y → x, x → w and w → y. This yields:

A(x,w, y, z) +A(x, y, w, z)

= A(Jx, Jw, Jy, Jz) +A(Jx, Jy, Jw, Jz) .
(1.6.g)
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We add 2(1.6.f) and (1.6.g) to see

A(y, x, w, z) + 2A(y, w, x, z) +A(x,w, y, z)

= A(Jy, Jx, Jw, Jz) + 2A(Jy, Jw, Jx, Jz) +A(Jx, Jw, Jy, Jz) .
(1.6.h)

By the first Bianchi identity,

A(y, x, w, z) +A(x,w, y, z) = A(y, w, x, z),

A(Jy, Jx, Jw, Jz) +A(Jx, Jw, Jy, Jz) = A(Jy, Jw, Jx, Jz) .
(1.6.i)

We use Eqs. (1.6.h) and (1.6.i) to see that

3A(y, w, x, z) = 3A(Jy, Jw, Jx, Jz)

for all x, y, z, w. Thus Assertion (2) implies Assertion (1).

Finally, we show Assertion (3) implies Assertion (1). We use an argu-

ment that was shown to us by Salamon. Suppose A(x, Jx)J = JA(x, Jx)

for every x ∈ S±(V, 〈·, ·〉). We can rescale to see this holds for every non-

degenerate x and hence by continuity for every x in V . Thus for all x, z, w,

we have

JA(x, Jx) = A(x, Jx)J,

⇒ 〈JA(x, Jx)z, w〉 − 〈A(x, Jx)Jz, w〉 = 0,

⇒ A(x, Jx, z, Jw) +A(x, Jx, Jz, w) = 0 .

Polarizing yields an identity for all x, y, z, w:

0 = A(y, Jx, z, Jw) +A(x, Jy, z, Jw) +A(y, Jx, Jz, w)

+ A(x, Jy, Jz, w) .

Interchange the first two arguments in the first and third terms to see

0 = −A(Jx, y, z, Jw) +A(x, Jy, z, Jw) −A(Jx, y, Jz, w)

+ A(x, Jy, Jz, w) .

Replace (x,w) by (Jx, Jw) to show:

0 = −A(x, y, z, w) − A(Jx, Jy, z, w) +A(x, y, Jz, Jw)

+A(Jx, Jy, Jz, Jw) .
(1.6.j)

Interchange the first two arguments with the final two arguments:

0 = −A(z, w, x, y) −A(z, w, Jx, Jy) +A(Jz, Jw, x, y)

+ A(Jz, Jw, Jx, Jy) .
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Change notation to interchange x and z and y and w to see:

0 = −A(x, y, z, w) −A(x, y, Jz, Jw) +A(Jx, Jy, z, w)

+A(Jx, Jy, Jz, Jw) .
(1.6.k)

We add Eqs. (1.6.j) and (1.6.k) to conclude

−A(x, y, z, w) +A(Jx, Jy, Jz, Jw) = 0

and complete the proof that Assertion (3) implies Assertion (1). �

1.6.5 Rank 1-symmetric spaces

Let M0 = (V, 〈·, ·〉, A) be a 0-model. If {e1, e2} is an orthonormal basis for

a non-degenerate 2-plane π, then the sectional curvature of π is defined by

κ(π) := A(e1, e2, e2, e1) .

Definition 1.6.1 One says that a model M0 = (V, 〈·, ·〉, A) has constant

sectional curvature c if κ(π) = c on every spacelike and timelike 2-plane and

if κ(π) = −c on every mixed 2-plane. One says that a pseudo-Riemannian

manifold M is a space form if M0(M, P ) has constant sectional curvature

c at every point P ∈ M ; the constant is allowed, in principle, to vary with

the point P .

Remark 1.6.3 Let A〈·,·〉 be the canonical curvature tensor of Eq. (1.3.a):

A〈·,·〉(x, y, z, w) := 〈x,w〉〈y, z〉 − 〈x, z〉〈y, w〉 .

M0 has constant sectional curvature c if and only if A = cA〈·,·〉.

Let R(p,q) denote Rp+q with the canonical inner product of signature

(p, q) given in Eq. (1.2.a). We consider the pseudospheres:

S
(p,q)
+ := {ξ ∈ R(p+1,q) : 〈ξ, ξ〉 = +1},
S

(p,q)
− := {ξ ∈ R(p,q+1) : 〈ξ, ξ〉 = −1} .

We note that S
(0,q)
− has two components; each component has constant

sectional curvature −1 and is isometric to hyperbolic space.

The geometry is very rigid in this setting. The following is well known;

see, for example, Lemmas 1.14.2 and 2.6.1 of Gilkey (2002).

Lemma 1.6.7 Adopt the notation established above.
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(1) The manifolds S
(p,q)
± are spaceforms of signature (p, q) with constant

sectional curvature ±1.

(2) If M is a space form of signature (p, q) with constant sectional cur-

vature ±1 of dimension m ≥ 3, then M is locally isometric to S
(p,q)
± .

Definition 1.6.2 A model M0 = (V, 〈·, ·〉, A) is said to be a complex space

form if there exists a Hermitian almost complex structure J on (V, 〈·, ·〉)
so A = c0A〈·,·〉 + c1AJ . We say that a pseudo-Riemannian manifold M is

a complex space form if M0(M, P ) is a complex space form at each point

P ∈ M ; the constants c0 and c1 being (in principle) allowed to vary with

the point in question.

Let J be the standard Hermitian almost complex structure on R(2r,2s).

We have the Hopf fibrations of Eq. (1.6.b):

S1 → S−(R(2p+2,2q))
h−→CP

(2p,2q)
− ,

S1 → S+(R(2p,2q+2))
h−→CP

(2p,2q)
+ .

The metrics on the horizontal distributions ker(h∗) have signature (2p, 2q)

and are invariant under the action of S1. They induce, therefore, metrics

called the Fubini–Study metrics on the associated projective spaces. The

following is well known; see, for example, Lemma 1.15.1 and Lemma 3.6.4

of Gilkey (2002):

Lemma 1.6.8

(1) Let 2p + 2q ≥ 4. The manifold CP
(2p,2q)
± is a complex space form of

signature (p, q) and the curvature is given by R = ±{Rid +RJ}.
(2) Let (M) be a contractible complex space form of signature (2p, 2q) with

2p+ 2q ≥ 6. Then

(a) c0(P ) = c1(P ) = c is constant.

(b) J can be chosen to vary smoothly with P .

(c) ∇J = 0 and ∇R = 0.

(d) If c = ±1, then M is locally isometric to CP
(p,q)
± .

The 4-dimensional geometries are exceptional; see, for example, the

discussion in Olszak (1989).

In the Riemannian setting, Lemmas 1.6.7 and 1.6.8 illustrate Theorem

1.4.4; any Riemannian manifold whose curvature tensor is modeled on that

of Sm± or on CP
(0,2q)
± is locally isomorphic to Sm± or CP

(0,2q)
± ; these manifolds

have rigid geometries.
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We can also discuss quaternionic generalizations. Let

H := SpanR{1, i, j, k}

be the quaternions where

ij = −ji = k and i2 = j2 = k2 = −1 .

Give Hk = R4k the canonical quaternion structure. Let S3 be the unit

quaternions. Quaternionic multiplication defines a Hopf fibration

S3 → S−(R(4q+4,4p)) → HP
(4q,4p)
−

S3 → S+(R(4q,4p+4)) → HP
(4q,4p)
+ .

The metrics on the horizontal distributions have signature (4q, 4p); they

are S3 invariant and induce metrics called the Fubini–Study metrics on the

associated projective spaces.

Lemma 1.6.9 The manifolds HP
(4p,4q)
± are pseudo-Riemannian mani-

folds of signature (4p, 4q). If P ∈ HP
(4q,4p)
± , then there is a Clifford family

F(P ) = {I, J,K} on the tangent space so that curvature tensor is given by

RP = ±{Rid +RI +RJ +RK} .

The rank 1-symmetric spaces are classified. The manifolds

{S(0,q)
± ,CP

(0,2q)
± ,HP

(0,4q)
± }

are Riemannian rank 1-symmetric spaces and together with the Cayley

plane and its negative curvature dual, comprise the complete list of all the

Riemannian rank 1-symmetric spaces. These spaces play a central role in

the Osserman conjecture as we shall see in Section 1.9.4.

1.6.6 Conformal complex space forms

We work in the Riemannian context. Let Φ be a Hermitian almost complex

structure on TM ; necessarily m = 2n is even. We say that (M, g) is a

complex space form if R = λ0R0 + λ1RΦ for smooth functions λ0 and λ1

where λ1 6= 0. If (M, g) is a complex space form and if m ≥ 6, then one

can show that λ0 = λ1 and that λ0 is constant. By rescaling the metric,

we may assume λ0 = ±1. If λ0 = 1, then (M, g) is locally isometric

to complex projective space with the Fubini–Study metric; if λ0 = −1,

then (M, g) is locally isometric to the negative curvature dual. We refer
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to Tricerri and Vanhecke (1981) for further details. Let W be the Weyl

conformal curvature tensor discussed in Section 1.3.3. One says that (M, g)

is a conformal complex space form if W = λ0R0 +λ1RΦ for some Hermitian

almost complex structure on TM where λ0 and λ1 are smooth functions on

M with λ1 6= 0. We refer to Blažić and Gilkey (2004) for the proof of the

following result:

Theorem 1.6.3 Let (M, g) be a conformal complex space form so that

m ≥ 8. Then (M, g) is locally conformally equivalent to either complex

projective space with the Fubini–Study metric or to the negative curvature

dual.

1.6.7 Kähler geometry

Let M = (M, g) be a pseudo-Riemannian manifold with a Hermitian almost

complex structure J ; J is an isometry of TM with J2 = − id. One says that

(M, J) is almost Kähler if ∇J = 0 and that (M, J) is Kähler if additionally

the almost complex structure in question is integrable; this means that there

exist coordinates zj = xj +
√
−1yj so that

J∂xj = ∂yj and J∂yj = −∂xj .

Newlander and Nirenberg (1957) provide necessary and sufficient conditions

that an almost complex structure giving rise to a complex structure.

Any holomorphic submanifold of a Kähler manifold is Kähler. As the

Fubini–Study metric on CPk is Kähler, any algebraic variety is Kähler.

Kähler geometry provides a useful family of compatible examples:

Lemma 1.6.10 If M is an almost Kähler manifold, then J and R are

compatible.

Proof. Since ∇J = 0, we have ∇xJ = J∇x so JR(x, y) = R(x, y)J for

all x, y. Thus as a special case JR(x, Jx) = R(x, Jx)J and hence J and R

are compatible by Lemma 1.6.6. �

1.7 The Geometry of the Jacobi Operator

Let M0 = (V, 〈·, ·〉, A) be a 0-model and let A be the associated curvature

operator;

〈A(u, v)w, x〉 = A(u, v, w, x) .
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In Section 1.7, we shall discuss natural operators which are related to the

Jacobi operator. Section 1.7.1 deals with the classical Jacobi operator,

Section 1.7.2 treats the higher order Jacobi operator, Section 1.7.3 considers

the conformal Jacobi operator, and Section 1.7.4 is concerned with the

complex Jacobi operator.

1.7.1 The Jacobi operator

The Jacobi operator J (v) is the linear map of V defined by:

J (v) : w → A(w, v)v .

The curvature identities show that J is symmetric since one has:

〈J (v)w, z〉 = A(w, v, v, z) = A(z, v, v, w) = 〈J (v)z, w〉 .

We polarize J and define

J (v1, v2) : w → 1
2{A(w, v1)v2 + A(w, v2)v1} .

One then has J (v) = J (v, v). We note that the Ricci tensor ρ is given by

ρ(v1, v2) = Tr{J (v1, v2)} .

The Jacobi operator determines the curvature:

Lemma 1.7.1 Let M0 be a 0-model. If J = 0, then A = 0.

Proof. Suppose that J = 0. Then A(y, x, x, z) = 0 for all x, y, z. Polar-

izing in x then yields 0 = A(y, x, v, z) +A(y, v, x, z). Consequently,

0 = A(y, x, v, z) +A(y, v, z, x) +A(y, z, x, v)

= A(y, x, v, z) −A(y, v, x, z) +A(y, z, x, v)

= A(y, x, v, z) +A(y, x, v, z) −A(y, x, z, v)

= 3A(y, x, v, z) .

This shows A = 0 as desired. �

One then has the following

Corollary 1.7.1 Let Mi := (V, 〈·, ·〉, Ai) be 0-models for i = 1, 2. If

JM1 = JM2 , then A1 = A2.
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One says that M0 is spacelike Osserman (respectively timelike Osser-

man) if the eigenvalues of J are constant on the pseudosphere S+(V, 〈·, ·〉)
(respectively on S−(V, 〈·, ·〉)) of unit spacelike (respectively timelike) vec-

tors in V ; the multiplicities are then necessarily constant as well. We will

show in Theorem 1.9.1 that these are equivalent notions so one simply

speaks of an Osserman algebraic curvature tensor in this setting. One says

that M0 is spacelike Jordan Osserman if the Jordan normal form of J is

constant on S+(V, 〈·, ·〉). The notion timelike Jordan Osserman is defined

similarly; spacelike Jordan Osserman and timelike Jordan Osserman are

different notions as we shall see presently. It is clear that spacelike (respec-

tively timelike) Jordan Osserman implies spacelike (respectively timelike)

Osserman. The designation “Osserman” is used owing to the seminal paper

of Osserman (1990).

In the Riemannian setting (p = 0), the eigenvalue structure determines

the Jordan normal form. This is not, however, the case in higher signatures.

If p ≥ 2 and q ≥ 2, there are examples where M0 is spacelike Osserman

but not spacelike Jordan Osserman. There are also examples where M0 is

spacelike Jordan Osserman but not timelike Jordan Osserman. We refer to

the discussion in Theorems 1.7.1, 1.7.2, 2.6.1, and 2.7.3 for further details.

Let F := {J1, ..., J`} be a Clifford family on V . The Ji are skew-adjoint

endomorphisms of V satisfying the Clifford commutation relations:

JiJj + JjJi = −2δij id .

Following the notation established in Eq. (1.3.a), one defines

A〈·,·〉(x, y, z, w) := 〈x,w〉〈y, z〉 − 〈x, z〉〈y, w〉,
AJi(x, y, z, w) := 〈Jix,w〉〈Jiy, z〉 − 〈Jix, z〉〈Jiy, w〉

−2〈Jix, y〉〈Jiz, w〉 .

Theorem 1.7.1 Let F be a Clifford family on V . Let M := (V, 〈·, ·〉, A)

where A = c0A〈·,·〉 +
∑

i ciAJi . Then M is spacelike and timelike Jordan

Osserman.

Proof. Let x ∈ S+(V, 〈·, ·〉). The spectral resolution of J (x) is given by

J (x)y =





0 if y ∈ Span{x},
(c0 + 3ci)y if y ∈ Span{Jix},
c0y if y ∈ Span{x, J1x, ...J`x}⊥ .

This shows that M is spacelike Jordan Osserman. Similarly one can show

that A is timelike Jordan Osserman. �
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Let M be a pseudo-Riemannian manifold of signature (p, q). We say

that M is pointwise spacelike Osserman, pointwise timelike Osserman,

pointwise spacelike Jordan Osserman, or pointwise timelike Jordan Osser-

man if the 0-model M0(M, P ) has this property for every point P ∈ M ;

the eigenvalues or Jordan normal form being permitted to vary with the

point in question. We say that M is globally spacelike Osserman, globally

timelike Osserman, globally spacelike Jordan Osserman, or globally timelike

Jordan Osserman if the structures in question do not in fact vary with P .

One says that M is a 2-point homogeneous space if the isometries of M
act transitively on the pseudo-sphere bundles S±(M). It is clear that if M
is a 2-point homogeneous space, then M is spacelike and timelike Jordan

Osserman. Thus, in particular the standard round sphere Sm and complex

projective space CPk are Jordan Osserman. We refer to the discussion in

Section 1.9.4 for other examples.

If M is a 2-dimensional Riemannian manifold, then M is pointwise

Osserman; it is globally Osserman if and only if M has constant sectional

curvature. Furthermore, there exist pointwise Osserman 4-dimensional Rie-

mannian manifolds which are not globally Osserman; see, for example, the

discussion in Gilkey, Swann, and Vanhecke (1995). We shall survey some

of the relevant results in this area in Section 1.9.4.

1.7.2 The higher order Jacobi operator

Recall that a pair (r, s) is said to be admissible if one has

1 ≤ r + s ≤ m− 1, 0 ≤ r ≤ p, and 0 ≤ s ≤ q .

Equivalently, this means that the Grassmannian Grr,s(V, 〈·, ·〉) is a con-

nected manifold of positive dimension.

Let {ei} be a basis for a non-degenerate linear subspace π of signature

(r, s). Denote the components of the inner product by gij := 〈ei, ej〉; let

gij be the inverse matrix. Stanilov and Videv (1998) defined a higher order

Jacobi operator; this is the symmetric linear map given by:

J (π) :=
∑

i,j

gijJ (ei, ej) .

It is independent of the basis chosen for π. If {e−1 , ..., e−r , e+1 , ..., e+s } is an

orthonormal basis for π, one then has in particular that

J (π) := J (e+1 ) + ...+ J (e+s ) −J (e−1 ) − ...−J (e−r ) .
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If r = 0 so π ∈ Gr0,s(V, 〈·, ·〉) is spacelike, then the unit sphere S(π) is

compact and there is a universal constant cJ (s) so that

J (σ) = cJ (s)

∫

v∈S(π)

J (v)dv .

Consequently, the higher order Jacobi operator may be regarded as an

average Jacobi operator in this special case. It was introduced first in the

Riemannian setting by Stanilov and Videv (1992).

One says that a 0-model M0 = (V, 〈·, ·〉, A) is Osserman of type (r, s)

if the eigenvalues of J (·) are constant on the Grassmannian Grr,s(V, 〈·, ·〉).
It is immediate that M0 is Osserman of type (1, 0) (respectively (0, 1)) if

and only if M0 is spacelike (respectively timelike) Osserman. In fact, only

the value k := r + s is relevant. We will show in Theorem 1.9.1 that if M0

is Osserman of type (r, s) for any admissible (r, s) with r+ s = k, then M0

is Osserman of type (r̄, s̄) for every admissible (r̄, s̄) with r̄ + s̄ = k; thus

one speaks of k-Osserman in this setting.

One adds the words “Jordan” if additionally the Jordan normal form

is constant. The following examples show that there exist admissible pairs

(r, s) and (r̄, s̄) with r+s = r̄+ s̄ so that there are models which are Jordan

Osserman of type (r, s) but which are not Jordan Osserman of type (r̄, s̄).

We postpone until Chapter 2 a discussion of similar geometric examples.

Example 1.7.1 Let {e−1 , ..., e−p , e+1 , ..., e+q } be an orthonormal basis for a

vector space V of signature (p, q). Set

Φae
±
i =

{±(e+i + e−i ) if i ≤ a,

0 if i > a ,

Aa(x, y)z := 〈Φay, z〉Φax− 〈Φax, z〉Φay .

The map Φa is self-adjoint and Aa is the associated canonical curvature

operator. We refer to Theorem 3.3.2 of Gilkey (2002) for the proof of the

following result of Stavrov (2003a):

Theorem 1.7.2 Adopt the notation established above.

(1) If 1 ≤ k ≤ m− 1, then Aa is k-Osserman.

(2) Let 2 ≤ r ≤ p and 2 ≤ s ≤ q. Then Aa is Jordan Osserman of type

(a) (1, 0) or (p− 1, q) if and only if p = a.

(b) (0, 1) or (p, q − 1) if and only if q = a.

(c) (r, 0) or (p− r, q) if and only if p− a+ 2 ≤ r.

(d) (0, s) or (p, q − s) if and only if q − a+ 2 ≤ s.
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(3) If 1 ≤ r ≤ p− 1 and if 1 ≤ s ≤ q− 1, then Aa is not Jordan Osserman

of type (r, s).

Example 1.7.2 Let {e−1 , ..., e−p , e+1 , ..., e+q } be an orthonormal basis for

V . Choose a ≥ 1 so 2a ≤ min(p, q). Define a skew-adjoint linear map Φa

of V and associated canonical curvature tensor Aa by setting:

Φae
±
k :=





±(e−2i + e+2i) if k = 2i− 1 ≤ 2a,

∓(e−2i−1 + e+2i−1) if k = 2i ≤ 2a,

0 if k > 2a,

Aa(x, y, z, w) := 〈Φax,w〉〈Φay, z〉 − 〈Φax, z〉〈Φay, w〉
−2〈Φax, y〉〈Φaz, w〉 .

We can interchange the roles of spacelike and timelike vectors by changing

the sign of the inner product. Thus we may always assume that p ≤ q. We

refer to Gilkey and Ivanova (2002a) for the proof of the following result:

Theorem 1.7.3 Adopt the notation established above. If p ≤ q, then:

(1) Aa is k-Osserman for 1 ≤ k ≤ dim V − 1.

(2) Suppose that 2a < p. Then Aa is Jordan Osserman of type (p, 0) and

(0, q); Aa is not Jordan Osserman of type (r, s) otherwise.

(3) Suppose that 2a = p < q. Then Aa is Jordan Osserman of type (r, 0)

and of type (r, q) for any 1 ≤ r ≤ p − 1; Aa is not Jordan Osserman

otherwise.

(4) Suppose that 2a = p = q. Then Aa is Jordan Osserman of type (r, 0),

of type (r, q), of type (0, s), and of type (p, s) for 1 ≤ r ≤ p − 1 and

1 ≤ s ≤ q − 1; Aa is not Jordan Osserman otherwise.

We shall present additional results concerning the higher order Jacobi

operator in Section 1.9.5. We also refer to Theorems 2.5.1, 2.6.1, and 2.7.3

for additional examples.

1.7.3 The conformal Jacobi operator

Let P be a point of a pseudo-Riemannian manifold (M, g). Let

WP := (TPM, gP ,WP )

where WP := πWRP is the associated Weyl conformal curvature tensor

defined in Section 1.3.3. We say that (M, g) is conformally spacelike Os-

serman (respectively conformally timelike Osserman) if WP is spacelike
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Osserman (respectively timelike Osserman) for every point P of M . One

adds the modifier “Jordan” if instead the Jordan normal form is constant.

The eigenvalue structure, or Jordan normal form, is permitted to vary with

the point P of M ; the technical distinction between “global” and “point-

wise” plays no role in this setting. We will show in Section 1.9.6 that this

is a conformally invariant condition.

1.7.4 The complex Jacobi operator

Let 〈·, ·〉 be a non-degenerate inner product of signature (p, q) on a vector

space V . We say that M := (V, 〈·, ·〉, J, A) is a complex 0-model if J is a

Hermitian almost complex structure and if A ∈ Alg0(V ); such structures

exist if and only if p and q are even. If J and A are compatible and if

the eigenvalues of J(π) are constant on CP+(V, 〈·, ·〉, J) (respectively on

CP−(V, 〈·, ·〉, J)), then we say that M is complex spacelike Osserman (re-

spectively complex timelike Osserman) if q > 0 (respectively p > 0). These

are equivalent notions if p > 0 and if q > 0 so we shall simply speak of M

being complex Osserman. The notions complex spacelike Jordan Osserman

and complex timelike Jordan Osserman are defined similarly.

Let M := (M, g, J) be an almost complex Hermitian manifold. Here g

is a pseudo-Riemannian manifold of signature (p, q) and J is a Hermitian

almost complex structure on T (M). We assume J∗R = R as a compatibility

condition. We say that M is pointwise complex spacelike Osserman if this

property holds for M(M, P ) for every P ∈ M ; we say that M is globally

complex spacelike Osserman if the eigenvalues do not vary with P . Other

notions are defined similarly. We refer to Theorems 5.1.1 and 5.1.3 for

examples of Riemannian complex Osserman 0-models and manifolds. In

this section we content ourselves by showing the analogue of Lemma 1.7.1

fails in this context; we refer to Brozos-Vázquez, Garćıa-Rı́o, and Gilkey

(2006) for a further discussion of this question:

Lemma 1.7.2 Let V be a Riemannian vector space of dimension m ≡ 0

mod 4. Then there exists a non-zero algebraic curvature tensor A on V

and a Hermitian almost complex structure J on V so that J and A are

compatible and so that the Riemannian complex 0-model M = (V, 〈·, ·〉, J, A)

satisfies J (π) = 0 for all π ∈ CP(V, 〈·, ·〉, J). If m ≥ 8, M can be chosen

so that M is not Osserman.

Proof. Choose an isometry to identify V = Rm with the canonical pos-

itive definite Euclidean inner product 〈·, ·〉. If K is a skew-symmetric
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linear map of Rm, let AK be the canonical algebraic curvature tensor of

Eq. (1.3.b):

AK(x, y)z = 〈Ky, z〉Kx− 〈Kx, z〉Ky − 2〈Kx, y〉Kz .

It is then immediate that

JK(x)y = 3〈y,Kx〉Kx .

Since m ≡ 0 mod 4, we can choose an isometry to identify V with

the quaternions Hm̄ where m = 4m̄. Let J = i and K = j define skew-

adjoint endomorphisms of V with J2 = K2 = − Id and JK +KJ = 0. Let

A := AK −AJK . We then have

JA(x)y = 3〈y,Kx〉Kx− 3〈y, JKx〉JKx .

Since {x, Jx,Kx} is an orthonormal set, this shows that JA(x)Kx = 3Kx

and thus A is not the zero algebraic curvature operator. One also has that

JA(πx)y = 3〈y,Kx〉Kx+ 3〈y,KJx〉KJx
− 3〈y, JKx〉JKx− 3〈yJKJx〉JKJx
= 3〈y,Kx〉Kx+ 3〈y,KJx〉KJx
− 3〈y,KJx〉KJx− 3〈yKx〉K
= 0 .

This shows JA(πx) = 0. Consequently, by Lemma 1.6.6, A and J are

compatible. This completes the proof if m = 4.

Suppose m̄ ≥ 2. Take a non-trivial decomposition Hm̄ = H+ ⊕H−. Set

J1 = i, J2 = j, and J3 = ±k on H±; if x± ∈ S(H±), then J1J2J3x± = ±x±.

Define:

A := AJ2 −AJ1J2 −AJ3 +AJ1J3 .

The same calculations as those given above show that M is complex

Osserman and that J (π) = 0 for any π ∈ CP(V, 〈·, ·〉, J). We have

J1J2x+ = J3x+ and J1J3x+ = −J2x+. Consequently

JA(x+)y =





(3 − 3)y if y ∈ Span{J2x+},
(3 − 3)y if y ∈ Span{J3x+},
0 if y ⊥ Span{J2x+, J3x+} .
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This shows JA(x+) = 0. On the other hand, if we take x = (x+ +x−)/
√

2,

we have

J2x = (J2x+ + J2x−)/
√

2, J3x = (J3x+ + J3x−)/
√

2,

J1J2x = (J3x+ − J3x−)/
√

2, J2J3x = (−J2x+ + J2x−)/
√

2

forms an orthonormal set. Thus

JA(x)y =

{
3y if y ∈ Span{J2x, J3x},

−3y if y ∈ Span{J1J2x, J1J3x} .

This show that M is not Osserman. �

1.8 The Geometry of the Curvature Operator

In this section, we continue our discussion of natural operators related to

the curvature tensor and focus on the skew-symmetric curvature opera-

tor. The geometry of the classic skew-symmetric operator is discussed in

Section 1.8.1, the geometry of the conformal skew-symmetric curvature op-

erator is presented in Section 1.8.2, the geometry of the Stanilov or higher

order skew-symmetric curvature operator is studied in Section 1.8.3, and

the geometry of the complex skew-symmetric curvature operator is related

in Section 1.8.4. Throughout this section, let M0 := (V, 〈·, ·〉, A) be a 0-

model.

1.8.1 The skew-symmetric curvature operator

If {e1, e2} is an oriented orthonormal basis for an oriented non-degenerate

2-plane π, the skew-symmetric curvature operator A(π) is defined by:

A(π) : x→ A(e1, e2)x .

Let ẽ1 = a11e1 + a12e2 and ẽ2 = a21e1 + a22e2 be another orthonormal

basis. Then

A(ẽ1, ẽ2) = (a11a22 − a12a21)A(e1, e2) .

Since det(a) = +1, this is independent of the particular orthonormal basis

chosen. Furthermore, A(π) is skew-symmetric since

〈A(π)v, w〉 = A(e1, e2, v, w) = −A(e1, e2, w, v) = −〈A(π)w, v〉 .
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Let −π denote π with the reversed orientation; as {e1,−e2} is an oriented

orthonormal basis for −π,

A(−π) = −A(π) .

One says that a 0-model M0 is spacelike (respectively timelike or mixed)

Ivanov–Petrova if the eigenvalues of the associated curvature operator A are

constant on the Grassmannian of oriented spacelike (respectively timelike

or mixed) 2-planes. The word “Jordan” is added if additionally the Jordan

normal form is constant. The designation “Ivanov–Petrova” is used owing

to the seminal paper by Ivanov and Petrova (1998).

We follow the notation established in Eq. (1.3.a) to construct examples.

Theorem 1.8.1 Let M0 := (V, 〈·, ·〉, Aφ) where φ is self-adjoint.

(1) If φ2 = ± Id, then M0 is spacelike, timelike, and mixed Ivanov–Petrova.

(2) If φ2 = 0 and if kerφ contains no spacelike vectors, then M0 is spacelike

Ivanov–Petrova.

We note that if φ2 = Id and if φ is self-adjoint, then φ is an isometry

of (V, 〈·, ·〉); if φ2 = − Id and if φ is self-adjoint, then φ is a para-isometry

of (V, 〈·, ·〉); this means that 〈φu, φv〉 = −〈u, v〉. Note that para-isometries

exist if and only if p = q.

Proof. Suppose that φ is self-adjoint and that φ2 = ε id where ε = ±1.

Let {x, y} be an oriented orthonormal basis for a non-degenerate 2-plane

π. We have

Aφ(x, y)z = 〈φy, z〉φx− 〈φx, z〉φy .

If {x, y} is spacelike, then:

A(x, y)φx = −εφy, A(x, y)φy = εφx,

A(x, y)z = 0 if y ⊥ Span{φx, φy} .

Thus if π is spacelike, A(π) is an almost complex structure on φπ and van-

ishes on φπ⊥. Consequently A is spacelike Jordan Ivanov–Petrova. Simi-

larly, if {x, y} is timelike, then

A(x, y)φx = εφy, A(x, y)φy = −εφx,
A(x, y)z = 0 if y ⊥ Span{φx, φy} .
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This shows that M0 is timelike Jordan Ivanov–Petrova. Finally, if x is

spacelike and y is timelike, then

A(x, y)φx = −εφy, A(x, y)φy = −εφx,
A(x, y)z = 0 if y ⊥ Span{φx, φy} .

Again, the Jordan normal form is determined so M0 is mixed Jordan

Ivanov–Petrova. This completes the proof of Assertion (1).

If φ2 = 0, then A(x, y)2 = 0. Thus the Jordan normal form is deter-

mined by Rank(A). Since

Range(A(x, y)) ⊂ Span{φx, φy},

Rank(A) ≤ 2. Suppose that kerφ contains no spacelike vectors. Let {x, y}
be an orthonormal basis for a spacelike 2-plane π. Since ax + by is again

spacelike and non-zero for (a, b) 6= (0, 0), φ(ax+ by) 6= 0 and thus {φx, φy}
is a linearly independent set. Thus we can find z1 and z2 so

〈z1, φx〉 = 1, 〈z1, φy〉 = 0, 〈z2, φx〉 = 0, 〈z2, φy〉 = 1 .

This shows A(x, y)z2 = φx and A(x, y)z1 = φy and thus Rank(A(x, y)) = 2.

Assertion (2) now follows. �

There are 4-dimensional examples that play an important role. Let

{e1, e2, e3, e4} be an orthonormal basis for R(0,4). Let

A
(0,4)
1212 = −1, A

(0,4)
1234 = 2, A

(0,4)
1313 = 2, A

(0,4)
1324 = 1,

A
(0,4)
1414 = 2, A

(0,4)
1423 = −1, A

(0,4)
2323 = 2, A

(0,4)
2314 = −1,

A
(0,4)
2424 = 2, A

(0,4)
2413 = 1, A

(0,4)
3434 = −1, A

(0,4)
3412 = 2 .

(1.8.a)

Similarly, let {e−1 , e−2 , e+3 , e+4 } be an orthonormal basis for R(2,2). Define

A
(2,2)
1212 = −1, A

(2,2)
1234 = −2, A

(2,2)
1313 = −2, A

(2,2)
1324 = −1,

A
(2,2)
1414 = −2, A

(2,2)
1423 = 1, A

(2,2)
2323 = −2, A

(2,2)
2314 = 1,

A
(2,2)
2424 = −2, A

(2,2)
2413 = −1, A

(2,2)
3434 = −1, A

(2,2)
3412 = −2 .

(1.8.b)

The tensor of Eq. (1.8.b) may be defined by complexifying the tensor of

Eq. (1.8.a) and setting

e−1 :=
√
−1e1, e−2 :=

√
−1e2, e+3 := e3, e+4 := e4 .

The following result in the Riemannian setting is established by Ivanov

and Petrova (1998); we refer to the discussion in Gilkey and Semmelmann

(2000) for the neutral signature result:
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Theorem 1.8.2 (R(0,4), A(0,4)) and (R(2,2), A(2,2)) are Ivanov–Petrova.

The following family was introduced by Gilkey and Nikčević (2004a). In

Section 2.7, we shall construct pseudo-Riemannian manifolds modeled on

this example. For s ≥ 2, let {U1, ..., Us, T1, ..., Ts, V1, ..., Vs} be a basis for

R3s. Let

M0 := (R3s, 〈·, ·〉, A) where

〈Ui, Vi〉 = 〈Vi, Ui〉 = 1, 〈Ti, Ti〉 = −1, and

A(Ui, Uj , Uj , Ti) = 1 for i 6= j .

Theorem 1.8.3

(1) M0 is spacelike Jordan Ivanov–Petrova.

(2) M0 is timelike Ivanov–Petrova.

(3) M0 is not timelike Jordan Ivanov–Petrova.

One says that a pseudo-Riemannian manifold M = (M, g) is pointwise

spacelike (respectively timelike or mixed) Ivanov–Petrova if M0(M, P ) has

this structure for any P ∈ M ; the structure in principle being permitted

to vary with P . One replaces the word “pointwise” by the word “globally”

if the structures in question is in fact independent of P . Manifolds of

constant sectional curvature are globally Jordan Ivanov–Petrova; we refer

to the discussion in Section 1.9.8 for other examples and for a survey of the

literature in this area.

In Theorem 2.5.1, we give examples of manifolds which are spacelike and

timelike Jordan Ivanov–Petrova but which are not mixed Jordan Ivanov–

Petrova.

1.8.2 The conformal skew-symmetric curvature operator

Let W be the conformal Weyl tensor of a pseudo-Riemannian manifold

M. We say that M is conformally spacelike (respectively timelike) Jordan

Ivanov–Petrova if WP is spacelike (respectively timelike) Jordan Ivanov–

Petrova for every point P of M . The Jordan normal form is permitted to

vary with the point P of M ; the technical distinction between “global” and

“pointwise” plays no role in this setting. In Section 1.9.9, we will show that

this is a conformal notion.
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1.8.3 The Stanilov operator

A higher order generalization of the skew-symmetric curvature operator

has been introduced by Stanilov (2000); see also Stanilov (2004). Suppose

that M0 := (V, 〈·, ·〉, A) is a 0-model. Let {e1, ..., eν} be a basis for a non-

degenerate ν-plane π where ν ≥ 3. The Stanilov operator is defined by

setting:

Θ(π) :=
∑

i,j,k,l

gikgjlA(ei, ej)A(ek, el) .

This self-adjoint operator is independent of the basis chosen for π. If π is

spacelike, then Θ can be regarded as the average square skew-symmetric

curvature operator because there exists a universal constant cΘ(k) so:

Θ(π) = cΘ(k)

∫

σ∈Gr+2 (π)

A(σ)2dσ .

It is necessary to square A to obtain a non-zero average since A(·) changes

sign if the orientation of π is reversed; thus

0 =

∫

σ∈Gr+2 (π)

A(σ)dσ .

If the eigenvalues of Θ are constant on Grr,s(V, 〈·, ·〉), then M0 is said

to be Stanilov of type (r, s). As with the higher order Jacobi operator,

only the value r + s is relevant by Theorem 1.9.1; M0 is k-Stanilov if M0

is Stanilov of type (r, s) for any (and hence for all) admissible (r, s) with

r + s = k.

One says that a pseudo-Riemannian manifold M = (M, g) is pointwise

Stanilov of type (r, s) if M0(M, P ) is Stanilov of type (r, s) for all points P

of M . The word “Jordan” is added if the Jordan normal form is constant.

The word “pointwise” is replaced by the word “globally” if the structures

do not depend on P . In Section 4.7, we will establish the basic results

concerning these manifolds. Examples will be given in Theorems 2.5.1 and

2.7.3.

1.8.4 The complex skew-symmetric curvature operator

We say that a complex 0-model M := (V, 〈·, ·〉, J, A) is complex skew-

symmetric curvature operator if J and A are compatible (as described in

Lemma 1.6.6) and if the eigenvalues of A(·) are constant on CP+(V, 〈·, ·〉, J).
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The notions of timelike complex Ivanov–Petrova, or spacelike complex Jor-

dan Ivanov–Petrova, or timelike complex Jordan Ivanov–Petrova are defined

similarly. Since there are no non-degenerate complex lines of signature

(1, 1), the notion “mixed” does not appear in this setting.

There are several families of examples. Let φ be a linear transformation

of V . If φ∗ = ±φ, then we have a canonical algebraic curvature tensor

associated to φ by Eq. (1.3.a):

Aφ(x, y)z :=

{ 〈φy, z〉φx − 〈φx, z〉φy if φ = φ∗,
〈φy, z〉φx − 〈φx, z〉φy − 2〈φx, y〉φz if φ = −φ∗ .

Fix a Hermitian almost complex structure on V .

Definition 1.8.1 Let J be a Hermitian almost structure on (V, 〈·, ·〉).
Let φ be a linear map of V to V .

(1) φ is said to be J-admissible if

(a) Either φ = φ∗ and φJ = ±Jφ or φ = −φ∗ and Jφ = −φJ .

(b) Either φ2 = Id, or φ2 = − Id, or φ2 = 0 and kerφ = Rangeφ.

(2) A pair {φ1, φ2} is said to be J-admissible if

(a) Both φ1 and φ2 are J-admissible.

(b) We have φ1J = Jφ1, φ2J = −Jφ2, and φ∗1φ2 + φ∗2φ1 = 0.

(c) If φ2
1 = φ2

2 = 0 and if π is any non-degenerate complex line, then

we have that φ1π ∩ φ2π = {0}.

We refer to Gilkey and Ivanova (2001a) for the proof of the following:

Theorem 1.8.4 Let M := (V, 〈·, ·〉, J, A) be a complex 0-model.

(1) If φ is J-admissible and if A = cAφ, then M is complex spacelike and

timelike Jordan Ivanov–Petrova.

(2) If {φ1, φ2} is J-admissible and if A = c1Aφ1+c2Aφ2 , then M is complex

spacelike and timelike Jordan Ivanov–Petrova.

There is also another family of examples one can consider involving

Clifford module structures. We refer to Theorem 2.11.5 of Gilkey (2002)

for the proof of the following result:

Theorem 1.8.5 Let M := (V, 〈·, ·〉, J, A) be a complex 0-model.

(1) If A = c0A〈·,·〉+c1AJ , then M is complex spacelike and timelike Jordan

Ivanov–Petrova.
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(2) Let φ be skew-adjoint. Assume that φ2 = ± id and that φJ = −Jφ. If

A = c0A〈·,·〉 + c1AJ + c2Aφ + c3AJφ, then M is complex spacelike and

timelike Jordan Ivanov–Petrova.

The following Theorem follows from Theorem 1.8.4. It provides exam-

ples in the context of Riemannian geometry:

Theorem 1.8.6 Let (M, g) be a Riemannian manifold.

(1) If (M, g) has constant sectional curvature c and if J is any Hermi-

tian almost complex structure on M , then (M, g, J) is complex Ivanov–

Petrova.

(2) Suppose that (M, g) is a complex space form and that J is the canonical

almost complex structure. Then (M, g, J) is complex Ivanov–Petrova.

1.8.5 The Szabó operator

Let M1 = (V, 〈·, ·〉, A,A1) be a 1-model; here 〈·, ·〉 is a non-degenerate inner

product on V , A ∈ Alg0(V ) and A1 ∈ Alg1(V ). Let A1 be the associated

covariant derivative curvature operator; A1 is characterized by the identity:

〈A1(v1, v2;w)v3, v4〉 = A1(v1, v2, v3, v4;w) .

In analogy to the Jacobi operator, one defines the Szabó operator by:

S(v) : w → A1(w, v; v)v .

This is a symmetric linear operator. One says that M1 is spacelike (respec-

tively timelike) Szabó if the eigenvalues of S are constant on S+(V, 〈·, ·〉)
(respectively on S−(V, 〈·, ·〉)). These are equivalent notions as we shall see

subsequently so one just speaks of Szabó 1-models.

One says that a pseudo-Riemannian manifold M is pointwise spacelike

(respectively timelike) Szabó if the 1-model M1(M, P ) has this property

for all P . The modifiers “Jordan” and “globally” have the same meaning

as that employed in previous sections. The designation “Szabó” is used

owing to the seminal paper by Szabó (1991). There are no known Jordan

Szabó algebraic curvature tensors other than A1 = 0. It is known that

any Riemannian or Lorentzian Szabó tensor is necessarily zero. There are

non-trivial Szabó algebraic curvature tensors in the higher signature setting

(p > 1, q > 1) that we will discuss presently.
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The following is a useful remark that generalizes Lemma 1.7.1; it shows

that S encodes all the information that A1 does.

Lemma 1.8.1 Let M1 be a 1-model. If S = 0, then A1 = 0.

Proof. Suppose S = 0. We then have for all x, y, w that

A1(x, y, y, w; y) = 0. (1.8.c)

We polarize Eq. (1.8.c). Set y(t) := y + tx, expand in powers of t, and set

the term which is linear in t to zero to see:

0 = A1(x, x, y, w; y) +A1(x, y, x, w; y) +A1(x, y, y, w;x)

= A1(x, y, x, w; y) −A1(x, y, w, x; y) −A1(x, y, x, y;w) (1.8.d)

= −2A1(x, y, w, x; y) +A1(x, y, y, x;w) .

Setting w = x in Eq. (1.8.c) yields A1(x, y, y, x; y) = 0. Polarization in y

then yields

0 = 2A1(x, y, w, x; y) +A1(x, y, y, x;w) . (1.8.e)

We add Eqs. (1.8.d) and (1.8.e) to see that 0 = A1(y, x, x, y;w). At this

stage, the argument follows that given to prove Lemma 1.7.1. We polarize

in x and in y to see 0 = A1(y, x, v, z;w) + A1(y, v, x, z;w). We use the

curvature symmetries to see:

0 = A1(y, x, v, z;w) +A1(y, v, z, x;w) +A1(y, z, x, v;w)

= A1(y, x, v, z;w) −A1(y, v, x, z;w) +A1(y, z, x, v;w)

= A1(y, x, v, z;w) +A1(y, x, v, z;w) −A1(y, x, z, v;w)

= 3A1(y, x, v, z;w) .

This shows A1 vanishes identically as desired. �

In Section 1.9.7, we review some of the literature concerning this oper-

ator.

1.9 Spectral Geometry of the Curvature Tensor

In Section 1.9.1, we will show that spacelike Osserman and timelike Osser-

man are equivalent concepts; similarly spacelike Ivanov–Petrova and time-

like Ivanova–Petrova are equivalent and so forth; a theorem of this kind
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first being proved by [Garćia-Río, Kupeli, Vázquez-Abal, and Vázquez-

Lorenzo (1999)] for the Jacobi operator. In Section 1.9.2, we establish a

fundamental duality result for the higher order Jacobi operator. In Section

1.9.3, we present work of Blažić concerning natural operators with bounded

spectrum.

In studying the geometry of the curvature tensor, one supposes that

the eigenvalues, or more generally the Jordan normal form, of a natural

operator in Riemannian geometry is constant on a natural domain of defini-

tion and then seeks to understand the geometric consequences which follow.

This can give, for example, characterizations of 2-point homogeneous spaces

and of local symmetric spaces. There is often a purely algebraic content

to the investigation where one classifies such structures on a k-model. One

then investigates the relevant integrability conditions that arise in geometry

using the first and second Bianchi identities. We give a brief review of some

of the results in this area; we shall concentrate on the Riemannian (p = 0)

and Lorentzian (p = 1) settings and postpone a discussion of the higher

signature setting for the moment. We refer to Garćıa-Rı́o, Kupeli, and

Vázquez-Lorenzo (2002) and to Gilkey (2002) for a more complete treat-

ment. Section 1.9.4 deals with the Jacobi operator, Section 1.9.5 deals with

the higher order Jacobi operator, Section 1.9.6 deals with the conformal and

complex Jacobi operators, Section 1.9.7 deals with the Stanilov and Szabó

operators, Section 1.9.8 deals with the skew-symmetric curvature operator,

Section 1.9.9 deals with the conformal skew-symmetric curvature operator

and with the complex skew-symmetric curvature operator.

1.9.1 Analytic continuation

The following result is fundamental in the study of the spectral geometry

of the Riemann curvature tensor. Let M0 be a 0-model of signature (p, q).

Recall that (r, s) is said to be an admissible pair if 1 ≤ r + s ≤ m − 1,

0 ≤ r ≤ p, and 0 ≤ s ≤ q.

Theorem 1.9.1

(1) The following assertions are equivalent and if either holds, then a 0-

model M0 is said to be Osserman:

(a) q > 0 and M0 is spacelike Osserman.

(b) p > 0 and M0 is timelike Osserman.

(2) Let 2 ≤ k ≤ m−2. The following assertions are equivalent and if either
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holds, then a 0-model M0 is said to be k-Osserman:

(a) ∃ (r, s) admissible with r+ s = k so M0 is Osserman of type (r, s).

(b) M0 is Osserman of type (r, s) ∀ admissible pairs with r + s = k.

(3) The following assertions are equivalent and if either holds, then a com-

plex 0-model M0 = (V, 〈·, ·〉, J, A) is said to be complex Osserman:

(a) q > 0 and M0 is complex spacelike Osserman.

(b) p > 0 and M0 is complex timelike Osserman.

(4) The following assertions are equivalent and if any holds, then a 0-model

M0 is said to be Ivanov–Petrova.

(a) p ≥ 2 and M0 is timelike Ivanov–Petrova.

(b) p ≥ 1 and q ≥ 1 and M0 is mixed Ivanov–Petrova.

(c) q ≥ 2 and M0 is spacelike Ivanov–Petrova.

(5) The following assertions are equivalent and if either holds, then a 0-

model M0 is said to be k-Stanilov:

(a) ∃ (r, s) admissible with r + s = k so M0 is Stanilov of type (r, s).

(b) M0 is Stanilov of type (r, s) ∀ admissible pairs with r + s = k.

(6) The following assertions are equivalent and if either holds, then a com-

plex 0-model M0 = (V, 〈·, ·〉, J, A) is said to be complex Ivanov–Petrova:

(a) q > 0 and M0 is complex spacelike Ivanov–Petrova.

(b) p > 0 and M0 is complex timelike Ivanov–Petrova.

(7) The following assertions are equivalent and if either holds, then a 1-

model M1 is said to be Szabó:

(a) q > 0 and M1 is spacelike Szabó.

(b) p > 0 and M1 is timelike Szabó.

Proof. Suppose p > 0 and q > 0. Assume that M0 is spacelike Osserman.

We shall show that M0 is timelike Osserman. The proof of the reverse

implication is similar. This will establish Assertion (1).

As M0 is spacelike Osserman, we may apply Lemma 1.5.2 to see there

are universal constants ci so Tr{J (x)i} = ci for x ∈ S+(V, 〈·, ·〉). Set

fi(ξ) := Tr{J (ξ)i} − ci(ξ, ξ)
i .

Since we have included the appropriate scaling factor, it follows that fi(ξ)

vanishes on the open subset of spacelike vectors of V . On the other hand,

fi(ξ) is polynomial in the components of ξ relative to any basis for V . Since

fi(ξ) vanishes on a non-empty open subset of V , it now follows that fi is
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constant on all of V . Thus Tr{J (x)i} = (−1)ici on S−(V, 〈·, ·〉). Another

application of Lemma 1.5.2 then implies that M0 is timelike Osserman.

To prove Assertion (2), we complexify. Let VC := V ⊗RC. Fix k. Extend

〈·, ·〉 and A to be complex multilinear. Set

V k := V × ...× V, O := {~v ∈ V k : det{〈vi, vj〉 6= 0},
V k

C
:= VC × ...× VC, OC := {~v ∈ V k

C
: det{〈vi, vj〉 6= 0},

Or̄,s̄ := {~v ∈ V k : Span{vi} ∈ Gr(r̄,s̄)(V )} .

We note that OC is a connected open subset of V k
C

with real points

OC ∩ V k = O = ∪r̄+s̄=kOr̄,s̄ .

If ~v ∈ OC, then π~v := SpanC{v1, ..., vk} is a non-degenerate complex

k-dimensional subspace of V . Let

J (π~v) =
∑

i,j

gijJ (vi, vj) where gij := 〈vi, vj〉 .

This is independent of the particular basis for π which is chosen. By as-

sumption, the eigenvalues of J (~v) are constant on Or,s. Consequently,

there are constants ci so that

Tr{J (π~v)
i} = ci if ~v ∈ Or,s .

Thus by the Identity Theorem, Tr{J (π~v)
i} = ci for ~v ∈ OC. We restrict to

see Tr{J (π~v)
i} = ci for ~v ∈ Or̄,s̄ and hence M0 is Osserman of type (r̄, s̄).

This proves Assertion (2); the proof of Assertions (4), (5), (6), and (7) is

similar and is therefore omitted. �

In Theorems 2.5.1 and 2.6.1, we exhibit examples which are Jordan Os-

serman of certain but not all types for a given r+s = k. Consequently The-

orem 1.9.1 fails if we replace the words “Osserman” by “Jordan Osserman”.

Similarly, we have examples which are spacelike Jordan Ivanov–Petrova but

not timelike Jordan Ivanov–Petrova and timelike Jordan Ivanov–Petrova

but not spacelike Jordan Ivanov–Petrova.

1.9.2 Duality

There is a basic duality result which is used in the study of k-Osserman

manifolds. Let

J (ξ, η)y := 1
2{R(y, ξ)η + R(y, η)ξ}



THE GEOMETRY OF CURVATURE HOMOGENEOUS PSEUDO-RIEMANNIAN MANIFOLDS 
© Imperial College Press
http://www.worldscibooks.com/mathematics/p503.html

February 7, 2007 9:33 WSPC/Book Trim Size for 9in x 6in aGilkeyCurvHomogenBook-v21e

The Geometry of the Riemann Curvature Tensor 73

be polarized or symmetrized Jacobi operator. If ρ is the Ricci tensor, then

ρ(ξ, η) := Tr{J (ξ, η)} .

Theorem 1.9.2 Fix 1 ≤ k ≤ m − 1. Let M0 be a 0-model of signature

(p, q) which is k-Osserman. Then

(1) M0 is Einstein.

(2) M0 is m− k Osserman.

(3) If M0 is Jordan Osserman of type (r, s), then M0 is Jordan Osserman

of type (p− r, q − s).

Proof. We follow the discussion in Gilkey, Stanilov, and Videv (1998).

We adopt the notation established in the proof of Assertion (2) of Theorem

1.9.1. Let {v1, ..., vk} be a C-basis for a linear subspace σ of VC which has

complex dimension k. We assume ~v := (v1, ..., vk) ∈ OC and set

J (σ) :=
∑

ij

gijJ (vi, vj) .

This is independent of the particular basis chosen. We introduce the com-

plex null cone

NC := {v ∈ VC : 〈v, v〉 = 0};

this is a nowhere dense closed subset of VC. Let x ∈ NC. Choose y so

〈x, y〉 6= 0; since NC is nowhere dense, we may assume that y 6∈ NC and

normalize y so 〈y, y〉 = 1. Let

τ := SpanC{x, y} .

This is a non-degenerate 2-plane since

det

( 〈x, x〉 〈x, y〉
〈x, y〉 〈y, y〉

)
= −〈x, y〉2 6= 0 .

Let W := τ⊥; this is a non-degenerate subspace of complex dimension

m − 2. Since k − 1 ≤ m − 2, there is a non-degenerate subspace σ of

complex dimension k − 1 contained in W . Let

ξt := x+ ty and g(t) := 〈ξt, ξt〉 = t2 + 2t〈x, y〉 .

Let t0 := 0 and t1 := − 1
2 〈x, y〉 be the zeros of this quadratic polynomial. We

consider the complex k-plane π(t) := σ ⊕ Span{ξt}; π(t) is non-degenerate

for t 6= ti.
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The eigenvalues of J (π(t)) are constant if 0 < t < |t1|. Let

c1 := Tr(J (π(t))) .

We then have

g(t)c1 = g(t) Tr{[J (σ) + g(t)−1J (ξt)]}
= Tr{[g(t)J (σ) + J (ξt)]} for 0 < t < |t1| .

We take the limit as t→ 0 to see

Tr(J (x)) = 0 if x ∈ NC . (1.9.a)

Let ξ1, ξ2 ∈ VC with

〈ξ1, ξ1〉 = 〈ξ2, ξ2〉 = 1 and 〈ξ1, ξ2〉 = 0 .

Let x± := ξ1 ±
√
−1ξ2 ∈ NC. We expand

J (x±) = J (ξ1) −J (ξ2) ±
√
−1J (ξ1, ξ2) .

We apply Eq. (1.9.a) to see:

0 = Tr(J (x±)) = Tr(J (ξ1)) − Tr(J (ξ2)) ± Tr(
√
−1J (ξ1, ξ2)) . (1.9.b)

One may use Eq. (1.9.b) to see that

ρ(ξ1, ξ1) = ρ(ξ2, ξ2) = c and ρ(ξ1, ξ2) = 0 .

Consequently ρ(ξ, ξ) = c|ξ|2 for any ξ ∈ VC and hence A is Einstein.

We restrict to the real setting. Let {e−1 , ..., e−q , e+1 , ..., e+p } be an or-

thonormal basis for V . We have

c〈ξ, η〉 = Tr{J (ξ, η)}
= −A(e−1 , ξ, η, e

−
1 ) − ...−A(e−p , ξ, η, e

−
p )

+A(e+1 , ξ, η, e
+
1 ) + ...+A(e+q , ξ, η, e

+
q )

= 〈{−J (e−1 ) − ...−J (e−p ) + J (e+1 ) + ...+ J (e+1 )}ξ, η〉 .

This shows that

−J (e−1 ) − ...−J (e−p ) + J (e+1 ) + ...+ J (e+q ) = c id . (1.9.c)

Let τ be a non-degenerate linear subspace of signature (r, s) and let τ⊥ be

the corresponding non-degenerate linear subspace of signature (p−r, q−s).
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It follows from Eq. (1.9.c) that

J (τ) + J (τ⊥) = c id .

The remaining assertions now follow. �

1.9.3 Bounded spectrum

The higher signature setting (p > 0, q > 0) is significantly different from

the Riemannian setting in at least one respect as the following results will

show. We shall follow Blažić (2005) throughout.

If T ∈ End(V ), let Spec{T} be the complex eigenvalues of T where each

eigenvalue is repeated according to multiplicity. One says that a 0-model

M0 has bounded spacelike Jacobi spectrum if there exists a constant K so

λ ∈ Spec{J (x)} ⇒ |λ| ≤ K ∀x ∈ S+(V, 〈·, ·〉) .

The notion of bounded timelike Jacobi spectrum is defined similarly. The

other natural curvature operators give rise to similar notions where the do-

main is specified appropriately. Since the domains in question are compact

if V is Riemannian, all operators necessarily have bounded spectrum in this

setting.

If M0 is Osserman, then necessarily M0 has bounded spacelike and time-

like Jacobi spectrum. The converse holds in the higher signature context.

We refer to Blažić (2005) for the proof of the following result:

Theorem 1.9.3 [Blažić] Let M0 := (V, 〈·, ·〉, A) be a 0-model of signa-

ture (p, q) where p ≥ 1 and q ≥ 1.

(1) If M0 has bounded spacelike Jacobi spectrum, then M0 is Osserman.

(2) If M0 has bounded timelike Jacobi spectrum, then M0 is Osserman.

Proof. We suppose M0 has bounded spacelike Jacobi spectrum; the time-

like case is similar. Let Ti(x) := Tr{[J (x)]i}. Since Ti(x) is the sum of the

ith powers of the eigenvalues, the functions Ti are uniformly bounded on

S+(V, 〈·, ·〉). Let {e−1 , ..., e−p , e+1 , ..., e+q } be an orthonormal basis for V . Let

O := {x ∈ S+(V, 〈·, ·〉) : 〈e+1 , x〉 > 1};

O is a non-empty open subset of S+(V, 〈·, ·〉) since q ≥ 1. If x ∈ O, we may

choose θ0 ∈ R so that cosh θ0 = 〈e+1 , x〉 and express

x = cosh θ0e
+
1 + sinh θ0v

−
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where

v− :=
1

sinh θ0

{
−
∑

i

〈x, e−i 〉e−i +
∑

j>1

〈x, e+j 〉e+j
}

∈ S−(e⊥1 , 〈·, ·〉) .

Let vθ := cosh θe+1 + sinh θv− ∈ S+(V, 〈·, ·〉). There exists n0 such that

Ti(vθ) =
∑

−n0≤n≤n0

an(e
+
1 , v−)enθ .

By assumption, Ti(vθ) is a bounded function of θ ∈ R. Consequently,

an(e
+
1 , v−) vanishes for n 6= 0 so Ti(vθ) = Ti(v+) is constant. Thus

Ti(x) = Ti(e+1 ) for x ∈ O .

As Ti is real analytic and constant on a non-empty open set, Ti is constant

on the component of S+(V, 〈·, ·〉) that contains e+1 ; as J (x) = J (−x), Ti is

constant on S+(V, 〈·, ·〉). This implies that J (v) has constant spectrum on

S+(V, 〈·, ·〉) and hence M0 is Osserman as desired. �

The proof given above extends without change to establish a similar

result for the Szabó operator, for the complex Jacobi operator, and for the

complex skew-symmetric curvature operator since the appropriate domain

of definition can be regarded as being the pseudo-projective spaces

RP±(V, 〈·, ·〉) := S±(V, 〈·, ·〉)/Z2 .

Before discussing the other operators, we must establish a technical result

that deals with Grassmannians. Let {e−, e+} be an orthonormal basis for

a 2-plane of signature (1, 1). We define a hyperbolic boost T = T (e−, e+, θ)
by setting:

Ty =





cosh θe− + sinh θe+ if y = e−,
cosh θe+ + sinh θe− if y = e+,

y if y ⊥ Span{e−, e+} .

Let Gh be the closed Lie subgroup of O(V, 〈·, ·〉) which generated by these

hyperbolic boosts.

Lemma 1.9.1 Let p ≥ 1 and let q ≥ 1.

(1) Gh is the connected component of the identity in O(V, 〈·, ·〉).
(2) Gh acts transitively on Gr+r,s(V, 〈·, ·〉) and Grr,s(V, 〈·, ·〉).
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Proof. Let {e−1 , ..., e−p , e+1 , ..., e+q } be an orthonormal basis for V . Let

T−−
ij y := 〈y, e−i 〉e−j − 〈y, e−j 〉e−i ,
T−+
ia y := 〈y, e−i 〉e+a − 〈y, e+a 〉e−i ,
T++
ab y := 〈y, e+a 〉e+b − 〈y, e+b 〉e+a .

The collection of elements

{T−−
ij }i<j ∪ {Tia}ia ∪ {Tab}a<b

is a basis for the Lie algebra of O(V, 〈·, ·〉). To complete the proof of Asser-

tion (1), we must only show that these endomorphisms belong to the Lie

algebra gh of Gh.

Let T (θ) = T (e−i , e
+
a , θ). Then T ′(θ) = −T−+

ia so T−+
ia ∈ gh. Since

[T−+
i1 , T−+

j1 ] = T−−
ij and [T−+

1a , T−+
1b ] = T++

ab ,

the remaining generators belong to gh as well. This proves Assertion (1);

Assertions (2) and (3) follow from Assertion (1). �

We can now prove:

Theorem 1.9.4 [Blažić] Let M0 := (V, 〈·, ·〉) be a 0-model of signature

(p, q) where p ≥ 1, q ≥ 1, and p+ q ≥ 3.

(1) Let p ≥ 2. If Spec{R} is bounded on Gr+2,0(V ), M0 is Ivanov–Petrova.

(2) If Spec{R} is bounded on Gr+1,1(V ), M0 is Ivanov–Petrova.

(3) Let q ≥ 2. If Spec{R} is bounded on Gr+0,2(V ), M0 is Ivanov–Petrova.

Proof. Let T = T (e−, e+, θ) be a hyperbolic boost. If π is a non-

degenerate 2-plane, let π(θ) = T (θ)π. Then Tr{[R(π(θ))]i} is a Laurent

polynomial in {eθ, e−θ}. If the spectrum is bounded, this polynomial is

bounded. The argument given to prove Theorem 1.9.3 then shows the poly-

nomial is constant and hence Spec{R(π(θ))} is independent of θ. Thus the

spectrum of R is constant on the orbits of the hyperbolic boosts and hence,

by continuity, on the orbits of the closed Lie group Gh that these boosts

generate. Since Gh acts transitively on the Grassmannians in question, the

desired result follows. �

This proof extends without change to establish a similar result for the

higher order Jacobi operator and for the Stanilov operator. The conformal

Jacobi operator and the conformal skew-symmetric curvature operator can

be treated similarly.
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1.9.4 The Jacobi operator

We continue the discussion of Section 1.7.1. Let M0 be a 0-model. The

Jacobi operator J is defined by

J (x) : y → R(y, x)x .

One says that a 0-model M0 is Osserman if the eigenvalues of J (·) are

constant on the pseudo-spheres S±(V, 〈·, ·〉). One says that a pseudo-

Riemannian manifold M is pointwise Osserman if M0(M, P ) is Osserman

for every point P ∈M ; one says that M is globally Osserman if the eigen-

value structure does not vary with P .

A complete simply connected Riemannian manifold M is a 2-point ho-

mogeneous space if the group of isometries G(M) acts transitively on the

unit sphere bundle S(T (M, g)) or, equivalently, if given two pairs of points

(P1, Q1) and (P2, Q2) with equal Riemannian distances, then there exists

an isometry φ of M with φP1 = P2 and φQ1 = Q2. It is known that M is

a 2-point homogeneous space if and only if either M is flat or M is a rank

1 symmetric space – see Section 1.6.5 for details.

There is a corresponding local classification. Impose no global con-

straints on M. One says that M is a local 2-point homogeneous space if the

pseudo-group of local isometries of M acts transitively on S(M, g). Again

the local geometry is very rigid in this setting; every point of M has an

open neighborhood which is either flat or which is isometric to an open

subset of a rank 1 symmetric space.

If a Riemannian manifold M is a local 2-point homogeneous space,

then necessarily the eigenvalues of the Jacobi operator J (·) are constant

on S(M, g) and hence M is Osserman. Osserman (1990) wondered if the

converse held; this question has been called the Osserman conjecture by

subsequent authors. This conjecture has been established if m 6= 16 fol-

lowing work of Chi (1988), Nikolayevsky (2003b), Nikolayevsky (2004), and

Nikolayevsky (2005); there are also some partial results in dimension 16.

The proof consists of 2 parts. First one classifies the Osserman algebraic

curvature tensors. Then one applies the Bianchi identities to complete the

geometric classification.

We introduce some additional pieces of notation. Let F := {J1, ..., J`}
be a Clifford family. This means that the Ji are Hermitian almost complex

structures on (V, 〈·, ·〉) which satisfy the Clifford commutation relations

JiJj + JjJi = −2δij .
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We use Eq. (1.3.a) to define an associated algebraic curvature tensor

A := c0A〈·,·〉 +
∑

i

ciAJi . (1.9.d)

Let M0 = (V, 〈·, ·〉, A) be a Riemannian 0-model. Let x ∈ S(V, 〈·, ·〉).
Since J (x)x = 0 and since J (x) is self-adjoint, J (x) preserves x⊥. The

reduced Jacobi operator is given by setting:

J̃ (x) := J (x)|x⊥ for x ∈ S(V, 〈·, ·〉) .

Chi (1988) used topological methods to study the eigenvalue structure

of an Osserman manifold and thereby prove:

Theorem 1.9.5 [Chi]

(1) Let M = (V, 〈·, ·〉, A) be a Riemannian Osserman 0-model. Then:

(a) If J̃ has only one eigenvalue, then A = cA〈·,·〉 and M has constant

sectional curvature.

(b) If J̃ has two distinct eigenvalues and if one of the eigenvalues has

multiplicity 1, then A = c0A〈·,·〉 + c1AJ where J is a Hermitian

almost complex structure on V .

(2) Let M = (M, g) be a globally Osserman Riemannian manifold. Then:

(a) If J̃ has 1 eigenvalue, then M has constant sectional curvature.

(b) If J̃ has two distinct eigenvalues and if one of the eigenvalues has

multiplicity 1, then M is locally isometric to a rank 1 symmetric

space. In particular, the eigenvalues are in a ratio of 1 to 4.

When Theorem 1.9.5 is combined with work of Nikolayevsky (2003b),

Nikolayevsky (2004), and Nikolayevsky (2005), one has an almost complete

answer to the question Osserman raised by solving the Osserman conjecture.

Theorem 1.9.6 [Chi–Nikolayevsky] Let M0 = (V, 〈·, ·〉, A) be a Rie-

mannian 0-model and let M be a Riemannian manifold of dimension m.

(1) If M0 is Osserman and if m 6= 16, then A is given by a Clifford module

structure as described in Eq. (1.9.d).

(2) If M is pointwise Osserman and if m 6= 2, 4, 16, then M is either flat

or locally isometric to a rank 1 symmetric space.

(3) If m = 2, 4 and if M is globally Osserman, then M is either flat or

locally isometric to a rank 1 symmetric space.
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It is known that Assertion (1) fails in dimension 16; the algebraic curva-

ture tensor defined by the Cayley plane is an Osserman algebraic curvature

tensor which is not given by a Clifford module structure as noted by Niko-

layevsky (2003a). There are also some partial results available in dimension

m = 16 which are due to Nikolayevsky (2003a) but the situation is still not

clear in that exceptional dimension.

In the Lorentzian setting, the Osserman conjecture been settled both in

the algebraic and in the geometric settings by work of Blažić, Bokan, and

Gilkey (1997a) and of Garćıa-Rı́o, Kupeli, and Vázquez-Abal (1997):

Theorem 1.9.7 [Blažić, Bokan and Gilkey; Garćıa-Ŕıo, Kupeli

and Vázquez-Abal]

(1) If M0 is a Lorentzian Osserman 0-model, then M0 has constant sec-

tional curvature.

(2) If M is a Lorentzian Osserman manifold, then M has constant sec-

tional curvature.

The picture is very different when p ≥ 2 and q ≥ 2. In Theorem 2.3.2,

we exhibit complete manifolds found by Dunn, Gilkey, and Nikčević (2005)

of signature (2, 2) which are spacelike and timelike Jordan Osserman but

which are not locally homogeneous. In Theorem 3.3.1, we present results of

Dı́az-Ramos, Garćıa-Rı́o, and Vázquez-Lorenzo (2006) giving manifolds of

signature (2, 2) which are spacelike and timelike Jordan Osserman on a non-

trivial open dense subset but which are not spacelike and timelike Jordan

Osserman on the entire manifold. The Jacobi operator is not nilpotent for

these examples. The Jordan normal form of a spacelike Jordan Osserman

algebraic curvature can be arbitrarily complicated in the neutral signature

setting, see Theorem 4.4.1 for details.

However, the situation is very different if p < q, i.e. if the spacelike

directions in a certain sense dominate the timelike directions since by The-

orem 4.4.2 if A is a spacelike Jordan Osserman algebraic curvature tensor

on a vector space V of signature (p, q), where p < q, then J (x) is diagonal-

izable for any x ∈ S+(V, 〈·, ·〉). We shall investigate the neutral signature

setting and the setting when q < p presently.

We refer to Blažić, Bokan, Gilkey, and Rakić (1997b), Blažić, Bokan,

and Rakić (1997), Blažić, Bokan, and Rakić (1998), Blažić, Bokan, and

Rakić (2000), Blažić, Bokan, and Rakić (2001a), Bonome, Castro, and

Garćıa-Rı́o (2001), Bonome, Castro, Garćıa-Rı́o, Hervella, and Vázquez-

Lorenzo (1998), Dı́az-Ramos, Garćıa-Rı́o, and Vázquez-Lorenzo (2006),
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Dotti and Druetta (1999a), Dotti and Druetta (1999b), Dotti and Druetta

(2000), Fiedler and Gilkey (2003), Garćıa-Rı́o and D. Kupeli (1996), Garćia-

Río, Kupeli, Vázquez-Abal, and Vázquez-Lorenzo (1999), Garćıa-Rı́o,

Vázquez-Abal, and Vázquez-Lorenzo (1998), Gilkey and Ivanova (2001b),

Gilkey and Ivanova (2002a), Gilkey and Ivanova (2002b), Gilkey, Ivanova,

and Zhang (2002), Gilkey, Ivanova, and Zhang (2003), Gilkey and Nikčević

(2004a), Gilkey and Nikčević (2004b), Gilkey, Swann, and Vanhecke (1995),

Osserman (1990), Rakic (1997), Rakic (1999), Stanilov and Videv (1995),

and Stanilov and Videv (1998) for additional work in this area. In particu-

lar, we refer to Garćıa-Rı́o, Kupeli, and Vázquez-Lorenzo (2002) for a more

exhaustive discussion of the subject.

1.9.5 The higher order Jacobi operator

Let M0 be a 0-model. We recall the notation established in Section 1.7.2.

Let {vi} be a basis for a non-degenerate k-plane π. Let gij := 〈vi, vj〉 for

1 ≤ i, j ≤ k and let gij denote the inverse matrix. The higher order Ja-

cobi operator, introduced by Stanilov and Videv (1992) in the Riemannian

setting, is defined quite generally by

J (π) : y →
∑

i,j

gijA(y, vi)vj .

One says that M0 is k-Osserman if the eigenvalues of J are constant

on the Grassmannian of non-degenerate k-planes. One says that a

pseudo-Riemannian manifold M is pointwise k-Osserman if M(M, P ) is

k-Osserman for every P ∈ M ; one says that M is globally k-Osserman if

the eigenvalue structure is independent of P .

The classification is complete in the Lorentzian and the Riemannian

settings. The case k = 1 follows from Theorems 1.9.6 and 1.9.7; the case

k = m − 1 follows from k = 1 using the duality result of Theorem 1.9.1.

Thus we may suppose 2 ≤ k ≤ m − 2 and m ≥ 4. We adopt the notation

of Eq. (1.9.d). We refer to Gilkey (2001b) for the proof in the Riemannian

setting and to Gilkey and Stavrov (2002) for the proof in the Lorentzian

setting of the following result:

Theorem 1.9.8 [Gilkey, Gilkey–Stavrov] Let 2 ≤ k ≤ m− 2.

(1) Let M0 be a Riemannian k-Osserman 0-model.

(a) If m is odd, then A = cA〈·,·〉.
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(b) If m is even, then either A = cA〈·,·〉 or A = cAJ where J is a

Hermitian almost complex structure on M0.

(2) Let M0 be a Lorentzian k-Osserman 0-model. Then M0 has constant

sectional curvature.

(3) Let M be either a Riemannian or a Lorentzian pointwise k-Osserman

manifold. Then M has constant sectional curvature.

Again, the situation is quite different in the higher signature setting

as the examples described in Theorems 1.7.2 and 1.7.3 show. We refer to

Gilkey (1992), Gilkey and Ivanova (2002a), Gilkey and Ivanova (2002b),

Gilkey, Stanilov, and Videv (1998), Stanilov (1992), Stanilov and Videv

(1992), and Stavrov (2003a) for additional details.

1.9.6 The conformal and complex Jacobi operators

We adopt the notation of Section 1.7.3. Recall that two pseudo-Riemannian

metrics g1 and g2 on a manifold M are said to be conformally equivalent if

there is a positive scaling function α ∈ C∞(M) so that g1 = αg2. We let [g]

be the set of all pseudo-Riemannian metrics on M which are conformally

equivalent to g.

Theorem 1.9.9 Let g1 ∈ [g2]. Let Mi := (M, gi).

(1) If M1 is conformally Osserman, then M2 is conformally Osserman.

(2) If M1 is conformally spacelike (respectively timelike) Jordan Osser-

man, then M2 is conformally spacelike (respectively timelike) Jordan

Osserman.

Proof. As g1 = αg2, the conformal Weyl tensors rescale:

Wg1 = αWg2 .

Let x ∈ S+(M, g2). Let

x̃ := 1√
α(P )

x

be the corresponding g1 spacelike or timelike unit vector. Let π be a space-

like 2-plane.

JWg1
(x̃) = 1

α(P )JWg2
(x) and Wg1(π) = 1

α(P )Wg2(π) .

The Lemma now follows as the Jordan normal forms rescale. �
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Additional results in this area may be found in Blažić and Gilkey (2004),

in Blažić and Gilkey (2005), and in Blažić, Gilkey, Nikěcvić, and Simon

(2005a).

1.9.7 The Stanilov and the Szabó operators

We continue the discussion of Section 1.8. The Stanilov operator has not

been studied to any great extent in the literature. It was first introduced

by Stanilov (2000); we also refer to later work of Stanilov (2004) and of

Gilkey, Nikčević, and Videv (2004).

Let M1 be a 1-model. The Szabó operator, defined in Section 1.8.5, is

a generalization of the Jacobi operator defined by

S(x) : y → A1(y, x;x)x .

One says that M1 is Szabó if the eigenvalues of S are constant on the pseudo-

spheres of V . One says that a pseudo-Riemannian manifold M is pointwise

Szabó if M1(M, P ) is Szabó for every point P of M ; one says that M is

globally Szabó if the structures are independent of P . The following result

is due to Szabó (1991) in the Riemannian setting and to Gilkey and Stavrov

(2002) in the Lorentzian setting; we postpone the proof until Section 4.5:

Theorem 1.9.10 [Szabó, Gilkey–Stavrov]

(1) Let M1 be a Szabó 1-model which is either Riemannian or Lorentzian.

Then A1 = 0.

(2) If M be either a Riemannian or a Lorentzian pointwise Szabó manifold.

Then M is locally symmetric.

There are no known 1-models M1 with A1 6= 0 which are spacelike

Jordan Szabó. It has been shown by Gilkey and Stavrov (2002) that if

A1 is a spacelike Jordan Szabó algebraic covariant derivative curvature

tensor on a vector space of signature (p, q), where q ≡ 1 mod 2 and p < q

or where q ≡ 2 mod 4 and p < q − 1, then A1 = 0. This algebraic

result yields an elementary proof of the geometrical fact that any pointwise

totally isotropic pseudo-Riemannian manifold with such a signature (p, q)

is locally symmetric. The general question of finding non-trivial spacelike

Jordan Szabó covariant algebraic curvature tensors, or conversely showing

none exists, remains open.
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1.9.8 The skew-symmetric curvature operator

Let M0 = (V, 〈·, ·〉, A) be a 0-model. If {e1, e2} is an orthonormal basis for

a non-degenerate oriented 2-plane, one defines

A(π) := A(e1, e2) .

More generally, if {v1, v2} is an oriented basis for π, one may set

A(π) := | det(gij)|−1/2A(v1, v2) .

One says M0 is Ivanov–Petrova if the eigenvalues of A are constant on

the Grassmannian of non-degenerate 2-planes. One says that a pseudo-

Riemannian manifold M is Ivanov–Petrova if M0(M, P ) is Ivanov–Petrova

for all P ∈ M .

The algebraic classification is complete in the Riemannian setting. We

refer to Gilkey, Leahy, and Sadofsky (1999), Gilkey (1999a), Ivanov and

Petrova (1998), and Nikolayevsky (2004c) for the proof of the following

result:

Theorem 1.9.11 Let M0 be a Riemannian Ivanov–Petrova 0-model with

dim(V ) = m ≥ 4. Then either there exists a self-adjoint isometry φ of V

with φ2 = id so that A = cAφ, or m = 4 and A is isomorphic to a multiple

of the algebraic curvature tensor described in Eq. (1.8.a).

Manifolds of constant sectional curvature are Ivanov–Petrova; they cor-

respond to taking φ = id. There are, however, other non-trivial geometric

examples.

Definition 1.9.1 Let (SK , gK) be a pseudo-Riemannian manifold of sig-

nature (p̄, q̄) and constant sectional curvature K; (SK , gK) is determined

up to local isometry by the parameters (p, q,K) and has the local geometry

of the pseudo-spheres described in Lemma 1.6.7. Let ε = ±1 and let

f(t) = εKt2 +At+B where A2 − 4εKB 6= 0 .

Choose a connected open interval I ⊂ R where f(t) 6= 0. Let

M := I × SK and gM := εdt2 + f(t)gSK .

If SK is Riemannian, if f(t) > 0, and if ε = +1, then gM is Riemannian.

The arguments of Ivanov and Petrova (1998) in the Riemannian setting

extend immediately to the pseudo-Riemannian setting to show (M, gM ) is

Ivanov–Petrova. We refer to Gilkey (2002) for further details.








