Chapter 1

The Geometry of the Riemann
Curvature Tensor

1.1 Introduction

In Chapter 1, we present some basic results that we will be using subse-
quently; we also summarize some of the literature in the field. Throughout,
we define a number of tensors. In the interests of brevity, we shall only give
the non-zero entries up to the obvious symmetries. Here is a brief outline
to Chapter 1.

In Section 1.2, we define the curvature of a connection on a vector
bundle. We introduce affine manifolds and pseudo-Riemannian manifolds.
We discuss scalar Weyl invariants, holonomy, and geodesics.

In Section 1.3, we pass to the algebraic context and discuss algebraic cur-
vature tensors and algebraic covariant derivative curvature tensors. We in-
troduce the Weyl tensor and we discuss k-curvature models and k-curvature
homogeneity in both the affine and in the pseudo-Riemannian settings.
There are certain canonical curvature tensors which will play a crucial role
in our development. These are introduced in Section 1.3.2.

In Section 1.4, we give a brief survey of the literature concerning cur-
vature homogeneity. In Theorem 1.4.1, we recall results of Priifer, Tricerri,
and Vanhecke (1996) relating the local scalar Weyl invariants to questions
of homogeneity in the Riemannian setting. In Theorem 1.4.2, we recall
a result of Singer (1960) and of Podesta and Spiro (1996) concerning k-
curvature homogeneity; the appropriate generalization to the affine setting
is given in in Theorem 1.4.3 which is due to Opozda (1996). Theorem 1.4.4
is due to Tricerri and Vanhecke (1986) in the Riemannian setting and to
Cahen, Leroy, Parker, Tricerri, and Vanhecke (1991) in the Lorentzian set-
ting and deals with manifolds which are O-curvature modeled on irreducible
symmetric spaces. We conclude Section 1.4 with a survey of the literature.
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2 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

The subject is a vast one and we can provide only a very brief introduction
to the field. For further details, the reader is urged to consult Boeckx,
Kowalski, and Vanhecke (1996).

In Section 1.5, we summarize some needed results from linear algebra.
We review the notion of Jordan normal form and discuss the spectrum of a
linear operator. We show that given an arbitrary linear map T of a vector
space V of dimension m, that there exists a non-degenerate inner product
(-,-) on V with respect to which T is symmetric. We present some technical
results concerning ordinary differential equations.

In Section 1.6, we summarize some elementary results from differential
geometry. Let 9 = (V,(-,-), Ag, A1) be a 1-model. Here (-,-) is a non-
degenerate inner product on a vector space V of dimension m, Ag is an
algebraic curvature tensor on V', and A; is an algebraic covariant derivative
curvature tensor on V. In Lemma 1.6.2, we show that 91, is geometrically
realizable; this fact plays an important role in the discussion of Section 4.3.
We also introduce some technical facts concerning principal bundles.

Using symmetric and anti-symmetric bilinear forms, respectively, we de-
fine two families of algebraic curvature tensors that will play an important
role in our investigations. In Theorem 1.6.1, we establish a result of Fiedler
showing these algebraic curvature tensors span the vector space of all al-
gebraic curvature tensors. In Section 1.6.4, we turn to complex geometry
and give several equivalent conditions for the compatibility of an algebraic
curvature tensor with a pseudo-Hermitian almost complex structure; this
defines the notion of a compatible compler model. In Section 1.6.5, we in-
troduce the pseudo-spheres and pseudo-complex projective spaces; any real
or complex space form is locally isometric to one of these examples. Section
1.6.6 deals with conformal complex space forms. We conclude Section 1.6
in Section 1.6.7 with a quick review of Kéahler geometry.

In Sections 1.7 and 1.8, we discuss natural operators related to the
curvature tensor and to the covariant derivative of the curvature tensor.
It is an interesting geometrical question to study when such an operator
has constant eigenvalues or, more generally, constant Jordan normal form
on the appropriate domain of definition. One often studies such questions
first in the algebraic setting and then subsequently passes to the geometric
setting; the second Bianchi identity then plays a crucial role in the analysis.

Here is a brief guide to some of the terminology that will be employed
subsequently. We use the word “Osserman” when the underlying opera-
tor is related to the Jacobi operator and the word “Ivanov—Petrova” when
the underlying operator is related to the skew-symmetric curvature opera-
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The Geometry of the Riemann Curvature Tensor 3

tor. We shall use the words “spacelike”, “timelike”, “mixed”, and “of type
(r,s)” as modifiers reflecting the underlying domain of the operator. Thus,
for example, the words “spacelike Osserman” will refer to the Jacobi op-
erator on spacelike unit vectors and the words “timelike Ivanov—Petrova”
will refer to the skew-symmetric curvature operator on timelike 2-planes.
We will add the modifier “Jordan” when instead of studying the eigenval-
ues we are studying the Jordan normal form of the operator. The words
“Tsankov” and “Videv” refer to various commutativity properties that will
be discussed subsequently in Chapter 6.

We will usually work first in the algebraic context by defining the notions
on a k-model. If M is a pseudo-Riemannian manifold, we add the modifier
“pointwise” if the structures in question have a given property on Tp (M) for
each P € M but if the eigenvalues (or Jordan normal form) are permitted
to vary with the point in question; the modifier “global” is added if in
fact the eigenvalues (or Jordan normal form) do not vary with the point in
question.

In Section 1.7, we discuss the Jacobi operator, the higher order Jacobi
operator, and the Weyl conformal Jacobi operator. In Section 1.8, we
treat the complex Jacobi operator, the skew-symmetric curvature operator,
the Stanilov operator (higher order skew-symmetric curvature operator),
the conformal skew-symmetric curvature operator, and the complex skew-
symmetric curvature operator. We conclude our discussion by dealing with
the Szabo operator.

In Section 1.9, we present various results concerning natural operators in
Riemannian Geometry and survey the literature. If © is a natural operator
of Riemannian geometry and if the natural domain D of © decomposes
into disjoint sets Dj,... reflecting the various possible signatures, then one
can complexify and use analytic continuation to see that the eigenvalues
of © are constant on D; if and only if they are constant on the remaining
D;. Thus, for example, spacelike Osserman and timelike Osserman are
equivalent conditions. We refer Theorem 1.9.1 for further details. In Section
1.9.2, we show k-Osserman manifolds are m — k Osserman and Einstein;
this is a useful duality result. In Section 1.9.3, we present work of Blazi¢
concerning natural operators with bounded spectrum. Let 9ty be a 0-model
of signature (p,q) where p > 0 and ¢ > 0. We show that if the Jacobi
operator of My has bounded spectrum on the pseudospheres of timelike or
spacelike unit vectors, then 9y is Osserman; similar results hold for the
other natural operators of Riemannian geometry.

We then survey the literature on the spectral geometry of the curvature
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4 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

tensor. The Osserman conjecture is discussed in Section 1.9.4, the higher
order Jacobi operator is discussed in Section 1.9.5, the conformal Jacobi
operator is discussed in Section 1.9.6, the Stanilov and Szabé operators are
discussed in Section 1.9.7, the skew-symmetric curvature operator is dis-
cussed in Section 1.9.8, the conformal skew-symmetric curvature operator
and the complex skew-symmetric curvature operator are discussed in Sec-
tion 1.9.9. As was true for curvature homogeneity, the subject is a vast one
and this section is only a very brief introduction; further information on
these questions may be found in Garcia-Rio, Kupeli, and Vazquez-Lorenzo
(2002) and in Gilkey (2002).

1.2 Basic Geometrical Notions

In this section, we shall define the basic concepts and notions we will be
working with. Section 1.2.1 provides a brief introduction to linear algebra in
the indefinite context. Section 1.2.2 deals with vector bundles, connections,
and curvature. Section 1.2.3 introduces holonomy and parallel translation.
Affine manifolds, geodesics, and completeness are discussed in Section 1.2.4.
Section 1.2.5 is concerned with pseudo-Riemannian geometry, the Levi-
Civita connection, and the Riemann curvature tensor. In Section 1.2.6,
we use the metric to contract indices in pairs and construct scalar Weyl
invariants.

1.2.1 Vector spaces with symmetric inner products

Let V be a real vector space of dimension m. Let V* be the dual vector
space and let End(V') be the vector space of all linear maps from V to V;
setting n* ® € : v — n*(v)€ identifies

End(V)=V*@V.

Let GI(V) € End(V) be the general linear group on V; G1(V') is the Lie-
group of all invertible elements of End(V'); the Lie algebra gl(V') of GI(V)
is given by

gl(V) = End(V).

Let Al(V) be the group of invertible affine linear maps of V; A € AI(V) if
and only if Az = ax + b for some a € GI(V) and some b € V. We define
Gl(n) and Al(n) by taking V = R™.
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The Geometry of the Riemann Curvature Tensor 5

Let (-,-) € S?(V*) equip V with a symmetric bilinear inner product. We
say that (-, -) is non-degenerate if (¢1, o) = 0 for all ¢po € V implies ¢; = 0.
We define a linear map from V to V* by setting ¢5(¢2) = (é1,d2). The
inner product is non-degenerate if and only if this map is an isomorphism
from V to V*.

Let (-,-) be non-degenerate. Let End(V, (-,-)) denote the subspaces of
symmetric (+) and anti-symmetric (—) linear maps;

End+(V, (-,-)) == {¢ € End(V) : (€1, &2) = £(&1,0&2) V & € V.
Let O(V, (-, -)) be the associated orthogonal group;
OV, () ={T e GL(V) : T"(-,-) = (-, 1)}
We let o(V') denote the associated Lie algebra;
o(V) =End_(V, ("))

We say that v € V' is spacelike, timelike, or null if (v,v) > 0, if (v,v) <0,
or if (v,v) = 0, respectively. Let ST(V, (-,-)) be the pseudo-spheres of unit
spacelike (+) and timelike (—) vectors:

SEWV, () i={v eV : (v,v) = +1}.
Similarly let N(V, (-, -)) be the null cone:
NWV,(-,-)) ={veV:{v,v)=0}.

Let § be the Kronecker symbol;

b 1lfa,:b7
Sab = %0 '_{Oifa;éb.

We can always find a basis B := {e],...,e,, el ef} for V so that
(ei_,ej_> = —d;j, f{e;,el)=0, and (ef,e]) =0dup.

Such a basis B is said to be an orthonormal basis for V. The pair (p,q) is
called the signature of V' and is independent of the particular orthonormal
basis chosen. Note that p + ¢ = m. We say that (-,-) has neutral signature
if p=gq.

We can define an inner product of signature (p,q) on RP*4 by setting

(Z,9) := —21y1 — .. — TqYq + Tg41Yq41 + - + Tptq¥ptq - (1.2.a)
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6 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

Let R®9 denote RP1 with this particular inner product and let O(p,q)
be the associated orthogonal group. Choosing an orthonormal basis B for
V defines an isometry from V to R® that identifies the two Lie groups

OV, (-,-)) =0(p,q) -

We say that @ C V is a non-degenerate subspace of signature (r, s) if
the restriction of the inner product to the subspace m is non-degenerate
and has signature (r,s). Let Gr, (V) denote the Grassmannian of all
such subspaces and let Gr;f <(V) be the Grassmannian of all oriented such
subspaces; these Grassmannians are connected and non-trivial if

1<r+s<m-1, 0<r<p, and 0<s<gq.

Such values of (r,s) will be said to be an admissible pair. Forgetting the
orientation defines a double cover

Zy — Gr} (V) — Gr,s(V).

More generally, if we permit ¢ € S?(V*) to be degenerate, we can
let ker¢p := {€ : ¢(&,n) = 0V n}. We pass to the quotient V/ker ¢, to
see that we can construct a basis for V' so that ¢(e;,e;) = 0 for ¢ # j
and so that ¢(e;,e;) € {0,£1}. If ¢ € A*(V*), we can choose a basis
{e1,.s€ry f1, sy fryn1, ..., Ns } SO the non-zero entries in ¢ are ¢(e;, f;) = 1.

1.2.2 Vector bundles, connections, and curvature

We shall work in the smooth context, unless otherwise noted. Thus the
words “M is a manifold” are to be understood to mean “M is a smooth
manifold”, the words “f is a function” are to be understood to mean “f is
a smooth function”, and so on. Occasionally, we shall have to restrict to
the real analytic context, but this will be clearly noted, as, for example, in
Theorem 2.2.2.

Let M be a connected manifold of dimension m. Let T'(M) and T*(M)
be the tangent and cotangent bundles of M, respectively. If £ € C*°(T'(M))
is a vector field on M and if £* € C°(T*(M)) is a 1-form on M, then the
natural pairing between cotangent and tangent vectors defines a function
£(6) € C=(M).

Let p: V — M be a vector bundle over M. Let Vp be the fiber of V' over
P € M. Let V* be the dual bundle of V and let S?(V*) be the bundle of
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The Geometry of the Riemann Curvature Tensor 7

symmetric 2-cotensors on V. Let End(V') be the bundle of endomorphisms
of V. Let A(V) be the exterior algebra bundle.

Let C*°(V) be the space of sections to V. If ¢ € C*>°(V), we shall
sometimes use the notation ¢p to denote the element ¢(P) € Vp. A section
g € C®(S%(V*)) defines a symmetric bilinear inner product on V. We say
g is non-degenerate if gp € S%(V}) is non-degenerate for every P € M.

Let V be a connectionon V. If £ € C>*°(T(M)) is a tangent vector field
on M and if ¢ € C*°(V) is a section to V, then V¢¢ is once again a section
to V. Let f € C*°(M). Then V is bilinear, function linear in the first
argument, and behaves like a derivation in the second argument:

v{51+f2}{¢1 + ¢2} = Vg, 01 + Ve, ¢2 + Ve, 1 + Vi, o,
Ve = fVed, and Ve{fot = fVed+{L(f)}o.
In particular, if & (P) = &(P), then

{Ve,0}(P) ={Ve, 0} P.

Covariant differentiation is a local operator. If O is an open subset of M,
if §1|O = §2|(9, and if gf)1|o = ¢2|(), then

Ve d1lo = Ve, d2lo -

We extend V to act naturally on the associated tensor bundles.
For example, the induced connections on C*°(V*), on C*(S?(V*)), on
C>*(End(V)), and on C*(A(V)) are characterized, respectively, by the
identities:

(Ve to = E{o"(0)} — 0" (Ved),
{Vegh (o1, ¢2) = E{g(¢1,92)} — 9(Vedr, d2) — g(b1, Vego),

{VeE}(¢) = Ve{Eo} — E{V¢¢},
Vg{wl A wQ} = {ngl} ANwa +wyp A {ngz} .

Let po : Vo — M> be a vector bundle over Ms. Let f: My — Ms. The
pull-back bundle f*V5 is the vector bundle over M; defined by

[ (Vo) :={(P1,v2) € My x Vo : f(P1) = p2(v2)}

with the projection p1(Py,v2) := Py from f*(V2) to My. If ¢g € C°(V3),
then the pull-back section is given by:

[ (92)(P1) := (P, 92(f(P2))) -
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8 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

If g2 € S?(Vy") defines a non-degenerate fiber metric on Va, then the pull-
back f*go is a non-degenerate fiber metric on V7 which is defined by:

[ (g2)((Pr,v2), (P1,w2)) = g2(ve, w2) .

If V is a connection on V3, then the pull-back connection f*V is character-
ized by the identity:

{(F" Ve f o} (P) = (P, {V e, 0} (f(P1))) -

If &,& € C°(T(M)), let [&1,&] := &1&2 — £2&1 be the Lie bracket. Let
R be the curvature operator:

R(§1=§2) = Ve, Ve, = Ve, Ve, — V[EI>§2] :

The curvature is tensorial; {R(&1,&2)0}H(P) depends only on & (P), on
&(P), and on ¢(P). If {e;} is a local frame for T(M) and if {¢,} is a
local frame for V', then

R(Zuiei, Zvie]) { Zwaqba} = Z uvjwa R (€4, €5)Pq -
i Fi a i,7,a
We may regard
ReC(T"MRIT" MV V).

Let V be trivial over an open subset O. Let {¢1, ..., ¢s} be a local frame
for V]p and let @ = (21, ..., ) be local coordinates on O. Decompose

Vo, ¢a =D wia"dv. (1.2.b)
b

The connection 1-form w completely describes the connection V on O. Let
£=3,£0,, be a vector field on O and let ¢ = Y, a”¢, be a section to V
on O; here ¢, a* € C*°(0). One has:

Vep =D €0, {0 da+ Y awia ey

i,a i,a,b

The curvature tensor may then be described by:

R, 02;)ba = > Rija"
b

where

b b b b c b c
Rija = 8xiwja - azjwia + g (wic Wija — Wjc Wiq ) .
c
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The Geometry of the Riemann Curvature Tensor 9

If V.=TM, one has Christoffel symbols for V:

Vami (9% = Zl—‘ijkamk . (1.2.(3)
k

Denote the i*" covariant derivative of the curvature operator by
ViR € C®(@P2T*(M)@V* e V).
We shall use the following notations for the evaluation:

(VIR)(&1,&2:&3, o &) o Ve .. Ve, R(E1,&2)0.

One has inductively that

(le) (51 PREE) §i+2)¢

= v§i+2{(vi_lR)(§1a E) §Z+1)¢} - (vi_lR)(fla ) §i+1)vfi+2¢
i+1

- Z(Vi_lR)(ﬁla s Ve 565, it1) 9 -
=1

It is immediate from the definition that if ¢ > 2, then one has the following
commutation formula for covariant differentiation

(VIR)(&1y s i1, Givz) — (VIR) (s ooy Ei2, Gig1)
= R(&ir2, &) (V' PR) (&1, &2, -, &)}
— > 1<jci(VTPR)(Ey s R(Eir2, i 1)E5 s i)
—{(V"7PR) (&1, -, E) YR (Eias i) -

Thus, for example, we have

(V2R) (&1, 6063, €0) — (VPR)(&1, €25 64, E3)
= R(€1,&)R(&1,62) — R(€1,&2)R(E4,E3)
= R(R(&4,€3)81,&2) — R(&1, R(&4, €3)E2) -
Fix a non-singular symmetric inner product g € C*°(S?(V*)) on the
vector bundle V. We say that V is Riemannian if Vg = 0. In terms of

the connection 1-form defined in Eq. (1.2.b), this means equivalently that
relative to any orthonormal frame field {¢1, ..., ¢s} that

(1.2.d)

wiab +wip®=0.
If V is Riemannian, then R is skew-symmetric:

0=g(R(&1,82)01,d2) + g(P1, R(€&1,&2)P2) -
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10 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

In the special case that V' = T(M), we say that V is torsion free if

Ve &o — Ve,& = [61,8]

Equivalently in the notation of Eq. (1.2.c), this means that relative to a
coordinate frame {9y,, ..., 0x,, }, we have the symmetry property:

INTLIES L
We set

Liji = nglFijl =9(Vo,,04;,0z,) .
I

There is a unique torsion free Riemannian connection on T'(M) which is
called the Levi-Civita connection; the Christoffel symbols of the Levi-Civita
connection are given in Eq. (1.2.f).

1.2.3 Holonomy and parallel translation

Let V be a connection on a vector bundle V. Let v be a curve in M. We
say that a section £(t) to V' along v is parallel if V4)&(t) = 0. If {¢a}
is a local frame field, we may expand &(t) = Y, £%(t)¢pa(y(t)). Expand
v(t) = (v(t),...,7™(t)) in a system of local coordinates. Then & is parallel
if and only if

0=£(t) + DA (1) Mwn"(v() =0 Va.
b,i

Consequently, given £ € V,)(M), there is a unique parallel section £(t)
along v with £(0) = &. The map B, : § — &(1) is called parallel transla-
tion; B defines a linear isomorphism from Vo) to V,(1). We say that - is
a closed loop at P € M if 4(0) = (1) = P. Let

Hp :={PB, :v(0) =~(1) = P} C GI(Vp)

be the holonomy group at P. Since M is connected, the isomorphism class
of the Lie group Hp is independent of the point P € M.

Let g € C*(S?(V*)) be a non-degenerate inner product on the vector
bundle V' and let V be a Riemannian connection. The holonomy group is
then a subgroup of the orthogonal group O(Vp, gp) since parallel translation
preserves the inner product.

THE GEOMETRY OF CURVATURE HOMOGENEOUS PSEUDO-RIEMANNIAN MANIFOLDS
© Imperial College Press
http://www.worldscibooks.com/mathematics/p503.html



The Geometry of the Riemann Curvature Tensor 11

The holonomy is said to be reducible if there exists a proper invariant
subspace; this means there exists V; C Vp so that

0CViCVp and HpVi=Vi.

Otherwise, the holonomy is said to be irreducible. The holonomy is said
to be decomposable if there is a non-trivial invariant decomposition of Vp.
This means that we can find a decomposition Vp = V3 @ V5 with

0CV;CTpM and HpV;=V;.

Otherwise the holonomy is said to be indecomposable. If the connection
is Riemannian with respect to a positive definite inner product, these two
notions coincide. These notions are distinct for indefinite metrics, see, for
example, the discussion in Section 3.2.

1.2.4 Affine manifolds, geodesics, and completeness

Let V be a torsion free connection on T'(M). The pair F := (M,V) is
said to be an affine manifold. An affine manifold F is said to be reducible,
irreducible, decomposable, or indecomposable when the holonomy has this
property.

We say that a curve v in M is a geodesic if 7 is a parallel vector field
along <y; this means that v solves the geodesic equation Viy = 0. Let
v = (v(t),...,7™(t)) be a curve. Then 7 is a geodesic if and only if

0=~F+ Zﬁiﬁjf‘ijk for 1<k<m. (1.2.e)

ij
Thus the fundamental theorem of ordinary differential equations shows that
given P € M and given £, € TpM, there is a unique geodesic yp¢ so that

’}/p7§(0) =P and "}/pyg(O) = 50-

Two torsion free connections V and V are said to be projectively equiva-
lent if their unparametrized geodesics coincide or equivalently by Eisenhart
(1964), if there exists a 1-form © so that

Vot — Vyu = O(u)v + O(v)u.

If v is a curve and if s € RT, we rescale v to define the curve v* by
setting 7vs(t) = (st). If v is a geodesic, then 7 is once again a geodesic.
Since v°(0) = P and 4°(0) = s¥(0), ype(st) = vpse(t). Consequently by
the fundamental theorem of ordinary differential equations, there exists an
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12 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

open neighborhood O of O € TpM so that yp¢(t) exists for |¢t| < 1 and for
all £ € O. We define the exponential map

expp: O — M by expp():=ype(l).

It is then immediate that vp¢(t) = expp(t€). The map { — expp(§) defines
a coordinate system on M such coordinates are called geodesic coordinates
centered at P. Straight lines through the origin are geodesics in these
coordinate systems.

We say that an affine manifold F is geodesically complete if all geodesics
extend for infinite time; this means that expp is defined on all of TpM
for any point P in M. We say that F is strongly geodesically convex if
there exists a unique geodesic between any two points of M; F is complete
and strongly geodesically convex if and only if the exponential map is a
diffeomorphism from TpM to M for any P € M.

Let p(u,v) := Tr{y — R(y, u)v} be the Ricci tensor. This tensor need
not be symmetric for a general affine connection; V is Ricci symmetric if
and only if V locally admits a parallel volume form, see Pinkall, Schwenk-
Schellschmidt, and Simon (1994) for details. If f € C°(M), then the
Hessian Hy (f) € C*(S*(T*M)) is defined by

Hy (f)(u,v) == u(v(f)) = df (Vuv) .

The Hessian is symmetric if and only if V is torsion free.
One says M = (M, g) exhibits Ricci blowup if there exists a geodesic
whose parameter range is [0,7") for T < oo and where

lim sup |o(4, 4)] = oo.
t—T

Necessarily such a manifold is incomplete; it may not be embedded as an
open subset of a complete affine manifold. Examples of locally homogeneous
3-dimensional Lorentz manifolds with Ricci blowup are given in Theorem
3.2.1.

1.2.5 Pseudo-Riemannian manifolds

Let g € C*°(S%*(T*(M))). We say that g is a pseudo-Riemannian metric
of signature (p,q) on M if gp is a non-degenerate symmetric inner product
of signature (p, q) on TpM for every point P of M. The pair M := (M, g)
is said to be a pseudo-Riemannian manifold of signature (p,q). Note that
p+q =m. We say that M is a Riemannian manifold if p = 0; we say that
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The Geometry of the Riemann Curvature Tensor 13

M is a Lorentzian manifold if p = 1. Every manifold admits a Riemannian
metric. There are topological obstructions to admitting metrics of higher
signature. For example, if M is compact, then M admits a Lorentzian
metric if and only if the Euler-Poincaré characteristic of M vanishes. In
Theorem 4.2.3, we relate the signature of indefinite metrics on spheres to
the Adams number.

The Levi-Civita connection on M is a connection on T(M) which is
characterized by the following properties:

Ve &2 — Ve, &1 = [, & [torsion free]
§39(&1,62) = 9(Ve61,&2) + 9(&1, Ve, &2) [Riemannian].

Let = (z1, ..., Zm) be a system of local coordinates on M. Set
gij = g(aiﬂz 9 am])

and let g¥ be the inverse matrix;
Z 9ij9"" = oF .
J
Introduce Christoffel symbols I'yjj, := g(Vazi Oz, 0z, ). We then have
Lijie = 510, 9ik + Ou. 9k — 02,915} - (1.2.f)
It is then easily checked that

Lijk =ik so V is torsion free,

Lijk + Tikj = Oz,9j1x so V is Riemannian.

One has that

Vo, O; = Zrijkazk where T;;* = Zgé’“Fm.
k ¢

Relative to the coordinate frame, the Lie bracket is trivial and the
derivatives of the metric encode the Levi-Civita connection. With an or-
thonormal frame {e;}, the reverse is true. Let [e;,e;] = Y, Cijrer describe
the Lie bracket of a local orthonormal frame. We then have

Veej =) 5{Cin — Cini+ ChijYer.
k
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14 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

The corresponding affine structure is given by taking F(M) := (M, V)
and the curvature tensor R € @*(T*(M)) of M is defined by setting:

R(&1,82,63,84) == 9(R(&1,62)83, &) -

This satisfies the usual curvature symmetries:

R(&1,62,83,84) = —R(&2,&1,83,81) = R(&3, 84,61, 82),
0= R(&1,82,83,84) + R(62,83,61,64) + R(3,81,82,&4) -

The first relations are Zy symmetries, the final relation is the first Bianchi
identity. Relative to a coordinate frame,

(1.2.g)

R(am”am])awk = ZRijkéamg and R(am“amj7amkaawg) = Rijk:é
L

where R;jie = >, gneRiji" and where
Rijn’ = 0,1 — 6@1—‘1'1@[ + Z {Finel—‘jkn - anel—‘ikn} .

We set
ker(R) :={ne€TM : R(n,£1,&,&)=0 V & eTM}.
We define the covariant derivative VR € C*°(®5T*(M)) by setting

VR(§17€27€37€4;€5) = g(V£5R<€17€2)€37€4) .

This tensor has the symmetries

VR(&1,82,83,84585) = —VR(£2,61,83,84565)
= VR(§37§47€17€2;§5)7

0= VR(§17£27€37§4;§5) + VR(§27£37§17§4;€5) (1 2 h)
+VR(§37£17§27§4;€5)7 -

0= VR(&1,82,83,84585) + VR(E1, €2, 84,855 E3)
+VR(&1,62,85,83:84) -

The first relations are Zo symmetries, the next relation is the covariant
derivative of the first Bianchi identity, and the final relation is the second
Bianchi identity. The tensors V'R € C*°(@*TT*(M)) for i > 1 are defined
similarly.

Let R be the curvature operator. The Jacobi operator is given by:

T(€) :n—= R(n,€E.
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The Geometry of the Riemann Curvature Tensor 15

Let o be a geodesic in M. A vector field Y along o is said to be a Jacobi
vector field if the Jacobi equation is satisfied:

Y +J(6)Y =0.

The fundamental theorem of ordinary differential equations shows that a
Jacobi vector field Y along a curve is specified by Y'(0) and by Y (0).

Jacobi vector fields arise in the study of geodesic sprays. We say that
T :[a,b] X [c,d] = M is a geodesic spray if the curves o, : w — T'(u,v) are
geodesics for every v € [¢,d]. The following is well known:

Lemma 1.2.1

(1) Let T be a geodesic spray. Then Ty(0y) is a Jacobi vector field along
oy for every v.

(2) Let Y (u) be a Jacobi vector field along a geodesic o : [0,T| — M. Then
there exists € > 0 and a geodesic spray T : [0,e] x [0,e] — M so that
o(u) =T(u,0) and so that Y (u) = Tw(0y)|v=0 for u € [0,¢].

One can symmetrize the Jacobi or polarize the Jacobi operator to define
T (,y) 1 — 5{R(n.x)y + R(n, y)x} .

Note that p(z,y) = Tr{T (z,y)} and J(x) = J(z,z). We say that M is
Einstein if there is a constant ¢; so that p = c¢1g. We say that M is k-stein
if there exist constants ¢; such that

Tr{T (€)'} = cig(&,€)" forall €€T(M) and 1<i<k.
This definition is motivated by the observation that 1-stein and Einstein

are equivalent notions as noted by Carpenter, Gray, and Willmore (1982).

1.2.6 Scalar Weyl invariants

Let VFR be the k** covariant derivative of the curvature operator defined

by the Levi-Civita connection. Let x := (x1,...,2,,) be local coordinates
on M. Expand
k
vazj1~“v81j, R(awilvamig )8f6i3 = Riyizis" e, jlaﬂﬁk

where we adopt the FEinstein convention and sum over repeated indices.
Scalar invariants of the metric can be formed by using the metric tensors
g and g;; to fully contract all indices. For example, one may use the
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16 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

Einstein convention to define the scalar curvature T, the norm of the Ricci
tensor |p|?, and the norm of the full curvature tensor |R|? by:

.Y | k
7 := g" Ryi5",
2 11 ] k ! :
o™ == g7 "% Riiy 5, " Riigjo - and (1.2.1)
2 . i1j1 doje i3 i j
|R| =g 1]19 2J2g 3J3gi4j4Ri1i2i3 41“2]'13'2]'3]4L

Such invariants are called Weyl invariants; if all possible such invariants
vanish, then M = (M, g) is said to be VSI (vanishing scalar invariants).

In Chapter 2, we will discuss a number of families of pseudo-Riemannian
manifolds. Many of these families will have vanishing scalar invariants;
the task then is to construct other invariants to distinguish them. For
example, in Theorem 2.3.2, we consider the following family of manifolds.
Let (x,y,Z,§) be coordinates on R%, let f € C*°(R), and let M s := (R%, g¢)
where gy is the metric of neutral signature (2,2) on R* given by:

gf(azvam) =-2f(y), gf(awvai) = gf(ayvaﬂ) =1.

We show that these manifolds all have vanishing scalar invariants. Assume
that f3) #£ 0. For k > 2, set:

ai(f) == {f(k+2){f(Q)}kfl{f(S)}fk} '

We shall show presently that:

(1) If there is a local isometry ® : My — My, with ®(P;) = P», then
ar(f1)(P1) = ar(f2)(Pe) for all integers k > 2.

(2) If f1 and f2 are real analytic and if ag(f1)(P1) = ai(f2)(P2) for all
integers £ > 2, then there is an isometry ® : My — My, such that
(P, = P».

1.3 Algebraic Curvature Tensors and Homogeneity

Section 1.3.1 deals with algebraic curvature tensors and covariant derivative
algebraic curvature tensors. In Section 1.3.2, we introduce the canonical
curvature tensors associated to a symmetric or an anti-symmetric bilinear
form. In Section 1.3.3, we decompose the action of the orthogonal group
on the space of algebraic curvature tensors to define the Weyl conformal
curvature tensor. The notion of a k-curvature model 9%, is introduced in
Section 1.3.4; this encodes information on the covariant derivatives of the
curvature up to order k. In Section 1.3.5, various notions of homogeneity
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The Geometry of the Riemann Curvature Tensor 17

are presented. In Section 1.3.6 we introduce the notion of a Killing vector
field; in Section 1.3.7 we discuss nilpotent curvature.

1.3.1 Algebraic curvature tensors

Let V' be a real vector space of dimension m which is equipped with a
non-singular inner product (-, -).

Definition 1.3.1 A 4-tensor A € ®*V* is said to be an algebraic curva-
ture tensor if it satisfies the relations of Eq. (1.2.g); this means that

(1) A(&1,82,83,81) = —A(&2,61,83,64).

(2) A(&1,82,83,84) + A(&2,83,61,84) + A(&3,61,62,64) = 0.
(3) A(&1,&2,83,8) = —A(&1, &, 64, 83).

(4) A(&1,&2,83,8) = A(&3,64,61,62).

Let {e1,...,en} be a basis for V. We set g;; = (e;,e;). If A € @*(V*),
we set Ajjp = Alei,ej, ek, e). The components g;; determine the inner
product; the components A;;; determines the tensor A. If A is an algebraic
curvature tensor, then the Ricci tensor is defined by

a(6,6) =Y " A&, e, ex, ).
Jk

There is a bit of redundancy in Definition 1.3.1.

Lemma 1.3.1 Let A € @*V*. Suppose that Properties (1) and (2) of
Definition 1.3.1 are satisfied. Then the following assertions are equivalent:

(1) A(&1,82,63,84) = —A(&1,62,84,&3).
(2) A(&1,&2,63,81) = A(€3,84,61,62).

Proof. Assume that (1) holds. Let & € V. Set

A(&1,82,83,8) = a1, A(€3,64,61,&) = a1 + e,
A(61,83,82,84) = az, A(&2,84,81,83) = az + €2,
A(€27§37€17€4) = as, A(€17§47§27€3) = as + £3.

We then use the first Bianchi identity to compute:
- A(glv 627 §37 54) + A(§27 537 glv §4) =+ A(§37 §17€27 54)

=a; —az +as,

= A(&1,8,84,83) + A(&2, 84, 61,83) + A4, &1, €2, €3)

= —a1 +az —as+ ez — €3,
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18 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

0= A(&1,83,84,82) + A(€3,64,61,62) + A&, 61,63, 62)

= —as +a1 +a3z+¢e1+ €3,

0= (52763754761) + A(§37€47€27§1) + A(£47§27€37€1)

= —a3—a; +as —€1+ €2.

This yields the relations:
O=eg—e3=¢€1+e3=—¢c1+¢e2

from which it follows that e1 = €9 = €3 = 0 which establishes Assertion
(2). The implication (2) = (1) is immediate. O

Definition 1.3.2 A 5-tensor A; € ®°V* is said to be a covariant deriva-
tive algebraic curvature tensor if it satisfies the relations of Eq. (1.2.h):

1) A1(&1,62,83,6458) = —A1(£2, 61,83, 645 E5).

2) A1(&1,82,63,84:65) + A1(£2,63,81,64:85) + A1(€3, 61,62, 84365) = 0.
A1(61,862,83,84565) + A1(&1, 62,84, 65, 83) + A1(&1, 62,85, 83:64) = 0.
A1(&1,82,83,84:85) = —A1(&1, 62,84, 63: ).

A1(&1,82,83,84565) = A1(&3, 64,81, 62 E5)-

The same argument used to prove Lemma 1.3.1 shows that (4) and
(5) are equivalent in Definition 1.3.2 given that (1) and (2) hold. One
sets Algy(V) C ®@4V* (respectively Alg,(V) C ®5V*) to be the space
of all algebraic curvature tensors (respectively of all algebraic covariant
derivative tensors). We do not introduce the spaces Alg, (V') for k > 2 as
the symmetries are more complicated and involve lower order terms as is
shown by Eq. (1.2.d).

In the study of affine geometry, one has the following notion:

Definition 1.3.3 We say that A € ®?V* @ End(V) = @*V*® V is an

affine curvature operator if

(1) A(&1,€2)8 = —A(82,61)Es-
(2) A(&1,62)8 + A&, &3)6 + A(&3,61)&2 = 0.
(3) Tr{A(&1,&2)} = 0.

In the presence of an inner product (-,-) on V, one can lower indices
and define A € ®*V* by the identity:

A&1,82,83,84) = (A(61,62)83,8a) -
Let F, be the set of such tensors; they are characterized by the properties:

(1) A(§17€27€37€4) = _A(§27€17€37€4)'
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The Geometry of the Riemann Curvature Tensor 19

(2) A(&1,82,83,84) + A(&2,83,61,84) + A(&3,61,62,64) = 0.
(3) Yo 9 Aijr = 0.

Let S2(V*,(-,-)) be the vector space of trace free symmetric bilinear
forms. If A € Fy and if S € A2(V*) @ SZ(V*, (-,-)), let

Ts(A)igrt = 5{Aijm + Aijin} € A2(V*) @ SF(V*, (),
o(S)ijur = 3{Skjir + Sikjt — Sijix — Saji} € A2(A2(V*)).

One then has the following relationship between the spaces Alg, and F, as
representation spaces for the orthogonal group as shown by Blazi¢, Gilkey,
Nikécvié, and Simon (2006):
Lemma 1.3.2 There is a natural short exact sequence

0 — Algy — Fg==A*(V*) @ S§(V*, () = 0.
The map Id +« splits the projection ms.
Proof. 1If A € ker(w,), then A satisfies:

Aijit = —Ajirt,  Aijia + Ajea + Akt =0, A = —Aijine -

By Lemma 1.3.1, A;jr; = Agii; and thus A is an algebraic curvature tensor.
Conversely, of course, if A € Alg, then A;jr + Aiji, = 0. Thus

ker(ms) NF, = Alg, .
If S € A2(V*) @ Sg(V*, (-,-)), let T = a(S). We have

Tijke = 5{Skjit + Sikjt — Sijik — Sujn }s
Tjire = 5{Skijt + Sjkit — Siiji — Sjiir} = —Tjin,

Triij = 5{Sitkj + Skitj — Sjtki — Skjti} = —Tijut -
Thus «(S) € A2(A%(V*)). In particular m,a(S) = 0 so

ms(id4+a) =Id on A*(V*)®S2(V*, ().
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20 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

To prove that S + a(S) € Fy, we need only check that the first Bianchi
identity is satisfied:

(id +@)Sijrr + (id +@) Sk + (id +)Skiji
= Sijrt + Sjka + Skiji
+ ${Skjit + Sikji + Sjirt + Sikjt + Sjirt + Skji}
— L{Syjik + Sikji + Suing + Sitjr + Sjiki + Skiij
=0.

The orthogonally equivariant decomposition
Fy = Algy ® A* (V) @ S5(V*, (-,-))
of the Lemma now follows. O

This decomposition is not irreducible. The map a can be used to define
a natural short exact sequence

0 — {A* (V) @ S§(V*, ()} NEFy — A2 (V") @ S*(V7)
HAZ(A2(VF)) =0

which is split by the map
B(T)ijri = 5(Twjir — Thiji)
where
AJA (V7)) o= BTHAX (V) @ SE(V™, ().
Thus we may decompose
Fy = Algy @ {{A*(V*) @ S5(V*, (-, )} NFy} @ AF(A*VF)

as a representation space of the orthogonal group. This leads to the follow-
ing result of Blazi¢, Gilkey, Nikécvié, and Simon (2006):

Theorem 1.3.1
(1) There is an O(V,{-,-)) equivariant orthogonal decomposition of
FomWi @Wo®@Wy D Ws®Ws®Wr® Wy

as the direct sum of irreducible O(V, (-,-)) modules where:
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The Geometry of the Riemann Curvature Tensor 21

dim{W:} =1,
dim{Ws2} = dim{W5} = (m — 1)(m + 2),
dim{W,} = Im(m — 1),

dim{We} = 5m(m + 1)(m — 3)(m + 2),
dim{W7} = $(m — 1)(m — 2)(m + 1)(m + 4),
dim{Ws} = m(m — 1)(m — 3)(m +2).

(2) There are the following isomorphisms as O({-,-)) modules:
(a) W1 ~ R.
(b) Wo =~ W5~ SZ(V*, (-, ).
(c) Wy A2(V*).
(d) We ={A € Alg,: pa =0} = Weyl conformal curvature tensors.
(e) Ws =~ {0 € @*V*: Oiju = —Ojirt = —Ohiij, 9" O = 0}

The module W7 is a bit more difficult to describe explicitly and we refer
to Blazié¢, Gilkey, Nikécvié, and Simon (2006) for details. The notation is
taken from that established by Bokan (1990); if one drops the condition
that gklAijkl = 0, one then obtains the space of curvature tensors (V)
and has

R(V)=Fy(V)®Ws where Wy~ A*(V*).

We shall return to this class again in Section 6.3 in our discussion of Jacobi
Tsankov tensors.

1.3.2 Canonical curvature tensors

Let S?(V*) and A%(V*) be the spaces of symmetric and anti-symmetric
bilinear forms on V. If &, € S?(V*) and if ®_ € A?(V*), define 4-tensors

A(m(x,y,z,w) = (b-i-(wi)q)-i'( ) CI)+( )(I)+(y7w)7
Ag_(z,y,2,w) == ®_(2,w)P_(y,2) — P_(z,2)P_(y,w) (1.3.a)
—2%_(z,y)P_(z,w).

Define a corresponding linear map ¢ € End(V') so that (¢z,y) = ®(z,y);
if ® € S2(V*), then ¢ € End(V, (-,-)) is symmetric; if ® € A%2(V*), then
¢ € End_(V, (-,-)) is skew-symmetric. The associated curvature operators
are then defined by

As (2,9)7 1= (d1Y, 2) 041 — (P12, 2) Py,

As_(z,9)z = (p_y,2)p_x — (p_x,2)p_y — 2{p_x,y)p_2 (1.3.b)
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22 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

In Lemma 1.6.3 we will show that these tensors are algebraic curvature
tensors and in Theorem 1.6.1, we will show that

Alg, = Span¢+es2(v*){A¢+} = Spanmew(v*){Am I8

this result is originally due to Fiedler (2003a). If ¢ = ¢Id and, correspond-
ingly, if ® = ¢(-,-), then A is said to have constant sectional curvature c.
The curvature tensor of constant sectional curvature +1 will be denoted by

A('v)(xv Y, 2, w) = <l’, ’LU> <y7 Z> - <:L‘, Z> <y= w> .

Algebraic curvature tensors defined by a symmetric bilinear form appear
in hypersurface theory. Let M™ be a hypersurface in R™**. We work in
the positive definite setting, but there is a natural pseudo-Riemannian gen-
eralization. Fix a point P € M and choose an orthonormal basis {v1, ..., 4 }
for the normal plane at P. Let

Li(&1,&2) = (d¢, &2, v4)

be the second fundamental form defined by v; at P; this is a symmetric
bilinear form on TpM. We then have:

k
Rp=Y Rp,.

i=1
The curvature tensors which arise from skew-symmetric bilinear forms
also have geometric significance. Let (-,-) be a Riemannian inner product
onV. Let F = {Jy,..., J¢} be a Clifford family on V. Here the J; are skew-
symmetric endomorphisms of V' which satisty the Clifford commutation

relations:

JiJj + JJJZ = —251'3' 1d .

The J; form an anti-commuting family of Hermitian almost complex struc-
tures on V. Given real constants ¢;, following Eq. (1.3.a), one defines:

4
A=Ay + > cidy,.
i=1

We shall show presently in Lemma 1.6.3 that A € Algy(V). Such a curva-
ture tensor is said to be given by a Clifford family.

Let CP" and HP" denote complex projective space and quaternionic
projective space. We endow these spaces with the Fubini—Study. Let J be
the natural almost complex structure on CP" and let {J1, J2, J3} be the
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The Geometry of the Riemann Curvature Tensor 23

natural quaternionic structure on HP"™. We then have, see Section 1.6.5 for
details,

Repr = Ria+ Ry and Rppr = Rig+ Ry, + Ry, + Ry, .

1.3.3 The Weyl conformal curvature tensor

There is a natural representation of the orthogonal group O(V; (-,-)) on the
space of algebraic curvature tensors. This representation is not irreducible
but decomposes as the direct sum of 3 irreducible representations which
we can describe as follows. It is not necessary to assume the metric in
question is positive definite. Let g;; := (e;, ;) and let g be the inverse
matrix relative to some basis {e;} for V. Let A be an algebraic curvature
tensor on V. The associated Ricci tensor p4 and scalar curvature 74 are
then defined by contracting indices:

pa(@,y) = g7 A(w,erye5,y) and T4 = gPpaleses).
One then has O(V, (-, -)) equivariant maps
UP:A—>pA€S2(V*) and o,:A—T14 €R.
The space of algebraic Weyl curvature tensors
WAV, () = ker(a,)
is an irreducible representation space for O(V, (-, -)) and:
Algy(V) = W(V, {-,)) @ §*(V7)

as an O(V, (-, -)) representation space. Note that W is the space Wg of
Theorem 1.3.1. The further decomposition of S?(V*) as the direct sum of
the trace free tensors and the scalar multiples of the identity then completes
the decomposition of Algy(V) as a direct sum of irreducible O(V; (-, -))
modules. More explicitly, one sets S2(V*,(-,-)) := ker(r4) and then uses
T4 to decompose

SQ(V*) = Sg(V*7 <'7 >) ®R.
This then leads to the full decomposition

Algo(V) = W(V, (-,)) @ S§(V*, () & R.
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24 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

Orthogonal projection 7y from @*V* to W(V, (-, -)) is given by:

WW(A)(x,:%ZJU) = A(gc,y,z,w)
— s lpalz, )y, 2) + (z, w)paly. 2)}
+ﬁ{pA(CC, Z)<y7w> + <;E, Z>PA(y, w)}
ooy Al (T w)(y, 2) — (@, 2)(y, w)} .

If M is a pseudo-Riemannian manifold, then my R is said to be the asso-
ciated Weyl conformal curvature temnsor. Let g1 = ags be a conformally
equivalent metric where « € C°°(M) is a positive function. The Weyl
conformal curvature tensor W € @4(T*(M)) simply rescales:

ng (Ia yv Z7 ’LU) = an2 (Ia yv Z7 ’LU) .
We may summarize the relevant facts we need as follows:

Lemma 1.3.3  Algy(V) is an irreducible GI(V') module. As an O(V, (-, -))
module, we may decompose Algy(V) =W(V, (-,-)) & S2(V*,(-,-)) ®R.

1.3.4 Models

Suppose given A; € @1 V* for 0 < i < k. We assume Ay € Alg, (V)
and A; € Alg, (V) but impose no relations on A; for i > 2 as giving the
requisite symmetries would be unnecessarily complex. Let

mk = (‘/7 <'7 '>7 A07 A17 ceey Akr)

be the associated k-model. If k = oo, then the string is infinite. If My
(respectively 9MM3) is a k-model defined on a vector space V! (respectively
on V2), then ¢ is said to be an isomorphism from 2))1,1g to Sﬁi if ¢ is a linear
isomorphism from V! to V2 so that

o) = ()" and ¢*{A?}=A! for 0<i<k.

The notion of an affine k-model is defined similarly. The inner product (-, -)
plays no role and instead of considering A; € @*T*(V*), one considers

A € 3TV @V = @2TV* @ End(V)

which are algebraic counterparts of V*R. If 9, is a k-model, we can define
the associated affine k-model §;. by using the inner product to raise indices
to define A; € @*TV* ® End(V). In the interests of notational simplicity,
we set A := Ay and A := Ay. In the interests of brevity, we shall sometimes
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say that 901 is a model if it is a 0-model or that § is an affine model if it is
an affine 0-model.

A model My is said to be decomposable if there exists a non-trivial
orthogonal decomposition V' = V; & V5 that induces a direct sum decom-
position A; = A;1 & A2 for 1 < i < k; if My, is not decomposable, then
My is said to be indecomposable. Similarly an affine model §; is said
to be decomposable if there exists a non-trivial direct sum decomposition
V =V, @ V, that induces a decomposition A; = A; 1 & A; 2.

If P is a point of a pseudo-Riemannian manifold M, one defines the
associated k-model My (M, P) by setting:

M, (M, P) := (TpM,gp,Rp, ..., VERp).

This is a purely algebraic structure which encodes the covariant derivatives
of the curvature operator up to order k at P as well as describing the inner
product on Tp(M). Similarly if F is an affine manifold, one defines the
affine k-model of F(F,P) at P € M by setting:

3,(F,P):= (TpM,Rp, ... V*Rp). (1.3.c)

Many geometric properties have algebraic counterparts. For example,
if §o is an affine O-model, one may define the Jacobi operator J and the
Ricci tensor p, by setting, respectively,

T (v1,03) : v3 — ${A(vs,v1)v2 + A(vs, v2)v1},
j(’l}) = j(’()/[)), and p(’Ul,’U2) = T‘TJ(U17U2) :

We say that 9y is Einstein if p = ¢(-,-); we say that 9 is k-stein if there
exist constants ¢; so that

Tr{J(v)"} = ci(v,v)" for 1<i<k.

Let 9t; be a 1-model. We will show in Section 4.3 that 91, is geometri-
cally realizable; this means that there exists a pseudo-Riemannian manifold
M and that there is a point P € M so that 9 is isomorphic to 9t (M, P).
Thus the relations of Egs. (1.2.g) and (1.2.h) are the only universal relations
that R and VR satisfy; the relations that V2R satisfy are more complicated
owing to the intertwining relation given in Eq. (1.2.d). We refer to Belger
and Kowalski (1994) for further details.

Let 9t and F be k-models. Let G1(901) and G1(F) be the Lie group of all
isomorphisms 9 and §; let gl(9M) and gl(§F) be the associated Lie-algebras.
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If T € End(V), extend T to act on the tensor algebra as a derivation. We
then have:

g(F ={T €End(V):T-A; =0for 0 <i <k},
i) = {T € End(V):T- (-, =0,T-A; =0 for 0<i < k}.

Let F be a family of k-models. We assume an object a(y,) is associated
to each M, € F. We say that « is an invariant of the family if sm}g
isomorphic to M7 implies (M) = a(M?). For example, |p|? is a scalar
invariant of the family of all 0-models. We shall often omit specifying the
family F if it is clear from the context.

1.3.5 Various notions of homogeneity

A pseudo-Riemannian manifold M = (M, g) is said to be k-curvature ho-
mogeneous if My (M, P) and My (M, Q) are isomorphic for any two points
P.Q € M. We say that 9 is a k-model for M if 9, is isomorphic to
My (M, P) for any P in M. Clearly M is k-curvature homogeneous if and
only if it admits a k-model. In the interests of brevity, we shall sometimes
simply say that M is curvature homogeneous if it is 0-curvature homoge-
neous.

One says that M is locally homogeneous if for any two points P,Q € M,
there are neighborhoods Up and Ug of P and @ in M, respectively, and
an isometry ¢ from Up to Ug such that 9P = Q. One says that M is
homogeneous if Up = Ug = M and thus v is globally defined.

If H is a homogeneous space, let M(H) := My (H, Q) for any point
Q@ € H; the isomorphism class of M (H) is independent of the point @ € H.
Let M be another pseudo-Riemannian manifold which is not necessarily
locally homogeneous. We say that M is k-modeled on H and that 9(H) is
a k-model for M if M (H) and My (M, P) are isomorphic for any P € M.

There are similar notions in the affine context. In Theorem 3.2.1, we
use work of Gilkey and Nikécevié (2005d) to exhibit a complete Lorentzian
manifold which is 1-affine modeled on a homogeneous Lorentz manifold, 0-
curvature modeled on an indecomposable symmetric Lorentzian manifold,
and which is not 1-curvature homogeneous. Thus affine curvature homo-
geneity and curvature homogeneity are different notions. In Sections 2.9
and 2.10, we present examples which are k-curvature homogeneous but not
k + 1-affine curvature homogeneous where k is arbitrarily large.

One can weaken the notion of curvature homogeneity slightly. Suppose
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given A; € @4T4(V*). One says that M is weakly k-curvature homogeneous
if for every point P € M, there is an isomorphism ® : TpM — V so that
®*A; = V'Rp. There is no requirement that ® preserve an inner product.
In Section 2.4, examples are given which show that affine curvature homo-
geneity and weak curvature homogeneity are different notions; the metric
is required to lower indices.

In the Riemannian setting, a homogeneous manifold is necessarily com-
plete. This is not true in the higher signature context. In Theorem 2.3.6,
we will give an example of a manifold of signature (2,2) which is not ho-
mogeneous, but which contains a proper dense open submanifold O so that
O is homogeneous; necessarily O is incomplete.

Let G(M) (respectively G(F), G(M), G(Fk)) be the group of isome-
tries (respectively affine diffeomorphisms or isomorphisms) of a pseudo-
Riemannian manifold M (respectively of an affine manifold F, of a k-model
My, or of an affine k-model F;). We let g(-) be the associated Lie algebra.
Let Gp(M) (respectively Gp(F)) be the isotropy subgroup fixing a point
P of M. If M or F are homogeneous, then there are natural identifications

M =G(M)/Gp(M) and F=G(F)/Gp(F).

1.3.6 Killing vector fields

Let M be a pseudo-Riemannian manifold. We say that X € C>*(T(M)) is
a Killing vector field on M if

g(VeX,n)+9(VyX,§) =0 forall &neC(T(M)).

If £ € g(M), then necessarily £ is a Killing vector field. The implication can
be reversed in the real analytic context for generalized plane wave manifolds
as we shall see shortly. In Theorem 2.3.6, we study the Lie algebra for a
family of real analytic pseudo-Riemannian manifolds of signature (2,2). All
are l-curvature homogeneous and 0-modeled on the same indecomposable
symmetric space. Some are symmetric, some are homogeneous, and some
are inhomogeneous.

One says that M is a local symmetric space if VR = 0; local symmetric
spaces are locally homogeneous. One says that M is a symmetric space if
VR = 0 and if M is complete; symmetric spaces are homogeneous — see
Theorem 2.2.3 for a special case of this result.
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1.3.7 Nilpotent curvature

The eigenvalue 0 plays a distinguished role in the study of the Jacobi
operator. We say that a 0-model 9y is spacelike nilpotent Osserman if
0 is the only eigenvalue of J(v) or equivalently if J(v)™ = 0 for any
v € ST(V,(-,-)). The notion timelike nilpotent Osserman is defined sim-
ilarly; we will show in Theorem 1.9.1 that these are equivalent notions.
By using the appropriate operators, one can define the notions of higher
order nilpotent Osserman of type (r,s), nilpotent Ivanov—Petrova of type
(r, ), nilpotent Stanilov of type (r,s), and nilpotent Szabd similarly; only
the value £ = (r + s) is relevant. In Section 3.5, we give examples of
pseudo-Riemannian manifolds which are Jacobi nilpotent or Szabé nilpo-
tent of arbitrarily high order.

1.4 Curvature Homogeneity — a Brief Literature Survey

In this section, we provide a brief review of some well known results related
to curvature homogeneity that we shall need subsequently.

1.4.1 Scalar Weyl invariants in the Riemannian setting

As discussed in Section 1.2.6, we can form scalar invariants by contracting
indices in pairs in the covariant derivatives of the curvature tensor; for
example, the scalar curvature 7, the norm of the Ricci tensor |p|?, and the
norm of the full curvature tensor |R|? are given by

.. E
T = gURkij y

2 . 101 127 k l
|p| =g ljlg 2J2Rk§i1j1 Rlizjg 9 and

2 . iij1i2d2 0303, . P, . . dap. . ja
|R| =g g g gz4]4R111213 R]1]2.73

where we adopt the Einstein convention and sum over repeated indices. All
scalar invariants of the metric arise in this fashion, see, for example, the
treatment in Atiyah, Bott, and Patodi (1973) or in Weyl (1946).

In the Riemannian setting, the scalar Weyl invariants determine the
local geometry of the manifold. We refer to Priifer, Tricerri, and Vanhecke
(1996) for the proof of the following result:

Theorem 1.4.1 (Priifer, Tricerri, and Vanhecke) If all local scalar
Weyl invariants up to order %m(m — 1) are constant on a Riemannian
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manifold M, then M is locally homogeneous and M is determined up to
local isometry by these invariants.

This result fails in the pseudo-Riemannian setting; Koutras and MclIn-
tosh (1996) and Pravda, Coley, and Milson (2002) have exhibited examples
of non-flat manifolds all of whose scalar Weyl invariants vanish. We shall
exhibit many other families of pseudo-Riemannian manifolds subsequently
where this result fails. In Theorem 2.2.1, we shall show that all the scalar
invariants of a generalized plane wave manifold vanish. Nevertheless, there
are non-trivial scalar invariants of certain families of generalized plane wave
manifolds which are not of Weyl type. We refer to Theorems 2.3.4, 2.4.1,
2.5.2, 2.7.2, 2.8.1, 2.9.3, and 2.10.2 for examples of pseudo-Riemannian
manifolds which are not flat but all of whose scalar Weyl invariants van-
ish. The primary technical difficulty is, of course, constructing isometry
invariants which are not of Weyl type.

1.4.2 Relating curvature homogeneity and homogeneity

It is clear that local homogeneity implies k-curvature homogeneity for any
k. The following result is due to Singer (1960) in the Riemannian setting
and to Podesta and Spiro (1996) in the general context:

Theorem 1.4.2 [Singer, Podesta and Spiro| There exists an integer
kp,q so that if M is a complete simply connected pseudo-Riemannian man-
ifold of signature (p, q) which is ky q-curvature homogeneous, then (M, g) is
homogeneous.

The integer k, 4 is called the Singer number. We will show in Section 2.9
that k, , > min(p, ¢). There is some evidence to suggest that the correct
estimate is in fact k,, = min(p,q) + 1. For example, in Theorem 3.2.1
(7), we give an example of a 3-dimensional Lorentzian manifold which is
1-curvature homogeneous but not curvature homogeneous.

There is a related result in the affine setting in the real analytic context
due to Opozda (1997). Let gl(Fx(F, P)) be the Lie-algebra of the k-affine
curvature model at P defined in Eq. (1.3.c). One says that the curvature
sequence stabilizes at level kg if

ol(§x(F, P)) = gl(Fr,(F, P)) for every k>ko.

Theorem 1.4.3 (Opozda) Let F be a real analytic affine manifold.
Assume that F is k-affine curvature homogeneous and that the curvature
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sequence stabilizes at level k — 1. Then F is locally affine homogeneous.

Theorem 1.4.3 shows that if the dimension m of (M, V) is fixed, then
there is an integer kx(m) for which k-affine curvature homogeneity implies
affine homogeneity; this number is called the Opozda number. The examples
of Section 2.9 show kz(2p + 6) > p+ 3 for p > 0.

1.4.3 Manifolds modeled on symmetric spaces

One says that a pseudo-Riemannian manifold 9 is a local symmetric space
if VR = 0; a complete local symmetric space is said to be a symmetric
space. If 9 is a simply connected symmetric space, then the geodesic
involution is an isometry and 9% is a homogeneous space. One has the
following rigidity result of Tricerri and Vanhecke (1986) in the Riemannian
setting and of Cahen, Leroy, Parker, Tricerri, and Vanhecke (1991) in the
Lorentzian setting:

Theorem 1.4.4

(1) Tricerri and Vanhecke A Riemannian curvature homogeneous man-
ifold which is 0-curvature modeled on an irreducible symmetric space is
locally symmetric.

(2) Cahen et al. A Lorentzian curvature homogeneous manifold which
1s 0-curvature modeled on an irreducible symmetric space has constant
sectional curvature.

For example, any manifold of constant sectional curvature is modeled on
a pseudo-sphere. Similarly manifold which is modeled on a pseudo-complex
projective space is locally isometric to a pseudo-complex projective space.
These are rigid geometries. We refer to Lemmas 1.6.7 and 1.6.8 for further
details.

On the other hand, there exist curvature homogeneous spaces modeled
on indecomposable symmetric spaces which are not even locally homoge-
neous. For example, in Section 2.10, we shall construct neutral signature
generalized plane wave metrics on R*+% which are 0-modeled on an in-
decomposable symmetric space, which are (p + 2)-curvature homogeneous,
and which are not p+ 3 affine curvature homogeneous. We refer to Bueken
(1997a), Bueken and Djoric (2000), Bueken and Vanhecke (1997), Cahen,
Leroy, Parker, Tricerri, and Vanhecke (1991) for additional work.
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1.4.4 Historical survey

Here is a very brief and necessarily incomplete introduction to the his-
tory of this subject. There are 2-curvature homogeneous affine manifolds
which are not locally affine homogeneous, see, for example, Garcfa—Rfo, Ku-
peli, Vazquez-Abal, and Vazquez-Lorenzo (1999), Kowalski, Opozda, and
Vldsek (1999), Kowalski, Opozda, and VIdsek (2000), Kowalski, Opozda,
and Vl1dsek (2004), and Opozda (1996).

In the Riemannian setting (p = 0), Takagi (1974) showed that there are
0-curvature homogeneous complete non-compact manifolds which are not
locally homogeneous; subsequently Ferus, Karcher, and Miinzner (1981)
exhibited compact examples. Many other examples are known Calvaruso,
Marinosci, and Perrone (2000), Kowalski and Priifer (1994), Kowalski,
Tricerri, and Vanhecke (1992a), Kowalski, Tricerri, and Vanhecke (1992b),
Tomassini (1997), Tricerri (1988), Tsukada (1988), Vanhecke (1991). There
are no known Riemannian manifolds which are 1-curvature homogeneous
but not locally homogeneous.

In the Lorentzian setting (p = 1), Cahen, Leroy, Parker, Tricerri, and
Vanhecke (1991) showed that there exist curvature homogeneous mani-
folds which are not locally homogeneous; Bueken and Djoric (2000) and
Bueken and Vanhecke (1997) showed there exist 1-curvature homogeneous
Lorentzian manifolds which are not locally homogeneous. One could conjec-
ture that a 2-curvature homogeneous Lorentzian manifold must be locally
homogeneous.

The constants k, ; of Theorem 1.4.2 were first studied in the Rieman-
nian setting. Singer (1960) proved that kon < 2m(m — 1); subsequently
Yamato (1989) established the the bound 3m — 5 and Gromov (1986) es-
tablished the bound 2m— 1. Work of Sekigawa, Suga, and Vanhecke (1992)
and Sekigawa, Suga, and Vanhecke (1995) showed that any 1-curvature ho-
mogeneous complete simply connected Riemannian manifold of dimension
m < 5 is homogeneous; thus kg2 = ko3 = ko4 = 1. We refer to Boeckx,
Kowalski, and Vanhecke (1996) for further details concerning k-curvature
homogeneous manifolds in the Riemannian setting.

In the higher signature setting, results of Gilkey and Nikéevié (2004d)
can be used to show k, , > min(p,q). One could conjecture that in fact
kp,q = min(p, q) + 1.

Opozda (1997) exhibited a 2-dimensional example showing that 1-affine
curvature homogeneity does not imply local homogeneity; it is also known
that if F is an analytic 2-dimensional affine manifold which is 2-affine cur-
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vature homogeneous and if V has symmetric Ricci tensor, then F is locally
homogeneous. The examples we shall construct presently also show that in
general, the Opozda number is unbounded as the dimension is allowed to
increase.

1.5 Results from Linear Algebra

In Section 1.5.1, results are given concerning the spectral theory of linear
maps which are symmetric or anti-symmetric with respect to a Riemannian
(positive definite) inner product. Spectral theory and traces are related in
Section 1.5.2 and the Jordan normal form is discussed in Section 1.5.3. In
Section 1.5.4 it is shown that if T"is an arbitrary linear map of a vector space
V', then there exists a non-degenerate inner product on V' relative to which
T is symmetric. In Section 1.5.5, a technical result is established which is
needed subsequently in Chapter 2. It is demonstrated that any solution to
the ordinary differential equation h” = kh'h’, where k is constant, has the
form

h=ae™ +hy or h=aly+Db)°+hg.

1.5.1 Symmetric and anti-symmetric operators

Let V' be a vector space of dimension m which is equipped with a Rie-
mannian (positive definite) inner product (-,-). The conjugacy class of a
symmetric or of an anti-symmetric linear map is determined in this setting
by the eigenvalue structure. The following is well known:

Lemma 1.5.1 Let (-,-) € S*(V*) be positive definite.

(1) Let T € Endy(V,(-,-)) be a symmetric linear map. There exists an
orthonormal basis {e;} for V and \; € R so Te; = \je;. If A = max; \;
or if A = min; \;, then Tv = \v if and only if (v, Tv) = A|v|?.

(2) Let T € End_(V, (-,-)) be a skew-symmetric linear map. There exists
orthonormal basis {ef,e7,....ef ey, fi, ..., fr} for V and \; € RY so

Te:r = )‘ie'_ Tez_ = _)\iej_a and Tf] = 0

7 0

1.5.2 The spectrum of an operator

Let T € End(V). In general, of course, T is not diagonalizable. We say
that a is an eigenvalue of T if det(T' — ald) = 0. We let the spectrum
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of T' denote the collection of eigenvalues where each eigenvalue is repeated
according to multiplicity. The following is a useful observation. We omit
the proof and refer instead to Lemma 2.1.6 in Gilkey (1995).

Lemma 1.5.2 Let Th,T5> € End(V). The following assertions are equiv-
alent.

(1) Ty and Ty have the same spectrum.
(2) Te(T}) = Tr(T3) for 1 < i < dim(V).

1.5.3 Jordan normal form

Let J(k, a) be the Jordan block of size k for a real eigenvalue a € R:

al O

o O

0
0

J(k,a) = (1.5.a)

000 ..
00O

SHN
Q =

We define a Jordan block of size 2k x 2k corresponding to the pair of complex
conjugate eigenvalues {a + /—1b,a — /—1b} by first setting

ab 10
Agp = (—b a)’ and I := (01)

Aap Iy 0 .0 0
0 Auplp...0 0
J(k,a,b):= | .. o . (1.5.b)

and then setting

)

We refer to Adkins and Weintraub (1992) for the proof of the following:

Lemma 1.5.3 Let T be a linear transformation of a vector space V.
Relative to a suitably chosen basis for V, T decomposes as a direct sum of
the Jordan blocks described in Egs. (1.5.a) and (1.5.b). Furthermore, the
unordered collection of Jordan blocks is determined by T .

The Jordan normal form of T is the unordered collection of Jordan
blocks described in Lemma 1.5.3. We say that two linear maps T and T of
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V are Jordan equivalent if any of the following three equivalent conditions
are satisfied:

(1) There exist bases B = {e1,...,em} and B = {1, ...,&,,} for V so that
the matrix representation of 7" with respect to the basis B is equal to
the matrix representation of T with respect to the basis B.

(2) There exists an isomorphism ¢ of V so T = ¢T¢_l; this means that
T and T are congjugate.

(3) The Jordan normal forms of T and T are equal.

1.5.4 Self-adjoint maps in the higher signature setting

Let (-,-) € S?(V*) have signature (p,q). In the positive definite setting
(p = 0), the Jordan normal form of a symmetric linear map is determined
by the eigenvalue structure since T is diagonalizable. Similarly, if T is
skew-symmetric, then the eigenvalue structure is determined since T' can
be written as the direct sum of blocks of the form

(_2 8) and (0.

However, the eigenvalue structure does not determine the Jordan normal
form of a symmetric map or of a skew-symmetric map in the higher sig-
nature setting (p > 0 and ¢ > 0). In fact, there is no obstruction to an
operator being symmetric in the higher signature setting:

Lemma 1.5.4 Let T € End(V). There exists a non-degenerate inner
product {-,-) € S2(V*) so that T is symmetric with respect to (-,-).

Proof. By Lemma 1.5.3, T can be decomposed as the sum of Jordan
blocks. Consequently, it suffices to prove Lemma 1.5.4 for the special cases
T =3(k,a) and T = J(k, a,b) described in Eqgs. (1.5.a) and (1.5.b).

Let {e1,...,ex} be the standard basis for R*. The Jordan block J(k, a)
defines the linear transformation:

~ ae; +e;—1 if 7 > 1,
k i = ep .
3(k, a)e {aei ifi=1.

We define a non-degenerate inner product (-,-) on R¥ by setting:

(€iyej) = Oigjh+1-
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Since J(k,a) = a - Id+J(k,0), and since Id is symmetric with respect to
any inner product, we may take a = 0. We have

<3(I€a 0)% €j> = 5i71+j,k+1 .

As this is symmetric in the indices i and j, the desired result follows.
To study the Jordan block J(k,a,b), let {e1, f1,..., ek, fr} be the usual
basis for R?*. Then

X  faei—bfiteiifi>1,
Sk, a,ble: = {aei —bfi, ifi=1,
R _ b61‘+@fi+fi*1 ifi>1’
‘j(k,a/,b)fl_{bei+0:fi, if i =1.

We define the inner product

(€ire;) = Oigjhtis
(ei, f;) =0 forall 4,j,
(fis f3) = —Oivjht1-

We may decompose J(k,a,b) = J(k,0,0) + B where Be; = ae; — bf; and
Bf; = be; + afj. The proof that J(k,0,0) is symmetric is the same as that
given above to show J(k, 0) is symmetric and is therefore omitted; the bases
{e1,...,ex} and {f1,..., fx} do not interact. To show that B is symmetric,
we compute:

(Bei,ej) = adiyjnt1, (Bfi, fj) = —aditrjit1,
(Bei, fj) = b0itjr+1, (€, Bfj) = bigjrt1-

This establishes the desired relations. O

1.5.5 Technical results concerning differential equations

Lemma 1.5.5 Let O be a connected open subset of R and let h € C*°(O).
Assume that h' # 0 and that hh' (h')~2 is constant. Then either one has
that h(y) = ae™¥ or one has that h(y) = a(y + b)°.

Proof. We have the equation h”’h = kh'h/. Thus

W=k [% so In(h)=kln(h)+B so

n =ePhk  so fZ—,; =ePy+ 7.
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If & = 1, this implies In(h) = e’y + v or equivalently h = ¢7e®”v which
leads to an exponential solution. If k # 1, then h'=% = (1 — k)(ePy + 7);
this leads to a solution involving powers of a translate of y. O

We shall need the following two results in Section 3.2 to study the
geodesic structure on certain 3-dimensional Lorentz manifolds.

Lemma 1.5.6 Let h: R — (—00,0) be smooth. Let [0,T) be the maximal
domain of the solution y to the ordinary differential equation y"” = h(y)
where y(0) = yo and y'(0) = yi. If T < oo, then

lim y(t) = lim o/ (t) = — d i
lim y(t) = lim o/ (t) = —c0  an m sup

Proof. Since y" < 0, y’' is monotonically decreasing and y is bounded
from above on [0,7). Suppose first that y is bounded from below on [0, T).
This implies that y” is bounded and hence y’ is bounded as well on [0,T).
Let

= lim inf y(¢ d o) =limy(t).
yi = lim f y(t) and y) = limy'(t)

The fundamental theorem of ordinary differential equations shows that
there exists £ > 0 so that if |21 — y1] < k and if |2] — yj| < &k then
there exists a solution z to the equation z” = h(z) with initial conditions
z(s) = z1 and 2'(s) = z{ which is valid on the interval [s, s + ). We choose

s€ (T —3k,T) sothat [y(s)—wyi| <k and [|¢y/(s)—yi] <k.

Let 2" = h(z) be defined on [s, s + k) with z(s) = y(s) and 2'(s) = y/(s).
Then z extends y to the region [0, T+ %Ka) which contradicts the assumption
that [0,7T) was a maximal domain.

Thus y is not bounded from below on [0,T) so lim;_ 7y (t) = —o0.
Consequently, y is monotonically decreasing for ¢ close to T" so one has as
well that lim;_,7 y(t) = —oo. Suppose

N0
lmsup = &y <>
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This means that there exists C' < oo so |h(y(t))] < Cly(t)| on [to,T). We

then have
() =5 ()
Y y(t Y
- () =

This implies In |y(t)| is bounded from above and hence |y(t)| is bounded

from above on [tg,T) which is false. This contradiction shows

lim sup,_, El((t))) = 00. O

{Infy®)1}"

We shall also need the following result:
Lemma 1.5.7 Let h: R — (—00,0) be smooth.

(1) Let o > 0. Let {tp}n>1 be a sequence of real numbers with t1 = 1 and
with tp41 —t, > n® forn > 1. Then t, > %

(2) Let € > 0 and § > 0. Suppose that h(y) < —ely|**? for y < —1. Let
[0,T) be the mazimal domain of definition for the solution y to the
ordinary differential equation y"” = h(y) with initial conditions given

by y(0) = =1 and y'(0) = —1. Then T < co and limy_ y(t) = —o0.

Proof. We prove Assertion (1) by induction on n; it holds trivially for
n = 1. We take n > 2 and use the comparison test to compute:

tn >ty —t1 = {tk —tk_l} 2/ (x —1)%dzx
k=2 1
(n _ 1)1+o¢ n1+0‘ nl-i—a

1 - 1 14« Z 1o °

To prove Assertion (2), we suppose first T = oo and argue for a contra-
diction. Choose 7 > 1 so that

Te > 2121 4 6/2).

With our initial conditions, 4" < 0 so 3’ is monotonically decreasing and
y’ < —1. This implies y decreases monotonically. Let A, = 7-n~179%/2,

Let s =0 and let sp,41 = s, + Ay, forn > 2. As § >0,

o0
S:= lim s, = m17? < .
Jim s =3

n=1

Consider the following statements:

THE GEOMETRY OF CURVATURE HOMOGENEOUS PSEUDO-RIEMANNIAN MANIFOLDS
© Imperial College Press
http://www.worldscibooks.com/mathematics/p503.html



38 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

(Dn ¥/ (s) < —n1to/2,
(3)n ¥ (Snt1) — ¥/ (sn) < —21F9/2(1 + %5)n5/2.

We establish these statements by induction on n. Statements (1),, and (2),,
hold n = 1 by the choice of our initial conditions. Since y and y’ decrease
monontonically, we may estimate

y"(s) < —€ly(s)]"° < —ely(sn)|" 0 < —en' for s € [sn, 5n11],
Y (5n41) — Y (5n) < —Apen't® = —7p=179/2¢p1Hd

< 2121 4 5/2)n%/2

Statements (1), and (2), are thus seen to imply Statement (3),,.

Statements (3); for 1 < k < n together with Assertion (1) imply State-
ment (1),41. Finally, we use Statement (1),, together with Statement (2),,
to establish Statement (2),,41 by computing;:

y'(s) <y'(sn) < —n'T? for s> s,
Y(snt1) < Y(sn) + Any/(s0) < —n—n 1702102 <y 1.

This establishes the truth of all the 3 statements. Thus, lim,_, g y(s) = —oc.
This contradicts the assumption that T = oo.

This shows that y must be defined on a maximal domain [0,T) for
T < o0; we use Lemma 1.5.6 to see lim;_,7 y(t) = —o0. O

1.6 Results from Differential Geometry

In this section, we summarize some results from Differential Geometry that
we shall need. In Section 1.6.1, we discuss principle bundles. In Section
1.6.2, we show any 1-model is geometrically realizable. In Section 1.6.3, we
give generating sets for the space of algebraic curvature tensors in terms of
the canonical curvature tensors defined in Section 1.3.2. We also show that
if Ap, = Ag, where the ®; € S2(V*) have rank at least 3, then ®; = ®,.
In Section 1.6.4, we turn to complex geometry and give several equivalent
conditions for the compatibility of an algebraic curvature tensor with a
pseudo-Hermitian almost complex structure. Section 1.6.5 deals with space
forms and complex space forms, Section 1.6.6 deals with conformal complex
space forms, and Section 1.6.7 is concerned with Kéahler geometry.
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1.6.1 Principle bundles

We say that 7 : E — B is a fiber bundle with fiber F' if there exists an open
cover O, of B and fiber preserving diffeomorphisms ®, from 7=1(0,) to
O, x F. Let m: P — B be a fiber bundle whose fiber is a Lie group G. We
say that P is a principle bundle and write

G—P—B

if G acts freely on P from the right and if B = P/G. Equivalently, this
means that the transition functions of P are given by left multiplication
by the group G. Let S™ denote the usual round sphere, let CP" denote
complex projective space, let Gri(n) denote the Grassmannian of k-planes
in R, and let Gr; (n) denote the oriented Grassmannian of k-planes in R™.
As examples, we have the following principle bundles:

U(l) - U(n+1)— CP",

SO(n) - SO(n+1)— S",

O(k) x O(n — k) — O(n) — Grg(n),
SO(k) x SO(n — k) — SO(n) — Gry (n).

The following is well known:

Lemma 1.6.1 Let a Lie group G act on a space X from the left. If
x € X, let G- x be the orbit and let G, = {g € G : gz = x} be the isotropy
subgroup.

(1) We have a principle bundle G, — G — G - x.
(2) dim{G} = dim{G;} + dim{G - z}.

1.6.2 Geometric realizability

Although the following is well-known, see for example Belger and Kowalski
(1994) where a more general result is established, we shall give the proof to
keep the development as self-contained as possible and to establish notation
needed subsequently.

Let {21, ..., xm } be local coordinates on a pseudo-Riemannian manifold

M. Let

6i ::636 : 4
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Denote the components of the metric g, of the curvature tensor R, and
of the covariant derivative of the curvature tensor VR with respect to the
coordinate frame by:

gij = 9(0i, 9;),
Rijkl = R(&-, 8j, 8k7 81),
Rijkin = R(0;,0;, 0k, 01; 0n) .

Lemma 1.6.2

(1) Let {x1,...,xm} be local coordinates on a pseudo-Riemannian manifold

M. If{8;gjx}(P) =0, then:

(a) Rijii(P) = 3{0:0kgji + 0;019ir — 0:019j1 — 0;0kgi}(P).
() Rijiizn(P) = 3{0;010ngji + 0;010ngik — 0;0,0n9;1 — 0;010ngi } (P).

(2) Let My be a 1-model. There exists a point P of a pseudo-Riemannian
manifold M so that My is isomorphic to M (M, P).

Proof. Let P be a point of a pseudo-Riemannian manifold M. Let x be a
system of local coordinates on M; we may assume without loss of generality
that P corresponds to the origin of the coordinate system. Suppose that
the 1 jets of the metric vanish at the origin. We establish Assertion (1) by
computing:

Liji = 9(Va,05,0k) = 5(0igjr + 0;9ir — Orgi) = O(|z]),
Rijri = 0iTjra — 0; i + O(|a]?),
Rijkizn = OnRijia + O(|z]) .

Let MM = (V, (-, +), Ao, A1) be a 1-model. To prove Assertion (2), choose
an orthonormal basis {e1,...,en} for V so that (e;,e;) = £6;;. Use this
orthonormal basis to identify V' = R™. Let A;ji and Ay jk;n denote the
components of A and of Ay, respectively, relative to this orthonormal basis.
Define

gik = {(ei,ex) — 3 E AijinziT — g Al itk T2 T, -

jln

Clearly gix = gri- As ¢i;(0) = (es, e;), g is non-degenerate at the origin and
hence is non-degenerate on some neighborhood of the origin. Since the 1
jets of the metric vanish at 0, we may apply Assertion (1) to compute that:
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Rijii(0) = 5{8i0kgj + 8;01gir. — 9i0ig1 — 90191} (0)
= H{—Ajir — Ajrit — Asjik — A + Ajark + Ajiie + Asjin + Aigji}
= ${4Aim — 2405 — 2Au1;} = Aijia -
We complete the proof of Assertion (2) by computing:
Rijin (0) = 3{0:010ng;i + 0;0,0ngir — 0;010n9;1 — 0;040ng:1}(0)
= S{—Ajirin — Ajkitin — Ajnktsi — Ajintsi — Ajintsk — Ajnitik
_Aijlk;n - Ailjk;n - Ainlk;j - Ailnk;j - Aijnk;l - Ainjk;l
+Ajilk;n + Ajlik;n + Ajnlk;i + Ajlnk;i + Ajink;l + Ajnik;l
+Aijkl;n + Aikjl;n + Ainkl;j + Aiknl;j + Aijnl;k + Ainjl;k}
= S5{(44ijkim — 245k + 2A500n) + (—2Ajnk1 — 2Ainik;;)
+(—24 i1k — 2A55nk) + (—Aitnky; — Ajnitk)
H(—Ainjit — Ajrnisi) + (Ajinkss + Ainjik) + (Ajnikag + Aiknig) }
= {6 Aijk1n +2 45 jrisn +2A5k10 + Aitkgn + Ajktisn — Ajikin — Ak }
73 {10Aij50n + 2Ainjin + 2Aikjin} = 73{10Aij010 — 2A4j06m }
= Aijkl;n . O

1.6.3 The canonical algebraic curvature tensors

Let S?(V*) and A%(V*) be the spaces of symmetric and anti-symmetric
bilinear forms on V, respectively. If @, € S?*(V*) and if ®_ € A*(V*),
adopt the notation of Eq. (1.3.a) to define the canonical 4-tensors

A‘I’+ (xv Y, z, w) = (I>+(CL', w)q)-l-(ya Z) - (I>+(CL', Z)(I)-i-(ya ’U}),
Ap_(2,y,z,w) = D_(z,w)P_(y,2) — P_(z,2)P_(y,w)
—2®_(2,y)P_(z,w).

Let My := (V, Ag) be the weak 0-model defined by ®. If (-,-) is a non-
degenerate inner product on V', let My := (V, (-, -), Agp) be the associated
0-model. Let

ker(A<1>) = {77 € V : A¢(n7§1a€2a€3) = O \V/ gz S V} .
Lemma 1.6.3 Let ® € S2(V*) or ® € A2(V*). Assume Rank{®} > 2.

(1) As € Alg,.

(2) If there is a decomposition V = V1 @& V? with Ap = A' & A2, then
either V1 C ker ® or V2 C ker ®.

(3) If @ is non-degenerate, then MMy is indecomposable.

(4) If ker @ is totally isotropic, then My is indecomposable.

(5) ker(Ag) = ker ®.
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Proof. We must ensure that the identities of Eq. (1.2.g) are satisfied to
establish Assertion (1). Let A = Ag where ® € S?(V) or ® € A%(V). The

curvature symmetries
A(CC, Y, 2, ’UJ) = _A(y’ Z, 2z, 'lU) = A(Zv w, T, y)

are then immediate by inspection. Only the first Bianchi identity needs to
be established. If ® € S%(V*), then:

;w)
fI)(:c,w) ( z) — @(x, 2)®(y, w) — 20 (z,y)P(z, w)
(I)(yv w) ( ) - (I)(y7 1‘)(1)(2, w) - 2(1)(:'/7 Z)‘I)(LE, w)
+ O(z,w)P(x,y) — P(2,y)P(z,w) — 28(z,2)P(y,w) =0

This completes the proof of Assertion (1).
We follow the discussion in Dunn (2006) to prove Assertion (2). Assume
there exists a non-trivial direct sum decomposition V = V! @ V? with

Ap =A@ Ay, Vg ker® V?>¢Zkerd.

If v € V, we expand v = v! 4+ v? for v* € V¢. We argue for a contradiction.

Assume that ® is symmetric. Choose vi € V! so that v ¢ ker ®.
Suppose first ®(vi,v) # 0. Since Rank(®) > 2, we can choose vy € V
so ®(v],vs) = 0 and P(ve,v) # 0. Decompose vy = v3 + v3 for v € V7.
Then:

0 +# (I)(’U%,’U%)(I)(UQ,’UQ) = @(’U%,U%)@(’Ug,vg) — (I)(’U%,’Ug)q)(’l}%,’l)g)
- A<I>(U17U27U27U1) A¢(”17”%7U%7U%)

= ‘I’(U17U1)‘I’(U27U2) - ¢(U17U2)‘1’(U17U2) .

This shows 7 := Span{vi,vi} is 2-dimensional and ®|, is non-degenerate.
If, on the other hand, we have ®(vi,v]) = 0, since v] ¢ ker ®, we can
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choose vy s0 ®(v1,v9) # 0. Consequently:

0 # —®(v1,v2)®(v],v2) = (v],v])P(va, v2) — ®(v7,v2) (07, v2)
= A¢(v},v2,v2,vi) = A‘I’(’U%?U%?U%?U%)
= (I)(’U%, U%)(I)(’U%,’U%) - (I)(’U%, v%)fb(vi,v%) .

Thus once again ®|, is non-degenerate. Thus we may conclude:
Rank(®[y;,) > 2 and Rank(®|y,) > 2.
Since Rank{®|y, } # 0, we may find v{ € V; so ®(v{,v}) # 0. Since
Rank{®|y,} > 2, we can choose v3 € V5 and v3 ¢ ker ® so ®(v{,v3) = 0.

Since v3 ¢ ker ®, we can choose vz so ®(v3,v3) # 0. We then have

A@(’U%,’U%,Ug},v%) = (I)(U%,U%)(I)(US,U;;) - @(’U%,’U%)@(’U%,’U;{)

- ‘I)(’U%,U%)q)(’l)g,vg) 7£ 0.

This contradiction establishes Assertion (2) if ® is symmetric.
We now prove Assertion (2) if ® is skew-symmetric. One has:

A¢(Iay7yvz)
= O(z,2)0(y,y) — P(z,y)2(y, 2) — 2@(z,y)2(y, )
= 3®(z,y)2.

Choose v} € Vi with v{ ¢ ker ®. Choose vz so ®(v{,v2) # 0. Decompose
vy = v + v for v§ € V. This implies

3(1)(/0%71}%) = A(I)(’U%,’U%,U%,'U%) = A@(U%,UQ,’UQ,’U%) = 3(1)(/0%7@2)2 7é 0.
Consequently we may conclude:
Rank(®|y,) >2 and Rank(®|y,) > 2.

If there exists v € VZ so ®(v],v3) # 0, then Ag (v, v3,v3,v]) # 0 which
is false. Thus

Vilg V2.
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Choose v € V' and w' € V¥ so that ®(vi,w’) = §. Let v = v! +v?,
w = w! + w?. Then:

Ag (v, w,w,v) = 30(v,w)? = 3{®(v + v w' + w?)}?
=3{1+1}*=12
= Ag (v, wh, wh,v') + Ag (0%, w?, w?, v?)
=30(v! w')? + 30 (v?, w?)* = 6.

This contradiction establishes Assertion (2) if ® is anti-symmetric.

If ® is non-degenerate, then ker ® = {0} and hence V; ¢ ker ®. Thus
Assertion (3) follows immediately from Assertion (2).

Suppose ker @ is totally isotropic with respect to an inner product (-, -).
If V.=V, @& V5 is an orthogonal direct sum decomposition with respect to
an inner product (-, -), then V; and V4 are not totally isotropic with respect
to (-,-). Thus V; ¢ ker & and Assertion (4) follows from Assertion (2).

Clearly if £ € ker @, then £ € ker(Ag). Conversely, suppose v, ¢ ker ®.
The arguments given to prove Assertion (2) show that there exists vs so
Ag(v1,v2,v2,v1) # 0 and thus v1 & ker(Ag); Assertion (5) follows. O

We generalize Lemma 1.6.3 (5) as follows. If Ag € Algy(V), let

ker(AO) = {77 eV: AO(U7§17€27§3) =0V gz S V} .

Let 7 be the natural projection from V to V := V/ker(Ag). The algebraic
curvature tensor Ay descends to V to define an algebraic curvature tensor
Ay € Algy (V) so that 7" Ay = Ap.

Lemma 1.6.4 Let My := (V,(-,-), Ag). If My = (V, Ap) is indecom-
posable and if ker(Ag) is totally isotropic, then My is indecomposable.

Proof. We suppose, to the contrary, that there exists a non-trivial or-
thogonal direct sum decomposition V' = V! @ V? which decomposes
Ay = A} @& A3. We argue for a contradiction.

Suppose there exists v' € V' with 0 # w(v') = m(v?). Because
0 # m(vl), v' ¢ ker(A4p). Consequently, we can choose £1,&2,& € V so
Ao(v!, &1,&,&3) # 0. Decompose & = &} + &2 for ¢ € V! and & € V2
Since Ag = A} ® A2 and since v! € V1,

0 7& A0(017€17€27€3) = AO(U17€%7€%7€§) .
On the other hand, since 7(v!') = m(v?), we have v! —v? € ker(4y) so

0 7& A0(017€}7€%7€3{) = AO(”%S}?&%?&?{) .
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This contradicts the decomposition Ag = A} & A% and shows
(VY nx(V?) ={0}.
Since ©(VY) + 7(V?2) = n(V) = V, we have a direct sum decomposition
V=nVYen(V?) and Ay= Ao A3.
Since (V, Ap) is assumed to be indecomposable, one of the two summands
is trivial; without loss of generality we assume the notation is chosen so
7(V2) = {0}. This implies V2 C ker(Ap) and hence V? is totally isotropic.

This is false as the decomposition V = V! @ V? is assumed to be an
orthogonal direct sum decomposition with respect to (-, ). |

The following is a useful observation we shall need Section 2.5:
Lemma 1.6.5

(1) Let ®; € S2(V*). If Rank(®1) > 3 and if Ap, = As,, then &1 = £P5.
(2) Let ®; € A2(V*) If Aq>1 = Aq>2, then &1 = £®5.

Proof. Suppose that ®1,®5 € S*(V*) with Rank(®;) > 3. Choose a
basis {e1,...,e,} for V so that

®i(ej,e;) =0 and Pi(e;,e;) =¢; where ¢; € {0,£1}.

Since Rank(®1) > 3, we can assume ¢; # 0 for ¢« = 1,2,3. By replacing
®; by —®; if necessary, we may assume that e = 1 and es = 1. Let
7 := Span{ey, e2}. By diagonalizing the quadratic form ®s|, with respect
to the positive definite quadratic form ®1]|,, we can further normalize the
choice of {ey, ez} so that:

y(er,e1) = 01, Paler,ea) =0, Pa(ez,e2) = 02.
Let A; := Ag,. We have

1= ®(e1,e1)P1(e2,e2) — P1(e1,e2)® = Ag(er, ea, €2, €1)
= As(er, e2,e2,€1) = Pa(er, e1)Pa(es, e2) — Paler, €2)” = 0102

Thus by replacing ®2 by —® if necessary, we may assume that o > 0 and
o2 > 0. If £ > 3, then

0=®i(er,e1)Pi(e2,ex) — Pi(er, e2)Pi(er, ex) = Ai(er, e, €x,€1)
= As(eq, ez, er,e1) = Do(er, e1)Pa(es, er) — Pa(er, e2)Pa(er, ex)

= (132(62,616) .
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Thus ®y(eq, e) = 0 for k > 3. Similarly ®5(eq,ex) = 0 for k > 3. Thus

e = P1(e1, e1)P1(ex, ex) — P1(er, ex)® = Ai(er, ex, ek, €1)
= As(e1, e, e, e1) = Paer, e1)Pa(er, ex) — Paler, ex)’
= 010k,
e = P1(ea, €2)P1(ex, ex) — Pi(ez, ex)? = A1 (e2, ex, ek, €2)
= As(ea, ex, ex, €2) = Paez, €2)Pa(er, ex) — Polez, ex)?
= 020k -
Setting k = 3 then yields gy = g2 and thus ¢? = 1. Since p; > 0, we
have p;1 = p2 = +1. We can now conclude that g, = ¢ for all k& > 3.

Consequently ®; = ®o; this proves Assertion (1).
Suppose that ®1, Py € A%2(V*). Choose a basis

{617 "'7687f17 "'7f87n17 "'7nt}

for V' so that the non-zero components of ®; are ®4(e;, f;) = 1. We have

A‘Pi (xayu yax) = 3(I)i($,y)2 .

Consequently, the non-zero components of @5 are ®o(e;, f;) =&; = £1. Let
A; = As,. If i < j, then

12 = 3®1(e; +ej, fi + £;)* = Aa, (i + €5, fi + fi fi + fi,ei + )
= Ag,(e;+ej, fi+ i, i+ fiei+ej) =3®1(e; + e, fi + f7)?
= 3(Ei+€j)2.

Thus either ¢; = ¢; = +1 for all ¢,7 and ®; = ®3 or g; = ¢; = —1 for all
i,j and (1)1 = —(132. O

Remark 1.6.1 Lemma 1.6.5 (1) can fail if Rank(®;) < 3. Suppose that
dim(V) = 2 and that ®; are any two non-degenerate symmetric bilinear
forms on V. If {v1, v} is a basis for V, then Ag,(v1,v2,v2,v1) = ¢; for
some non-zero constants c¢; and thus Ae, and A, are multiples. It does
not, however, follow that ®; and ®, are multiples.

We can now establish a basic result in the field. It was originally proved
by Fiedler (2003a) using Young diagrams; subsequently a direct proof was
given in Gilkey (2002). We give a third proof here; a still different proof that
Algy (V) = Spangeg2(v+){As} will follow from the discussion in Section 4.3
which uses the Embedding Theorem of Nash (1956).
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Theorem 1.6.1 [Fiedler]

Algy (V) = Spanq>es2(V*){A<b} = Span<1>eA2(V*){A<I>}-

Proof. To simplify the discussion, we introduce as temporary notation:
Ccti= Spangeg2(v-y{Ae} and C7 = Spangepz(v+){As}-

These are clearly subspaces which are invariant under the action of GI(V).
By Lemma 1.3.3, Alg,(V) is an irreducible GI(V) module; in particular,
there are no proper invariant subspaces. The Lemma now follows since

ct £ {0}. O

Remark 1.6.2 The proof in fact establishes a slightly stronger result.
One can restrict the generating elements ® to those which have rank 2
since these also generate non-trivial G1(V') modules.
Fiedler also gave generators for Alg, (V). If
Ve S%(V) and ¥y € S3(V),

define A1 g,w, € Alg (V) by:

A17\I}1\Ill (:17, Y, 2, w; ’U) = \111(117, w, ’U)\Il(y7 Z) + \I/(l‘, w)\IJl(y’ 2, ’U) (1 6 a)
—Wi(z,2,0)¥(y,w) = U(z,2)Vi(y,w,0).

If one thinks of Wy as the symmetrized covariant derivative of ¥, then
A; w,w, can be regarded, at least formally speaking, as the covariant deriva-
tive of Ay. Fiedler (2003b) used group representation theory to show:

Theorem 1.6.2 (Fiedler) Alg, (V) = Spangcg2(v),v,es3(v)141,0,9, }-

In Section 4.3, we will give a proof of Theorem 1.6.2 which is based on
the Embedding Theorem of Nash (1956).

1.6.4 Complex geometry

Let My = (V,{-,-), A) be a 0-model. An isometry J € O(V,(-,-)) is said
to be a pseudo-Hermitian almost complex structure on V if additionally
J? = —id. We use J to define a complex structure on V by setting

(a+bvV-1v:=av+bJv for veV and a+b/-1€C.

Thus a linear transformation T' of V' is said to be complex linear if T' com-
mutes with J. A subspace 7 of V' is said to be a complex subspace if Jm = .
If dimg 7 = 2 and if 7 is complex, then 7 is said to be a complex line. We
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48 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

set CPE(V, (-,-),J) to be the projective spaces of all complex spacelike (+)
or complex timelike (—) lines in V; there are no complex mixed lines. We
shall also sometimes simply denote these spaces by CP* (V). Let

7, = Span{z, Jx} for 2 € ST(V,(--))
be the associated complex line. The map x — m, defines the Hopf fibrations
St — SEWV, (-,-)) = CPE(V, (-,-), J). (1.6.b)

The following operators are independent of the particular unit vector x
which was chosen and depend only on the underlying complex plane:

J(mz) :=J(x)+T(Jx) and A(m,):= Az, Jz).

We say that 9 = (V,(-,-),J, A) is a complex 0-model if (V,(-,-), A)
is a 0-model and if J is a pseudo-Hermitian almost complex structure on
V. The following Lemma shows several different compatibility conditions
between J and A are equivalent in this setting:

Lemma 1.6.6 Let M = (V,(-,-), J, A) be a complex 0-model. The follow-
ing assertions are equivalent; if any (and hence all) are satisfied, we say A
and J are compatible:

(1) J*A = A.
(2) J(n) is complex linear for every m in CPE(V, (-,-),J).
(3) A(x) is complex linear for every w in CPE(V,(-,-), J).

Proof. Suppose J*A = A. Then for all x,y, z, we have that:
Ay, z,z,2) + Ay, Jo, Jx, 2) = A(Jy, z,x, Jz) + A(Jy, Jx, Jx, J2) .
Replacing z by Jz yields
Ay, z,z,J2) + Ay, Jx, Jx, Jz) = —A(Jy,z,x,z) — A(Jy, Jz, Jx, 2) .
This implies that
(I (m2)y, J2) = =(T (72) Ty, 2) -

This shows that JJ(7,) = J(n;)J as desired. Thus Assertion (1) implies
Assertion (2). Similarly, we may compute that for all z,y, z we have:

(JA(m2 )y, 2) = —(A(me)y, J2) = —A(z, Jz,y, Jz)
=—A(Jz,JJx, Jy,JJz) = Az, Jz, Jy, 2) = (A(m,)Jy, 2) .
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Thus JA(m,) = A(my)J so Assertion (1) also implies Assertion (3).
We use an argument shown to us by Brozos-Vazquez to prove that
Assertion (2) implies Assertion (1). If J(m;) is complex then

J{T (@) + T (Jx)} ={T(2) + T (Jx)}J .

Suppose this identity holds for all z € ST(V, (-,-)). We can rescale to see
this holds for all non-degenerate x. Since the set of non-degenerate vectors
is dense in V, this holds for all x € V. Consequently, after moving J across
the inner product, we see that for all z,y, z,

—((J (@) + T(Jx))y, Jz) = (T (2) + T (Jx)) Ty, 2)
which implies that
—Ay,x,x,Jz) — Aly, Jx, Jx, Jz) = A(Jy,x,z,2) + A(Jy, Jx, Jx, z) .
Polarizing this identity and replacing z by Jz yields

A(y7x7w7 Z) + A(y,w,x, Z) + A(y7 Jx? qu Z) + A(ya Jw7 JQL‘, Z)
= A(Jy,z,w, Jz) + A(Jy,w,z, Jz) + A(Jy, Jz, Jw, J2) (1.6.c)
+ A(Jy, Jw, Jz, Jz).

Interchanging arguments 1 < 2 and 3 < 4 then yields:

Az, y, z,w) + A(w,y, z,2) + A(Jz,y, z, Jw) + A(Jw, y, z, Jx)
= A(z, Jy, Jz,w) + A(w, Jy, Jz,2) + A(Jx, Jy, Jz, Jw) (1.6.d)
+ A(Jw, Jy, Jz, Jz).

If we change = <> y and z < w in Eq. (1.6.d) we get

Aly,z,w,z) + Az, ,w,y) + A(Jy, z,w, J2) + A(J 2, ,w, Jy)
= Ay, Jz, Jw, z) + A(z, Jx, Jw,y) + A(Jy, Jz, Jw, J2) (1.6.e)
+ A(Jz, Jz, Jw, Jy).

Adding (1.6.c) and (1.6.e) and simplifying yields:

Ay, z,w,z) + Ay, w, z, 2)

1.6.f
= A(Jy, Jx, Jw, Jz) + A(Jy, Jw, Jx, Jz). (1.6.£)
In Eq. (1.6.f) we change y — 2, * — w and w — y. This yields:
A(vaayvz)+A(zay7w7z) (16 )
=A(Jzx, Jw, Jy,Jz) + A(Jz, Jy, Jw, Jz) . 08
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We add 2(1.6.f) and (1.6.g) to see

A(y7 x? w7 Z) + 2A(y7 w7 :I;, Z) + A('r7 w7 y7 Z)

1.6.h

= A(Jy, Jx, Jw, Jz) + 2A(Jy, Jw, Jz, Jz) + A(Jz, Jw, Jy, Jz) . ( )
By the first Bianchi identity,

A(y’ .’L" w7 Z) +A(I7w7y’ Z) = A(y, w, :17, Z)’ (1'6.i)

A(Jy, Jx, Jw, Jz) + A(Jz, Jw, Jy, Jz) = A(Jy, Jw, Jx, Jz).
We use Egs. (1.6.h) and (1.6.i) to see that
3A(y, w,x, z) = 3A(Jy, Jw, Jx, Jz)

for all x,y, z, w. Thus Assertion (2) implies Assertion (1).

Finally, we show Assertion (3) implies Assertion (1). We use an argu-
ment that was shown to us by Salamon. Suppose A(z, Jz)J = JA(z, Jx)
for every x € S*(V,(-,-)). We can rescale to see this holds for every non-
degenerate x and hence by continuity for every x in V. Thus for all x, z, w,
we have

JA(x, Jz) = Az, Jz)J,
= (JA(z, Jx)z,w) — (A(z, Jz)Jz,w) =0,
= Az, Jz, z, Jw) + Az, Jz, Jz,w) = 0.
Polarizing yields an identity for all x,y, z, w:
0= Ay, Jx, z, Jw) + Az, Jy, z, Jw) + Ay, Jx, Jz,w)
+ Az, Jy, Jz,w) .
Interchange the first two arguments in the first and third terms to see
0=—-AJx,y,z, Jw)+ Az, Jy, z, Jw) — A(Jx,y, Jz,w)
+ Az, Jy, Jz,w).
Replace (x,w) by (Jx, Jw) to show:

0=—-A(z,y,z,w) — A(Jz, Jy, z,w) + A(x,y, Jz, Jw)

1.6.j
+ A(Jz, Jy, Jz, Jw) . (1.6.)

Interchange the first two arguments with the final two arguments:

0=—-A(z,w,z,y) — A(z,w, Jz, Jy) + A(Jz, Jw, z,y)
+ A(Jz, Jw, Jx, Jy) .
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Change notation to interchange x and z and y and w to see:

0= _A($7y727w) - A(.’L’,y, JZ7J’U}) + A(J.T7 Jyazuw)

+ A(Jx, Jy, Iz, Jw). (1.6k)
We add Egs. (1.6.j) and (1.6.k) to conclude
—Az,y,z,w) + A(Jx, Jy, Jz, Jw) =0
and complete the proof that Assertion (3) implies Assertion (1). O

1.6.5 Rank 1-symmetric spaces

Let Mo = (V, (-, -), A) be a 0-model. If {eq, ex} is an orthonormal basis for
a non-degenerate 2-plane 7, then the sectional curvature of m is defined by

k() := A(e1,ea,e2,€1) .

Definition 1.6.1 One says that a model My = (V, (-, ), A) has constant
sectional curvature ¢ if k() = ¢ on every spacelike and timelike 2-plane and
if K(m) = —c on every mixed 2-plane. One says that a pseudo-Riemannian
manifold M is a space form if My(M, P) has constant sectional curvature
c at every point P € M; the constant is allowed, in principle, to vary with
the point P.

Remark 1.6.3 Let A,. ) be the canonical curvature tensor of Eq. (1.3.a):
Ap (@, y, z,w) = (x,w)(y, z) — (z,2)(y,w) .
Mo has constant sectional curvature c if and only if A =cA. ;.

Let R®% denote RPT? with the canonical inner product of signature
(p,q) given in Eq. (1.2.a). We consider the pseudospheres:

P = (£ € RUFM  (g.6) = 1),

ST = e e RPIHD (£ ¢) = —1}.
We note that S(_O’q) has two components; each component has constant
sectional curvature —1 and is isometric to hyperbolic space.

The geometry is very rigid in this setting. The following is well known;
see, for example, Lemmas 1.14.2 and 2.6.1 of Gilkey (2002).

Lemma 1.6.7 Adopt the notation established above.
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(1) The manifolds Sf’Q) are spaceforms of signature (p,q) with constant
sectional curvature £1.

(2) If M is a space form of signature (p,q) with constant sectional cur-
vature £1 of dimension m > 3, then M is locally isometric to Sf’q).

Definition 1.6.2 A model My = (V, (-, -), A) is said to be a complex space
form if there exists a Hermitian almost complex structure J on (V, (-, -))
so A= c0A<.).> + c1Ay. We say that a pseudo-Riemannian manifold M is
a complex space form if My(M, P) is a complex space form at each point
P € M; the constants ¢g and ¢; being (in principle) allowed to vary with
the point in question.

Let J be the standard Hermitian almost complex structure on R(27:29).

We have the Hopf fibrations of Eq. (1.6.b):
Sl g (R(2p+2,2q))i>(cp(_2p,2(ﬂ’
FSLIN S+(R(2p,2q+2))LCPfP,QQ).

The metrics on the horizontal distributions ker(h.) have signature (2p, 2q)
and are invariant under the action of S'. They induce, therefore, metrics
called the Fubini—Study metrics on the associated projective spaces. The
following is well known; see, for example, Lemma 1.15.1 and Lemma 3.6.4
of Gilkey (2002):

Lemma 1.6.8

(1) Let 2p + 2q > 4. The manifold Cng’QQ) is a complex space form of
signature (p,q) and the curvature is given by R = +{Riqa + Rs}.

(2) Let (M) be a contractible complex space form of signature (2p,2q) with
2p +2q > 6. Then
(a) co(P) = c1(P) = c is constant.
(b) J can be chosen to vary smoothly with P.
(¢) VJ =0 and VR =0.
(d) If c = %1, then M is locally isometric to (CIF’(ip’q).

The 4-dimensional geometries are exceptional; see, for example, the
discussion in Olszak (1989).

In the Riemannian setting, Lemmas 1.6.7 and 1.6.8 illustrate Theorem
1.4.4; any Riemannian manifold whose curvature tensor is modeled on that
of SI' or on C]P)i),zq) is locally isomorphic to SI* or (C]P’(iO’Qq); these manifolds
have rigid geometries.

THE GEOMETRY OF CURVATURE HOMOGENEOUS PSEUDO-RIEMANNIAN MANIFOLDS
© Imperial College Press
http://www.worldscibooks.com/mathematics/p503.html
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We can also discuss quaternionic generalizations. Let
H := Spang{1,4,J, k}
be the quaternions where
ij=—ji=k and = 2=k =-1.

Give H* = R** the canonical quaternion structure. Let S3 be the unit
quaternions. Quaternionic multiplication defines a Hopf fibration

SS S~ (R(4q+4,4p)) _ H]P)(_4Q,4P)
S3 S+(R(4q,4p+4)) R ]HI]P’qup) '

The metrics on the horizontal distributions have signature (4q, 4p); they
are S2 invariant and induce metrics called the Fubini-Study metrics on the
associated projective spaces.

Lemma 1.6.9 The manifolds H]P’gilp’élq) are pseudo-Riemannian mani-

folds of signature (4p,4q). If P € HPfq’A‘p), then there is a Clifford family
F(P)={I,J,K} on the tangent space so that curvature tensor is given by

Rp=+4{Ria+ Rr+ Rs+ Rx}.
The rank 1-symmetric spaces are classified. The manifolds
{S(iO;Q) CP$’2q) H]P)(iOAq)}

are Riemannian rank 1-symmetric spaces and together with the Cayley
plane and its negative curvature dual, comprise the complete list of all the
Riemannian rank 1-symmetric spaces. These spaces play a central role in
the Osserman conjecture as we shall see in Section 1.9.4.

1.6.6 Conformal complex space forms

We work in the Riemannian context. Let ® be a Hermitian almost complex
structure on TM; necessarily m = 2n is even. We say that (M, g) is a
complex space form if R = A\gRog + A\ Re for smooth functions A\g and A\q
where Ay # 0. If (M, g) is a complex space form and if m > 6, then one
can show that A\g = A1 and that Ao is constant. By rescaling the metric,
we may assume \g = £1. If A\g = 1, then (M,g) is locally isometric
to complex projective space with the Fubini—Study metric; if \g = —1,
then (M, g) is locally isometric to the negative curvature dual. We refer
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to Tricerri and Vanhecke (1981) for further details. Let W be the Weyl
conformal curvature tensor discussed in Section 1.3.3. One says that (M, g)
is a conformal complex space form if W = AgRo+ A1 Rg for some Hermitian
almost complex structure on T'M where A\ and A; are smooth functions on
M with Ay # 0. We refer to Blazi¢ and Gilkey (2004) for the proof of the
following result:

Theorem 1.6.3 Let (M,g) be a conformal complex space form so that
m > 8. Then (M,g) is locally conformally equivalent to either complex
projective space with the Fubini—Study metric or to the negative curvature
dual.

1.6.7 Kadahler geometry

Let M = (M, g) be a pseudo-Riemannian manifold with a Hermitian almost
complex structure J; J is an isometry of TM with J? = —id. One says that
(M, J) is almost Kdhlerif V.J = 0 and that (M, J) is Kéhler if additionally
the almost complex structure in question is integrable; this means that there
exist coordinates z; = z; + v/—1y; so that

JOp; =0y, and JOy;, = =0y, .

J

Newlander and Nirenberg (1957) provide necessary and sufficient conditions
that an almost complex structure giving rise to a complex structure.

Any holomorphic submanifold of a Kahler manifold is Kéhler. As the
Fubini-Study metric on CP* is Kihler, any algebraic variety is Kéahler.
Kahler geometry provides a useful family of compatible examples:

Lemma 1.6.10 If M s an almost Kdhler manifold, then J and R are
compatible.

Proof. Since VJ = 0, we have V,J = JV, so JR(z,y) = R(x,y)J for
all z,y. Thus as a special case JR(x, Jz) = R(z, Jx)J and hence J and R
are compatible by Lemma 1.6.6. O

1.7 The Geometry of the Jacobi Operator

Let My = (V, (-,-), A) be a 0-model and let A be the associated curvature
operator;

(A(u, v)w, z) = A(u, v, w, ).
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In Section 1.7, we shall discuss natural operators which are related to the
Jacobi operator. Section 1.7.1 deals with the classical Jacobi operator,
Section 1.7.2 treats the higher order Jacobi operator, Section 1.7.3 considers
the conformal Jacobi operator, and Section 1.7.4 is concerned with the
complex Jacobi operator.

1.7.1 The Jacobi operator
The Jacobi operator J(v) is the linear map of V' defined by:

TW) :w — Alw,v)v.

The curvature identities show that J is symmetric since one has:

(T (w, z) = A(w,v,v,2) = A(z,v,v,w) = (T (v)z,w) .
We polarize J and define

T (v1,0) s w — F{A(w,v1)v2 + A(w, va)v1 } .
One then has J(v) = J(v,v). We note that the Ricci tensor p is given by
p(v1,v2) = Tr{T (v1,v2)} .

The Jacobi operator determines the curvature:

Lemma 1.7.1 Let My be a 0-model. If 7 =0, then A =0.

Proof. Suppose that J = 0. Then A(y,z,z,z) =0 for all z,y, z. Polar-
izing in z then yields 0 = A(y, z,v, z) + A(y, v, x, z). Consequently,

0= A(y,z,v,z) + A(y,v, z,z) + Ay, 2z, z,v)

= Aly,z,v,2) — Aly,v,3,2) + Ay, 2,7, v)
= Ay, z,v,2) + Ay, z,v,2) — Ay, x, 2,v)
=3A(y,z,v,z).

This shows A = 0 as desired. O

One then has the following

Corollary 1.7.1  Let M’ := (V. (-,-), A") be 0-models for i = 1,2. If
jf):nl = ij, then Al = AZ.

THE GEOMETRY OF CURVATURE HOMOGENEOUS PSEUDO-RIEMANNIAN MANIFOLDS
© Imperial College Press
http://www.worldscibooks.com/mathematics/p503.html



56 The Geometry of Curvature Homogeneous Pseudo-Riemannian Manifolds

One says that 9y is spacelike Osserman (respectively timelike Osser-
man) if the eigenvalues of 7 are constant on the pseudosphere ST (V, (-, "))
(respectively on S—(V, (-,+))) of unit spacelike (respectively timelike) vec-
tors in V; the multiplicities are then necessarily constant as well. We will
show in Theorem 1.9.1 that these are equivalent notions so one simply
speaks of an Osserman algebraic curvature tensor in this setting. One says
that My is spacelike Jordan Osserman if the Jordan normal form of 7 is
constant on ST (V, (-,-)). The notion timelike Jordan Osserman is defined
similarly; spacelike Jordan Osserman and timelike Jordan Osserman are
different notions as we shall see presently. It is clear that spacelike (respec-
tively timelike) Jordan Osserman implies spacelike (respectively timelike)
Osserman. The designation “Osserman” is used owing to the seminal paper
of Osserman (1990).

In the Riemannian setting (p = 0), the eigenvalue structure determines
the Jordan normal form. This is not, however, the case in higher signatures.
If p > 2 and ¢ > 2, there are examples where 91, is spacelike Osserman
but not spacelike Jordan Osserman. There are also examples where 91 is
spacelike Jordan Osserman but not timelike Jordan Osserman. We refer to
the discussion in Theorems 1.7.1, 1.7.2, 2.6.1, and 2.7.3 for further details.

Let F := {J1,..., J¢} be a Clifford family on V. The J; are skew-adjoint
endomorphisms of V' satisfying the Clifford commutation relations:

JidJj + JjJ; = —26;;1d .
Following the notation established in Eq. (1.3.a), one defines
A(-,-}(Ia Y, =, ’LU) = <1:’ w><ya Z> - <I, Z><y7 U]>,
AJ-; (Ia Y, %, ’LU) = <Jlx7 w><‘]1ya Z> - <Jlx7 Z><le7 U}>
—2(J;x, y)(Jiz, w) .

Theorem 1.7.1 Let F be a Clifford family on V. Let M := (V,(-,-), A)
where A = coA(..y + 22, ¢iAy,. Then M is spacelike and timelike Jordan
Osserman.

Proof. Let z € ST(V,(-,-)). The spectral resolution of J(z) is given by

0 if y e Span{xz},
J(@)y =< (co+3c)y if y e Span{Jiz},
coy if y e Span{x, Jiz,..Jyx}t.

This shows that 97 is spacelike Jordan Osserman. Similarly one can show
that A is timelike Jordan Osserman. O
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Let M be a pseudo-Riemannian manifold of signature (p,q). We say
that M is pointwise spacelike Osserman, pointwise timelike Osserman,
pointwise spacelike Jordan Osserman, or pointwise timelike Jordan Osser-
man if the 0-model My (M, P) has this property for every point P € M;
the eigenvalues or Jordan normal form being permitted to vary with the
point in question. We say that M is globally spacelike Osserman, globally
timelike Osserman, globally spacelike Jordan Osserman, or globally timelike
Jordan Osserman if the structures in question do not in fact vary with P.

One says that M is a 2-point homogeneous space if the isometries of M
act transitively on the pseudo-sphere bundles S*(M). It is clear that if M
is a 2-point homogeneous space, then M is spacelike and timelike Jordan
Osserman. Thus, in particular the standard round sphere S™ and complex
projective space CP* are Jordan Osserman. We refer to the discussion in
Section 1.9.4 for other examples.

If M is a 2-dimensional Riemannian manifold, then M is pointwise
Osserman,; it is globally Osserman if and only if M has constant sectional
curvature. Furthermore, there exist pointwise Osserman 4-dimensional Rie-
mannian manifolds which are not globally Osserman; see, for example, the
discussion in Gilkey, Swann, and Vanhecke (1995). We shall survey some
of the relevant results in this area in Section 1.9.4.

1.7.2 The higher order Jacobi operator

Recall that a pair (r,s) is said to be admissible if one has
1<r+s<m-1, 0<r<p, and 0<s<gq.

Equivalently, this means that the Grassmannian Gr,4(V,(-,-)) is a con-
nected manifold of positive dimension.

Let {e;} be a basis for a non-degenerate linear subspace 7 of signature
(r,s). Denote the components of the inner product by g;; = (e;, e;); let
g% be the inverse matrix. Stanilov and Videv (1998) defined a higher order
Jacobi operator; this is the symmetric linear map given by:

T(m) = 3 g T (eses).

+

It is independent of the basis chosen for 7. If {e],...,e e, ...,el} is an
orthonormal basis for 7, one then has in particular that
T(@) = T(ef) + o+ T(ed) = T(er) = o = T(er).
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If r = 0som € Gros(V, () is spacelike, then the unit sphere S(w) is
compact and there is a universal constant ¢z (s) so that

T =eals) [ Twiv.
veS(m)
Consequently, the higher order Jacobi operator may be regarded as an
average Jacobi operator in this special case. It was introduced first in the
Riemannian setting by Stanilov and Videv (1992).

One says that a 0-model My = (V, (-,-), A) is Osserman of type (r,s)
if the eigenvalues of J(-) are constant on the Grassmannian Gr, 4(V, (-, -)).
It is immediate that 9, is Osserman of type (1,0) (respectively (0,1)) if
and only if 9 is spacelike (respectively timelike) Osserman. In fact, only
the value k := r + s is relevant. We will show in Theorem 1.9.1 that if 991,
is Osserman of type (r, s) for any admissible (r, s) with r + s = k, then 9,
is Osserman of type (7, 5) for every admissible (7,3) with 7+ 5 = k; thus
one speaks of k-Osserman in this setting.

One adds the words “Jordan” if additionally the Jordan normal form
is constant. The following examples show that there exist admissible pairs
(r,s) and (7, 3) with r+s = 7+ § so that there are models which are Jordan
Osserman of type (r, s) but which are not Jordan Osserman of type (7, ).
We postpone until Chapter 2 a discussion of similar geometric examples.

Example 1.7.1 Let {e;,...,e,,
vector space V' of signature (p, q). Set

Fre)ifi<
bt = [T T i <a
g 0 ifi>a,
Ao (z,y)2 = (Poy, 2)Pox — (Poz, 2)Pyy .

efL, - 6;'_} be an orthonormal basis for a

The map ®, is self-adjoint and A, is the associated canonical curvature
operator. We refer to Theorem 3.3.2 of Gilkey (2002) for the proof of the
following result of Stavrov (2003a):

Theorem 1.7.2  Adopt the notation established above.

(1) If 1 <k <m-—1, then A, is k-Osserman.
(2) Let2<r <pand2<s<gq. Then A, is Jordan Osserman of type

(a) ( 0) or (p—1,q) if and only if p = a.
(p—r,q) if and only if p—a+2 <r.
s)

(p,q—9) if and only if g —a+2 < s.

or
r

T
T

Q
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(8) If1<r<p—1andifl <s<q-—1, then A, is not Jordan Osserman
of type (r,s).
Example 1.7.2 Let {e;, ...,elj,ef, ...,e;r} be an orthonormal basis for

V. Choose a > 1 8o 2a < min(p, ¢). Define a skew-adjoint linear map @,
of V' and associated canonical curvature tensor A, by setting:

+(eq; + €3;) if k=2 —1<2aq,
@aef =1 Fleg_q + e;_l) if k=2i<2a,
0 if k> 2a,

Au(z,y, z,w) := (Poz, w){Puy, 2) — (Do, 2)(Poy, w)
_2<(I)ax7 y><<I)az7 w> .

We can interchange the roles of spacelike and timelike vectors by changing
the sign of the inner product. Thus we may always assume that p < q. We
refer to Gilkey and Ivanova (2002a) for the proof of the following result:

Theorem 1.7.3  Adopt the notation established above. If p < q, then:

(1) A, is k-Osserman for 1 <k <dimV — 1.

(2) Suppose that 2a < p. Then A, is Jordan Osserman of type (p,0) and
(0,q); A, is not Jordan Osserman of type (r,s) otherwise.

(8) Suppose that 2a = p < q. Then A, is Jordan Osserman of type (r,0)
and of type (r,q) for any 1 <r <p—1; A, is not Jordan Osserman
otherwise.

(4) Suppose that 2a = p = q. Then A, is Jordan Osserman of type (r,0),
of type (r,q), of type (0,s), and of type (p,s) for 1 <r < p—1 and
1<s<qg—1; A, is not Jordan Osserman otherwise.

We shall present additional results concerning the higher order Jacobi
operator in Section 1.9.5. We also refer to Theorems 2.5.1, 2.6.1, and 2.7.3
for additional examples.

1.7.3 The conformal Jacobi operator

Let P be a point of a pseudo-Riemannian manifold (M, g). Let
Wp = (TpM, gp, Wp)

where Wp := myRp is the associated Weyl conformal curvature tensor
defined in Section 1.3.3. We say that (M, g) is conformally spacelike Os-
serman (respectively conformally timelike Osserman) if Wp is spacelike
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Osserman (respectively timelike Osserman) for every point P of M. One
adds the modifier “Jordan” if instead the Jordan normal form is constant.
The eigenvalue structure, or Jordan normal form, is permitted to vary with
the point P of M; the technical distinction between “global” and “point-
wise” plays no role in this setting. We will show in Section 1.9.6 that this
is a conformally invariant condition.

1.7.4 The complex Jacobi operator

Let (-,-) be a non-degenerate inner product of signature (p,q) on a vector
space V. We say that I := (V, (-,-), J, A) is a complex 0-model if J is a
Hermitian almost complex structure and if A € Algy(V); such structures
exist if and only if p and ¢ are even. If J and A are compatible and if
the eigenvalues of J(m) are constant on CP*(V,(-,-),.J) (respectively on
CP™(V, (-,-),J)), then we say that 90 is complex spacelike Osserman (re-
spectively complex timelike Osserman) if ¢ > 0 (respectively p > 0). These
are equivalent notions if p > 0 and if ¢ > 0 so we shall simply speak of 9t
being complex Osserman. The notions complex spacelike Jordan Osserman
and complex timelike Jordan Osserman are defined similarly.

Let M := (M, g, J) be an almost complex Hermitian manifold. Here g
is a pseudo-Riemannian manifold of signature (p,q) and J is a Hermitian
almost complex structure on T'(M). We assume J*R = R as a compatibility
condition. We say that M is pointwise complex spacelike Osserman if this
property holds for M(M, P) for every P € M; we say that M is globally
complex spacelike Osserman if the eigenvalues do not vary with P. Other
notions are defined similarly. We refer to Theorems 5.1.1 and 5.1.3 for
examples of Riemannian complex Osserman 0-models and manifolds. In
this section we content ourselves by showing the analogue of Lemma 1.7.1
fails in this context; we refer to Brozos-Vazquez, Garcia-Rio, and Gilkey
(2006) for a further discussion of this question:

Lemma 1.7.2 Let V be a Riemannian vector space of dimension m =0
mod 4. Then there exists a non-zero algebraic curvature tensor A on V
and a Hermitian almost complex structure J on V so that J and A are
compatible and so that the Riemannian complex 0-model M = (V, {(-,-), J, A)
satisfies J(m) = 0 for all m € CP(V, (-,-),J). If m > 8, M can be chosen
so that M is not Osserman.

Proof. Choose an isometry to identify V' = R™ with the canonical pos-
itive definite Euclidean inner product (-,-). If K is a skew-symmetric
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linear map of R™, let Ax be the canonical algebraic curvature tensor of
Eq. (1.3.b):

Ak (z,y)z = (Ky,2) Kz — (Kx, 2) Ky — 2(Kx,y) Kz .
It is then immediate that
Ik (z)y =3y, Kz)Kx .

Since m = 0 mod 4, we can choose an isometry to identify V with
the quaternions H™ where m = 4m. Let J = ¢ and K = j define skew-
adjoint endomorphisms of V with J2 = K? = —Id and JK + KJ = 0. Let
A= A — Ajir. We then have

Ja(x)y =3y, Ke) Kz — 3{y, JKz) JKx .

Since {z, Jz, Kz} is an orthonormal set, this shows that J4(z)Kx = 3Kx
and thus A is not the zero algebraic curvature operator. One also has that

Ja(me)y = 3y, Koy Ka + 3{y, KJx)K Jx

(
(y, JKz)y Kz — 3(yJK Jz) JK Jx
(
(

3

3
=3y, Ko)Kz + 3(y, KJx) K Jz

3y, KJx)KJx — 3(yKx) K

0

This shows Ja(mz) = 0. Consequently, by Lemma 1.6.6, A and J are
compatible. This completes the proof if m = 4.

Suppose m > 2. Take a non-trivial decomposition H™ = H, ¢ H_. Set
Ji=14,Ja=7j,and J3 = +kon Hy; if x4 € S(Hy), then Jy JoJszy = £y
Define:

A= AJ2 - AJ1J2 - AJ3 + AJIJS :

The same calculations as those given above show that 91 is complex
Osserman and that J(m) = 0 for any # € CP(V,(-,-),J). We have
JiJoxy = Jsx4 and JiJszy = —Jozy. Consequently

(3—=3)y if y e Span{Joxy},
Ja(zy)y =4 (3-3)y if y € Span{Jsz,},
0 if y L Span{Joxy, Jszy}.
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This shows J4(z4) = 0. On the other hand, if we take x = (x4 +z_)/v/2,

we have

Jox = (JQ:EJ’_ =+ J2$_)/\/§7 J3xr = (J3;E+ + J3£L'_)/\/§,
JiJox = (J3$+ - J3,’E_)/\/§7 JoJsx = (—J2$+ + sz_)/ﬁ

forms an orthonormal set. Thus

[ 3y if y e Span{Jox, J3z},
Ta(z)y = { -3y if y € Span{JiJox, J; J3z} .

This show that 9t is not Osserman. O

1.8 The Geometry of the Curvature Operator

In this section, we continue our discussion of natural operators related to
the curvature tensor and focus on the skew-symmetric curvature opera-
tor. The geometry of the classic skew-symmetric operator is discussed in
Section 1.8.1, the geometry of the conformal skew-symmetric curvature op-
erator is presented in Section 1.8.2, the geometry of the Stanilov or higher
order skew-symmetric curvature operator is studied in Section 1.8.3, and
the geometry of the complex skew-symmetric curvature operator is related
in Section 1.8.4. Throughout this section, let My := (V, (-,-), A) be a 0-
model.

1.8.1 The skew-symmelric curvature operator

If {e1,e2} is an oriented orthonormal basis for an oriented non-degenerate
2-plane 7, the skew-symmetric curvature operator A(m) is defined by:

A(r) : x — A(er,e2)x.

Let é1 = aj1e1 + aiges and €y = asieq + agses be another orthonormal
basis. Then

A(€1,€2) = (a11a22 — a12a21)Aler, e2) .

Since det(a) = +1, this is independent of the particular orthonormal basis
chosen. Furthermore, A(r) is skew-symmetric since

(A(m)v, w) = A(er, e2,v,w) = —A(eq, ea, w,v) = —(A(m)w, v) .
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Let —7 denote m with the reversed orientation; as {e1, —ea} is an oriented
orthonormal basis for —m,

One says that a 0-model My is spacelike (respectively timelike or mized)
Tvanov—Petrova if the eigenvalues of the associated curvature operator A are
constant on the Grassmannian of oriented spacelike (respectively timelike
or mixed) 2-planes. The word “Jordan” is added if additionally the Jordan
normal form is constant. The designation “Ivanov-Petrova” is used owing
to the seminal paper by Ivanov and Petrova (1998).

We follow the notation established in Eq. (1.3.a) to construct examples.

Theorem 1.8.1  Let My := (V, (-, ), Ay) where ¢ is self-adjoint.

(1) If ¢*> = +1d, then My is spacelike, timelike, and mized Ivanov—Petrova.
(2) If $*> = 0 and if ker ¢ contains no spacelike vectors, then My is spacelike
Ivanov—Petrova.

We note that if 2 = Id and if ¢ is self-adjoint, then ¢ is an isometry
of (V,(-,-)); if ¢ = —1d and if ¢ is self-adjoint, then ¢ is a para-isometry
of (V,{-,-)); this means that {¢u, pv) = —(u,v). Note that para-isometries
exist if and only if p = q.

Proof. Suppose that ¢ is self-adjoint and that ¢? = ¢id where ¢ = £1.
Let {z,y} be an oriented orthonormal basis for a non-degenerate 2-plane
w. We have

Ay (z,y)z = (¢y, z)px — (P, 2) Py .

If {x,y} is spacelike, then:

Az, y)px = —edy, Alx,y)oy = coz,
A(z,y)z = 0if y L Span{¢z, ¢y} .

Thus if 7 is spacelike, A(7) is an almost complex structure on ¢m and van-
ishes on ¢mt. Consequently A is spacelike Jordan Ivanov-Petrova. Simi-
larly, if {z,y} is timelike, then

A(‘Iv y)¢$ = gd)y’ A(I, y)qSy = —E(bI,
A(z,y)z = 0if y L Span{¢x, dy} .
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This shows that 2y is timelike Jordan Ivanov-Petrova. Finally, if = is
spacelike and y is timelike, then

A(Ivy)¢z = _€¢y7 A(I,y)¢y = _€¢I7

A(z,y)z =0 if y L Span{¢x, dy} .
Again, the Jordan normal form is determined so 9y is mixed Jordan
Ivanov—Petrova. This completes the proof of Assertion (1).

If * = 0, then A(z,y)*> = 0. Thus the Jordan normal form is deter-
mined by Rank(A). Since

Range(A(z,y)) C Span{¢z, ¢y},

Rank(A) < 2. Suppose that ker ¢ contains no spacelike vectors. Let {z, y}
be an orthonormal basis for a spacelike 2-plane 7. Since ax + by is again
spacelike and non-zero for (a,b) # (0,0), ¢(azx + by) # 0 and thus {¢z, oy}
is a linearly independent set. Thus we can find z; and z3 so

<Zlv¢x> = 17 <Zlv¢y> = Oa <2’2,¢)$> = Oa <227¢y> =1.

This shows A(z,y)z2 = ¢z and A(z,y)2z1 = ¢y and thus Rank(A(z,y)) = 2.
Assertion (2) now follows. O

There are 4-dimensional examples that play an important role. Let
{e1,ea,e3,e4} be an orthonormal basis for R4, Let

Al =1 Ayl = 2 Al = 2. A0 = 1,
Affi = 2 Ay = -1 Ay = 2, Ay = -1, (1.8.2)
Al = 2 AN = 1 AGE = -1 A = 2.

Similarly, let {e], ey ,ed, el } be an orthonormal basis for R(2:2). Define
Ay = =1, Al = =2, Al = -2, A =
AL = =2 AT = 1 ARy = -2, AR =

2,2 2,2 2,2 2,2
A§422 =2, A§4133 =-1 A;(s432 = -1, A§412) =-2.

-1,
1, (1.8.b)

The tensor of Eq. (1.8.b) may be defined by complexifying the tensor of
Eq. (1.8.a) and setting

- . - . + . + .
e; =Vv—lel, ey =+v-—les, e5 :=e3, € :=e€4.

The following result in the Riemannian setting is established by Ivanov
and Petrova (1998); we refer to the discussion in Gilkey and Semmelmann
(2000) for the neutral signature result:
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Theorem 1.8.2 (RO ACY) gnd (RZ2) AR2)) are Ivanov-Petrova.

The following family was introduced by Gilkey and Nikéevié (2004a). In
Section 2.7, we shall construct pseudo-Riemannian manifolds modeled on
this example. For s > 2, let {Uq,...,Us, T4, ..., Ts, V1, ..., V5 } be a basis for
R3%. Let

My := (RSS, (-,),A) where
<UiaVi> = <%7Ui> =1, (Ti,Ti> =—1, and
AU;,U;,U;,T;) =1 for i#7j.

Theorem 1.8.3

(1) My is spacelike Jordan Ivanov-Petrova.
(2) My is timelike Tvanov—Petrova.
(8) My is not timelike Jordan Ivanov—Petrova.

One says that a pseudo-Riemannian manifold M = (M, g) is pointwise
spacelike (respectively timelike or mized) Tvanov—Petrova if 9My(M, P) has
this structure for any P € M; the structure in principle being permitted
to vary with P. One replaces the word “pointwise” by the word “globally”
if the structures in question is in fact independent of P. Manifolds of
constant sectional curvature are globally Jordan Ivanov—Petrova; we refer
to the discussion in Section 1.9.8 for other examples and for a survey of the
literature in this area.

In Theorem 2.5.1, we give examples of manifolds which are spacelike and
timelike Jordan Ivanov—Petrova but which are not mixed Jordan Ivanov-
Petrova.

1.8.2 The conformal skew-symmelric curvature operator

Let W be the conformal Weyl tensor of a pseudo-Riemannian manifold
M. We say that M is conformally spacelike (respectively timelike) Jordan
Ivanov—Petrova if Wp is spacelike (respectively timelike) Jordan Ivanov—
Petrova for every point P of M. The Jordan normal form is permitted to
vary with the point P of M the technical distinction between “global” and
“pointwise” plays no role in this setting. In Section 1.9.9, we will show that
this is a conformal notion.
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1.8.3 The Stanilov operator

A higher order generalization of the skew-symmetric curvature operator
has been introduced by Stanilov (2000); see also Stanilov (2004). Suppose
that My := (V, (-, ), A) is a O-model. Let {eq,...,e,} be a basis for a non-
degenerate v-plane m where v > 3. The Stanilov operator is defined by
setting:

O(m) := Z g% gl Ales, e) Aler, er) -

i,5,k,1

This self-adjoint operator is independent of the basis chosen for 7. If 7 is
spacelike, then © can be regarded as the average square skew-symmetric
curvature operator because there exists a universal constant cg (k) so:

O(r) = C@(k)/ A(o)?do .
o€QGr] (n)
It is necessary to square A to obtain a non-zero average since A(-) changes
sign if the orientation of 7 is reversed; thus

0= / A(o)do .
a'EGr;r(Tr)

If the eigenvalues of © are constant on Gr, s(V, (-, -)), then My is said
to be Stanilov of type (r,s). As with the higher order Jacobi operator,
only the value r + s is relevant by Theorem 1.9.1; 9 is k-Stanilov if My
is Stanilov of type (r,s) for any (and hence for all) admissible (r,s) with
r+s==k.

One says that a pseudo-Riemannian manifold M = (M, g) is pointwise
Stanilov of type (r, s) if 9Mo(M, P) is Stanilov of type (r, s) for all points P
of M. The word “Jordan” is added if the Jordan normal form is constant.
The word “pointwise” is replaced by the word “globally” if the structures
do not depend on P. In Section 4.7, we will establish the basic results
concerning these manifolds. Examples will be given in Theorems 2.5.1 and
2.7.3.

1.8.4 The complex skew-symmetric curvature operator

We say that a complex 0-model 9 := (V,(-,-),J, A) is complex skew-
symmetric curvature operator if J and A are compatible (as described in
Lemma 1.6.6) and if the eigenvalues of LA(-) are constant on CP*(V, (-, -), J).
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The notions of timelike complex Ivanov—Petrova, or spacelike complex Jor-
dan Ivanov—Petrova, or timelike complex Jordan Ivanov—Petrova are defined
similarly. Since there are no non-degenerate complex lines of signature
(1,1), the notion “mixed” does not appear in this setting.

There are several families of examples. Let ¢ be a linear transformation
of V. If ¢* = +¢, then we have a canonical algebraic curvature tensor
associated to ¢ by Eq. (1.3.a):

Aslzp)z = { 6y, 2)ow — (6, )by — 2(6,y)62 if & =—¢".
Fix a Hermitian almost complex structure on V.

Definition 1.8.1 Let J be a Hermitian almost structure on (V, (-, )).
Let ¢ be a linear map of V to V.

(1) ¢ is said to be J-admissible if
(a) Either ¢ = ¢* and ¢J = £J¢ or ¢ = —¢* and Jop = —¢J.
(b) Either ¢? =1d, or ¢? = —1Id, or ¢? = 0 and ker ¢ = Range ¢.
(2) A pair {¢1, P2} is said to be J-admissible if
(a) Both ¢; and ¢9 are J-admissible.
(b) We have ¢1J = J1, p2J = —Jpa, and ¢ + 501 = 0.

(c) If 93 = ¢#3 = 0 and if 7 is any non-degenerate complex line, then
we have that ¢17 N ¢om = {0}.

We refer to Gilkey and Ivanova (2001a) for the proof of the following:
Theorem 1.8.4 Let M := (V, (-, ), J, A) be a complex 0-model.

(1) If ¢ is J-admissible and if A = cAg, then M is complex spacelike and
timelike Jordan Ivanov-Petrova.

(2) If {¢p1, b2} is J-admissible and if A = c1 Ay, +c2Ay,, then M is complex
spacelike and timelike Jordan Ivanov—Petrova.

There is also another family of examples one can consider involving
Clifford module structures. We refer to Theorem 2.11.5 of Gilkey (2002)
for the proof of the following result:

Theorem 1.8.5 Let M := (V, (), J, A) be a complex 0-model.

(1) If A= coA. .y +c1Ay, then M is complex spacelike and timelike Jordan
Ivanov—Petrova.
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(2) Let ¢ be skew-adjoint. Assume that ¢*> = +id and that ¢J = —Jp. If
A=coAr .y +c1Ay+caAy +c3Ayg, then M is complex spacelike and
timelike Jordan Ivanov—Petrova.

The following Theorem follows from Theorem 1.8.4. It provides exam-
ples in the context of Riemannian geometry:

Theorem 1.8.6 Let (M, g) be a Riemannian manifold.

(1) If (M,g) has constant sectional curvature ¢ and if J is any Hermi-
tian almost complex structure on M, then (M, g, J) is complex Tvanov—
Petrova.

(2) Suppose that (M, g) is a complex space form and that J is the canonical
almost complex structure. Then (M, g, J) is complex Ivanov—Petrova.

1.8.5 The Szabd operator

Let My = (V, (-,-), A, A1) be a 1-model; here (-, -) is a non-degenerate inner
product on V, A € Alg,(V) and Ay € Alg, (V). Let A; be the associated
covariant derivative curvature operator; A; is characterized by the identity:

(A1 (v1, v25w)vz, va) = As(v1, V2,03, va50).
In analogy to the Jacobi operator, one defines the Szabo operator by:
S() :w — Ai(w,v;v)v.

This is a symmetric linear operator. One says that 9, is spacelike (respec-
tively timelike) Szabd if the eigenvalues of S are constant on S+ (V, (-, -))
(respectively on S™(V, (-,-))). These are equivalent notions as we shall see
subsequently so one just speaks of Szabé 1-models.

One says that a pseudo-Riemannian manifold M is pointwise spacelike
(respectively timelike) Szabd if the 1-model 9 (M, P) has this property
for all P. The modifiers “Jordan” and “globally” have the same meaning
as that employed in previous sections. The designation “Szabd” is used
owing to the seminal paper by Szabé (1991). There are no known Jordan
Szabé algebraic curvature tensors other than A; = 0. It is known that
any Riemannian or Lorentzian Szabd tensor is necessarily zero. There are
non-trivial Szabé algebraic curvature tensors in the higher signature setting
(p > 1,q > 1) that we will discuss presently.
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The following is a useful remark that generalizes Lemma 1.7.1; it shows
that S encodes all the information that A; does.

Lemma 1.8.1 Let 9y be a 1-model. If S =0, then A; = 0.

Proof. Suppose S = 0. We then have for all x,y,w that
Al(xayuy7w;y) =0. (18C)

We polarize Eq. (1.8.c). Set y(t) := y + tz, expand in powers of ¢, and set
the term which is linear in ¢ to zero to see:

0=Ai(z,z,y,w;y) + A1 (2, y,z,w;y) + A1(z,y,y, w; )
= Al($7y7x7w;y) - Al(xayuwax;y) - Al(x7y7x7y;w) (18d)
= _2A1(I7y7w7$;y) + Al(xvy)yvx;w) :

Setting w = z in Eq. (1.8.¢) yields A;(x,y,y,z;y) = 0. Polarization in y
then yields

0=2A4A(z,y,w,z;y) + A1(z,y,y, x; w) . (1.8.e)

We add Egs. (1.8.d) and (1.8.e) to see that 0 = Ay (y,z,z,y;w). At this
stage, the argument follows that given to prove Lemma 1.7.1. We polarize
in z and in y to see 0 = A1(y,z,v,z;w) + A1 (y,v,z,z;w). We use the
curvature symmetries to see:

0= Ai(y,z,v, z;w) + A1(y,v, z,x;w) + A1 (y, 2, T, v; w)
= (yvx v, Z; ’LU) Al(y,v,x,z;w)—I—Al(y,z,x,v;w)

- ( x,v,z;w)—l—Al(y,x,v,z;w)—Al(y,x,z,v;w)

- 3A (y,x,v,z;w) .
This shows A; vanishes identically as desired. O

In Section 1.9.7, we review some of the literature concerning this oper-
ator.

1.9 Spectral Geometry of the Curvature Tensor

In Section 1.9.1, we will show that spacelike Osserman and timelike Osser-
man are equivalent concepts; similarly spacelike Ivanov—Petrova and time-
like Ivanova—Petrova are equivalent and so forth; a theorem of this kind
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first being proved by [Garcia-Rio, Kupeli, Vdzquez-Abal, and Vazquez-
Lorenzo (1999)] for the Jacobi operator. In Section 1.9.2, we establish a
fundamental duality result for the higher order Jacobi operator. In Section
1.9.3, we present work of Blazi¢ concerning natural operators with bounded
spectrum.

In studying the geometry of the curvature tensor, one supposes that
the eigenvalues, or more generally the Jordan normal form, of a natural
operator in Riemannian geometry is constant on a natural domain of defini-
tion and then seeks to understand the geometric consequences which follow.
This can give, for example, characterizations of 2-point homogeneous spaces
and of local symmetric spaces. There is often a purely algebraic content
to the investigation where one classifies such structures on a k-model. One
then investigates the relevant integrability conditions that arise in geometry
using the first and second Bianchi identities. We give a brief review of some
of the results in this area; we shall concentrate on the Riemannian (p = 0)
and Lorentzian (p = 1) settings and postpone a discussion of the higher
signature setting for the moment. We refer to Garcia-Rio, Kupeli, and
Vézquez-Lorenzo (2002) and to Gilkey (2002) for a more complete treat-
ment. Section 1.9.4 deals with the Jacobi operator, Section 1.9.5 deals with
the higher order Jacobi operator, Section 1.9.6 deals with the conformal and
complex Jacobi operators, Section 1.9.7 deals with the Stanilov and Szabd
operators, Section 1.9.8 deals with the skew-symmetric curvature operator,
Section 1.9.9 deals with the conformal skew-symmetric curvature operator
and with the complex skew-symmetric curvature operator.

1.9.1 Analytic continuation

The following result is fundamental in the study of the spectral geometry
of the Riemann curvature tensor. Let 9 be a 0-model of signature (p, q).
Recall that (r,s) is said to be an admissible pairif 1 < r+s < m — 1,
0<r<p,and0<s<gq.

Theorem 1.9.1

(1) The following assertions are equivalent and if either holds, then a 0-
model Mgy is said to be Osserman:

(a) ¢ >0 and My is spacelike Osserman.
(b) p>0 and My is timelike Osserman.

(2) Let2 <k <m—2. The following assertions are equivalent and if either
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holds, then a 0-model My is said to be k-Osserman:

(a) 3 (r,s) admissible with r+s =k so My is Osserman of type (1, s).
(b) My is Osserman of type (r,s) ¥V admissible pairs with r + s = k.

(8) The following assertions are equivalent and if either holds, then a com-
plex 0-model My = (V, (-, -), J, A) is said to be complex Osserman:

(a) ¢ >0 and My is complex spacelike Osserman.
(b) p>0 and My is complex timelike Osserman.

(4) The following assertions are equivalent and if any holds, then a 0-model
Mo is said to be Ivanov—Petrova.

(a) p>2 and My is timelike Tvanov—Petrova.
(b) p>1and q>1 and My is mized Tvanov—Petrova.
(c) ¢ > 2 and My is spacelike Tvanov—Petrova.

(5) The following assertions are equivalent and if either holds, then a 0-
model My is said to be k-Stanilov:

(a) 3 (r,s) admissible with r + s =k so My is Stanilov of type (r,s).
(b) My is Stanilov of type (r,s) V admissible pairs with r + s = k.

(6) The following assertions are equivalent and if either holds, then a com-
plex 0-model Mo = (V, (-, ), J, A) is said to be complex Tvanov—Petrova:

(a) ¢ >0 and My is complex spacelike Tvanov—Petrova.
(b) p>0 and My is complex timelike Tvanov—Petrova.

(7) The following assertions are equivalent and if either holds, then a 1-
model My is said to be Szabo:

(a) ¢ >0 and My is spacelike Szabd.
(b) p> 0 and My s timelike Szabd.

Proof. Supposep > 0and g > 0. Assume that 9 is spacelike Osserman.
We shall show that 9% is timelike Osserman. The proof of the reverse
implication is similar. This will establish Assertion (1).

As My is spacelike Osserman, we may apply Lemma 1.5.2 to see there
are universal constants ¢; so Tr{J(x)'} = ¢; for x € ST(V, (-,-)). Set

fi(&) == Tr{T(&)"} — ci(&,6)".

Since we have included the appropriate scaling factor, it follows that f;(&)
vanishes on the open subset of spacelike vectors of V. On the other hand,
fi(&€) is polynomial in the components of £ relative to any basis for V. Since
fi(&) vanishes on a non-empty open subset of V, it now follows that f; is
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constant on all of V. Thus Tr{J(z)'} = (=1)’c; on S=(V,{-,-)). Another
application of Lemma 1.5.2 then implies that 901y is timelike Osserman.

To prove Assertion (2), we complexify. Let V¢ := V@gC. Fix k. Extend
(-,) and A to be complex multilinear. Set

VE =V x . xV, O := {7 € V* : det{(v;,v;) # 0},
VE =Vex ... x Ve, Oc:={0eVE:det{(v;,v;) # 0},
Or5 = {7 € V¥ : Span{v;} € Gry 5 (V)}.
We note that O¢ is a connected open subset of Vé“ with real points
OcNV* =0 = Ur5-40555.

If ¥ € Oc, then my := Spang{v1,...,v;} is a non-degenerate complex
k-dimensional subspace of V. Let

J(mz) = Zgijj(vi,vj) where  g;; := (v, v5) .
%,

This is independent of the particular basis for m which is chosen. By as-
sumption, the eigenvalues of J(¥) are constant on O, . Consequently,
there are constants ¢; so that

To{J(m5)'} =c; if T€O,5.

Thus by the Identity Theorem, Tr{J (75)!} = ¢; for T € Oc. We restrict to
see Tr{J (73)'} = ¢; for ¥ € Or 5 and hence M is Osserman of type (7, 5).
This proves Assertion (2); the proof of Assertions (4), (5), (6), and (7) is
similar and is therefore omitted. g

In Theorems 2.5.1 and 2.6.1, we exhibit examples which are Jordan Os-
serman of certain but not all types for a given r+s = k. Consequently The-
orem 1.9.1 fails if we replace the words “Osserman” by “Jordan Osserman”.
Similarly, we have examples which are spacelike Jordan Ivanov—Petrova but
not timelike Jordan Ivanov-Petrova and timelike Jordan Ivanov—Petrova
but not spacelike Jordan Ivanov—Petrova.

1.9.2 Duality

There is a basic duality result which is used in the study of k-Osserman
manifolds. Let

T &)y = 3{Ry,&)n + Ry, n)&}
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be polarized or symmetrized Jacobi operator. If p is the Ricci tensor, then

p(&,n) =Te{T ()}

Theorem 1.9.2 Fizx 1 <k <m—1. Let My be a 0-model of signature
(p, q) which is k-Osserman. Then

(1) My is Einstein.
(2) My is m — k Osserman.
(8) If My is Jordan Osserman of type (1, s), then My is Jordan Osserman

of type (p — 71,9 — s).

Proof. We follow the discussion in Gilkey, Stanilov, and Videv (1998).
We adopt the notation established in the proof of Assertion (2) of Theorem
1.9.1. Let {v1,...,ux} be a C-basis for a linear subspace o of V¢ which has
complex dimension k. We assume ¥ := (v1, ..., vx) € O¢ and set

T(0) =3 g1 (wirv;)

This is independent of the particular basis chosen. We introduce the com-
plex null cone

Nei={v e Ve (v,0) =0}

this is a nowhere dense closed subset of V¢. Let € Ng. Choose y so
(x,y) # 0; since N¢ is nowhere dense, we may assume that y ¢ Mg and
normalize y so (y,y) = 1. Let

T := Spanc{z,y} .

This is a non-degenerate 2-plane since

<I,I> <:C7y> = (g 2
det<<w,y> <y,y>) =@y #0.

Let W := 71; this is a non-degenerate subspace of complex dimension
m — 2. Since k — 1 < m — 2, there is a non-degenerate subspace o of
complex dimension k — 1 contained in W. Let

& i=x+ty and g(t) := (&, &) = 2+ 2t(x,y) .

Let tp :=0and t; := —%(:v, y) be the zeros of this quadratic polynomial. We
consider the complex k-plane 7 (t) := o @ Span{&:}; 7(t) is non-degenerate
for t # t;.
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The eigenvalues of J(7(t)) are constant if 0 < t < |t1]|. Let
¢ = Te(T (7 (1))
We then have

g(t)er = g(t) Te{[T (0) + g(t) ' T (&)]}
=Tr{lg(t)T(0) + T(&)]} for 0 <t <[t].

We take the limit as t — 0 to see
TH(J(2)) =0 if «eNe. (1.9.0)
Let &1, € Ve with
(€1,61) = (2,62) =1 and  (£1,&2) =0.
Let 24 = & + v=16s € N. We expand
J(x1) =T (&) — T (&) £V-1T(&1,&).
We apply Eq. (1.9.a) to see:
0="Tr(J(22)) = Te(T (&) — Te(T (&) £ Te(V=1T (&1,&2)) . (1.9.b)
One may use Eq. (1.9.b) to see that

p(&1,61) = p(&2,&2) =c and p(&1,&) =0.

Consequently p(&,€) = ¢|¢|? for any &€ € Vi and hence A is Einstein.
We restrict to the real setting. Let {ej,...,e
thonormal basis for V. We have

c(€,n) =Te{T(&n)}

q’,ef,...,e;} be an or-

= _A(6I7€7nue;) T e T A(ep_7€7777€g)
+A(ef, € myel) + .+ A(e;,ﬁ,n,e;)
={=T(e1)— .. = T(e, )+ T () + ... + T ()}, m) .

This shows that
—J(er)— . =Ty )+ T(el) + ...+ T(ef) =cid . (1.9.¢)

Let 7 be a non-degenerate linear subspace of signature (r, s) and let 7+ be
the corresponding non-degenerate linear subspace of signature (p—r,qg—s).

THE GEOMETRY OF CURVATURE HOMOGENEOUS PSEUDO-RIEMANNIAN MANIFOLDS
© Imperial College Press
http://www.worldscibooks.com/mathematics/p503.html



The Geometry of the Riemann Curvature Tensor 75

It follows from Eq. (1.9.c) that
J(r)+J(rH) =cid .

The remaining assertions now follow. (Il

1.9.3 Bounded spectrum

The higher signature setting (p > 0,q > 0) is significantly different from
the Riemannian setting in at least one respect as the following results will
show. We shall follow Blazié¢ (2005) throughout.

If T € End(V), let Spec{T'} be the complex eigenvalues of T" where each
eigenvalue is repeated according to multiplicity. One says that a 0-model
Moy has bounded spacelike Jacobi spectrum if there exists a constant K so

A€ Spec{T ()} = [N <K VreSH(V,(,)).

The notion of bounded timelike Jacobi spectrum is defined similarly. The
other natural curvature operators give rise to similar notions where the do-
main is specified appropriately. Since the domains in question are compact
if V' is Riemannian, all operators necessarily have bounded spectrum in this
setting.

If 97y is Osserman, then necessarily 9, has bounded spacelike and time-
like Jacobi spectrum. The converse holds in the higher signature context.
We refer to Blazié¢ (2005) for the proof of the following result:

Theorem 1.9.3 [Blazié] Let My := (V, (-,-), A) be a 0-model of signa-
ture (p,q) where p > 1 and ¢ > 1.

(1) If My has bounded spacelike Jacobi spectrum, then My is Osserman.
(2) If My has bounded timelike Jacobi spectrum, then Mg is Osserman.

Proof. We suppose M has bounded spacelike Jacobi spectrum; the time-
like case is similar. Let 7;(z) := Tr{[J (x)]'}. Since 7;(x) is the sum of the
i*" powers of the eigenvalues, the functions 7; are uniformly bounded on
STV, (-,)). Let {e1,...,e, ,ef,...,el } be an orthonormal basis for V. Let

O:={z € STV, () : {ef ,z) > 1}

O is a non-empty open subset of ST(V, (-, -)) since ¢ > 1. If x € O, we may
choose 6y € R so that coshfly = (e], ¥) and express

x = cosh Qoef + sinh 6gv~
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where

= | - X e + el f €5 et ().

7>1

Let vg := coshfef +sinhfv_ € ST(V, (-,-)). There exists ng such that

Ti(vg) = Z an(ef,v_)e"‘g.

—no<n<ngo

By assumption, 7;(vg) is a bounded function of § € R. Consequently,
an(ef,v_) vanishes for n # 0 so 7;(vg) = T;(vy) is constant. Thus

Ti(x) = Ti(ef) for z€O.

As 7; is real analytic and constant on a non-empty open set, 7; is constant
on the component of ST(V, (-,-)) that contains e]; as J(z) = J(—z), T; is
constant on ST(V, (-,-)). This implies that 7 (v) has constant spectrum on
S*(V,{-,-)) and hence 9 is Osserman as desired. O

The proof given above extends without change to establish a similar
result for the Szaboé operator, for the complex Jacobi operator, and for the
complex skew-symmetric curvature operator since the appropriate domain
of definition can be regarded as being the pseudo-projective spaces

R]P)i(va <'v >) = Si(Va <'v >)/ZQ .

Before discussing the other operators, we must establish a technical result
that deals with Grassmannians. Let {e™,e™} be an orthonormal basis for
a 2-plane of signature (1,1). We define a hyperbolic boost T =T (e™,e™,0)
by setting:

coshfe™ +sinhfet if y = e,
Ty = { coshflet +sinhfe™ if y =e™T,
Yy ify L Span{e~,e™}.

Let Gj, be the closed Lie subgroup of O(V, (-, -)) which generated by these
hyperbolic boosts.

Lemma 1.9.1 Letp>1 and let g > 1.

(1) Gy, is the connected component of the identity in O(V, (-,-)).
(2) Gy acts transitively on Gr/f (V. (-,-)) and Gr,(V, (-,-)).
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Proof. Let {e],....e; ef, ..., e;‘} be an orthonormal basis for V. Let

D
Ty = (e — e
Tty = (y,e; )el — (y,ef)e
Ty = (y,el e b

The collection of elements
{Ti;_}i<j U {Tia}ia U {Tab}a<b

is a basis for the Lie algebra of O(V, (-, -)). To complete the proof of Asser-
tion (1), we must only show that these endomorphisms belong to the Lie
algebra g, of Gj,.
Let T(0) = T(e; ,el,0). Then T'(0) = —T,," so T;;* € g,. Since
[Tiz-i_vTﬁ—i_] = Ti;_ and [Tl_zz+vT1_Z)+] = T;Z_)+7
the remaining generators belong to g, as well. This proves Assertion (1);
Assertions (2) and (3) follow from Assertion (1). O

We can now prove:

Theorem 1.9.4 [Blazié] Let My := (V, (-,-)) be a 0-model of signature
(p,q) wherep>1,q>1, andp+q > 3.

(1) Letp > 2. If Spec{R} is bounded on Gry(V), My is lvanov-Petrova.
pec is bounded on Gr , My is Tvanov—Petrova.

(2) If Spec{R} is bounded on Grf,(V), My is I p

(3) Let q > 2. If Spec{R} is bounded on Grg ,(V), My is lvanov-Petrova.

Proof. Let T = T(e ,e",0) be a hyperbolic boost. If 7 is a non-
degenerate 2-plane, let 7(0) = T(6)x. Then Tr{[R(w(6))]’} is a Laurent
polynomial in {e?,e%}. If the spectrum is bounded, this polynomial is
bounded. The argument given to prove Theorem 1.9.3 then shows the poly-
nomial is constant and hence Spec{R(7(¢))} is independent of . Thus the
spectrum of R is constant on the orbits of the hyperbolic boosts and hence,
by continuity, on the orbits of the closed Lie group G} that these boosts
generate. Since G, acts transitively on the Grassmannians in question, the
desired result follows. 0

This proof extends without change to establish a similar result for the
higher order Jacobi operator and for the Stanilov operator. The conformal
Jacobi operator and the conformal skew-symmetric curvature operator can
be treated similarly.
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1.9.4 The Jacobi operator

We continue the discussion of Section 1.7.1. Let My be a 0-model. The
Jacobi operator J is defined by

J(@):y — Ry, z)x.

One says that a 0-model M, is Osserman if the eigenvalues of J(-) are
constant on the pseudo-spheres S*(V,(-,-)). One says that a pseudo-
Riemannian manifold M is pointwise Osserman if Mo(M, P) is Osserman
for every point P € M; one says that M is globally Osserman if the eigen-
value structure does not vary with P.

A complete simply connected Riemannian manifold M is a 2-point ho-
mogeneous space if the group of isometries G(M) acts transitively on the
unit sphere bundle S(T(M, g)) or, equivalently, if given two pairs of points
(P1,Q1) and (P2, @2) with equal Riemannian distances, then there exists
an isometry ¢ of M with ¢P; = P and ¢Q1 = Q2. It is known that M is
a 2-point homogeneous space if and only if either M is flat or M is a rank
1 symmetric space — see Section 1.6.5 for details.

There is a corresponding local classification. Impose no global con-
straints on M. One says that M is a local 2-point homogeneous space if the
pseudo-group of local isometries of M acts transitively on S(M, g). Again
the local geometry is very rigid in this setting; every point of M has an
open neighborhood which is either flat or which is isometric to an open
subset of a rank 1 symmetric space.

If a Riemannian manifold M is a local 2-point homogeneous space,
then necessarily the eigenvalues of the Jacobi operator J(-) are constant
on S(M,g) and hence M is Osserman. Osserman (1990) wondered if the
converse held; this question has been called the Osserman conjecture by
subsequent authors. This conjecture has been established if m # 16 fol-
lowing work of Chi (1988), Nikolayevsky (2003b), Nikolayevsky (2004), and
Nikolayevsky (2005); there are also some partial results in dimension 16.
The proof consists of 2 parts. First one classifies the Osserman algebraic
curvature tensors. Then one applies the Bianchi identities to complete the
geometric classification.

We introduce some additional pieces of notation. Let F := {J1,..., Jo}
be a Clifford family. This means that the J; are Hermitian almost complex
structures on (V, (-, -)) which satisfy the Clifford commutation relations

JiJ; + JjJ; = _261']' .
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We use Eq. (1.3.a) to define an associated algebraic curvature tensor

A=Ay + > cidy,. (1.9.d)

Let My = (V,(-,-), A) be a Riemannian 0-model. Let z € S(V, (-, -)).
Since J(z)z = 0 and since J(z) is self-adjoint, J () preserves . The
reduced Jacobi operator is given by setting:

j(:c) =J(x)|zr for ze SV, ().

Chi (1988) used topological methods to study the eigenvalue structure
of an Osserman manifold and thereby prove:

Theorem 1.9.5 [Chi]

(1) Let M= (V,{-,-), A) be a Riemannian Osserman 0-model. Then:

(a) If J has only one eigenvalue, then A = cA(..y and M has constant
sectional curvature.

(b) If J has two distinct eigenvalues and if one of the eigenvalues has
multiplicity 1, then A = coA(. .y + c1A; where J is a Hermitian
almost complex structure on V.

(2) Let M = (M, g) be a globally Osserman Riemannian manifold. Then:

(a) If J has 1 eigenvalue, then M has constant sectional curvature.

(b) If 7 has two distinct eigenvalues and if one of the eigenvalues has
multiplicity 1, then M 1is locally isometric to a rank 1 symmetric
space. In particular, the eigenvalues are in a ratio of 1 to 4.

When Theorem 1.9.5 is combined with work of Nikolayevsky (2003b),
Nikolayevsky (2004), and Nikolayevsky (2005), one has an almost complete
answer to the question Osserman raised by solving the Osserman conjecture.

Theorem 1.9.6 [Chi—Nikolayevsky] Let My = (V, (-,-), A) be a Rie-
mannian 0-model and let M be a Riemannian manifold of dimension m.

(1) If My is Osserman and if m # 16, then A is given by a Clifford module
structure as described in Eq. (1.9.d).

(2) If M is pointwise Osserman and if m # 2,4,16, then M is either flat
or locally isometric to a rank 1 symmetric space.

(8) If m = 2,4 and if M is globally Osserman, then M is either flat or
locally isometric to a rank 1 symmetric space.
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It is known that Assertion (1) fails in dimension 16; the algebraic curva-
ture tensor defined by the Cayley plane is an Osserman algebraic curvature
tensor which is not given by a Clifford module structure as noted by Niko-
layevsky (2003a). There are also some partial results available in dimension
m = 16 which are due to Nikolayevsky (2003a) but the situation is still not
clear in that exceptional dimension.

In the Lorentzian setting, the Osserman conjecture been settled both in
the algebraic and in the geometric settings by work of Blazi¢, Bokan, and
Gilkey (1997a) and of Garcia-Rio, Kupeli, and Vazquez-Abal (1997):

Theorem 1.9.7 [Blazié, Bokan and Gilkey; Garcia-Rio, Kupeli
and Véazquez-Abal]

(1) If My is a Lorentzian Osserman 0-model, then My has constant sec-
tional curvature.

(2) If M is a Lorentzian Osserman manifold, then M has constant sec-
tional curvature.

The picture is very different when p > 2 and ¢ > 2. In Theorem 2.3.2,
we exhibit complete manifolds found by Dunn, Gilkey, and Nikéevié (2005)
of signature (2,2) which are spacelike and timelike Jordan Osserman but
which are not locally homogeneous. In Theorem 3.3.1, we present results of
Diaz-Ramos, Garcia-Rio, and Vézquez-Lorenzo (2006) giving manifolds of
signature (2, 2) which are spacelike and timelike Jordan Osserman on a non-
trivial open dense subset but which are not spacelike and timelike Jordan
Osserman on the entire manifold. The Jacobi operator is not nilpotent for
these examples. The Jordan normal form of a spacelike Jordan Osserman
algebraic curvature can be arbitrarily complicated in the neutral signature
setting, see Theorem 4.4.1 for details.

However, the situation is very different if p < ¢, i.e. if the spacelike
directions in a certain sense dominate the timelike directions since by The-
orem 4.4.2 if A is a spacelike Jordan Osserman algebraic curvature tensor
on a vector space V of signature (p, ¢), where p < ¢, then J(z) is diagonal-
izable for any x € ST(V, (-,-)). We shall investigate the neutral signature
setting and the setting when ¢ < p presently.

We refer to Blazié¢, Bokan, Gilkey, and Rakié¢ (1997b), Blazi¢, Bokan,
and Rakié¢ (1997), Blazi¢, Bokan, and Rakié¢ (1998), Blazi¢, Bokan, and
Rakié (2000), Blazi¢, Bokan, and Rakié¢ (2001a), Bonome, Castro, and
Garcia-Rio (2001), Bonome, Castro, Garcia-Rio, Hervella, and Vazquez-
Lorenzo (1998), Diaz-Ramos, Garcia-Rio, and Vézquez-Lorenzo (2006),
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Dotti and Druetta (1999a), Dotti and Druetta (1999b), Dotti and Druetta
(2000), Fiedler and Gilkey (2003), Garcia-Rio and D. Kupeli (1996), Garcia-
Rio, Kupeli, Vézquez-Abal, and Vézquez-Lorenzo (1999), Garcia-Rio,
Véazquez-Abal, and Vézquez-Lorenzo (1998), Gilkey and Ivanova (2001b),
Gilkey and Ivanova (2002a), Gilkey and Ivanova (2002b), Gilkey, Ivanova,
and Zhang (2002), Gilkey, Ivanova, and Zhang (2003), Gilkey and Nikéevié
(2004a), Gilkey and Nikcevié (2004b), Gilkey, Swann, and Vanhecke (1995),
Osserman (1990), Rakic (1997), Rakic (1999), Stanilov and Videv (1995),
and Stanilov and Videv (1998) for additional work in this area. In particu-
lar, we refer to Garcia-Rio, Kupeli, and Vazquez-Lorenzo (2002) for a more
exhaustive discussion of the subject.

1.9.5 The higher order Jacobi operator

Let Mo be a 0-model. We recall the notation established in Section 1.7.2.
Let {v;} be a basis for a non-degenerate k-plane m. Let g;; := (v;,v;) for
1 <i,j <k and let g¥ denote the inverse matrix. The higher order Ja-
cobi operator, introduced by Stanilov and Videv (1992) in the Riemannian
setting, is defined quite generally by

T(m) iy — > g7 Aly, vi)v; -

i,J

One says that My is k-Osserman if the eigenvalues of J are constant
on the Grassmannian of non-degenerate k-planes. Omne says that a
pseudo-Riemannian manifold M is pointwise k-Osserman if M(M, P) is
k-Osserman for every P € M; one says that M is globally k-Osserman if
the eigenvalue structure is independent of P.

The classification is complete in the Lorentzian and the Riemannian
settings. The case k = 1 follows from Theorems 1.9.6 and 1.9.7; the case
k = m — 1 follows from k = 1 using the duality result of Theorem 1.9.1.
Thus we may suppose 2 < k < m — 2 and m > 4. We adopt the notation
of Eq. (1.9.d). We refer to Gilkey (2001b) for the proof in the Riemannian
setting and to Gilkey and Stavrov (2002) for the proof in the Lorentzian
setting of the following result:

Theorem 1.9.8 [Gilkey, Gilkey—Stavrov] Let 2 < k <m — 2.

(1) Let My be a Riemannian k-Osserman 0-model.

(a) If m is odd, then A = cA..y.
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b) If m is even, then either A = cA. .y or A = cAj where J is a
()
Hermitian almost complex structure on M.

(2) Let My be a Lorentzian k-Osserman 0-model. Then My has constant
sectional curvature.

(8) Let M be either a Riemannian or a Lorentzian pointwise k-Osserman
manifold. Then M has constant sectional curvature.

Again, the situation is quite different in the higher signature setting
as the examples described in Theorems 1.7.2 and 1.7.3 show. We refer to
Gilkey (1992), Gilkey and Ivanova (2002a), Gilkey and Ivanova (2002b),
Gilkey, Stanilov, and Videv (1998), Stanilov (1992), Stanilov and Videv
(1992), and Stavrov (2003a) for additional details.

1.9.6 The conformal and complex Jacobi operators

We adopt the notation of Section 1.7.3. Recall that two pseudo-Riemannian
metrics g1 and g2 on a manifold M are said to be conformally equivalent if
there is a positive scaling function o € C*°(M) so that g1 = age. We let [g]
be the set of all pseudo-Riemannian metrics on M which are conformally
equivalent to g.

Theorem 1.9.9 Let g1 € [g2]. Let M; :== (M, g;).

(1) If My is conformally Osserman, then My is conformally Osserman.

(2) If My is conformally spacelike (respectively timelike) Jordan Osser-
man, then My is conformally spacelike (respectively timelike) Jordan
Osserman.

Proof. As g1 = ags, the conformal Weyl tensors rescale:
Wy, = aWy, .

Let x € ST(M, g2). Let

be the corresponding g; spacelike or timelike unit vector. Let 7w be a space-
like 2-plane.

Jw,, () = ﬁJWm () and Wy, (m) = ﬁWm (7).

The Lemma now follows as the Jordan normal forms rescale. O
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Additional results in this area may be found in Blazi¢ and Gilkey (2004),
in Blazi¢ and Gilkey (2005), and in Blazié, Gilkey, Nikécvi¢, and Simon
(2005a).

1.9.7 The Stanilov and the Szabo operators

We continue the discussion of Section 1.8. The Stanilov operator has not
been studied to any great extent in the literature. It was first introduced
by Stanilov (2000); we also refer to later work of Stanilov (2004) and of
Gilkey, Nikéevié, and Videv (2004).

Let 9917 be a 1-model. The Szabd operator, defined in Section 1.8.5, is
a generalization of the Jacobi operator defined by

S(z):y — Ay, z;2)x.

One says that 9, is Szabo if the eigenvalues of S are constant on the pseudo-
spheres of V. One says that a pseudo-Riemannian manifold M is pointwise
Szabd if My (M, P) is Szabd for every point P of M; one says that M is
globally Szabo if the structures are independent of P. The following result
is due to Szabé (1991) in the Riemannian setting and to Gilkey and Stavrov
(2002) in the Lorentzian setting; we postpone the proof until Section 4.5:

Theorem 1.9.10 [Szabd, Gilkey—Stavrov]

(1) Let My be a Szabd 1-model which is either Riemannian or Lorentzian.
Then A; = 0.

(2) If M be either a Riemannian or a Lorentzian pointwise Szabd manifold.
Then M is locally symmetric.

There are no known 1-models 9t; with A; # 0 which are spacelike
Jordan Szabd. It has been shown by Gilkey and Stavrov (2002) that if
A, is a spacelike Jordan Szabd algebraic covariant derivative curvature
tensor on a vector space of signature (p, ¢q), where ¢ = 1 mod 2 and p < ¢
or where ¢ = 2 mod 4 and p < g — 1, then A; = 0. This algebraic
result yields an elementary proof of the geometrical fact that any pointwise
totally isotropic pseudo-Riemannian manifold with such a signature (p, q)
is locally symmetric. The general question of finding non-trivial spacelike
Jordan Szabé covariant algebraic curvature tensors, or conversely showing
none exists, remains open.
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1.9.8 The skew-symmelric curvature operator

Let Mo = (V, (-, -), A) be a 0-model. If {e1, ex} is an orthonormal basis for
a non-degenerate oriented 2-plane, one defines

A(m) = Aer, e2) .
More generally, if {v1,v2} is an oriented basis for m, one may set
A(m) == |det(gij)|’1/2A(v1,v2) .

One says Mg is Tvanov—Petrova if the eigenvalues of A are constant on
the Grassmannian of non-degenerate 2-planes. One says that a pseudo-
Riemannian manifold M is Tvanov—Petrova if My(M, P) is Ivanov—Petrova
for all P € M.

The algebraic classification is complete in the Riemannian setting. We
refer to Gilkey, Leahy, and Sadofsky (1999), Gilkey (1999a), Ivanov and
Petrova (1998), and Nikolayevsky (2004c) for the proof of the following
result:

Theorem 1.9.11 Let My be a Riemannian Ivanov—Petrova 0-model with
dim(V) = m > 4. Then either there exists a self-adjoint isometry ¢ of V
with ¢* = id so that A = cAy, or m = 4 and A is isomorphic to a multiple
of the algebraic curvature tensor described in Eq. (1.8.a).

Manifolds of constant sectional curvature are Ivanov—Petrova; they cor-
respond to taking ¢ = id. There are, however, other non-trivial geometric
examples.

Definition 1.9.1 Let (Sk, gx) be a pseudo-Riemannian manifold of sig-
nature (p,q) and constant sectional curvature K; (Sk,gx) is determined
up to local isometry by the parameters (p, ¢, K) and has the local geometry
of the pseudo-spheres described in Lemma 1.6.7. Let ¢ = +1 and let

f(t)=eKt>+ At+ B where A? —4¢KB#0.
Choose a connected open interval I C R where f(t) # 0. Let
M:=1x Sk and gy :=edt®+ f(t)gsy -

If Sk is Riemannian, if f(¢) > 0, and if € = +1, then gjs is Riemannian.
The arguments of Ivanov and Petrova (1998) in the Riemannian setting
extend immediately to the pseudo-Riemannian setting to show (M, gas) is
Ivanov—Petrova. We refer to Gilkey (2002) for further details.
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