Chapter 2

Newton, Lagrange and

Hamilton’s Treatments of
the Rigid Body

2.1 Newton

2.1.1 Newtonian form of free rigid rotation

Isaac Newton
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Definition 2.1.1 In free rigid rota-
tion, a body undergoes rotation about
its centre of mass and the pairwise dis-
tances between all points in the body re-
main fized.

Definition 2.1.2 A system of coordi-
nates in free rigid motion is stationary
in the rotating orthonormal basis called
the body frame, introduced by FEuler
[Eul758].

The orientation of the orthonormal body
frame (Ei,Eq,E3) relative to a ba-
sis (e1,eg,e3) fixed in space depends
smoothly on time t € R.
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In the fixed spatial coordinate system, the body frame is seen as
the moving frame

(O(t)Eq1, O(t)Eq, O(t)E3),

where O(t) € SO(3) defines the attitude of the body relative to its
reference configuration according to the following matrix multiplica-
tion on its three unit vectors:

e.(t) = O()E,, a=1,23. (2.1.1)

Here the unit vectors e,(0) = E, with a = 1,2, 3, comprise at initial
time ¢ = 0 an orthonormal basis of coordinates and O(t) is a special
(detO(t) = 1) orthogonal (OT(t)O(t) = Id) 3 x 3 matrix. That is,
O(t) is a continuous function defined along a curve parameterised by
time ¢ in the special orthogonal matrix group SO(3). At the initial
time ¢ = 0, we may take O(0) = Id, without any loss.

As its orientation evolves according to (2.1.1), each basis vector
in the set,

e(t) € {e1(t), ea(t), es(t)},

preserves its (unit) length,

1 = le@®)]?:=e(t) e(t) :=e(t)Te(t) = (OE)TO)E
= ETOT(t)O()E = ET(Id)E = |EJ?, (2.1.2)

which follows because O(t) is orthogonal; that is, OT (t)O(t) = Id.

The basis vectors in the orthonormal frame e,(0) = E, define the
initial orientation of the set of rotating points with respect to some
choice of fixed spatial coordinates at time ¢ = 0. Each point r(¢) in
the subsequent rigid motion may be represented in either fixed, or
rotating coordinates as,

r(t) = 715 (t)ea(0) in the fixed basis, (2.1.3)

= 7r%,(t) in the rotating basis.

The fixed basis is called the spatial frame and rotating basis is
the body frame. The constant components 7® of a position vector
relative to the rotating basis are related to its initial spatial position
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