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This chapter presents a computational homogenisation strategy, which provides
a rigorous approach to determine the macroscopic response of heterogeneous
materials with accurate account for microstructural characteristics and evo-
lution. When using this micro–macro strategy there is no necessity to define
homogenised macroscopic constitutive equations, which, in the case of large
deformations and complex microstructures, would be generally a hardly feasible
task. Instead, the constitutive behaviour at macroscopic integration points is
determined by averaging the response of the deforming microstructure. This
enables a straightforward application of the method to geometrically and
physically non-linear problems, making it a particularly valuable tool for the
modelling of evolving non-linear heterogeneous microstructures under complex
macroscopic loading paths. In this chapter, the underlying concepts and the
details of the computational homogenisation technique are given. Formulation
of the microscopic boundary value problem and the consistent micro–macro

coupling in a geometrically and physically non-linear framework are elaborated.
The implementation of the computational homogenisation scheme in a finite
element framework is discussed. Some recent extensions of the computational
homogenisation schemes are summarised.

1. Introduction

Industrial and engineering materials, as well as natural materials, are
heterogeneous at a certain scale. Typical examples include metal alloy
systems, polycrystalline materials, composites, polymer blends, porous and
cracked media, biological materials and many functional materials. This
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heterogeneous nature has a significant impact on the observed macroscopic
behaviour of multiphase materials. Various phenomena occurring on the
macroscopic level originate from the physics and mechanics of the underly-
ing microstructure. The overall behaviour of micro-heterogeneous materials
depends strongly on the size, shape, spatial distribution and properties
of the microstructural constituents and their respective interfaces. The
microstructural morphology and properties may also evolve under a macro-
scopic thermo-mechanical loading. Consequently, these microstructural
influences are important for the processing and the reliability of the material
and resulting products.

Determination of the macroscopic overall characteristics of heteroge-
neous media is an essential problem in many engineering applications.
Studying the relation between microstructural phenomena and the macro-
scopic behaviour not only allows to predict the behaviour of existing
multiphase materials, but also provides a tool to design a material
microstructure such that the resulting macroscopic behaviour exhibits the
required characteristics. An additional challenge for multiscale modelling
is provided by ongoing technological developments, e.g. miniaturisation of
products, development of functional and smart materials and increasing
complexity of forming operations. In micro and submicron applications
the microstructure is no longer negligible with respect to the component
size, thus giving rise to a so-called size effect. Functional materials (e.g. as
used in flexible electronics) typically involve materials with large thermo-
mechanical mismatches combined with highly complex interconnects. Fur-
thermore, advanced forming operations force a material to undergo complex
loading paths. This results in varying microstructural responses and easily
provokes an evolution of the microstructure, e.g. phase transformations.
From an economical (time and costs) point of view, performing straight-
forward experimental measurements on a number of material samples
of different sizes, accounting for various geometrical and physical phase
properties, volume fractions and loading paths is a hardly feasible task.
Hence, there is a clear need for modelling strategies that provide a better
understanding of micro–macro structure–property relations in multiphase
materials.

The simplest method leading to homogenised moduli of a heterogeneous
material is based on the rule of mixtures. The overall property is then
calculated as an average over the respective properties of the constituents,
weighted with their volume fractions. This approach takes only one
microstructural characteristic, i.e. the volume ratio of the heterogeneities,
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into consideration and, strictly speaking, denies the influence of other
aspects.

A more sophisticated method is the effective medium approximation, as
established by Eshelby1 and further developed by a number of authors.2–4

Equivalent material properties are derived as a result of the analytical
(or semi-analytical) solution of a boundary value problem (BVP) for a
spherical or ellipsoidal inclusion of one material in an infinite matrix
of another material. An extension of this method is the self-consistent
approach, in which a particle of one phase is embedded into an effective
material, the properties of which are not known a priori.5,6 These strategies
give a reasonable approximation for structures that possess some kind
of geometrical regularity, but fail to describe the behaviour of clustered
structures. Moreover, high contrasts between the properties of the phases
cannot be represented accurately.

Although some work has been done on the extension of the self-
consistent approach to non-linear cases (originating from the work by Hill5

who has proposed an “incremental” version of the self-consistent method),
significantly more progress in estimating advanced properties of composites
has been achieved by variational bounding methods.7–10 The variational
bounding methods are based on suitable variational (minimum energy)
principles and provide upper and lower bounds for the overall composite
properties.

Another homogenisation approach is based on the mathematical asymp-
totic homogenisation theory.11,12 This method applies an asymptotic
expansion of displacement and stress fields on a “natural scale parameter”,
which is the ratio of a characteristic size of the heterogeneities and
a measure of the macrostructure.13–17 The asymptotic homogenisation
approach provides effective overall properties as well as local stress and
strain values. However, usually the considerations are restricted to very
simple microscopic geometries and simple material models, mostly at small
strains. A comprehensive overview of different homogenisation methods
may be found in a work done by Nemat-Nasser and Hori.18

The increasing complexity of microstructural mechanical and physical
behaviour, along with the development of computational methods, made the
class of so-called unit cell methods attractive. These approaches have been
used in a great number of different applications.19–26 A selection of examples
in the field of metal matrix composites has been collected, for example,
in a work done by Suresh et al.27 The unit cell methods serve a twofold
purpose: they provide valuable information on the local microstructural
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fields as well as the effective material properties. These properties are
generally determined by fitting the averaged microscopical stress–strain
fields, resulting from the analysis of a microstructural representative cell
subjected to a certain loading path, on macroscopic closed-form phe-
nomenological constitutive equations in a format established a priori. Once
the constitutive behaviour becomes non-linear (geometrically, physically or
both), it becomes intrinsically difficult to make a well-motivated assumption
on a suitable macroscopic constitutive format. For example, McHugh
et al.28 have demonstrated that when a composite is characterised by
power-law slip system hardening, the power-law hardening behaviour is
not preserved at the macroscale. Hence, most of the known homogenisation
techniques are not suitable for large deformations nor complex loading
paths, neither do they account for the geometrical and physical changes
of the microstructure (which is relevant, for example, when dealing with
phase transitions).

In recent years, a promising alternative approach for the homogenisation
of engineering materials has been developed, i.e. multiscale computational
homogenisation, also called global–local analysis or FE2 in a more particular
form. Computational homogenisation is a multiscale technique, which is
essentially based on the derivation of the local macroscopic constitutive
response (input leading to output, e.g. stress driven by deformation)
from the underlying microstructure through the adequate construction and
solution of a microstructural BVP.

The basic principles of the classical computational homogenisation have
gradually evolved from concepts employed in other homogenisation meth-
ods and may be fit into the four-step homogenisation scheme established by
Suquet29: (i) definition of a microstructural representative volume element
(RVE), of which the constitutive behaviour of individual constituents
is assumed to be known; (ii) formulation of the microscopic boundary
conditions from the macroscopic input variables and their application on
the RVE (macro-to-micro transition); (iii) calculation of the macroscopic
output variables from the analysis of the deformed microstructural RVE
(micro-to-macro transition); (iv) obtaining the (numerical) relation between
the macroscopic input and output variables. The main ideas of the
computational homogenisation have been established by Suquet29 and
Guedes and Kikuchi15 and further developed and improved in more recent
works.30–42

Among several advantageous characteristics of the computational
homogenisation technique the following are worth to be mentioned.



MULTISCALE MODELING IN SOLID MECHANICS - Computational Approaches
© Imperial College Press
http://www.worldscibooks.com/engineering/p604.html

August 4, 2009 10:8 9in x 6in b715-ch01

Computational Homogenisation 5

Techniques of this type

• do not require any explicit assumptions on the format of the macroscopic
local constitutive equations, since the macroscopic constitutive behaviour
is obtained from the solution of the associated microscale BVP;

• enable the incorporation of large deformations and rotations on both
micro- and macrolevels;

• are suitable for arbitrary material behaviour, including physically non-
linear and time dependent;

• provide the possibility to introduce detailed microstructural information,
including the physical and geometrical evolution of the microstructure,
into the macroscopic analysis;

• allow the use of any modelling technique on the microlevel, e.g. the finite
element method (FEM),33,37,38,40 the boundary element method,43 the
Voronoi cell method,31,32 a crystal plasticity framework34,35 or numerical
methods based on Fast Fourier Transforms36,44 and Transformation Field
Analysis.45

Although the fully coupled micro–macro technique (i.e. the solution of
a nested BVP) is still computationally rather expensive, this concern can
be overcome by naturally parallelising computations.37,42 Another option
is selective usage, where non-critical regions are modelled by continuum
closed-form homogenised constitutive relations or by the constitutive
tangents obtained from the microstructural analysis but kept constant in
the elastic domain, while in the critical regions the multiscale analysis of
the microstructure is fully performed.39 Despite the required computational
efforts the computational homogenisation technique has proven to be
a valuable tool to establish non-linear micro–macro structure–property
relations, especially in the cases where the complexity of the mechanical
and geometrical microstructural properties and the evolving character
prohibit the use of other homogenisation methods. Moreover, this direct
micro–macro modelling technique is useful for constructing, evaluating
and verifying other homogenisation methods or micromechanically based
macroscopic constitutive models.

In this chapter a computational homogenisation scheme is presented
and details of its numerical implementation are elaborated. After a short
summary of the underlying hypotheses and general framework of the
computational homogenisation in Sec. 2, the microstructural BVP is
stated and different types of boundary conditions are discussed in Sec. 3.
Section 4 summarises the averaging theorems providing the basis for the
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micro–macro coupling. Several types of boundary conditions are shown
to automatically satisfy these theorems. Next, in Sec. 5, implementation
issues are discussed, whereby special attention is given to the imposition
of the periodic boundary conditions and extraction of the overall stress
tensor and the consistent tangent operator. The coupled nested solution
scheme is summarised in Sec. 6 followed by a simple illustrative example. A
general concept of an RVE in the computational homogenisation context is
discussed in Sec. 8. Finally, in Sec. 9 several extensions of the classical
computational homogenisation scheme are outlined, i.e. homogenisation
towards second gradient continuum, computational homogenisation for
beams and shells and computational homogenisation for heat conduction
problems.

Cartesian tensors and tensor products are used throughout the chapter:
a, A and nA denote, respectively, a vector, a second-order tensor and a
nth-order tensor, respectively. The following notation for vector and tensor
operations is employed: the dyadic product ab = aibjeiej and the scalar
products A · B = AijBjkeiek, A : B = AijBji, with ei, i = 1, 2, 3 the unit
vectors of a Cartesian basis; conjugation Ac

ij = Aji. A matrix and a column
are denoted by A and a

˜
, respectively. The subscript “M” refers to a macro-

scopic quantity, whereas the subscript “m” denotes a microscopic quantity.

2. Basic Hypotheses

The material configuration to be considered is assumed to be macroscop-
ically sufficiently homogeneous, but microscopically heterogeneous (the
morphology consists of distinguishable components as, e.g. inclusions,
grains, interfaces, cavities). This is schematically illustrated in Fig. 1. The

Fig. 1. Continuum macrostructure and heterogeneous microstructure associated with
the macroscopic point M.
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microscopic length scale is much larger than the molecular dimensions, so
that a continuum approach is justified for every constituent. At the same
time, in the context of the principle of separation of scales, the microscopic
length scale should be much smaller than the characteristic size of the
macroscopic sample or the wave length of the macroscopic loading.

Most of the homogenisation approaches make an assumption on global
periodicity of the microstructure, suggesting that the whole macroscopic
specimen consists of spatially repeated unit cells. In the computational
homogenisation approach, a more realistic assumption on local periodic-
ity is proposed, i.e. the microstructure can have different morphologies
corresponding to different macroscopic points, while it repeats itself in a
small vicinity of each individual macroscopic point. The concept of local
and global periodicity is schematically illustrated in Fig. 2. The assumption
of local periodicity adopted in the computational homogenisation allows the
modelling of the effects of a non-uniform distribution of the microstructure
on the macroscopic response (e.g. in functionally graded materials).

In the classical computational homogenisation procedure, a macroscopic
deformation (gradient) tensor FM is calculated for every material point of
the macrostructure (e.g. the integration points of the macroscopic mesh
within a finite element (FE) environment). The deformation tensor FM for
a macroscopic point is next used to formulate the boundary conditions to
be imposed on the RVE that is assigned to this point. Upon the solution
of the BVP for the RVE, the macroscopic stress tensor PM is obtained by
averaging the resulting RVE stress field over the volume of the RVE. As a

(a) (b)

Fig. 2. Schematic representation of a macrostructure with (a) a locally and (b) a
globally periodic microstructure.
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Fig. 3. Computational homogenisation scheme.

result, the (numerical) stress–deformation relationship at the macroscopic
point is readily available. Additionally, the local macroscopic consistent
tangent is derived from the microstructural stiffness. This framework is
schematically illustrated in Fig. 3. This computational homogenisation
technique is built entirely within a standard local continuum mechanics
concept, where the response at a (macroscopic) material point depends
only on the first gradient of the displacement field. Thus, this computational
homogenisation framework is sometimes referred to as the “first-order”.

The micro–macro procedure outlined here is “deformation driven”, i.e.
on the local macroscopic level the problem is formulated as follows: given
a macroscopic deformation gradient tensor FM, determine the stress PM

and the constitutive tangent, based on the response of the underlying
microstructure. A “stress-driven” procedure (given a local macroscopic
stress, obtain the deformation) is also possible. However, such a procedure
does not directly fit into the standard displacement-based FE framework,
which is usually employed for the solution of macroscopic BVPs. Moreover,
in the case of large deformations, the macroscopic rotational effects have to
be added to the stress tensor in order to uniquely determine the deformation
gradient tensor, thus complicating the implementation. Therefore, the
“stress-driven” approach, which is often used in the analysis of single
unit cells, is generally not adopted in coupled micro–macro computational
homogenisation strategies.



MULTISCALE MODELING IN SOLID MECHANICS - Computational Approaches
© Imperial College Press
http://www.worldscibooks.com/engineering/p604.html

August 4, 2009 10:8 9in x 6in b715-ch01

Computational Homogenisation 9

In the subsequent sections, the essential steps of the first-order com-
putational homogenisation process are discussed in more detail. First the
problem on the microlevel is defined, then the aspects of the coupling
between micro- and macrolevel are considered and finally the realisation
of the whole procedure within an FE context is explained.

3. Definition of the Problem on the Microlevel

The physical and geometrical properties of the microstructure are identified
by an RVE. An example of a typical two-dimensional RVE is depicted in
Fig. 4. The actual choice of the RVE is a rather delicate task. The RVE
should be large enough to represent the microstructure, without introducing
non-existing properties (e.g. undesired anisotropy) and at the same time it
should be small enough to allow efficient computational modelling. Some
issues related to the concept of a representative cell are discussed in Sec. 8.
Here it is supposed that an appropriate RVE has been already selected.
Then the problem on the RVE level can be formulated as a standard
problem in quasi-static continuum solid mechanics.

The RVE deformation field in a point with the initial position vector X
(in the reference domain V0) and the actual position vector x (in the current
domain V ) is described by the microstructural deformation gradient tensor
Fm = (∇0mx)c, where the gradient operator ∇0m is taken with respect to
the reference microstructural configuration.

Fig. 4. Schematic representation of a typical two-dimensional representative volume
element (RVE).
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The RVE is in a state of equilibrium. This is mathematically reflected
by the equilibrium equation in terms of the Cauchy stress tensor σm or,
alternatively, in terms of the first Piola–Kirchhoff stress tensor Pm =
det(Fm)σm · (Fc

m)−1 according to (in the absence of body forces)

∇m · σm = 0 in V or ∇0m · Pc
m = 0 in V0, (1)

where ∇m is the the gradient operator with respect to the current
configuration of the microstructural cell.

The mechanical characterisations of the microstructural components
are described by certain constitutive laws, specifying a time- and
history-dependent stress–deformation relationship for every microstructural
constituent

σ(α)
m (t) = F (α)

σ {F(α)
m (τ), τ ∈ [0, t]} or

P(α)
m (t) = F (α)

P {F(α)
m (τ), τ ∈ [0, t]}, (2)

where t denotes the current time; α = 1, N , with N being the number
of microstructural constituents to be distinguished (e.g. matrix, inclu-
sion, etc.).

The actual macro-to-micro transition is performed by imposing the
macroscopic deformation gradient tensor FM on the microstructural RVE
through a specific approach. Probably the simplest way is to assume that all
the microstructural constituents undergo a constant deformation identical
to the macroscopic one. In the literature this is called the Taylor (or Voigt)
assumption. Another simple strategy is to assume an identical constant
stress (and additionally identical rotation) in all the components. This is
called the Sachs (or Reuss) assumption. Also some intermediate procedures
are possible, where the Taylor and Sachs assumptions are applied only
to certain components of the deformation and stress tensors. All these
simplified procedures do not really require a detailed microstructural
modelling. Accordingly, they generally provide very rough estimates of
the overall material properties and are hardly suitable in the non-linear
deformation regimes. The Taylor assumption usually overestimates the
overall stiffness, whereas the Sachs assumption leads to an underestimation
of the stiffness. Nevertheless, the Taylor and Sachs averaging procedures
are sometimes used to quickly obtain a first estimate of the composite’s
overall stiffness. The Taylor assumption and some intermediate procedures
are often employed in multicrystal plasticity modelling.

More accurate averaging strategies that do require the solution of the
detailed microstructural BVP transfer the given macroscopic variables to
the microstructural RVE via the boundary conditions. Classically three
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types of RVE boundary conditions are used, i.e. prescribed displacements,
prescribed tractions and prescribed periodicity.

In the case of prescribed displacement boundary conditions, the position
vector of a point on the RVE boundary in the deformed state is given by

x = FM · X with X on Γ0, (3)

where Γ0 denotes the undeformed boundary of the RVE. This condition
prescribes a linear mapping of the RVE boundary.

For the traction boundary conditions, it is prescribed

t = n · σM on Γ or p = N · Pc
M on Γ0, (4)

where n and N are the normals to the current (Γ) and initial (Γ0) RVE
boundaries, respectively. However, the traction boundary conditions (4) do
not completely define the microstructural BVP, as discussed at the end
of Sec. 2. Moreover, they are not appropriate in the deformation driven
procedure to be pursued in the present computational homogenisation
scheme. Therefore, the RVE traction boundary conditions are not used
in the actual implementation of the coupled computational homogenisation
scheme; they were presented here for the sake of generality only.

Based on the assumption of microstructural periodicity presented in
Sec. 2, periodic boundary conditions are introduced. The periodicity
conditions for the microstructural RVE are written in a general format as

x+ − x− = FM · (X+ − X−), (5)

p+ = −p−, (6)

representing periodic deformations (5) and antiperiodic tractions (6) on the
boundary of the RVE. Here the (opposite) parts of the RVE boundary Γ−

0

and Γ+
0 are defined such that N− = −N+ at corresponding points on Γ−

0

and Γ+
0 , see Fig. 4. The periodicity condition (5), being prescribed on an

initially periodic RVE, preserves the periodicity of the RVE in the deformed
state. Also it should be mentioned that, as has been observed by several
authors,46,47 the periodic boundary conditions provide a better estimation
of the overall properties than the prescribed displacement or prescribed
traction boundary conditions (see also the discussion in Sec. 8).

Other types of RVE boundary conditions are possible. The only general
requirement is that they should be consistent with the so-called averaging
theorems. The averaging theorems, dealing with the coupling between the
micro- and macrolevels in an energetically consistent way, will be presented
in the following section. The consistency of the three types of boundary
conditions presented above with these averaging theorems will be verified.
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4. Coupling of the Macroscopic and Microscopic Levels

The actual coupling between the macroscopic and microscopic levels is
based on averaging theorems. The integral averaging expressions have been
initially proposed by Hill48 for small deformations and later extended to a
large deformation framework.49,50

4.1. Deformation

The first of the averaging relations concerns the micro–macro coupling of
kinematic quantities. It is postulated that the macroscopic deformation gra-
dient tensor FM is the volume average of the microstructural deformation
gradient tensor Fm

FM =
1
V0

∫
V0

Fm dV0 =
1
V0

∫
Γ0

xN dΓ0, (7)

where the divergence theorem has been used to transform the integral over
the undeformed volume V0 of the RVE to a surface integral.

Verification that the use of the prescribed displacement boundary condi-
tions (3) indeed leads to satisfaction of (7) is rather trivial. Substitution of
(3) into (7) and use of the divergence theorem with account for ∇0mX = I
give

FM =
1
V0

∫
Γ0

(FM · X)N dΓ0

=
1
V0

FM ·
∫

Γ0

XN dΓ0 =
1
V0

FM ·
∫

V0

(∇0mX)c dV0 = FM. (8)

The validation for the periodic boundary conditions (5) follows the same
lines except that the RVE boundary is split into the parts Γ+

0 and Γ−
0

FM =
1
V0

{∫
Γ+

0

x+N+ dΓ0 +
∫

Γ−
0

x−N− dΓ0

}

=
1
V0

∫
Γ+

0

(x+ − x−)N+ dΓ0

=
1
V0

FM ·
∫

Γ+
0

(X+ − X−)N+ dΓ0 =
1
V0

FM ·
∫

Γ0

XN dΓ0 = FM. (9)
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In the general case of large strains and large rotations, attention
should be given to the fact that due to the non-linear character of
the relations between different kinematic measures not all macroscopic
kinematic quantities may be obtained as the volume average of their
microstructural counterparts. For example, the volume average of the
Green–Lagrange strain tensor

E∗
M =

1
2V0

∫
V0

(Fc
m ·Fm − I) dV0 (10)

is in general not equal to the macroscopic Green–Lagrange strain obtained
according to

EM =
1
2
(Fc

M · FM − I). (11)

4.2. Stress

Similarly, the averaging relation for the first Piola–Kirchhoff stress tensor
is established as

PM =
1
V0

∫
V0

Pm dV0. (12)

In order to express the macroscopic first Piola–Kirchhoff stress tensor PM

in the microstructural quantities defined on the RVE surface, the following
relation is used (with account for microscopic equilibrium ∇0m · Pc

m = 0
and the equality ∇0mX = I):

Pm = (∇0m ·Pc
m)X + Pm · (∇0mX) = ∇0m · (Pc

mX). (13)

Substitution of (13) into (12), application of the divergence theorem, and
the definition of the first Piola–Kirchhoff stress vector p = N · Pc

m give

PM =
1
V0

∫
V0

∇0m · (Pc
mX) dV0 =

1
V0

∫
Γ0

N ·Pc
mX dΓ0 =

1
V0

∫
Γ0

pXdΓ0.

(14)
Now it is a trivial task to validate that substitution of the traction boundary
conditions (42) into this equation leads to an identity.

The volume average of the microscopic Cauchy stress tensor σm over
the current RVE volume V can be elaborated similarly to (14)

σ∗
M =

1
V

∫
V

σm dV =
1
V

∫
Γ

txdΓ. (15)
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Just as it is the case for kinematic quantities, the usual continuum
mechanics relation between stress measures (e.g. the Cauchy and the first
Piola–Kirchhoff stress tensors) is, in general, not valid for the volume
averages of the microstructural counterparts σ∗

M �= PM · Fc
M/det(FM).

However, the Cauchy stress tensor on the macrolevel should be de-
fined as

σM =
1

det(FM)
PM ·Fc

M. (16)

Clearly, there is some arbitrariness in the choice of associated defor-
mation and stress quantities, whose macroscopic measures are obtained
as a volume average of their microscopic counterparts. The remaining
macroscopic measures are then expressed in terms of these averaged
quantities using the standard continuum mechanics relations. The specific
selection should be made with care and based on experimental results and
convenience of the implementation. The actual choice of the “primary”
averaging measures: the deformation gradient tensor F and the first Piola–
Kirchhoff stress tensor P (and their rates) has been advocated in the
literature34,49,50 (in the last two references the nominal stress SN =
det(F)F−1 · σ = Pc has been used). This particular choice is motivated
by the fact that these two measures are work conjugated, combined with
the observation that their volume averages can exclusively be defined in
terms of the microstructural quantities on the RVE boundary only. This
feature will be used in the following section, where the averaging theorem
for the micro–macro energy transition is discussed.

4.3. Internal work

The energy averaging theorem, known in the literature as the Hill–
Mandel condition or macrohomogeneity condition,29,48 requires that the
macroscopic volume average of the variation of work performed on the RVE
is equal to the local variation of the work on the macroscale. Formulated
in terms of a work conjugated set, i.e. the deformation gradient tensor
and the first Piola–Kirchhoff stress tensor, the Hill–Mandel condition
reads

1
V0

∫
V0

Pm : δFc
m dV0 = PM : δFc

M ∀δx. (17)
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The averaged microstructural work in the left-hand side of (17) may be
expressed in terms of RVE surface quantities

δW0M =
1
V0

∫
V0

Pm : δFc
m dV0 =

1
V0

∫
Γ0

p · δxdΓ0, (18)

where the relation (with account for microstructural equilibrium)

Pm : ∇0mδx = ∇0m · (Pc
m · δx) − (∇0m · Pc

m) · δx = ∇0m · (Pc
m · δx),

and the divergence theorem have been used.
Now it is easy to verify that the three types of boundary conditions:

prescribed displacements (3), prescribed tractions (4), or the periodicity
conditions (5) and (6) all satisfy the Hill–Mandel condition a priori, if the
averaging relations for the deformation gradient tensor (7) and for the first
Piola–Kirchhoff stress tensor (12) are adopted. In the case of the prescribed
displacements (3), substitution of the variation of the boundary position
vectors δx = δFM · X into the expression for the averaged microwork (18)
with incorporation of (14) gives

δW0M =
1
V0

∫
Γ0

p · (δFM · X) dΓ0 =
1
V0

∫
Γ0

pXdΓ0 : δFc
M = PM : δFc

M.

(19)

Similarly, substitution of the traction boundary condition (4) into (18), with
account for the variation of the macroscopic deformation gradient tensor
obtained by varying relation (7), leads to

δW0M =
1
V0

∫
Γ0

(N · Pc
M) · δxdΓ0 = PM :

1
V0

∫
Γ0

NδxdΓ0 = PM : δFc
M.

(20)
Finally, for the periodic boundary conditions (5) and (6),

δW0M =
1
V0

{∫
Γ+

0

p+ · δx+ dΓ0 +
∫

Γ−
0

p− · δx− dΓ0

}

=
1
V0

∫
Γ+

0

p+ · (δx+ − δx−) dΓ0

=
1
V0

∫
Γ0

p+(X+ − X−) dΓ0 : δFc
M

=
1
V0

∫
Γ0

pXdΓ0 : δFc
M = PM : δFc

M. (21)
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5. FE Implementation

5.1. RVE boundary value problem

The RVE problem to be solved is a standard non-linear quasi-static
BVP with kinematic boundary conditions.a Thus, any numerical technique
suitable for solution of this type of problems may be used. In the following,
the FEM will be adopted. Following the standard FE procedure for the
microlevel RVE, after discretisation, the weak form of equilibrium (1) with
account for the constitutive relations (2) leads to a system of non-linear
algebraic equations in the unknown nodal displacements u

˜
:

f
˜

int(u
˜
) = f

˜
ext, (22)

expressing the balance of internal and external nodal forces. This system
has to be completed by boundary conditions. Hence, the earlier introduced
boundary conditions (3) or (5) have to be elaborated in more detail.

5.1.1. Fully prescribed boundary displacements

In the case of the fully prescribed displacement boundary conditions (3),
the displacements of all nodes on the boundary are simply given by

up = (FM − I) ·Xp, p = 1, Np (23)

where Np is the number of prescribed nodes, which in this case equals the
number of boundary nodes. The boundary conditions (23) are added to
the system (22) in a standard manner by static condensation, Lagrange
multipliers, or penalty functions.

5.1.2. Periodic boundary conditions

Before application of the periodic boundary conditions (5), they have to be
rewritten into a format more suitable for the FE framework. Consider a two-
dimensional periodic RVE schematically depicted in Fig. 4. The boundary
of this RVE can be split into four parts, here denoted as “T” top, “B”
bottom, “R” right and “L” left. For the following it is supposed that the FE
discretization is performed such that the distribution of nodes on opposite
RVE edges is equal. During the initial periodicity of the RVE, for every
respective pair of nodes on the top–bottom and right–left boundaries it is

aThe traction boundary conditions are not considered in the following, as they do not
fit into the deformation-driven procedure, as has been discussed above.
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valid in the reference configuration

XT − XB = X4 − X1,

XR − XL = X2 − X1,
(24)

where Xp, p = 1, 2, 4 are the position vectors of the corner nodes 1, 2, and 4
in the undeformed state. Then by considering pairs of corresponding nodes
on the opposite boundaries, (5) can be written as

xT − xB = FM · (X4 − X1),

xR − xL = FM · (X2 − X1).
(25)

Now if the position vectors of the corner nodes in the deformed state are
prescribed according to

xp = FM ·Xp, p = 1, 2, 4 (26)

then the periodic boundary conditions may be rewritten as

xT = xB + x4 − x1,

xR = xL + x2 − x1.
(27)

Since these conditions are trivially satisfied in the undeformed configuration
(cf. relation (24)), they may be formulated in terms of displacements

uT = uB + u4 − u1,

uR = uL + u2 − u1,
(28)

and

up = (FM − I) · Xp, p = 1, 2, 4. (29)

In a discretised format the relations (28) lead to a set of homogeneous
constraints of the type

Cau
˜

a = 0
˜
, (30)

where Ca is a matrix containing coefficients in the constraint relations and
u
˜

a is a column with the degrees of freedom involved in the constraints.
Procedures for imposing constraints (30) include the direct elimination of
the dependent degrees of freedom from the system of equations, or the use of
Lagrange multipliers or penalty functions. In the following, constraints (30)
are enforced by elimination of the dependent degrees of freedom. Although
such a procedure may be found in many works on finite elements,51 here
it is summarised for the sake of completeness and also in the context of
the derivation of the macroscopic tangent stiffness, which will be presented
in Sec. 5.3.
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First, (30) is partitioned according to

[Ci Cd]
[

u
˜

i

u
˜

d

]
= 0

˜
, (31)

where u
˜

i are the independent degrees of freedom (to be retained in the
system) and u

˜
d are the dependent degrees of freedom (to be eliminated

from the system). Because there are as many dependent degrees of free-
dom u

˜
d as there are independent constraint equations in (31), matrix Cd is

square and non-singular. Solution for u
˜

d yields

u
˜

d = Cdiu
˜

i, with Cdi = −C−1
d Ci. (32)

This relation may be further rewritten as[
u
˜

i

u
˜

d

]
= Tu

˜
i, with T =

[
I

Cdi

]
, (33)

where I is a unit matrix of size [Ni × Ni], with Ni being the number of
independent degrees of freedom.

With the transformation matrix T defined such that d
˜

= T d′
˜

, the
common transformations r′

˜
= T T r

˜
and K ′ = T T KT can be applied to a

linear system of equations of the form Kd
˜

= r
˜
, leading to a new system

K ′d′
˜

= r′
˜
.

The standard linearisation of the non-linear system of equations (22)
leads to a linear system in the iterative corrections δu

˜
to the current

estimate u
˜
. This system may be partitioned as[

Kii Kid

Kdi Kdd

] [
δu
˜

i

δu
˜

d

]
=
[

δr
˜

i

δr
˜

d

]
, (34)

with the residual nodal forces at the right-hand side. Noting that all
constraint equations considered above are linear, and thus their linearisation
is straightforward, application of the transformation (33) to the system (34)
gives

[Kii + KidCdi + CT
diKdi + CT

diKddCdi]δu
˜

i = [δr
˜

i + CT
diδr˜

d]. (35)

Note that the boundary conditions (29) prescribing displacements of the
corner nodes have not yet been applied. The column of “independent”
degrees of freedom u

˜
i includes the prescribed corner nodes u

˜
p among other

nodes. The boundary conditions (29) should be applied to the system (35)
in a standard manner.
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The condition of antiperiodic tractions (6) will be addressed in
Sec. 5.2.2.

5.2. Calculation of the macroscopic stress

After the analysis of a microstructural RVE is completed, the RVE-
averaged stresses have to be extracted. The macroscopic stress tensor can be
calculated by numerically evaluating the volume integral (12). However, it is
computationally more efficient to compute the surface integral (14), which
can be further simplified for the case of the periodic boundary conditions.

5.2.1. Fully prescribed boundary displacements

For the case of prescribed displacement boundary conditions, the surface
integral (14) simply leads to

PM =
1
V0

Np∑
p=1

fpXp, (36)

where fp are the resulting external forces at the boundary nodes; Xp are
the position vectors of these nodes in the undeformed state; and Np is the
number of the nodes on the boundary.

5.2.2. Periodic boundary conditions

In order to simplify the surface integral (14) for the case of periodic
boundary conditions, consider all forces acting on the RVE boundary
subjected to the boundary conditions according to (28) and (29). At the
three prescribed corner nodes, the resulting external forces f e

p , p = 1, 2, 4
act. Additionally, there are forces involved in every constraint (tying)
relation (28). For example, for each constraint relation between pairs of
the nodes on the bottom–top boundaries there are a tying force at the
node on the bottom boundary pt

B, a tying force at the node on the top
boundary pt

T, and tying forces at the corner nodes 1 and 4, ptB
1 and ptB

4 ,
respectively. Similarly, there are forces pt

L, pt
R, ptL

1 and ptL
2 corresponding

to the left–right constraints. All these forces are schematically shown in
Fig. 5.

Each constraint relation satisfies the condition of zero virtual work; thus,

pt
B · δxB + pt

T · δxT + ptB
1 · δx1 + ptB

4 · δx4 = 0,

pt
L · δxL + pt

R · δxR + ptL
1 · δx1 + ptL

2 · δx2 = 0.
(37)
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1
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4
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2
L

1f f

f

e

Fig. 5. Schematic representation of the forces acting on the boundary of a two-

dimensional RVE subjected to periodic boundary conditions.

Substitution of the variation of the constraints (27) into (37) gives

(pt
B + pt

T) · δxB + (ptB
1 − pt

T) · δx1 + (pt
T + ptB

4 ) · δx4 = 0,

(pt
L + pt

R) · δxL + (ptL
1 − pt

R) · δx1 + (pt
R + ptL

2 ) · δx2 = 0.
(38)

These relations should hold for any δxB, δxL, δx1, δx2, δx4; therefore,

pt
B = −pt

T = −ptB
1 = ptB

4 ,

pt
L = −pt

R = −ptL
1 = ptL

2 .
(39)

Note that (39) reflects antiperiodicity of tying forces on the opposite
boundaries, thus, the condition (6) is indeed satisfied.

With account for all forces acting on the RVE boundary, the surface
integral (14) is written as

PM =
1
V0

(
fe
1X1 + fe

2X2 + fe
4X4 +

∫
Γ0B

pt
BXB dΓ0 +

∫
Γ0T

pt
TXT dΓ0

+
∫

Γ0L

pt
LXL dΓ0 +

∫
Γ0R

pt
RXR dΓ0 +

(∫
Γ0B

ptB
1 dΓ0

)
X1

+
(∫

Γ0L

ptL
1 dΓ0

)
X1 +

(∫
Γ0B

ptB
4 dΓ0

)
X4 +

(∫
Γ0L

ptL
2 dΓ0

)
X2

)
.

(40)
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Making use of the relation between tying forces (39) gives

PM =
1
V0

( ∑
p=1,2,4

f e
pXp +

∫
Γ0B

pt
B(XB − XT) dΓ0 +

∫
Γ0L

pt
L(XL − XR) dΓ0

+
(∫

Γ0B

ptB
1 dΓ0

)
X1 +

(∫
Γ0L

ptL
1 dΓ0

)
X1

+
(∫

Γ0B

ptB
4 dΓ0

)
X4 +

(∫
Γ0L

ptL
2 dΓ0

)
X2

)
. (41)

Inserting the conditions of the initial periodicity of the RVE (24) results in

PM =
1
V0

( ∑
p=1,2,4

f e
pXp +

∫
Γ0B

(pt
B + ptB

1 )X1 dΓ0 +
∫

Γ0L

(pt
L + ptL

1 )X1 dΓ0

+
∫

Γ0B

(ptB
4 − pt

B)X4 dΓ0 +
∫

Γ0L

(ptL
2 − pt

L)X2 dΓ0

)
, (42)

which after substitution of the remaining relations between tying forces
(39) gives

PM =
1
V0

∑
p=1,2,4

f e
pXp. (43)

Therefore, when the periodic boundary conditions are used, all terms with
forces involved in the periodicity constraints cancel out from the boundary
integral (14) and the only contribution left is by the external forces at the
three prescribed corner nodes.

5.3. Macroscopic tangent stiffness

When the micro–macro approach is implemented within the framework
of a non-linear FE code, the stiffness matrix at every macroscopic inte-
gration point is required. Because in the computational homogenisation
approach there is no explicit form of the constitutive behaviour on the
macrolevel assumed a priori, the stiffness matrix has to be determined
numerically from the relation between variations of the macroscopic stress
and variations of the macroscopic deformation at such a point. This may be
realised by numerical differentiation of the numerical macroscopic stress–
strain relation, for example, using a forward difference approximation.52

Another approach is to condense the microstructural stiffness to the
local macroscopic stiffness. This is achieved by reducing the total RVE
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system of equations to the relation between the forces acting on the RVE
boundary and the associated boundary displacements. Elaboration of such
a procedure in combination with the Lagrange multiplier method to impose
boundary constraints can be found in the literature.41 Here an alternative
scheme,40,42 which employs the direct condensation of the constrained
degrees of freedom, will be considered. After the condensed microscopic
stiffness relating the prescribed displacement and force variations is
obtained, it needs to be transformed to arrive at an expression relating
variations of the macroscopic stress and deformation tensors, typically used
in the FE codes. These two steps are elaborated in the following.

5.3.1. Condensation of the microscopic stiffness: Fully prescribed
boundary displacements

First the total microstructural system of equations (in its linearised form)
is partitioned as [

Kpp Kpf

Kfp Kff

] [
δu
˜

p

δu
˜

f

]
=
[

δf
˜

p

0
˜

]
, (44)

where δu
˜

p and δf
˜

p are the columns with iterative displacements and exter-
nal forces of the boundary nodes, respectively; δu

˜
f is the column with the

iterative displacements of the remaining (interior) nodes; and Kpp , Kpf , Kfp

and Kff are the corresponding partitions of the total RVE stiffness matrix.
The stiffness matrix in the formulation (44) is taken at the end of a
microstructural increment, where a converged state is reached. Elimination
of δu

˜
f from (44) leads to the reduced stiffness matrix KM relating boundary

displacement variations to boundary force variations

KMδu
˜

p = δf
˜

p with KM = Kpp − Kpf (Kff )−1Kfp . (45)

5.3.2. Condensation of the microscopic stiffness: Periodic
boundary conditions

In the case of the periodic boundary conditions, the point of departure is
the microscopic system of equations (35) from which the dependent degrees
of freedom have been eliminated (as described in Sec. 5.1.2)

K�δu
˜

i = δr
˜

�, (46)

with

K� = Kii + KidCdi + CT
diKdi + CT

diKddCdi,

δr
˜

� = δr
˜

i + CT
diδr˜

d.
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Next, system (46) is further split, similarly to (44), into the parts
corresponding to the variations of the prescribed degrees of freedom δu

˜
p

(which in this case are the varied positions of the three corner nodes
prescribed according to (29)), variations of the external forces at these
prescribed nodes denoted by δf

˜
�
p, and the remaining (free) displacement

variations δu
˜

f : [
K�

pp K�
pf

K�
fp K�

ff

] [
δu
˜

p

δu
˜

f

]
=

[
δf
˜

�
p

0
˜

]
. (47)

Then the reduced stiffness matrix K �
M in the case of periodic boundary

conditions is obtained as

K�
Mδu

˜
p = δf

˜
�
p, with K�

M = K�
pp − K�

pf (K
�
ff )−1K�

fp . (48)

Note that in the two-dimensional case K �
M is only [6 × 6] matrix and in

three-dimensional case [12 × 12] matrix.

5.3.3. Macroscopic tangent

Finally, the resulting relation between displacement and force variations
(relation (45) if prescribed displacement boundary conditions are used, or
relation (48) if periodicity conditions are employed) needs to be transformed
to arrive at an expression relating variations of the macroscopic stress and
deformation tensors:

δPM = 4CP
M : δFc

M, (49)

where the fourth-order tensor 4CP
M represents the required consistent

tangent stiffness at the macroscopic integration point level.
In order to obtain this constitutive tangent from the reduced stiffness

matrix KM (or K�
M), first relations (45) and (48) are rewritten in a specific

vector/tensor format ∑
j

K(ij)
M · δu(j) = δf(i), (50)

where indices i and j take the values i, j = 1, Np for prescribed displacement
boundary conditions (Np is the number of boundary nodes) and i, j = 1, 2, 4
for the periodic boundary conditions. In (50) the components of the tensors
K(ij)

M are simply found in the tangent matrix KM (for displacement bound-
ary conditions) or in the matrix K �

M (for periodic boundary conditions)
at the rows and columns of the degrees of freedom in the nodes i and j.
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For example, for the case of the periodic boundary conditions the total
matrix K�

M has the format

K�
M =




[
K

(11)
11 K

(11)
12

K
(11)
21 K

(11)
22

] [
K

(12)
11 K

(12)
12

K
(12)
21 K

(12)
22

] [
K

(14)
11 K

(14)
12

K
(14)
21 K

(14)
22

]
[

K
(21)
11 K

(21)
12

K
(21)
21 K

(21)
22

] [
K

(22)
11 K

(22)
12

K
(22)
21 K

(22)
22

] [
K

(24)
11 K

(24)
12

K
(24)
21 K

(24)
22

]
[

K
(41)
11 K

(41)
12

K
(41)
21 K

(41)
22

] [
K

(42)
11 K

(42)
12

K
(42)
21 K

(42)
22

] [
K

(44)
11 K

(44)
12

K
(44)
21 K

(44)
22

]




, (51)

where the superscripts in round brackets refer to the nodes and the
subscripts to the degrees of freedom at those nodes. Then each subma-
trix in (51) may be considered as the representation of a second-order
tensor K(ij)

M .
Next, the expression for the variation of the nodal forces (50) is

substituted into the relation for the variation of the macroscopic stress
following from (36) or (43)

δPM =
1
V0

∑
i

∑
j

(K(ij)
M · δu(j))X(i). (52)

Substitution of the equation δu(j) = X(j) · δFc
M into (52) gives

δPM =
1
V0

∑
i

∑
j

(X(i)K
(ij)
M X(j))LC : δFc

M, (53)

where the superscript LC denotes left conjugation, which for a fourth-order
tensor 4T is defined as T LC

ijkl = Tjikl. Finally, by comparing (53) with (49)
the consistent constitutive tangent is identified as

4CP
M =

1
V0

∑
i

∑
j

(X(i)K
(ij)
M X(j))LC. (54)

If the macroscopic FE scheme requires the constitutive tangent relating
the variation of the macroscopic Cauchy stress to the variation of the
macroscopic deformation gradient tensor according to

δσM = 4Cσ
M : δFc

M, (55)

this tangent may be obtained by varying the definition equation of the
macroscopic Cauchy stress tensor (16), followed by substitution of (36) (or
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(43)) and (53). This gives

δσM =

[
1
V

∑
i

∑
j

(x(i)K
(ij)
M X(j))LC +

1
V

∑
i

f(i)IX(i) − σMF−c
M

]
: δFc

M,

(56)

where the expression in square brackets is identified as the required tangent
stiffness tensor 4Cσ

M. In the derivation of (56) it has been used that in the
case of prescribed displacements of the RVE boundary (3) or of periodic
boundary conditions (5), the initial and current volumes of an RVE are
related according to JM = det(FM) = V/V0.

6. Nested Solution Scheme

Based on the above developments, the actual implementation of the
computational homogenisation strategy may be described by the following
subsequent steps.

The macroscopic structure to be analysed is discretised by FEs. The
external load is applied by an incremental procedure. Increments can be
associated with discrete time steps. The solution of the macroscopic non-
linear system of equations is performed in a standard iterative manner.
To each macroscopic integration point, a discretised RVE is assigned. The
geometry of the RVE is based on the microstructural morphology of the
material under consideration.

For each macroscopic integration point, the local macroscopic deforma-
tion gradient tensor FM is computed from the iterative macroscopic nodal
displacements (during the initialisation step, zero deformation is assumed
throughout the macroscopic structure, i.e. FM = I, which allows to obtain
the initial macroscopic constitutive tangent). The macroscopic deformation
gradient tensor is used to formulate the boundary conditions according to
(23) or (28) and (29) to be applied on the corresponding representative cell.

The solution of the RVE BVP employing a fine-scale FE procedure
provides the resulting stress and strain distributions in the microstructural
cell. Using the resulting forces at the prescribed nodes, the RVE averaged
first Piola–Kirchhoff stress tensor PM is computed according to (36) or (43)
and returned to the macroscopic integration point as a local macroscopic
stress. From the global RVE stiffness matrix, the local macroscopic
consistent tangent 4CP

M is obtained according to (54).
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When the analysis of all microstructural RVEs is finished, the stress
tensor is available at every macroscopic integration point. Thus, the internal
macroscopic forces can be calculated. If these forces are in balance with
the external load, incremental convergence has been achieved and the next
time increment can be evaluated. If there is no convergence, the procedure
is continued to achieve an updated estimation of the macroscopic nodal
displacements. The macroscopic stiffness matrix is assembled using the
constitutive tangents available at every macroscopic integration point from
the RVE analysis. The solution of the macroscopic system of equations
leads to an updated estimation of the macroscopic displacement field.
The solution scheme is summarised in Table 1. It is remarked that the
two-level scheme outlined above can be used selectively depending on
the macroscopic deformation, e.g. in the elastic domain the macroscopic
constitutive tangents do not have to be updated at every macroscopic
loading step.

7. Computational Example

As an example, the computational homogenisation approach is applied to
pure bending of a rectangular strip under plane strain conditions. Both the
length and the height of the sample equal 0.2m, the thickness is taken 1 m.
The macromesh is composed of five quadrilateral eight node plane strain
reduced integration elements. The undeformed and deformed geometries of
the macromesh are schematically depicted in Fig. 6. At the left side the
strip is fixed in axial (horizontal) direction, the displacement in transverse
(vertical) direction is left free. At the right side the rotation of the cross
section is prescribed. As pure bending is considered the behaviour of the
strip is uniform in axial direction and, therefore, a single layer of elements
on the macrolevel suffices to simulate the situation.

In this example two heterogeneous microstructures consisting of a
homogeneous matrix material with initially 12% and 30% volume fractions
of voids are studied. The microstructural cells used in the calculations are
presented in Fig. 7. It is worth mentioning that the absolute size of the
microstructure is irrelevant for the first-order computational homogenisa-
tion analysis (see also discussion in Sec. 9.1).

The matrix material behaviour has been described by a modified elasto-
visco-plastic Bodner–Partom model.53 This choice is motivated by the
intention to demonstrate that the method is well suited for complex
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Table 1. Incremental-iterative nested multiscale solution scheme for the computational
homogenisation.

Macro Micro

1. Initialisation
• initialise the macroscopic model
• assign an RVE to every integration

point
• loop over all integration points Initialisation RVE analysis

set FM = I
FM−−−−−−−−→

• prescribe boundary conditions
• assemble the RVE stiffness

tangent←−−−−−−−− • calculate the tangent 4CP
M

store the tangent
• end integration point loop

2. Next increment
• apply increment of the macro load

3. Next iteration
• assemble the macroscopic tangent

stiffness
• solve the macroscopic system
• loop over all integration points RVE analysis

calculate FM
FM−−−−−−−−→

• prescribe boundary conditions
• assemble the RVE stiffness
• solve the RVE problem

PM←−−−−−−−− • calculate PM

store PM

tangent←−−−−−−−− • calculate the tangent 4CP
M

store the tangent
• end integration point loop
• assemble the macroscopic

internal forces

4. Check for convergence
• if not converged ⇒ step 3
• else ⇒ step 2

microstructural material behaviour, e.g. non-linear history and strain
rate dependent at large strains. The material parameters for annealed
aluminum AA 1050 have been used53; elastic parameters: shear modulus
G = 2.6 × 104 MPa, bulk modulus K = 7.8 × 104 MPa and viscosity
parameters: Γ0 = 108 s−2, m = 13.8, n = 3.4, Z0 = 81.4MPa,
Z1 = 170MPa.
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Fig. 6. Schematic representation of the undeformed (a) and deformed (b) configurations

of the macroscopically bended specimen.

Fig. 7. Microstructural cells used in the calculations with 12% voids (a) and 30%
voids (b).

Micro–macro calculations for the heterogeneous structure, represented
by the RVEs shown in Fig. 7, have been carried out, simulating pure bending
at a prescribed moment rate equal to 5 × 105 Nms−1. Figure 8 shows the
distribution plots of the effective plastic strain for the case of the RVE with
12% volume fraction voids at an applied moment equal to 6.8 × 105 Nm
in the deformed macrostructure and in three deformed, initially identical
RVEs at different locations in the macrostructure. Each hole acts as a
plastic strain concentrator and causes higher strains in the RVE than those
occurring in the homogenised macrostructure. In the present calculations
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Fig. 8. Distribution of the effective plastic strain in the deformed macrostructure and
in three deformed RVEs, corresponding to different points of the macrostructure.

the maximum effective plastic strain in the macrostructure is about 25%,
whereas at RVE level this strain reaches 50%. It is obvious from the
deformed geometry of the holes in Fig. 8 that the RVE in the upper
part of the bended strip is subjected to tension and the RVE in the lower
part to compression, while the RVE in the vicinity of the neutral axis is
loaded considerably less than the other RVEs. This confirms the conclusion
that the method realistically describes the deformation modes of the
microstructure.

In Fig. 9, the moment–curvature (curvature defined for the bottom edge
of the specimen) diagram resulting from the computational homogenisation
approach is presented. To give an impression of the influence of the holes
as well, the response of a homogeneous configuration (without cavities) is
shown. It can be concluded that even the presence of 12% voids induces
a reduction in the bending moment (at a certain curvature) of more
than 25% in the plastic regime. This significant reduction in the bending
moment may be attributed to the formation of microstructural shear bands,
which are clearly observed in Fig. 8. This indicates that in order to
capture such an effect a detailed microstructural analysis is required. A
straightforward application of, for example, the rule of mixtures would lead
to erroneous results.
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Fig. 9. Moment–curvature diagram resulting from the first-order computational

homogenisation analysis.

8. Concept of an RVE within Computational
Homogenisation

The computational homogenisation approach, as well as most of other
homogenisation techniques, is based on the concept of a representative vol-
ume element (RVE). An RVE is a model of a material microstructure to be
used to obtain the response of the corresponding homogenised macroscopic
continuum in a macroscopic material point. Thus, the proper choice of the
RVE largely determines the accuracy of the modelling of a heterogeneous
material.

There appear to be two significantly different ways to define an RVE.54

The first definition requires an RVE to be a statistically representative
sample of the microstructure, i.e. to include virtually a sampling of
all possible microstructural configurations that occur in the composite.
Clearly, in the case of a non-regular and non-uniform microstructure such
a definition leads to a considerably large RVE. Therefore, RVEs that
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rigorously satisfy this definition are rarely used in actual homogenisation
analyses. This concept is usually employed when a computer model of
the microstructure is being constructed based on experimentally obtained
statistical information.55,56

Another definition characterises an RVE as the smallest microstructural
volume that sufficiently accurately represents the overall macroscopic
properties of interest. This usually leads to much smaller RVE sizes than the
statistical definition described above. However, in this case the minimum
required RVE size also depends on the type of material behaviour (e.g.
for elastic behaviour usually much smaller RVEs suffice than for plastic
behaviour), macroscopic loading path and contrast in properties between
heterogeneities. Moreover, the minimum RVE size, which results in a good
approximation of the overall material properties, does not always lead to
adequate distributions of the microfields within the RVE. This may be
important if, for example, microstructural damage initiation or evolving
microstructures are of interest.

The latter definition of an RVE is closely related to the one established
by Hill,48 who argued that an RVE is well defined if it reflects the
material microstructure and if the responses under uniform displacement
and traction boundary conditions coincide. If a microstructural cell does not
contain sufficient microstructural information, its overall responses under
uniform displacement and traction boundary conditions will differ. The
homogenised properties determined in this way are called “apparent”, a
notion introduced by Huet.57 The apparent properties obtained by applica-
tion of uniform displacement boundary conditions on a microstructural cell
usually overestimate the real effective properties, while the uniform traction
boundary conditions lead to underestimation. For a given microstructural
cell size, the periodic boundary conditions provide a better estimation
of the overall properties than the uniform displacement and uniform
traction boundary conditions.46,47,58,59 This conclusion also holds if the
microstructure does not really possess geometrical periodicity. Increasing
the size of the microstructural cell leads to a better estimation of the
overall properties, and, finally, to a “convergence” of the results obtained
with the different boundary conditions to the real effective properties of the
composite material, as schematically illustrated in Fig. 10. The convergence
of the apparent properties towards the effective ones at increasing size
of the microstructural cell has been investigated in by a number of
authors.47,57–63
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Fig. 10. (a) Several microstructural cells of different sizes. (b) Convergence of the

apparent properties to the effective values with increasing microstructural cell size for
different types of boundary conditions.

9. Extensions of the Classical Computational
Homogenisation Scheme

9.1. Homogenisation towards second gradient continuum

The classical first-order computational homogenisation framework, as pre-
sented above, relies on the principle of scale separation, which restricts its
applicability limits. The fundamental scale separation concept used in the
first-order scheme (and also accepted in most other classical homogenisation
approaches) requires that the microstructural length scale is negligible in
comparison with the macrostructural characteristic length (determined by
the characteristic wave length of the macroscopic load). In this case it is
justified to assume macroscopic uniformity of the deformation field over the
microstructural RVE. As a result, only simple first-order deformation modes
(tension, compression, shear, or combinations thereof) of the microstructure
are found. As can be noticed, for example, in Fig. 8, a typical bending
mode, which from a physical point of view should appear for small, but
finite, microstructural cells in the macroscopically bended specimen, is not
retrieved. Moreover, the dimensions of the microstructural heterogeneities
do not influence the averaging procedure. Increasing the scale of the entire
microstructure then leads to identical results. All of this is not surprising,
since the first-order approach is fully in line with standard continuum
mechanics concepts, where one of the fundamental points of departure is the
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principle of local action. In fact this principle states that material points are
local, i.e. are identified with an infinitesimal volume only. This infinitesimal
character is exactly represented in the behaviour of the microstructural
RVEs, which are considered as macroscopic material points. This implies
that the size of the microstructure is considered as irrelevant and hence
microstructural and geometrical size effects are not taken into account.
Furthermore, it has been demonstrated42,64 that if a microstructural RVE
exhibits overall softening behaviour (due to geometrical softening or mate-
rial softening of constituents), the macroscopic solution obtained from the
first-order computational homogenisation approach fully localises according
to the size of the elements used in the macromesh, i.e. the macroscopic BVP
becomes ill-posed leading to a mesh-dependent macroscopic response.

In order to deal with these limitations, the classical (first-order) com-
putational homogenisation has been extended to a so-called second-order
computational homogenisation framework,42,65,66 which aims at capturing
of macroscopic localisation and microstructural size effects. A general
scheme of the second-order computational homogenisation approach is
shown in Fig. 11 (cf. Fig. 3).

In the second-order homogenisation approach, the macroscopic defor-
mation gradient tensor FM and its gradient ∇0MFM are used to formulate
boundary conditions for a microstructural RVE. Every microstructural
constituent is modelled as a classical continuum, characterised by stan-
dard first-order equilibrium and constitutive equations. Therefore, for the

Fig. 11. Second-order computational homogenisation scheme.
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description of the microstructural phenomena already available models
developed for the first-order homogenisation can be directly employed. On
the macrolevel, however, a full second gradient equilibrium problem (of
the type originally proposed by Mindlin67,68) appears. From the solution
of the underlying microstructural BVP, the macroscopic stress tensor PM

and a higher-order stress tensor 3QM (a third-order tensor, defined as
the work conjugate of the gradient of the deformation gradient tensor)
are derived based on an extension of the classical Hill–Mandel condi-
tion. This automatically delivers the microstructurally based constitutive
response of the second gradient macrocontinuum. Consistent (higher-
order) tangents of this second-gradient continuum are extracted from the
microstructural stiffness using a procedure similar to the one presented
for the classical homogenisation. Moreover, it has been shown69 that the
size of the microstructural RVE used in the second-order computational
homogenisation scheme may be related to the length scale of the associated
macroscopic homogenised higher-order continuum. Details of the second-
order computational homogenisation, its implementation and application
examples may be found in the literature.42,65,66,69

9.2. Computational homogenisation for beams and shells

Beam and shell structures have been efficiently and economically applied in
various fields of engineering for centuries. Structured and layered thin sheets
are used in a variety of innovative applications as well. A typical example is
flexible electronics, e.g. flexible displays, where stacks of different materials
with complex geometries and interconnects between layers, prohibit the
use of classical layer-wise composite shell theory.70 For these complex
applications, a computational homogenisation technique for thin structured
sheets has recently been proposed.71,72 In this case the actual three-
dimensional heterogeneous sheet is represented by a homogenised shell
continuum for which the constitutive response is obtained from the analysis
of a microstructural RVE, representing the full thickness of the sheet and
an in-plane cell of the macroscopic structure (e.g. a single pixel of a flexible
display). The computational homogenisation for structured thin sheets is
schematically illustrated in Fig. 12.

Consider a material point of the shell continuum (in-plane integration
point in an FE setting). At this macroscopic point generalised strains are
assumed to be known. In the particular case of a Mindlin–Reisner shell,
these generalised strains are the membrane strain tensor EM, the curvature
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tangents

Fig. 12. Scheme of the computational homogenisation for structured thin sheets.

tensor KM and the transverse shear strain γM. The application of the scheme
to other shell formulations (e.g. solid-like shells) can also be developed.
The vicinity of this macroscopic point is represented by a microstructural
through-thickness RVE. At the RVE scale all microstructural constituents
are treated as an ordinary continuum, described by the standard first-order
equilibrium and constitutive equations. The microscopic BVP is completed
by essential and natural boundary conditions, whereby the macroscopic
generalised strains are used to formulate the kinematical boundary condi-
tions on the lateral faces of the RVE, while the top and bottom RVE faces
(corresponding to the faces of the macroscopic shell) can be left traction-free
(which is typically relevant for shells that are not loaded in the out-of-plane
direction, e.g. flexible displays) or other boundary conditions consistent
with the out-of-plane loading of the shell can be prescribed.

Upon the solution of the microstructural BVP, the macroscopic gen-
eralised stress resultants, i.e. the stress resultant NM, the couple-stress
resultant (moment) MM and the transverse shear resultant QM, are
obtained by proper averaging the resulting RVE stress field. In this
way, the in-plane homogenisation is directly combined with a through-
thickness stress integration. Thus, from a macroscopic point of view, a
(numerical) generalised stress–strain constitutive response at every macro-
scopic in-plane integration point is obtained. The macroscopic consistent
tangent operators are also extracted through the condensation of the total



MULTISCALE MODELING IN SOLID MECHANICS - Computational Approaches
© Imperial College Press
http://www.worldscibooks.com/engineering/p604.html

August 4, 2009 10:8 9in x 6in b715-ch01

36 V. G. Kouznetsova, M. G. D. Geers and W. A. M. Brekelmans

microstructural stiffness in a structurally similar manner as discussed above.
Additionally, the simultaneously resolved microscale RVE local deformation
and stress fields provide valuable information for assessing the reliability
of a particular microstructural design. More details on the computational
homogenisation for shell structures can be found in the literature.71,72

9.3. Computational homogenisation for heat

conduction problems

Materials and structures are often subjected to thermal loading, which may
also be transient in nature, e.g. in the case of thermoshock. Typical exam-
ples of materials subjected to strong temperature changes and cycles include
thermal coatings, refractories in furnaces, microelectronics components and
engines. Deterioration and failure of the components at the macroscale
is known to originate from non-uniformity and mismatches between
microstructural constituents at the microscale resulting in thermal expan-
sion anisotropy and internal stress gradients. A computational homogeni-
sation approach for the coupled multiscale analysis of evolving thermal
fields in heterogeneous solids with complex microstructures and including
temperature- and orientation-dependent conductivities has recently been
proposed by Özdemir et al.73 The computational homogenisation frame-
work for heat conduction problems is schematically illustrated in Fig. 13.

qM

KM

MACRO

M

(transient) heat
conduction problem

heat conduction
boundary value problem

MICRO

∇M M

θ

θ

Fig. 13. Scheme of the computational homogenisation for heat conduction problems.
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At the macro level, a (transient) heat conduction problem is considered,
for which the thermal constitutive behaviour is not formulated explicitly,
but which is numerically obtained through a multiscale analysis. At each
macroscopic (integration) point, temperature θM and temperature gradient
∇MθM are calculated and used to define the boundary conditions to be
imposed on the microscopic RVE associated with this particular point.
The thermal constitutive behaviour of each phase at the micro level is
assumed to be known. After solving the microscopic heat conduction BVP,
the macroscopic heat flux �qM is obtained by volume averaging the resulting
heat flux field over the RVE. Additionally, the macroscopic (tangent) con-
ductivity KM is extracted from the microstructural conductivity. Although
the development of the computational homogenisation framework for the
heat conduction problems follows the same philosophy as its mechanical
counterpart discussed above, it poses some fundamental differences. More
details can be found in the literature.73 Combining the heat conduction
and the purely mechanical computational homogenisation schemes, a
coupled thermo-mechanical computational homogenisation framework can
be established and will be published in forthcoming works.
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34. C. Miehe, J. Schröder and J. Schotte, Computational homogenization anal-
ysis in finite plasticity. Simulation of texture development in polycrystalline
materials, Comput. Meth. Appl. Mech. Eng. 171, 387–418 (1999).
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