Chapter 1

Basic Concepts in Mathematical
Finance

In this chapter, we give an overview of basic concepts in mathematical
finance theory, and then explain those concepts in very simple cases, namely
in the single-term finite market.

1.1 Price Processes

Price processes of financial assets are usually modeled as stochastic pro-
cesses. So mathematical finance theory is based on probability theory,
particularly on the theory of stochastic processes.

The price process of an underlying asset is generally denoted by S; in
this book. The process S; is usually assumed to be positive and is expressed
in the following form

Sy = et (1.1)

The time parameter ¢ usually runs in [0, 7], 7" > 0, or [0, o0), and sometimes
we consider the discrete time case (t =0,1,...,7T).

1.2 No-arbitrage and Martingale Measures

In mathematical finance theory, properties of the market where the financial
assets are traded are vitally important. If the market works well, then the
economy should work well, but if the market does not work well, then the
economy shouldn’t work.

An important property of the market is its efficiency. This is the “no-
arbitrage” or “no free lunch” assumption in mathematical finance theory. A
brief definition of arbitrage is: “an arbitrage opportunity is the possibility to
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make a profit in a financial market without risk and without net investment
of capital” (see Delbaen and Schachermayer [30] p.4). The no-arbitrage
assumption means that a market does not allow any arbitrage opportunity.

The theory which is constructed on the no-arbitrage assumption is called
“arbitrage theory”. In arbitrage theory, the martingale measure plays an
essential role.

1.3 Complete and Incomplete Markets

If the market has enough commodities, then a new commodity should be a
replica of old ones, and we don’t need other new commodities. This concept
of sufficient commodities in the market is the meaning of completeness in
the market.

1.4 Fundamental Theorems

The two concepts introduced above are characterized by the concept of the

martingale measure. The following two theorems are well known. (See
Delbaen and Schachermayer (2006) [30] or Bjork (2004) [9] for details.)

Theorem 1.1. (First Fundamental Theorem in Mathematical Fi-
nance). A necessary and sufficient condition for the absence of arbitrage
opportunities is the existence of the martingale measure of the underlying
asset process.

Theorem 1.2. (Second Fundamental Theorem in Mathematical
Finance). Assume the absence of arbitrage opportunities. Then a nec-
essary and sufficient condition for the completeness of the market is the
uniqueness of the martingale measure.

If the market is arbitrage-free and complete, then the price of a contin-
gent claim B, w(B), is determined by

m(B) = Egle”™"" B, (1.2)

where @) is the unique martingale measure and r is the interest rate of the
bond. In the case where the market satisfies the no-arbitrage assumption
but does not satisfy the completeness assumption, then the price 7(B) is



Basic Concepts in Mathematical Finance 3
supposed to be in the following interval:

7n(B) € | inf Egle "' B], sup Eole”"TB]|, 1.3
(B) < | jut Eqle™""B]. sup Fole™"" B (1.3

where M is the set of all equivalent martingale measures. (See Theorem
2.4.1 in Delbaen and Schachermayer [30].)

1.5 The Black—Scholes Model

The most popular and fundamental model in mathematical finance is the
Black—Scholes model (geometric Brownian motion model). The explicit
form of the underlying asset process of this model is given by

S, = Soe(u—%az)t-&-th’ (1.4)
or equivalently in the stochastic differential equation (SDE) form
dSt = St (,Ltdt + O'th) s (15)

where p is a real number, o is a positive real number, and W; is a Wiener
process (standard Brownian motion).

The risk-neutral measure (= martingale measure) @ is uniquely deter-
mined by Girsanov’s theorem. Under ) the process W, =W, + (u—r)o1t
is a Wiener process and the price process S; is expressed in the form

St = 506(7‘_%02)75-"_0‘5& or dSt = St (Tdt + O'th) B (16)

where r is the constant interest rate of a risk-free asset. The price of an
option X is given by e "7 Eg[X]. The theoretical Black—Scholes price of
the European call option, C(Sp, K, T'), with the strike price K and the fixed
maturity 7" is given by the following formula:

Crx =C (S0, K,T) = e " Eq[(St — K)¥] = SoN(d1) — e " KN(dy),
(1.7)
where N (d) is the normal distribution function and

dy = log 3¢ + (r + 5)T d2:10g%+(r_%)T:d1—0\/f
oVT ’ oVT

(1.8)
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1.6 Properties of the Black—Scholes Model

We summarize the basic properties of the Black—Scholes model as follows.

1.6.1 Distribution of log returns

The log return is the increment of the logarithm of S,
1
AlOgSt :10gSt+At—lOgSt = (,u— 50'2)At+O'AWt, (19)

and the log return process is (p — %Uz)t + oW,

The distribution of the log return (or the log return process) of the
Black—Scholes model is normal. This is convenient for the calculation of
the option prices. For example, we have obtained the explicit formula of
the price of European call options. However, it is said that the distributions
of the log returns in the real market usually have a fat tail and asymmetry.
These facts suggest the necessity of considering another model.

1.6.2 Historical volatility and implied volatility

Under the setting of the Black—Scholes model, the historical volatility of
the process is defined as the estimated value of o based on the sequential
data of the price process S;. We denote it by . On the other hand, the
implied volatility is defined in the following way. Suppose that the market
price of the European call option with the strike K, say C’%m) were given,
then the value of o which satisfies the equation

SoN(dy) — e "TKN(dy) = C{™ (1.10)

is the implied volatility, and this value is denoted by O'%m). It should be
noted that the implied volatility a%m) depends on the strike value K but,
on the contrary, that the historical volatility ¢ does not depend on K.

We first consider the case where the market value of options obeys
the Black—Scholes model, and so the market price Cﬁ(m) is equal to the
theoretical Black—Scholes price C'k. In this case the solution of the equation
for the implied volatility is equal to the original o and it holds true that

o%m) = o = constant. This means that if the market exactly obeys the

Black—Scholes model, then the implied volatility O’%m) should be equal to
the historical volatility o.
But in the real world this is not true. It is well known that the implied

volatility is not equal to the historical volatility, and the implied volatility
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Ug( ) is sometimes a convex function of K, and sometimes a combination
of a convex part and a concave part. These properties are the so-called
“volatility smile or smirk” properties.

1.7 Generalization of the Black—Scholes Model

The Black—Scholes model is a complete market model, but it is said that
the real market is incomplete in general. So we have to construct a suitable
model for the incomplete market.

1.7.1 Geometric Lévy process models

We start from the explicit form of geometric Brownian motion:
Sy = Speln—zo)tte W, (1.11)

It is a natural idea to replace the Wiener process with a more general Lévy
process Z; and consider the process

S, = Sye?t. (1.12)

The processes of this type are called the geometric Lévy processes (GLP) or
exponential Lévy processes. The [GLP & MEMM] pricing models, which
are explained in Chapter 7, are of this type of generalization of Black—
Scholes model.

The class of Lévy processes is very diverse and the distributions of .S;
may have a at tail and may be asymmetric, and the geometric Lévy process
models are generally incomplete market models. These models are studied
in Chapter 2.

1.7.2 Stochastic volatility models
We start from the SDE form of the Black—Scholes model,

dS; = S¢ (udt + odWy) . (1.13)
When we randomize the volatility ¢ and consider the equation

dS; = S¢ (udt + 5:dWy) (1.14)

where ; is a stochastic process, then we obtain the so-called stochastic
volatility model.



6 Option Pricing in Incomplete Markets

This model is a very natural one when we think the volatility is depen-
dent on the economic environment. (See Chapter 15 of Cont and Tankov
(2004) [25] for this model.)
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