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Fig. 7. The normalized fraction of the electric field energy in the gap [Eq. (21)] and G-
SPP propagation length as a function of the normalized gap width u = #/d, for the air gap
in gold for several light wavelengths (adapted from Ref. 18).

It is interesting that within a wide range of the gap widths the
normalized G-SPP propagation length seems dependent on only one
parameter, the normalized gap width u = #/d,4 (Fig. 7). This feature allows
one to determine the G-SPP propagation length for any gap widths and
wavelengths using the universal dependence Ly, = Ly,R*(u), where the
function R*(u) can be approximated by the above expression [Eq. (20)]
with a few percents of error (Fig. 7). Finally, it should be noted that the
condition for gap width ensuring the longest G-SPP propagation length,
Uopt = lop/dq = 7, resembles the resonator condition since d;l :kg
represents the SPP transverse wave-vector component [Eq. (20)].

6. Effective-index modelling of SPP waveguides

Let us now make use of the explicit relations established for different
SPP modes in the previous sections and analyze various waveguide
configurations ensuring the lateral, i.e. two-dimensional (2D),
confinement of SPP modes such as stripe, groove and trench waveguides
with the help of the effective-index method (EIM). The main attractive
feature of the EIM is that it allows one to combine the results of
modeling conducted for one-dimensional (1D) waveguide configurations
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so that the characteristics of 2D (channel) waveguides can be described".
For a rectangular-core waveguide, one should first analyze a planar
(slab) waveguide obtained by letting one dimension of the original 2D
waveguide approach infinity. Thus obtained mode propagation
constant(s) is then used to define the corresponding effective dielectric
index(s) assigned to the core index(s) of another 1D waveguide
considered in the perpendicular direction. The propagation constant(s) of
this second waveguide are taken to represent those of the original
rectangular waveguide'®. The EIM is one of the most extensively used
approaches for modeling of dielectric channel waveguides in integrated
optics™, where its validity has been scrutinized and various corrections
have been introduced*'. The EIM has also been successfully applied to
modeling of weakly guided SPP modes supported by thin metal stripes of
finite width'*** and strongly confined SPP modes supported by V-
grooves' "> and trenches'’ in metals. In this Section, several 2D metal
waveguide configurations that are able of supporting laterally confined

SPP modes (Fig. 8) are considered by making use of the EIM.

6.1. Symmetric thin-film optical waveguides

We start with introducing normalized waveguide parameters for 1D
symmetric thin-film optical waveguides and recalling useful
expressions™ established for the mode effective index N and effective
waveguide thickness W. An optical waveguide consisting of a film (core)
with the thickness w and refractive index n; embedded in the dielectric
medium (cladding) with the refractive index n, can be conveniently
characterized with the normalized frequency (or film thickness) V and
mode index b as follows>*:

V= wkoyni —n; and b:(N2 —ng)/(nf _nzz) (22)

It turned out that, for TE modes (the electric field is parallel to the film
surfaces and perpendicular to the mode propagation direction), solutions
of the corresponding (implicit) waveguide dispersion relation can be
approximated for modes being very far from cutoff (b ~ 1) by a simple
explicit relation®
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where m is the mode index (im = O for the fundamental mode). In passing
we note that, for modes being very close to cutoff (b << 1), the
normalized mode index can be expressed by b = 0.25(V — mx)?>.

The single-mode waveguide design is often aimed at achieving the
best lateral mode confinement because this confinement strongly
influences the maximum density of waveguide components in integrated
optical circuits'’. It is convenient to introduce the effective waveguide
thickness W that includes the core thickness and the mode field
penetration depth into the cladding normalized with respect to the light
wavelength and index contrast™:

2 2 2 2
W =kon nz[w"'ko Nz—ngJ V+JE . (24)
It is seen that the effective waveguide thickness diverges both for modes
being very far from cutoff (b — 1 implying V — o) and for those being
very close to cutoff (b — 0), reflecting the fact that the waveguide mode
cannot be indefinitely squeezed by decreasing the waveguide core
thickness. The dependence W(V) features quite a broad minimum®,
reaching the value Wy, = 4.93 at V, = 1.73. Such a waveguide supports
the fundamental mode with b, = 0.39 that carries ~ 60% of the mode
power within the waveguide core, with the rest of power propagating in
the cladding®™. The parameter space for the single-mode symmetric
waveguide, within which the fundamental TE mode is well confined, can
thereby be determined by the following unequality: 1.73 < V < 7 The
fundamental (even) mode at the onset of the second (odd) mode (i.e.,
when V; = 7) is characterized with b, = 0.65 and carries ~ 84% of the
mode power within the waveguide core™.

6.2. Stripe SPP waveguides

The SPP waveguide configuration representing a finite-width metal
stripe placed on a dielectric substrate [Fig. 8(a)] is probably the most
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natural (it is realized immediately by limiting the lateral extent of a metal
film supporting SPPs) and certainly the best studied one to date®. The
main problem with this configuration is that the stripe SPP modes are
very close to the light line, even closer than SPPs supported by metal
surfaces (Section 3), and prone therefore to experience radiation losses,
leaking out into a dielectric substrate with a relatively large refractive
index [Fig. 8(a)]. This radiation loss increases drastically for modes
approaching cutoff (since their fields spill progressively out of the stripe)
and becomes dominant, exceeding the “natural” SPP loss by absorption
in the metal®’.
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Fig. 8. Schematic of the considered SPP waveguide configurations ensuring the 2D
lateral mode confinement.

Careful analysis of stripe SPP waveguides requires elaborate
numerical modelling®”**, but quite accurate design guidelines can be
easily worked out using the EIM** especially when making use of the
waveguide description with the normalized parameters introduced above.
Within the EIM framework guided modes of the stripe SPP waveguide
[Fig. 8(a)] can be approximated by TE modes of a symmetric dielectric
waveguide consisting of the core with the thickness w and refractive
index n, = ky/k, [Eq. (8)] embedded in the dielectric with the refractive
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index n, = 1. Here it is also assumed that the metal stripe thickness 7 is
sufficiently large to decouple the SPPs supported by the upper and lower
stripe surfaces, otherwise one should use a suitably corrected expression
for the SPP propagation constant'~ instead of Eq. (8). The corresponding
normalized frequency can then be found simply by combining Egs. (8)
and (22):

pr = Wko/ |1+8m| ) (25)

Taking into account evolution of the effective waveguide thickness
described by Eq. (24) along with the above relation, the best lateral mode
confinement should be expected to occur for the stripe widths close to
W, 50.275/1,I|1+8m| . Note that, since at this value ~ 40% of mode power
is carried outside the stripe (contributing thereby to the radiation leakage
into the substrate), this width should also be considered as the (cutoff)
width, below which the mode propagation loss would drastically
increase. Considering gold stripes and the light wavelength of 780 nm
one obtains (using the gold susceptibility Re(g,) = - 24.13) the minimal
stripe width wy = 1.1 ym, a value which is in good agreement with the
numerical result obtained using the full-vectorial finite-difference
method®®, Concluding this subsection, I would like to emphasize that,
while the stripe SPP waveguides are conceptually appealing and easy to
fabricate, their operation is diffraction limited, a circumstance that
severely decreases their application potential.

6.3. Symmetric stripe SPP waveguides

The symmetric SPP waveguide configuration representing a finite-width
metal stripe embedded in a dielectric [Fig. 8(b)] is probably the second-
best studied configuration, at least with respect to supporting the LR-SPP
modes'***°. Similarly to the previous configuration, careful analysis of
these waveguides requires elaborate numerical modelling®, but the EIM
has been found adequate for evaluating the mode characteristics
including the propagation length for modes being far from cutoff'***. On
the contrary, the symmetric stripe SPP modes are not leaky and the only
loss mechanism, at least in the idealized configuration, is related to the
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radiation absorption, i.e. to ohmic losses, as is the case with conventional
SPPs (Section 3). This means that the propagation length of symmetric
stripe SPP modes is always larger than that of the corresponding plane
(LR- or SR-) SPP and increases with the decrease of the stripe width, as
the mode fields progressively spread further away into the dielectric.

Following the same procedure as in the previous subsection and using
the approximation valid for thin metal films [Eq. (14)], one obtains for
the normalized frequency of LR-SPP modes supported by finite-width
stripes the following simple expression:
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Considering that very often |€m|>> £,, the condition for the best lateral
mode confinement can be readily found: w,=0.088 4" /(t&,) . The onset
of the second mode (i.e., when V|, = 7x) determines the upper limit
w, =0.16 2> /(te,) for stripe widths ensuring the single-mode operation.
Considering 15-nm-thick gold stripes embedded in the dielectric with n =
1.535 and the light wavelength of 1550 nm one obtains the stripe width
wp = 6.0 um to achieve the best mode confinement and the second-mode
cutoff width w; = 11 um, both values being in good agreement with the
reported results'®. It transpires that the operation of symmetric stripe LR-
SPP waveguides is also diffraction limited [Eq. (26)]. However, due to
exceedingly small propagation (< 1 dB/mm) and coupling (< 1 dB)
losses (when using single-mode fibers) achieved for nm-thin metal
stripes at telecom wavelengths'®, a number of promising practical
photonic components have already been successfully realized'**".

The symmetric SPP waveguide configuration [Fig. 8(b)] supports also
the propagation of SR-SPP modes that are tightly bound to the metal
surface (Section 4). Using the appropriate approximation for thin metal
films [Eq. (16)], one obtains for the normalized frequency of SR-SPP
modes supported by finite-width stripes the following simple expression:

~ W&
Vo = 2t| e - 27)
Contrary to the previous cases [Eqgs. (25) and (26)], the above expression
does not contain explicitly the light wavelength, signifying the fact that
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the operation of symmetric stripe SR-SPP waveguides is not limited by
diffraction. This remarkable feature is directly related to the SR-SPP
property of being progressively confined to a metal film whose thickness
t decreases to zero, with the SR-SPP wavelength and propagation
distance being correspondingly decreased (Section 4). In this respect, the
stripe  SR-SPP configuration is similar to other SPP waveguide
configurations ensuring truly subwavelength mode confinement (i.e., not
limited by diffraction) discussed in detail in other chapters of this book.
Considering the same configuration parameters as above, i.e. t = 15 nm,
A=1550 nm, & = 2.36, Re(&,) = - 132, results in the width wy = 726 nm
to achieve the best mode confinement and the second-mode cutoff width
wy = 132 um. A well-guided stripe SR-SPP mode exhibits the
propagation length and effective index that are quite similar to those of
the plane SR-SPP *°, and these can be readily evaluated using Eq. (17) as
Ly = 6.0 um and Nei = 1.65. The latter value can in turn be used to
determine the mode confinement in depth (perpendicular to the stripe
surface) via the field evanescent decay length in the dielectric,
A/ 27[)~(N62ff—8d)_0'5, as being equal to 816 nm, which makes the
stripe SR-SPP mode featuring nearly symmetrical (and subwavelength)
lateral confinement. Note that the stripe geometrical parameters (and
thereby the mode confinement) can be further decreased by decreasing
the stripe thickness [Eq. (27)], though at the expense of decreasing the
propagation length (Section 4). Finally, since the main SR-SPP
component in the dielectric (E,) is anti-symmetric, the stripe SR-SPP
mode should exhibit a high reflectivity at the stripe termination due to
impedance mismatch with the propagating EM waves, a circumstance
that can be successfully exploited when designing resonant nano-
antennas''®. In this respect, it can be advantageous to make use of
square metal rods embedded in a dielectric that support various SPP
modes, including the corresponding SR-SPP mode exhibiting radial
orientation of the transverse electric field component™.

6.4. G-SPP waveguides

The G-SPP characteristics discussed above (Section 5), especially a non-
trivial dependence of the G-SPP propagation length on the gap width
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(Fig. 7), indicate that the G-SPPs exploit in the most efficient way the
available dielectric space (gap) between the metal walls minimizing
thereby the absorption loss'’. This remarkable feature stimulates
investigations of various G-SPP-based waveguide geometries. Since the
G-SPP effective index is strongly dependent on the gap width (increasing
with its decrease) it is natural to exploit this dependence for achieving
the 2D lateral mode confinement, e.g. by laterally varying the gap
width* as shown in Fig. 8(c). The G-SPP mode in such a configuration is
laterally confined to a dielectric stripe between the closest metal
surfaces, where the G-SPP effective index reaches its largest value. This
configuration is considered in detail in Chapter 4, and I present here only
simple design relations in the spirit of the previous subsections.

For this purpose, it is desirable to further simplify the small-gap
approximation given by Eq. (19), which is somewhat cumbersome to
handle. Considering various terms in this approximation one notices that
for not too small gaps, i.e. when ‘kgw <k, @t>(ﬂ€d)/(7r|8m|), it can be
approximated as follows:

2e,4/€,-€,
Kon =hoy& + =70y (28)
The G-SPP characteristics were calculated for air gaps in gold and
several wavelengths in the interval between visible and telecom
wavelengths (for the parameters listed in Section 5) using the exact
(implicit) dispersion relation [Eq. (18)] and the above explicit (analytic)
formula (Fig. 9). It is seen that the above approximation gives fairly
accurate values for both the G-SPP propagation length and effective
index, in fact progressively more accurate for longer wavelengths
because of larger values of |€m| . Considering the system parameters used
for simulations of G-SPP waveguides”, ie. A=532nm, & =1, Re(&,) =
- 12.6 (silver), t = 34 and 85 nm, results when using Eq. (28) in the
effective G-SPP index N = 1.57 and 1.26, respectively, values that
agree well with the values V.= 1.61 and 1.28 obtained directly from the
dispersion relation™.
The normalized frequency corresponding to the variable-gap (G-SPP)
waveguide configuration [Fig. 8(c)] can be readily obtained by using
Egs. (22) and (28):
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L mele—el (11
Ver 2N Tl (;5). (29)

It seen that the above normalized frequency depends explicitly on the
light wavelength, reflecting the fact that the gap width values considered
are relatively large. In the limit of very narrow gaps, i.e.
when‘k ‘>>k S1r<< (igd)/(z|€ |) , the G-SPP dispersion becomes the
same as that of the SR-SPP (Section 5), and the corresponding
normalized frequency becomes equal to that given by Eq. (27) if D >> ¢
[Fig. 8(c)]. The wavelength dependence disappears in this limit as
expected for the SPP waveguides whose operation is not limited by
diffraction. Note that the above condition is rather stringent requiring
extremely narrow gaps, e.g. the gap width # << 13 nm is required for the
system parameters used in the previous example.

Mode effective index

Propagation length (jum)

700 200 300 400 500
Gap width (nm})

Fig. 9. The G-SPP mode effective index and its propagation length as a function of the
width 7 of air gap in gold for several light wavelengths calculated exactly [Eq. (18)] and
using the analytic (moderate gap) approximation [Eq. (28)].

The G-SPP modes can be confined in the lateral direction not only by
varying the gap width’® but also by using two metals with sufficiently
different susceptibilities33 as shown in Fig. 8(d) and considered in detail
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in Chapter 5. The corresponding normalized frequency can be easily
worked out essentially in the same manner as that used above for G-SPP
waveguides with the variable gap width. Considering the system
parameters used for simulations of G-SPP hetero-waveguides”, ie. A=
539.1 nm, & = 2.25, Re(&y) = - 42.13 (aluminum), Re(&y,) = - 10.55
(silver), t = 15 nm, results when using Eq. (19) in the effective G-SPP
indexes N.g = 2.55 and 3.80, respectively, and thereby in the normalized
frequency V = 0.033w [Eq. (22)]. The latter relation implies that the best
lateral mode confinement should be expected for the silver width wy = 53
nm (corresponding to V, = 1.73), a value that agrees well with the
reported numerical simulations regarding the mode width dependence
upon the silver width®. Similarly to the previous case, the wavelength
dependence of the normalized frequency of G-SPP hetero-waveguides
disappears in the limit of very narrow gaps:

Vion =2

WEG| -1 -1
hgsp

; Em—Em2 ,

m

(30)

signifying the fact that their operation is not limited by diffraction as
well. It should be emphasized that careful analysis of G-SPP waveguides
requires accurate simulations using advanced numerical techniques
(Chapters 4 and 5) and the relations introduced above can serve only as
guidelines for narrowing down the parameter space to be explored in
theoretical and experimental investigations.

6.5. Channel SPP waveguides

The possibility of guiding of electromagnetic waves by a channel cut into
an otherwise planar surface of a solid (metal or polar dielectric)
characterized by a negative dielectric function was first considered by
Maradudin and co-workers (in the electrostatic limit** and with
retardation being taken into account”) and then demonstrated
experimentally for telecom wavelengths™. Considering a straight groove
cut into metal and having a rectangular [Fig. 8(e)] or gradually varying
[Fig. 8(f)] cross section, one realizes that, since light tends to be confined
in regions with higher refractive indexes (because of total internal
reflection), sufficiently deep grooves should support bound modes
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formed by G-SPPs, whose effective index increases with the decrease in
the gap width (Section 5).

The SPP modes supported by rectangular trenches [Fig. 8(e)] can be
described within the EIM framework by considering TE-modes in a
three-layer structure, in which a dielectric core having the effective index
of the corresponding G-SPP is sandwiched between the air cladding and
the gold substrate'’. Using the approximation of moderately narrow
trenches, i.e. under the condition ‘kgép‘<k0 s w>(/18d)/(72'|8m|) , one can
express the normalized frequency of trench SPP (TPP) waveguides as
follows [Eqgs. (22) and (28)]:

_ re, |€d—€|
Vipp = 2d T Awe] 31)

The TPP mode fields decrease to (nearly) zero at the trench bottom
because of a large magnitude of the dielectric constant of the metal
substrate and the boundary condition for the electric field"’. For this
reason, the TPP modes are nearly identical to the corresponding (odd)
modes of the symmetrical (G-SPP) waveguide having the double width,
a circumstance that allows one to deduce a simple relation for the single-
mode TPP guiding [17]: 0.57< Vi,p(w, d) < 1.57 Using as a compromise
Vip = 7, one obtains the following design formula for the single-mode
TPP waveguides [Eq. (31)]:

2
)
Considering the system parameters used for simulations of TPP
waveguides in gold at telecom wavelengths, i.e. w = 500 nm, 4 = 1.55
um, & = 1, Re(g,) = - 132, results when using Eq. (32) in the trench
depth d = 2.64 um, a value that ensures indeed good confinement of the
TPP mode inside the trench'’.

The SPP modes supported by metal grooves, in particular V-grooves
[Fig. 8(f)], are conventionally called channel SPPs (CPPs)”
considered in detail in Chapters 9 and 10 (experimental results on CPP-
based nanophotonic components can be found in Chapter 11). Careful
analysis of CPP waveguides requires elaborate numerical modelling™™’,
but the design guidelines can be worked out using the EIM'">. W1th1n

7 el

I

4e,les—€, (32)
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the framework of the EIM, one can find the CPP modes supported by a
V-groove through analyzing a one-dimensional layered (in depth)
guiding structure, in which the top layer of air and the bottom layer of
metal abut a stack of layers having refractive indexes determined by the
layer depth: an index is equal to the G-SPP effective index for a gap
width corresponding to the groove width at this depth™. The normalized
frequency of CPP waveguides can be obtained by integrating the index
contrast over the groove depth, a straightforward procedure when using
the moderate gap approximation [Eq. (28)] that results in the following

expression:
kod €4 4/|€, £|
Vo =2 le,|tan(6/2) - (33)

It is seen that, since tan(6/2)=0.5w/d (w being the groove width at the
top of the groove), the CPP waveguide parameter is exactly twice that of
TPP [Eq. (31)]: Vipp = 2Vip. The latter relation is somewhat surprising as
the cross section of a CPP waveguide is twice smaller than that of the
TPP waveguide [cf. Figs. 8(e) and 8(f)]. On the other hand, the G-SPP
effective index increases with the decrease in the gap width and, thereby,
narrower channels (grooves) represent stronger waveguides (i.e., with
larger normalized frequencies), as is also transparent from Egs. (31) and
(33), which accounts for the relation above. Note that the above relation
for the CPP waveguide parameter [Eq. (33)] involves additional
approximations as compared to Eq. (31). Thus, when using the EIM for
CPP waveguides, it is implicitly assumed that the CPP electric field is
polarized parallel to the sample surface, an approximation that can be
justified only for narrow (€ << 1) grooves’. Furthermore, when
obtaining Eq. (33), the moderate gap approximation was applied for the
gap widths varying all the way from O to the (maximum) groove width at
the top of the groove. Conducting accurate simulations with a finite-
element method it has recently been directly verified, that the CPP field
magnitude distributions calculated for two different V-groove
waveguides (operating at different wavelengths) characterized with the
same parameter Vi,,(4, 6, d) = 1.34x [Eq. (33)] bear indeed a close
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resemblance to each other, exhibiting a rather similar CPP confinement
to the groove region™.

Concluding this Section I would like to note that, for the TPP and
CPP waveguides being far from cutoff, the lateral (in width) mode
confinement is simply determined by the groove width w at the groove
top. It should be borne in mind that, as the TPP or CPP modes approach
the cutoff and the mode fields become progressively larger at the groove
edges, one should expect the occurrence of mode coupling to wedge SPP
modes leading to their hybridization®’. In general, for all considered SPP
waveguide configurations ensuring the 2D lateral mode confinement
(Fig. 8) such a hybridization of the SPP waveguide and wedge modes
becomes important when approaching the cutoff. The correspondent
behavior cannot be described with the EIM and requires accurate
modeling using advanced numerical techniques described in detail in the
following Chapters. On the other hand, the expressions for the
normalized frequency of different SPP waveguides obtained in this
Section can still be used as practical guidelines to design waveguides for
operation within a given wavelength range, so as to ensure the single-
mode operation with a well-confined fundamental mode being far away
from the cutoff. The latter is very important since, in practice, any
structural irregularities would result in the coupling of SPP waveguide
modes (especially those close to the cutoff) to plane SPPs propagating
away from the waveguide and thereby in additional propagation loss.
Finally, I would like to remark that it is also possible to estimate the
propagation length and effectives index of a well-guided fundamental
mode simply by considering the corresponding LR-, SR- or G-SPP
modes. Typically, such estimation would slightly overestimate the mode
propagation loss and effective index as compared to the values obtained
by using the EIM for determining the mode properties'’.
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