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where kmax denotes the degree of the most connected node in the network. 
Type II subgraphs are those that satisfy (m-n+1)α-(n-γ)>0, and their 
number is given by NII

nm~N. As even for finite networks kmax>>1, the 
typical number of Type I subgraphs is significantly larger than the 
number of Type II subgraphs (NI

nm/NII
nm >>1). Moreover, for infinite 

systems (N→∞) the relative number of Type II subgraphs is vanishingly 
small compared to Type I subgraphs, as NI

nm/NII
nm→∞.  

This subdivision in Type I and II subgraphs is shown in Fig. 2 for five 
cellular networks: the metabolic networks of E. coli and S. cerevisiae, the 
regulatory networks of E. coli and S. cerevisiae, and the protein 
interaction network of S. cerevisiae; and different (n,m) subgraphs. The 
(m-n+1)α-(n-γ)=0 condition, predicted to separate the Type I and II 
subgraphs, appears as stepped yellow phase boundaries in the phase 
diagrams. For example, for the E. coli transcriptional regulatory network 
with α=1 and γ=2.1 (Table 1) the phase boundary corresponds to a 
stepped-line with approximate overall slope 1+1/α=2.0 and intercept -1-
γ/α =-3.1 (Fig. 1a). The Type II subgraphs are those above this boundary, 
and should be either absent, or present only in very low numbers in the 
transcriptional regulatory network. In contrast, the Type I subgraphs 
below the boundary are predicted to be abundant. Comparing Figs. 2a-e 
we find that while the stepped phase boundaries for the different cellular 
networks differ due to the differences in the (γ,α) exponents (Table 1), 
the observed densities in the real networks follow relatively closely the 
predicted phase boundaries. Occasional local deviations from the 
predictions can be attributed to the error bars of the (γ,α) exponents 
(Table 1), which allow for some local uncertainties for the phase 
boundary. Figures 1a-e also indicate that, in agreement with the 
empirical findings (30-33), each cellular network is characterized by a 
distinct set of over-represented Type I subgraphs, raising the possibility 
of classifying networks based on their local structure (4). Yet, the phase 
diagrams demonstrate that knowledge of the two global topological 
parameters introduced in Sections 2.1 and 2.2 automatically uncovers the 
local structure of cellular networks, suggesting that a subgraph- or motif-
based classification are equivalent with a classification based on the 
different (γ,α) exponents characterizing these networks. 
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Figure 3. Graphical representation of three network models: (a) and (d) The ER (random) 
model, (b) and (e) the BA (scale-free) model and (c) and (f) the hierarchical model. The 
random network model is constructed by starting from N nodes before the possible node-
pairs are connected with probability p. Panel (a) shows a particular realization of the ER 
model with 10 nodes and connection probability p=0.2. In Panel (b) we show the scale-
free model at time t (green links) and at time (t+1) when we have added a new node (red 
links) using the preferential attachment probability (see Eq. (4)). Panel (c) demonstrates 
the iterative construction of a hierarchical network, starting from a fully connected cluster 
of four nodes (blue). This cluster is then copied three times (green) while connecting the 
peripheral nodes of the replicas to the central node of the starting cluster. By once more 
repeating this replication and connection process (red nodes), we end up with a 64-node 
scale-free hierarchical network. In Panel (d) we display a larger version of the random 
network, and it is evident that most nodes have approximately the same number of links. 
For the scale-free model, (e) the network is clearly inhomogeneous: while the majority of 
nodes has one or two links, a few nodes have a large number of links. We emphasize this 
by coloring the five nodes with the highest number of links red and their first neighbors 
green. While in the random network only 27% of the nodes are reached by the five most 
connected nodes, we reach more than 60% of the nodes in the scale-free network, 
demonstrating the key role played by the hubs. Note that the networks in (d) and (e) 
consist of the same number of nodes and links. Panel (f) demonstrates that the standard 
clustering algorithms are not that successful in uncovering the modular structure of a 
scale-free hierarchical network. 
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Table 1. The γ and α exponents for five cellular networks, determined from a 
direct fit to the P(k) and C(k) functions. 

Transcription Metabolic  Protein Interaction  
E. coli S. cerevisiae E. coli S. cerevisiae S. cerevisiae 

γ 2.1±0.3 2.0±0.2 2.0±0.4 2.0±0.1 2.4±0.4 
α 1.0±0.2 1.0±0.2 0.8±0.3 0.7±0.3 1.3±0.5 

3. Network Models 

As we have just seen, many biological networks are dominated by a 
scale-free distribution of nearest neighbors. Why is this power-law 
behavior so pervasive? To understand the cause of the scale-free degree 
distribution and the hierarchical network structure, we will in the 
following explain three models that serve as network paradigms. These 
models build on very different principles and, to varying degrees, are 
able to explain the observed network features. 

 

 
Figure 4. Properties of the three network models. (a) The ER model gives rise to a 
Poisson degree distribution P(k) (the probability that a randomly selected node has 
exactly k links) which is strongly peaked at the average degree k . The degree 
distributions for the scale-free (b) and the hierarchical (c) network models do not have a 
peak, they instead decay according to ( ) ~P k k γ− . The average clustering coefficient for 
nodes with exactly k neighbors, C(k), is independent of k for both the ER (d) and the 
scale-free (e) network model. (f) In contrast, 1~)( −kkC  for the hierarchical network 
model. 
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3.1.  Random Network Model 

In discussing the origin of the observed power-law behavior, we need to 
first understand the properties of the simplest available network model. 
While graph theory initially focused on regular graphs, since the 1950's 
large networks with no apparent design principles were described as 
random graphs (37), proposed as the simplest and most straightforward 
realization of a complex network. According to this Erdos−Renyi (ER) 
model of random networks (38), we start with N nodes and connect every 
pair of nodes with probability p. This creates a graph with approximately 
pN(N-1)/2 randomly distributed edges (Fig. 3a,d). The distribution of 
nearest neighbors follows a Poisson distribution (Fig. 4a), and 
consequently the average degree k  of the network describes the 
properties of a typical node. Furthermore, for this “democratic” network 
model, the clustering is independent of the node degree k (Fig. 4d). The 
ER model, although simple and appealing, does not capture the 
properties of neither the degree distribution nor the clustering coefficient 
observed in biological networks. 

3.2.  Scale-Free Network Model 

In the network model of Barabási and Albert (BA), two key mechanisms, 
which both are absent from the classical random network model, are 
responsible for the emergence of a power-law degree distribution (19). 
First, networks grow through the addition of new nodes linking to nodes 
already present in the system. Second, there is a higher probability to link 
to a node with a large number of connections, a property called 
preferential attachment. These two principles are implemented as 
follows: starting from a small core graph consisting of m0 nodes, a new 
node with m links is added at each time step and connected to the already 
existing nodes (Fig. 3b,e). Each of the m new links are then preferentially 
attached to a node i (with ki neighbors) which is chosen according to the 
probability 

 ∑=Π
j

jii kk / . (4) 
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where ijν̂  is the mass carried by reaction j which produces (consumes) 
metabolite i. If all reactions producing (consuming) metabolite i have 
comparable ijν̂  values, ),( ikY  scales as k/1 . If, however, a single 
reaction’s activity dominates Eq. (6), we expect 1~),( ikY , i.e., ),( ikY  
is independent of k. For the E. coli metabolism optimized for succinate 
and glucose uptake we find that both the in and out degrees follow  
the power law 27.0~),( −kikY , representing an intermediate behavior 
between the two extreme cases (46). This suggests that the large-scale 
inhomogeneity observed in the overall flux distribution is increasingly 
valid at the level of the individual metabolites as well: for most 
metabolites, a single reaction carries the majority of the flux. Hence, the 
majority of the metabolic flux is carried along linear pathways – the 
metabolic high flux backbone (HFB) (46). 

4.2.  Gene Interactions 

One can also investigate the strength of the various genetic regulatory 
interactions provided by microarray datasets. Assigning each pair of 
genes a correlation coefficient which captures the degree to which they 
are co-expressed, one finds that the distribution of these pair-wise 
correlation coefficients follows a power law (47,48). That is, while the 
majority of gene pairs have only weak correlations, a few gene pairs 
display a significant correlation coefficient. These highly correlated pairs 
likely correspond to direct regulatory and protein interactions. This 
hypothesis is supported by the finding that the correlations are larger 
along the links of the protein interaction network and between proteins 
occurring in the same complex than for pairs of proteins that are not 
known to interact directly (56-59). 

Taken together, these results indicate that the biochemical activity in 
both the metabolic and genetic networks is dominated by several ‘hot 
links’ that represent a few high activity interactions embedded into a web 
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of less active interactions. This attribute does not seem to be a unique 
feature of biological systems: hot links appear in a wide range of non-
biological networks where the activity of the links follows a wide 
distribution (60,61). The origin of this seemingly universal property is, 
again, likely rooted in the network topology. Indeed, it seems that the 
metabolic fluxes and the weights of the links in some non-biological 
system (60,61) are uniquely determined by the scale-free nature of the 
network. A more general principle that could explain the correlation 
distribution data as well is currently lacking. 

5. Conclusion 

Power laws are abundant in nature, affecting both the construction and 
the utilization of real networks. The power-law degree distribution has 
become the trademark of scale-free networks and can be explained by 
invoking the principles of network growth and preferential attachment. 
However, many biological networks are inherently modular, a fact which 
at first seems to be at odds with the properties of scale-free networks. 
However, these two concepts can co-exist in hierarchical scale-free 
networks. In the utilization of complex networks, most links represent 
disparate connection strengths or transportation thresholds. For the 
metabolic network of E. coli we can implement a flux-balance approach 
and calculate the distribution of link weights (fluxes), which (reflecting 
the scale-free network topology) displays a robust power-law, 
independent of exocellular perturbations. Furthermore, this global 
inhomogeneity in the link strengths is also present at the local level, 
resulting in a connected “hot-spot” backbone of the metabolism. Similar 
features are also observed in the strength of various genetic regulatory 
interactions. Despite the significant advances witnessed the last few 
years, network biology is still in its infancy, with future advances most 
notably expected from the development of theoretical tools, development 
of new interactive databases and increased insights into the interplay 
between biological function and topology.  
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