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Thus, when p(z) = %:c,
]

/ 11(p<w) — o*)da

is minimal, and
1
8
3 3\2 —
;Iémf_l(p(:c) z°)4dz = 75

1111

Suppose that 4 is an n x n matrix and that

T1 n
= E y Y= : s y*=(y1)""yn)~
Tn Yn

Suppose that all the entries of 4, z, and y are real.
(a) Show that there exist numbers a and b so that

det(A + sxy*) = a + bs.

(b) Show that if det(A) # 0 then a = det(A4) and b = det(A4) - y* A~ 1z.
(¢) Is it true that a = 0 if det(4) = 07
- (Courant Inst.)
Solution.
(a) Directly,

det(A4 + szy*)
a11+ST1yY1 - Gin + 5T1Yn
= det cee ce ces
Ap1 + 8TpY1 ¢ dpn + STpYn
@11 Gin
— det cen ces “es
Qp1 **° Qan
T s Ty aii ot Qin
+s- det . 2% . .?n + det asi s a3n
ap1  ***  COpp '

an1 crr Gap
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a11 th Q1n
4o det
Gp-1,1 *** Gp-1n
anlY1 =+ TpYn

Hence det(A + szy*) = a + bs for some a and b, for any s.
(b) Since for any s, det(A4 + szy*) = a + bs as in (a), we have a = det(4)
and

a11 cen ai
TiY1 cc Tivn "
a21 DI az wzyl e wzyn
b = det " + det as1 -+ as,
Gp1 '  Qpp .
Gp1  ***  Qpp
a11 T Qin
+ .-+ det
Gp—-11 **° Qp-1n
Tn¥Y1 ° TpYn
n n n
= D myidy+ Y zayiAs 4o+ > " 2nyjAnj
j=1 Jj=1 Jj=1

n n
= Y (Zyinj) ;
i=1 j=1

where A;; is the algebraic cofactor of a;;. If det A # 0,
1 Aun 0 Anm
A=~ .
det(4) Ain o Apn
n n
b = Z:c,' ZyjA,'j
=1 ji=1

Ay e Ap '
- y*u DECIEY .o e .w
Aln te Ann r

= y*(det(4)- A"z
= det(4) -y*4A7z.

Thus

(c) If det(A) = 0, a = det(4) = 0.



