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Corollary 1.3.13. If f : I — X s Bochner integrable and
g: I — X is such that f(t) = g(t) for almost allt € I then g is
Bochner integrable and [, f = [, g.

Proof. Since g =g — f+ f and g — f is Bochner integrable
by Theorem 1.3.12, we obtain the statement immediately.
g

Corollary 1.3.13 makes it possible to identify functions which
are equal almost everywhere as is usual in the Lebesgue theory.

Remark 1.3.14. For the case X = R, ie. for f: [ — R,
the definition of Bochner integrability and the Bochner integral
(Definition 1.3.5 or Definition 1.3.11) give an alternative ap-
proach to Lebesque integrability and the Lebesgue integral. This
means that f : I — R is Bochner integrable in the sense of Def-
inition 1.3.5 if and only if f is Lebesgue integrable and the two
integrals of f have the same value.

1.4 Properties of Bochner integrable
functions and of the Bochner integral

From the definition of the class B it is clear that every f € B is
measurable in the sense of Definition 1.1.2.

By the Pettis measurability theorem 1.1.6, if f € B then
f is also weakly measurable and almost everywhere separable
valued.

For a given measurable set £ C I and f € B we define

/Ef: /IXE-f :T}LH;O/IXE.fm

where f,, € J, n € N determines f.

This definition makes sense because xg. f,,, n € N is evidently
a sequence of simple functions which determines yg.f.

Let f: 1 — X be a countable valued measurable function of
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the form

Z Ymxe, (1), t €1, (1.4.1)

where E,, C I, m € N is measurable, E,, N E;, = () for m # [,
Ym € X, m € N.

Lemma 1.4.1. A countable valued measurable function f :
I — X of the form (1.4.1) is Bochner integrable if

> Nymllxn(En) < 00
m=1
Proof. Define for [ € N functions

Then f; € J for every [ € N and llim filt) = f(t) for t € I.
For t € I and k < [ we have by definition

Z meEn

m=k+1

17(t) = fe®)]lx =

X

I
= > |ymllxxeg, (t) we have
X m=k+1

i YmXE, (1)

m=k+1

and since

l

1= feli =D ymllxn(En).

m=k+1

Now we can see that the sequence (f;) is L-Cauchy if and only
if the series

> ymllxp(E
m=1
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o0
converges. In this case the series Y y,,xg, converges in X to

m=1
f and by definition we have f € B and

/1 f= i:: Ymit(Eyp)

and also

/I 1l = 3 gl (Bn).

O

Corollary 1.4.2. A countable valued measurable function f :
I — X for which ||f(t)||x < g(t) a.e. in I with g € B is Bochner
integrable.

Proof. Using the sequence (f;) from the proof of Lemma 1.4.1
we can see that || fil|; < [, g < oo for every | € N and therefore
the condition given in Lemma 1.4.1 is satisfied.

]

Theorem 1.4.3. A measurable function f : I — X is Bochner
integrable if and only if || f||x : I — R is Bochner integrable.

Proof. If f € B then Lemma 1.3.6 implies the integrability of
/1 x-

Assume that || f||x is Bochner integrable. Since f is measur-
able (see Corollary 1.3.10), by Corollary 1.1.8 for every k£ € N
there is a countable valued measurable function f; of the form

) = YemXe, (), t €1, (1.4.2)
m=1

where Ej ., C I, m € Nis measurable, Ey ,,NEy; = () for m # [,
Yem € X, m € N and f; has the following property:
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there exists N C I, u(N) = 0 such that for every k € N we
have
1

e (1.4.3)

1F(E) = fe@®)l[x <

fort e I\ N.
Hence

1@ lx < 1FOlx + 17 @) = fe®)llx < [1F(O)]lx + 7%;(1)

a.e. in I and, since pu(/) < oo, Corollary 1.4.2 implies that fj is
Bochner integrable and

/ Vil = S lillx(Bxm) < oo.
I n=1

Choose an r, € N such that

[e.9]

1
m Eipn) < —.
> kmllxi(Brm) oF

n=ri+1

Since ||f — fx|[x is measurable and (1.4.3) holds the function
|f — frllx is integrable and

1 1
J 17 =l < ) = o

Put g = > * | YkmX5,..- Then g € J and

v =9gr+ Z Yk,mX By, -

n=ri+1

We have also

!\f—gk||1=[r\f—gk||x

J— 1
< [ Ilf=7 +/f—g <5t Ykm | x p( Egem) < 7
/I|| kllx 1” ikl < o > kmllxi(Bem) k:

n=ri+1

and therefore [ € B.

O
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Corollary 1.4.4. If f: I — X is measurable and bounded by
an integrable function g : I — R, i.e. ||f(t)||x < g(t) for almost
all t € I, then f is Bochner integrable.

Proposition 1.4.5. Let f: I — X be measurable of the form

f=9+) Xz, (1.4.4)
n=1

where g : I — X 1is measurable and bounded, E, are pairwise
disjoint measurable subsets of I, x, € X, n € N (see Proposition
1.1.9).

Then f is Bochner integrable if and only if x,, and E,, n € N
can be chosen such that the series y .- x, - u(E,) converges
absolutely in X, and in this case we have

o0

(B)/Ef:(B)/Engan-M(EﬂEn) (1.4.5)

n=1
for every measurable E C I.

Proof. Assume that f € B is of the form (1.4.4). Since g is
bounded we have g € B (see Corollary 1.4.4) and also f — g =
ZZOZI Tn - XE, € B.

By Theorem 1.4.3 we have [, || >°0° | &, xp,||x < oo but this
means, because of E, N E,, = 0, m # n, that

/ an " XEn
I n=1

and > 7 x, - u(E,) is absolutely convergent in X.

Conversely, if g is bounded and the series > 7 x, - u(E,)
converges absolutely, then g € B by Corollary 1.4.4 and
S 2, - u(E,) € B by Lemma 1.4.1. Hence f =g+ h € B.

n=1

=D laullx - u(En) < o0
X n=1

O



