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22 Banach Space Integration

Corollary 1.3.13. If f : I → X is Bochner integrable and
g : I → X is such that f(t) = g(t) for almost all t ∈ I then g is
Bochner integrable and

∫
I
f =

∫
I
g.

Proof. Since g = g − f + f and g − f is Bochner integrable
by Theorem 1.3.12, we obtain the statement immediately.

�

Corollary 1.3.13 makes it possible to identify functions which
are equal almost everywhere as is usual in the Lebesgue theory.

Remark 1.3.14. For the case X = R, i.e. for f : I → R,
the definition of Bochner integrability and the Bochner integral
(Definition 1.3.5 or Definition 1.3.11) give an alternative ap-
proach to Lebesgue integrability and the Lebesgue integral. This
means that f : I → R is Bochner integrable in the sense of Def-
inition 1.3.5 if and only if f is Lebesgue integrable and the two
integrals of f have the same value.

1.4 Properties of Bochner integrable
functions and of the Bochner integral

From the definition of the class B it is clear that every f ∈ B is
measurable in the sense of Definition 1.1.2.

By the Pettis measurability theorem 1.1.6, if f ∈ B then
f is also weakly measurable and almost everywhere separable
valued.

For a given measurable set E ⊂ I and f ∈ B we define

∫

E

f =

∫

I

χE.f = lim
n→∞

∫

I

χE.fn,

where fn ∈ J , n ∈ N determines f .
This definition makes sense because χE.fn, n ∈ N is evidently

a sequence of simple functions which determines χE.f .
Let f : I → X be a countable valued measurable function of
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the form

f(t) =

∞∑

m=1

ymχEn
(t), t ∈ I, (1.4.1)

where Em ⊂ I, m ∈ N is measurable, Em ∩ El = ∅ for m 6= l,
ym ∈ X, m ∈ N.

Lemma 1.4.1. A countable valued measurable function f :
I → X of the form (1.4.1) is Bochner integrable if

∞∑

m=1

‖ym‖Xµ(En) < ∞.

Proof. Define for l ∈ N functions

fl(t) =

l∑

m=1

ymχEn
(t), t ∈ I.

Then fl ∈ J for every l ∈ N and lim
l→∞

fl(t) = f(t) for t ∈ I.

For t ∈ I and k < l we have by definition

‖fl(t) − fk(t)‖X =

∥∥∥∥∥

l∑

m=k+1

ymχEn
(t)

∥∥∥∥∥
X

and since

∥∥∥∥
l∑

m=k+1

ymχEn
(t)

∥∥∥∥
X

=
l∑

m=k+1

‖ym‖XχEn
(t) we have

‖fl − fk‖1 =

l∑

m=k+1

‖ym‖Xµ(En).

Now we can see that the sequence (fl) is L-Cauchy if and only
if the series

∞∑

m=1

‖ym‖Xµ(En)
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converges. In this case the series
∞∑

m=1

ymχEn
converges in X to

f and by definition we have f ∈ B and

∫

I

f =

∞∑

m=1

ymµ(En)

and also

∫

I

‖f‖X =

∞∑

m=1

‖ym‖Xµ(En).

�

Corollary 1.4.2. A countable valued measurable function f :
I → X for which ‖f(t)‖X ≤ g(t) a.e. in I with g ∈ B is Bochner
integrable.

Proof. Using the sequence (fl) from the proof of Lemma 1.4.1
we can see that ‖fl‖1 ≤

∫
I
g < ∞ for every l ∈ N and therefore

the condition given in Lemma 1.4.1 is satisfied.
�

Theorem 1.4.3. A measurable function f : I → X is Bochner
integrable if and only if ‖f‖X : I → R is Bochner integrable.

Proof. If f ∈ B then Lemma 1.3.6 implies the integrability of
‖f‖X .

Assume that ‖f‖X is Bochner integrable. Since f is measur-
able (see Corollary 1.3.10), by Corollary 1.1.8 for every k ∈ N

there is a countable valued measurable function fk of the form

fk(t) =

∞∑

m=1

yk,mχEk,m
(t), t ∈ I, (1.4.2)

where Ek,m ⊂ I, m ∈ N is measurable, Ek,m∩Ek,l = ∅ for m 6= l,
yk,m ∈ X, m ∈ N and fk has the following property:
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there exists N ⊂ I, µ(N) = 0 such that for every k ∈ N we
have

‖f(t) − fk(t)‖X <
1

2kµ(I)
(1.4.3)

for t ∈ I \ N .
Hence

‖fk(t)‖X ≤ ‖f(t)‖X + ‖f(t) − fk(t)‖X < ‖f(t)‖X +
1

2kµ(I)

a.e. in I and, since µ(I) < ∞, Corollary 1.4.2 implies that fk is
Bochner integrable and

∫

I

‖fk‖X =

∞∑

n=1

‖yk,m‖Xµ(Ek,m) < ∞.

Choose an rk ∈ N such that
∞∑

n=rk+1

‖yk,m‖Xµ(Ek,m) <
1

2k
.

Since ‖f − fk‖X is measurable and (1.4.3) holds the function
‖f − fk‖X is integrable and

∫

I

‖f − fk‖X <
1

2kµ(I)
µ(I) =

1

2k
.

Put gk =
∑rk

n=1 yk,mχEk,m
. Then gk ∈ J and

fk = gk +
∞∑

n=rk+1

yk,mχEk,m
.

We have also

‖f − gk‖1 =

∫

I

‖f − gk‖X

≤

∫

I

‖f−fk‖X+

∫

I

‖fk−gk‖X <
1

2k
+

∞∑

n=rk+1

‖yk,m‖Xµ(Ek,m) <
1

k
.

and therefore f ∈ B.
�
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Corollary 1.4.4. If f : I → X is measurable and bounded by
an integrable function g : I → R, i.e. ‖f(t)‖X ≤ g(t) for almost
all t ∈ I, then f is Bochner integrable.

Proposition 1.4.5. Let f : I → X be measurable of the form

f = g +
∞∑

n=1

xnχEn
(1.4.4)

where g : I → X is measurable and bounded, En are pairwise
disjoint measurable subsets of I, xn ∈ X, n ∈ N (see Proposition
1.1.9).

Then f is Bochner integrable if and only if xn and En, n ∈ N

can be chosen such that the series
∑∞

n=1 xn · µ(En) converges
absolutely in X, and in this case we have

(B)

∫

E

f = (B)

∫

E

g +
∞∑

n=1

xn · µ(E ∩ En) (1.4.5)

for every measurable E ⊂ I.

Proof. Assume that f ∈ B is of the form (1.4.4). Since g is
bounded we have g ∈ B (see Corollary 1.4.4) and also f − g =∑∞

n=1 xn · χEn
∈ B.

By Theorem 1.4.3 we have
∫

I
‖
∑∞

n=1 xn ·χEn
‖X < ∞ but this

means, because of En ∩ Em = ∅, m 6= n, that

∫

I

∥∥∥∥∥

∞∑

n=1

xn · χEn

∥∥∥∥∥
X

=

∞∑

n=1

‖xn‖X · µ(En) < ∞

and
∑∞

n=1 xn · µ(En) is absolutely convergent in X.
Conversely, if g is bounded and the series

∑∞
n=1 xn · µ(En)

converges absolutely, then g ∈ B by Corollary 1.4.4 and∑∞
n=1 xn · µ(En) ∈ B by Lemma 1.4.1. Hence f = g + h ∈ B.

�


