


4

contains an infinite subset X such that for every n distinct elements
Yiy---3Yn € XJ we have w(ylv"'ayn) 7é 1.

Proof. List the elements of ¥ under some well order < as y1,y2,.... Let
s € Y the set of all n-element subsets of Y, and write the elements of
s in the ascending order y;,,...,y;., j1 < -+ < jn. Create n! + 1 sets as
follows: One Y, for any o € S, and Z. Put s € Yo £ w(Yj, 1y s Yjoin)) = 1
and put s € Z if s € Y, for all 0 € S,. Then by Ramsey’s Theorem [11],
there exists an infinite subset X of Y such that X™ C Y, for some o or
X C Z 1f X C Y, for some o then for any sequence j; < jo < -+ < jn

(after restricting the order < to X) we have w(yj, s« -+ Yjym,) = 1. Then
1,1

yje'gm =V Uy ()

where v; and vy are evaluated on (Yj, )1 - -+ Yjuio 1y Ydaqenyr -+ - 2 Yiogmy) 20A

theirs values do not depend on y;_,,. Let (i) = k. Now since X is infinite,
there exist two sequences as follows:
1< < k1 < Jk <Jkt1 < <Jn
and
J1 < < gemt < gk <Jhet <0 < ny
where ji # ji.. By equation (I), we have
y;k = yje';'c

which, by hypothesis implies that j, = j, a contradiction. Hence X (n)
must be a subset of Z. Therefore for every n distinct elements yy, ..., y, of
X, we have that w(y1,...,yn) # 1. This completes the proof. [m]

Corollary 2.1. Let w be a word with the properties stated in Theorem 2.1.
Then the conclusion of Theorem 2.1 is valid if either G is a torsion-free
nilpotent group or e € {—1,1}.

Proof. It follows easily from Theorem 2.1 and by noting that in a torsion-
free nilpotent group G, the property stated for the infinite set Y in Theorem
2.1 holds for G. O

Corollary 2.2. Let X be an infinite subset of a group. Then there exists
an tnfinite subset Xo of X such that for all distinct elements x,y, z,t € Xo
and for all €1, €z, €3, ¢4 € {—1,1} we have Ty #£ 1, 2y £ 1
€ y?2 £ 1 and x50y £ 1.



Proof. By applying Theorem 2.1 on the word z,x5 with the subset X, we
find an infinite subset X, of X such that zy # 1 for all distinct elements
z,y € X1. Now again apply Theorem 2.1 on the word a:l_lwz with the subset
X1, then we get an infinite subset X, of X; with the property that z—1y # 1
for all distinct z,y € X2. Continuing in this manner with the words ml_lxz_l,

-2 -1 -2 -1 -1, -1_-1 -2 —1_-1
atry, o7 %xe, 23wy, w7 2yt L 2 ey teg L 2T %2y s, L, we find
an infinite subset Xy of X with properties stated in the corollary. This
completes the proof. a

Proof of Theorem 1.1. Since it is proved in [10] that P#({z™},{1}) =
P({z™},{1}) U F for all m > 1, it is enough to show that P*({z"},{1}) =
P#({z"},{1}). Now assume that n = 3 and G € P*({z3}, {1}). Suppose
that X is an infinite subset of X, we prove that there exists an element
x € X such that 2 = 1. Suppose, for a contradiction, that a® # 1 for
all ¢ € X. By Corollary 2.2, there is an infinite subset Xg of X with the
property stated therein. Since G € P*({z®},{1}), 1 € X3. It follows that

zyz =1 (1)

for some elements z,y, z € Xo. By assumption |{z,y, z}| € {2, 3}, thus the
equality (1) gives a contradiction to one of the properties of Xg. This com-
pletes the proof for the case n = 3. The proof of the case n = 2 is very easy
and it may be done by a similar argument. [
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