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Fix  . With choices as in Section 6, example II (preceding Proposition
5.6) the correspondence from U(1) to U(n) is (k + n

2 )→ (k + 1
2 ;

1
2 ; : : : ;

1
2 ),

k = 0; 1; 2; : : : . The K̃{types with k even (resp. odd) constitute the ir-
reducible summand !+

ψ (resp. !−

ψ ). The lowest K̃{types of these two
summands (both in the sense of Vogan, and of lowest degree) are ( 1

2 ; : : : ;
1
2 )

and ( 3
2 ;

1
2 ; : : : ;

1
2 ) respectively.

Note that the K̃{types lie along a \line", i.e. their highest weights are
obtained from the highest weight of the lowest K̃{type by adding multiples
of a single vector. This is a condition of [53]. In fact the four irreducible
summands of the oscillator representations are the only non{trivial unitary
representations of S̃p(2n;R) (n ≥ 1) with K̃{types along a line. The oscil-
lator representation is particularly \small", and the duality correspondence
is due in part to this. It is interesting to note that it is necessary to pass
to the two fold cover of Sp(2n;R) to �nd these especially small represen-
tations. This is analogous to the spin representations of the two-fold cover
Spin(n) of SO(n).

Once  is �xed, the dual oscillator representation !∗
ψ = !ψ has K̃{

spectrum (− 1
2 ; : : : ;−

1
2 ;−

1
2 − k) (k = 0; 1; : : : ).

Example 3. (O(n); SL(2;R)). The duality correspondence in this case is
essentially the classical theory of spherical harmonics [20],[23]. With the
appropriate coordinates the Fock model is on C[z1; : : : ; zn]. One of the
operators coming from the (complexi�ed) Lie algebra of SL(2;R) is the
Laplacian � =

∑
i
d2

dz2i
, and the harmonics in the sense of section 5 are the

kernel of the Laplacian. Then r2 =
∑
i z

2
i and

∑
zi d
dzi

+ n
2 together with

� span the image of sl(2;C). Theorem 6.3 (Theorem 9 of [20]) reduces to
the classical statements of spherical harmonics in this case.

Example 4. (GL(1;R); GL(1;R))
This example is an illustration of the principle that no dual pair is too

simple to be taken lightly. The p{adic case is treated in [34, Chapter 3,
§III.7, pg. 65] and has some non{trivial analytic content. The correspond-
ing statement over R for the smooth vectors is similar. Here we discuss
only the Fock model.

Write the dual pair as (G1; G2); of course the images of G1 and G2 in
SL(2;R) coincide. We embed G1 ,→ SL(2;R) as x→ �1(x) = diag(x; x−1).
Write S̃L(2;R) a as {(g;±1) | g ∈ SL(2;R)} with the usual cocycle [41].
Let G̃L(1;R) be the two{fold cover of GL(1;R) de�ned by the cocycle
c(x; y) = (x; y)R. Here (x; y)R is the Hilbert symbol [46], which equals
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−1 if x; y < 0, and 1 otherwise. This is isomorphic to the det 1
2 cover,

or alternatively to R× ∪ iR× ⊂ C×. Then �̃1 : (x; �) → (�(x); �) gives an
isomorphism of G̃L(1;R) with the inverse image of GL(1) in S̃L(2;R). Let
g1 ' C be the complexi�ed Lie algebra of G1, and let K1 = ±1 be its
maximal compact subgroup, so K̃1 ' Z=4Z.

Fix  and the Fock model F = C[z]. We seek to show that every genuine
irreducible (g1; K̃1){module is a quotient of F . The action of K̃1 breaks
up F into its two irreducible summands F+ = C[z2] and F− = zC[z2] for
S̃L(2;R) (cf. Example 1). So it is enough to show any character of g1

occurs as a quotient of one summand.
The action of the Lie algebra g1 of GL(1;R) is by the operator X =

z2 − d2

dz2
(cf. Section 4). Therefore F± are each free modules for this

action, and every character of g1 occurs as a quotient of F± in a unique
way. To be explicit we consider F+. Fix � ∈ C ' g∗1, with �(X) = �,
and let Nλ = U(g) · (z2 − �). By induction this is a codimension one
subspace of F+. The image 1 of 1 in the quotient F+=Nλ is non{zero, and
X · 1 = z2 = �1. The case of F− is similar.

The embedding of the second copy G2 of GL(1) is �2 : x = diag(x−1; x).
The natural choice of �̃2 is (x; �)→ (�2(x); �)). With this convention �̃−1

2 ◦�̃1 :
G̃1 → G̃2 takes (x; �) to (x−1; �) = (x; �sgn(x))−1.

With these choices, the duality correspondence is

�→ �−1sgn

for any genuine (g1; K̃1) character �. The sgn term comes from the twist
by sgn(x) in �−1

2 ◦ �1.
Of course �̃2 can be modi�ed to eliminate the twist by sgn. Also the

oscillator representation itself restricted to this dual pair can be normalized
by tensoring with a genuine character of G̃L(1;R) so that the correspon-
dence takes � → �−1 as � runs over characters of GL(1;R). This is what
is normally done.

Example 5. (GL(m;R); GL(m;R)).
This generalizes Example 4. Let G be the detm

2 cover of GL(m;R).
Then (G1; G2) is a dual pair with G1 ' G ' G2, and with the natural choice
of these isomorphisms the duality correspondence takes � to �∗ ⊗ sgn, as
� runs over all irreducible genuine representations of G. As in Example 4
the twist by sgn can be eliminated, and G replaced by GL(m;R).

The proof is by induction on m, starting with m = 1 by Example 4,
and the induction principle of Section 8. We normalize the correspondence
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to eliminate the covering groups. We write an irreducible representation �
of GL(m) as the unique irreducible quotient of

IndG1

MN (� ⊗ 11)

where M ' GL(m − 1) × GL(1). By induction and Theorem 8.2 there
is a non{zero map from ! to the tensor product of the induced module
for G1 and a similar induced modules for G2 with � replaced by �∗. If
these induced modules are irreducible the result is immediate. The general
case follows from a deformation of parameters argument as in [3], the main
point being that we have enough control over K{types to determine at least
an irreducible quotient of the image of this map. The K{type information
is crucial because the induced module for G2 will have unique irreducible
submodule, and not a quotient. This information is not available in the
p{adic case, and these elementary techniques are not enough to determine
the correspondence in this case (cf. [34] ).

Example 6. (GL(m;R); GL(n;R)) Based on 5 the general case of
GL(m;R) is straightforward [33]. We normalize the correspondence and
eliminate the covering groups. Suppose m ≤ n. Then every representation
� of GL(m;R) occurs in the correspondence. Let MN ' GL(m)×GL(n−
m)×N be the usual maximal parabolic subgroup of GL(n). Then �(�) is
the is the unique irreducible constituent of

IndGL(n)
MN (� ⊗ 11⊗ 11)

containing a certain K{type of multiplicity one.
A similar result holds for (GL(m;C); GL(n;C)) [3], and also for the dual

pairs (GL(m;H); GL(n;H)) [32].

Example 7. (O(m;C); Sp(2n;C))
We parameterize irreducible representations of complex groups by pairs

(�; �) as in [35]. We �x an orthogonal group G1 = O(2m+ �;C) (� = 0; 1)
and consider the family of dual pairs (G1; G2(n)) with G2(n) = Sp(2n;C).
Given an irreducible representation �1 of G1, there exists a non{negative in-
teger n(�1) such that � occurs in the duality correspondence for (G1; G2(n))
if and only if n ≥ n(�1). In the p{adic case this is covered in the lectures
of Brooks Roberts [43], see also [33], [3].

For unexplained notation see [3].

Theorem 9.1 Let �1 = L(�1; �1) be an irreducible representation of G1.



The Theta Correspondence over R 33

De�ne the integer k=k[�1] by writing �1 =(a1; : : : ; ak; 0; : : : ; 0; �) with
a1 ≥ a2 ≥ · · · ≥ ak > 0. Write �1 = (b1; : : : ; bm), and de�ne the integer
0 ≤ q = q[�1; �1] ≤ m− k to be the largest integer such that 2q− 2+ �; 2q−
4 + �; : : : ; � all occur (in any order) in {±bk+1;±bk+2; : : : ;±bm}. After
possibly conjugating by the stabilizer of �1 in W; we may write

�1 = (
k︷ ︸︸ ︷

a1; : : : ; ak;
m−q−k︷ ︸︸ ︷

0; 0; : : : ; 0
q︷ ︸︸ ︷

0; 0; : : : ; 0; �)

�1 = (

k︷ ︸︸ ︷
b1; : : : ; bk;

m−q−k︷ ︸︸ ︷
bk+1; : : : ; bm−q;

q︷ ︸︸ ︷
2q − 2 + �; 2q − 4 + �; : : : ; � ):

Let �′
1 = (a1; : : : ; ak), �′1 = (b1; : : : ; bk), and �′′1 = (bk+1; : : : ; bm−q).

Then n(�1) = m − �q + 1−ε
2 � , and for n ≥ n(�1), �(�1) = L(�2; �2),

where

�2 = (�′
1;

1−ε
2

(2q+τ)
︷ ︸︸ ︷
1; : : : ; 1 ; 0; 0; : : : ; 0)

�2 = (�′1;

1−ε
2

(2q+τ)
︷ ︸︸ ︷
2q − 1 + �; 2q − 3 + �; : : : ; 2�q + 1 + �� ; � ′′1 ;

2n− 2m− �; 2n− 2m− 2− �; : : : ;−�(2q + �) + 2):

Example 8. (O(p; q); Sp(2n;R)) with p+ q = 2n; 2n+ 1; 2n+ 2.
In these examples the groups are the same \size", and are of particular

interest from the point of view of L{functions (cf. the lectures of Steve
Kudla). This is the opposite extreme of the stable range [14]. The case
(O(2; 2); Sp(4;R)) is in [38] (O(4; 0) and O(0; 4) are in [25], see Section 6.).
The cases (O(p; q); Sp(2n;R)) with p + q = 2n; 2n + 2 and p; q even are
in [33], p; q odd are only missing because of covering group technicalities.
Finally (O(p; q); Sp(2nR)) witih p + q = 2n + 1 is in [4], this is similar to
[33] except that the covering groups are unavoidable.

We �rst consider the case p; q even. In this case the covering of Sp(2n;R)
splits and the correspondence can be written in terms of the linear groups.
Roughly speaking the correspondence in these cases is \functorial", and
a number of nice properties hold which fail in general. In particular the
minimal K{type in the sense of Vogan is always of minimal degree in this
situation.

The duality correspondence is described explicitly in terms of Langlands
parameters, and these match up in a natural way. This can be expressed
in terms of a homomorphism between the L{groups. The disconnectedness
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of O(p; q) can be avoided in this range; at most one of � and �⊗ sgn occur
in the correspondence.

If p + q = 2n + 2 every representation of Sp(2n;R) occurs in the cor-
respondence with some O(p; q) (perhaps more than one). If p + q = 2n
every representation of Sp(2n;R) occurs with at most one O(p; q) (but
some may fail to occur.) This suggests that p + q = 2n + 1 should be
particularly nice, and this is the case. Fix � = ±1 and consider the dual
pairs (O(p; q); Sp(2n;R)) with (−1)q = � and p+ q = 2n+ 1. The covering
of Sp(2n;R) is the metaplectic group, and the representations which occur
are all genuine. We twist by a genuine character of the cover of O(p; q) to
pass to representations of the linear group.

Fix  . Then every genuine representation of S̃p(2n;R) occurs with
precisely one O(p; q), and of every pair of representations � and �⊗ sgn of
O(p; q) (these are not isomorphic) precisely one occurs. By restricting to
SO(p; q), this establishes a bijection between the set

S̃p(2n;R)ĝenuine

of genuine irreducible admissible representations of S̃p(2n;R) and the union
⋃

p+q=2n+1(−1)q=δ

SO(p; q)̂

of the irreducible admissible representations of the groups SO(p; q).
The notion of functoriality is not well{de�ned for the non{linear group

S̃p(2n;R). Nevertheless this correspondence is \functorial" in some sense.
It is naturally described in terms of Langlands parameters, and (Vogan)
lowest K{types are always of lowest degree. The orbit correspondence [14]
is a bijection between the regular semisimple coadjoint orbits for Sp(2n;R)
and the union of those for O(p; q). At least philosophically this underlies
the correspondence. Again similar but not quite so clean results hold in
the case p+ q = 2n; 2n+ 2.

Example 9. Results of [33]
The dual pairs (O(p; q); Sp(2n;R)) with p; q even are discussed exten-

sively by Moeglin in [33]; the results on p+ q = 2n; 2n+ 2 of the preceding
example are a very special case.

Roughly speaking, Moeglin �rst considers discrete series representations
which correspond to discrete series in a dual pair with (G1; G2) the same
size. Theorem 8.2 then produces certain constituents of some induced
modules which correspond. The idea is to use the K{type information
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of Section 6 to determine these constituents, including their Langlands pa-
rameters. This program works provided the (Vogan) lowest K{types and
K{types of lowest degree coincide for the representations in question.

The result is an explicit description of the correspondence in cases in
which it is functorial. The precise conditions under which this holds are in
terms of the lowest K{types; they are quite technical in general, and Ex-
ample 8 is the cleanest special case. The worst case from this point of view
is (O(p; q); Sp(2n;R)) with n very small compared to p; q and p − q large.
In this regard we mention that the case (O(p; q); SL(2;R)) is thoroughly
described in [16], which interprets results of [50] and [39] in these terms,
and also discussed in [23].

Example 10. Representations with cohomology.
Unitary representations with (g;K){cohomology have been classi�ed

[54]. These have regular integral in�nitesimal character, i.e. the same
in�nitesimal character as that of a �nite{dimensional representation.

Let (G1; G2) be a dual pair, and let � be an irreducible representation
of G1 with non{zero (g;K){cohomology (possibly with coe�cients). Also
assume the in�nitesimal character of �′ = �(�) is regular and integral. The
explicit description of the correspondence in this case is due to Jian-Shu
Li [31]. It turns out that �′ is a discrete series representation. The special
case when (G1; G2) are in the stable range [14] is in [2], and in somewhat
greater generality in [33].

It is known that the representations with cohomology exhaust the
unitary representations with regular integral in�nitesimal character [45].
Therefore Li’s result implies that the theta{correspondence preserves uni-
tarity in the case of regular integral in�nitesimal character.
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