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side of (3.26), it is obvious that Problem Bt0 for such equation in (3.26)
then has a solution w1(z) (w1(z) ∈ Ĉ(D)). Using successive iteration, we
obtain a sequence of solutions wn(z) (wn(z) ∈ Ĉ(D), n = 1, 2, ...), which
satisfy the equations and the boundary conditions

wn+1Z−t0F (z, wn+1)=(t−t0)F (z, wn)+S(z) in D, (3.27)

Re[λ(z)wn+1(z)]=r(z) on ∂D∗, Im[λ(z′j)wn+1(z
′
j)]=bj , j=1, ..., 2K+1.

(3.28)
From the above formulas, it follows that

[wn+1−wn]Z − t0[F (z, wn+1) − F (z, wn)]

= (t− t0)[F (z, wn) − F (z, wn−1)] in D,

Re[λ(z)(wn+1(z) − wn(z))] = 0 on ∂D∗,

Im[λ(z′j)(wn+1(z
′
j)−wn(z′j))]=0, j=1, ..., 2K+1.

(3.29)

Noting that

L∞[H(y)X(Z)(F (z, wn)−F (z, wn−1)), DZ ]≤2Ĉ[wn−wn−1, DZ ], (3.30)

and according to the proof of Theorem 2.5, we can derive

Ĉ [wn+1 − wn, D] ≤ 2|t− t0|M2Ĉ [wn − wn−1, D], (3.31)

where the constant M2 = M2(δ, k0, H,D) is as stated in (3.18). Choosing
the constant ε so small such that 2εM2 ≤ 1/2 and |t − t0| < ε, it follows
that

Ĉ [wn+1 − wn, D] ≤ 2εM2Ĉ[wn−wn−1, D]≤ 1

2
Ĉ[wn−wn−1, D], (3.32)

and when n,m ≥ N0 + 1 (N0 is a positive integer),

Ĉ [wn+1−wn, D]≤2−N0

∞
∑

j=0

2−jĈ [w1 −w0, D]≤2−N0+1Ĉ [w1 −w0, D].

Hence {wn(z)} is a Cauchy sequence. According to the completeness of
the Banach space Ĉ(D), there exists a function w∗(z) ∈ Ĉ(D), so that
Ĉ[wn −w∗, D] → 0 as n→ ∞. Obviously w∗(z) is a solution of Problem Bt

for every t ∈ Tε = {|t− t0| < ε}. Because the constant ε is independent of
t0 (0 ≤ t0 < 1), therefore from the solvability of Problem Bt0 when t0 = 0,
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we can derive the solvability of Problem Bt for equation (3.23) when t ∈ Tε.
This shows that the set T in [0,1] is open.

Finally we verify that T is closed in [0,1]. Let tn ∈ T (n = 1, 2, ...),
and tn → t0 as n → ∞. We shall prove that Problem Bt0 for equation
(3.23) is solvable. Denote by wn(z) (n = 1, 2, ...) the solutions of Problems
Btn

(tn ∈ T, n = 1, 2, ...) for the corresponding equations (3.23), which can
be expressed by

X(Z)wn[z(Z)] = Φn(Z)eφn(Z) + ψn(Z), n = 1, 2, ...

and satisfy the estimate (3.18). Hence from {wn(z)}, we can choose a subse-
quence {wnk

(z)}, such that X(Z)wnk
[z(Z)] uniformly converges a function

X(Z)w0[z(Z)] in DZ , it is clear that the function w0(z) is just the solution
of Problem Bt0 for equation (3.23) with t = t0. This completes the proof.

4 The Riemann-Hilbert Problem for Degenerate

Elliptic Complex Equations of First Order in

Multiply Connected Domains

This section deals with the Riemann-Hilbert problem for degenerate elliptic
complex equations of first order in multiply connected domains. We first
give the representation of solutions of the boundary value problem for the
equations, and then prove the uniqueness and existence of solutions for the
problem.

4.1 Formulation of Riemann-Hilbert problem for

degenerate elliptic complex equations in

multiply connected domains

Let D be an (N + 1)-connected bounded domain in the upper half-plane
with the boundary Γ = ∪N

j=0Γj ∈ Cα(0 < α < 1), where Γj(j = 1, ..., N)
are located in the domain D0 bounded by Γ0 = ΓN+1, there is no harm
in assuming that Γ0 = Γ′ ∪ γ, herein γ = {−1 < x < 1, y = 0} and
Γ′(∈ {y > 0}) is a curve with the end points z = ±1, and the inner
angles of Γ′ and γ at z = ±1 are equal to π, because otherwise through a
conformal mapping the above requirement can be realized. We consider the
quasilinear degenerate elliptic equation of first order: (3.1) with Condition
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C, its complex form is as follows

wz̃ =F (z, w), F =A1(z, w)w+A2(z, w)w+A3(z, w), i.e.

H(y)wZ = g(Z) in D, A3 =
1

2
[c1 + ic2],

A1 =
1

4
[a1+ia2−ib1+b2], A2 =

1

4
[a1+ia2+ib1−b2],

(4.1)

where the coefficients Aj (j = 1, 2, 3) in (3.1) satisfy

L∞[Aj , D], L∞[Ãj , D] ≤ k0, j = 1, 2, L∞[A3, D] ≤ k1 in D, (4.2)

besides Ãj(j = 1, 2) are as stated in (3.6), and k0, k1 are non-negative
constants. We mention that under Condition C, the above solution of
equation (4.1) in D is a generalized solution, and if Aj ∈ Cα(D), then the
solution of (4.1) is a classical solution.

The Riemann-Hilbert boundary value problem for equation (4.1) may
be formulated as follows:

Problem A Find a continuous solution w(z) of (4.1) in D satisfying the
boundary condition

Re[λ(z)w(z)] = r(z), z ∈ Γ, (4.3)

where λ(z) 6= 0, z ∈ Γ, and λ(z), r(z) satisfy the conditions

Cα[λ(z),Γ] ≤ k0, Cα[r(z),Γ] ≤ k2, (4.4)

in which α (0 < α < 1), k2 are non-negative constants.

The integer

K =
1

2π
∆Γ argλ(z)

is the index of Problem A. When the index K < 0, Problem A may not
be solvable, when K ≥ 0, the solution of Problem A is not necessarily
unique. Hence we consider the well posedness of Problem A with the mod-
ified boundary conditions for the complex equation (4.1) as follows.

Problem B Find a continuous solution w(z) of equation (4.1) satisfying
the boundary condition

Re[λ(z)w(z)] = r(z) + h(z), z ∈ Γ, (4.5)
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where

h(z)=


















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
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

























0, z ∈ Γ, if K ≥ N,

hj , z ∈ Γj , j = 1, ..., N −K,

0, z ∈ Γj , j = N −K + 1, ..., N + 1

}

if 0≤K<N,

hj , z ∈ Γj , j = 1, ..., N,

h0+Re

−K−1
∑

m=1

(h+
m+ih−m)[ζ(z)]m, z∈Γ0















if K < 0,

(4.6)

in which hj (j = 0, 1, ..., N), h±m (m = 1, ...,−K−1,K < 0) are unknown
real constants to be determined appropriately, ζ = ζ(z) is a conformal
mapping from the bounded domain with the boundary Γ0 onto |ζ| < 1.
In addition, for K ≥ 0 the solution w(z) is assumed to satisfy the point
conditions

Im[λ(aj)w(aj)]=bj , j∈J=







1, ..., 2K −N + 1, if K≥N,

N−K+1, ..., N+1, if 0≤K<N,
(4.7)

where aj ∈ Γj (j = 1, ..., N), aj ∈ Γ0 (j = N+1, ..., 2K−N+1,K ≥ N) are
distinct points, and bj (j ∈ J) are all real constants satisfying the conditions

|bj | ≤ k2, j ∈ J, (4.8)

herein k2 is a nonnegative constant.

4.2 Representation and uniqueness of solutions

of Riemann-Hilbert problem for degenerate

elliptic complex equations

It is easy to see that the complex equation

wz̃ = 0 in D, i.e. wZ = 0 in DZ (4.9)

is a special case of equation (4.1). On the basis of the result in [86]9), we
can find a unique solution of Problem B for equation (4.9) in DZ . Now we
give the representation theorem of solutions for equation (4.1).
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Theorem 4.1 Suppose that the equation (4.1) satisfies Condition C.

Then any solution of Problem B for (4.1) can be expressed as

w[z(Z)] = W (Z) + ψ(Z) = Φ(Z)eφ(Z)+ψ(Z), (4.10)

where Φ(Z), φ(Z), ψ(Z) are as stated in (2.22), W (z) is a solution of equa-

tion

WZ = [A1W +A2W ]/H(y) in DZ , (4.11)

and ψ(Z) is a solution of equation (4.1) in DZ and possesses the form

ψ(Z)=Tf=−1

π

∫ ∫

Dt

f(t)

t−Zdσt in DZ , (4.12)

f(Z) = [A1ψ +A2ψ+A3]/H(y) in DZ , (4.13)

in which Z = x + iY (y) = x + iG(y), and W [Z(z)] in D satisfies the

boundary conditions

Re[λ(z)W (z(Z))]=r(z)+h(z)−Re[λ(z)ψ(Z(z))], z∈Γ,

Im[λ(aj)W (aj)] = bj − Im[λ(aj)ψ(Z(aj))], j ∈ J.
(4.14)

Proof Let w(z) be a solution of Problem B for equation (4.1), and be
substituted in the coefficients of equation (4.1). By using the method in
the proof of Theorem 3.4, we can find a solution ψ(z) of such equation
(4.1), and ψ(z) possesses the form (4.12), (4.13). Moreover we can find the
solution W (z) in D of (4.11) with the boundary condition (4.14), thus

w[z(Z)] = W (Z) + ψ(Z) in D (4.15)

is the solution of Problem B in DZ for equation (4.1), where W (z) =
Φ(z)eφ(z) is as stated in (4.10).

Theorem 4.2 Suppose that equation (4.1) satisfies Condition C. Then

Problem B for (4.1) has at most one solution in D.

Proof Let w1(z), w2(z) be any two solutions of Problem B for (4.1). It is
easy to see that w(z) = w1(z) − w2(z) satisfies the homogeneous equation
and boundary conditions

wz̃ = Ã1w + Ã2w in D, (4.16)

Re[λ(z)w(z)] = 0 on Γ, Im[λ(aj)w(aj)] = 0, j ∈ J. (4.17)
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Noting the function g(Z) in (4.1) with the condition g(Z) ∈ L∞(DZ),
similarly to Theorem 2.5, by using the way as in Theorem 1.2, Chapter I
and Theorem 4.1, Chapter II, [87]1), if the function w(z) 6≡ 0 in D, we can
derive the absurd inequalities

2K + 1 ≤ 2ND +NΓ ≤ 2K, when K ≥ 0,

2K−2N≤2ND+NΓ≤2N−2K−2, when K<0,
(4.18)

where ND, NΓ are denoted the totals of zero points of the solution w(z) in
D and Γ respectively. Hence w(z) = w1(z) − w2(z) = 0 in D. This proves
the uniqueness of solutions of Problem B for (4.1).

4.3 Estimates of solutions of Riemann-Hilbert

problem for degenerate elliptic equations

Now we shall give the estimates of the solutions of Problem B for (4.1) in
D, namely

Theorem 4.3 If equation (4.1) satisfies Condition C, then any solution

w(z) of Problem B satisfies the estimates

Cδ [w(z(Z)), DZ ]≤M1, Cδ [w(z(Z)), DZ ]≤M2(k1+k2), (4.19)

here δ is a sufficiently small positive constant, and M1 = M1(δ, k,H,D),
M2 = M2(δ, k0, H,D) are non-negative constants.

Proof We first prove that if the solution w(z) of Problem B satisfies the
estimate of boundedness, i.e.

C[w(z(Z)), DZ ] ≤M3, (4.20)

where M3 = M3(δ, k,H,D) is a positive constant, then the first estimate of
(4.19) will be derived, because from Lemma 2.1, it follows that F (z, w) ∈
L∞(DZ), hence Cβ [ψ(Z), DZ)] ≤M4 = M4(β, k,H,DZ , M3) < ∞, β is as
stated in (2.13). On basis of the representation (4.10), the functionW (Z) =
w[z(Z)] − ψ(Z) = Φ(Z)eφ(Z) in DZ satisfies the boundary conditions

Re[λ[z(Z)]W (Z)]=r[z(Z)]−Re[λ[z(Z)]ψ(Z)]+h[z(Z)], Z∈∂DZ ,

Im[λ(aj)W [Z(aj)] = bj − Im[λ(aj)ψ[Z(aj)]], j ∈ J,
(4.21)
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where ∂DZ =Z(Γ), hence the analytic function Φ(Z) = W (Z)e−φ(Z) in DZ

satisfies the estimate Cδ [Φ(Z), DZ ] ≤ M5 = M5(δ, k,H,D, M3). Now we
use the reduction to absurdity. Suppose that (4.20) is not true, then there

exist sequences of coefficients {A(m)
l } (l = 1, 2, 3), {λ(m)(z)}, {r(m)(z)} and

{b(m)
j }, which satisfy the same conditions of coefficients as stated in (4.2),

(4.4) and (4.8), such that {A(m)
l } weakly converge to A

(0)
l (l = 1, 2, 3) in

D and {λ(m)(z)}, {r(m)(z)}, {b(m)
j } on Γ uniformly converge to λ(0)(z),

r(0)(z), b
(0)
j (j ∈ J), and the solutions of the corresponding boundary value

problems

w
(m)

z̃
=F (m)(z, w(m)),F (m)(z, w(m))=A

(m)
1 w(m)+A

(m)
2 w(m)+A

(m)
3 inD,

(4.22)

Re[λ(m)(z)w(m)(z)]=r(m)(z) on Γ, Im[λ(m)(aj)w
(m)(aj)]=b

(m)
j , j∈J,

(4.23)
have the solutions w(m)(z), but C[w(m)(z), D] (m = 1, 2, ...) are unbounded,
hence we can choose a subsequence of {w(m)(z)} denote by {w(m)(z)} again,
such that Hm = C[w(m)(z), D] → ∞ as m → ∞, we can assume Hm ≥
max [k1, k2, 1]. It is obvious that ŵ(m)(z) = w(m)(z)/Hm are solutions of
the boundary value problems

ŵ
(m)

z̃
=F (m)(z, ŵ(m)),F (m)(z, ŵ(m))=A

(m)
1 ŵ(m)+A

(m)
2 ŵ(m)+

A
(m)
3

Hm
inD,

(4.24)

Re[λ(m)(z)ŵ(m)(z)]=
r(m)(z)

Hm
onΓ, Im[λ(m)(aj)ŵ

(m)(aj)]=
b
(m)
j

Hm
, j∈J.

(4.25)
It is easy to see that the functions in above boundary value problems satisfy
the conditions

L∞[Al, D]≤k0, l=1, 2, L∞[A3/Hm, D]≤1, Cα[λ(m)(z),Γ]≤k0,

Cα[r(m)(z)/Hm,Γ] ≤ 1, |b(m)
j /Hm| ≤ 1, j ∈ J.

(4.26)

From the representation (4.10), the above solutions can be expressed as

ŵ(m)(z) = Ŵ (m)(Z) + ψ̂(m)(Z),

ψ̂(m)(Z)=− 1

π

∫ ∫

Dt

f̂ (m)(t)

t−Z dσt in DZ ,
(4.27)

noting that L∞[H(y)f̂ (m)(Z), DZ ] ≤ M6 = M6(k0, H,D), we can derive
that

Cδ[ψ̂
(m)(Z), DZ ] ≤M7 = M7(δ, k,H,D). (4.28)
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Due to the functions Ŵ (m)(Z) are the solutions of the equation correspond-

ing to (4.11) in DZ and ŵ(m)(z) = Ŵ (m)(Z)+ψ̂(m)(Z) satisfy the boundary
conditions as in (4.25), we can obtain the estimate

Cδ [Ŵ
(m)(Z), DZ ] ≤M8 = M8(δ, k,H,D). (4.29)

Thus from {ŵ(m)(z)}={Ŵ (m)(Z)+ψ̂(m)(Z)}, we can choose a subsequence

denoted by {ŵ(m)(z)} again, and {ŵ(m)(z)} = {Ŵ (m)(Z) + ψ̂(m)(Z)} uni-
formly converge to ŵ(0)(z), it is clear that ŵ(0)(z) is a solution of the
homogeneous problem of Problem B, on the basis of Theorem 4.2, the so-
lution w̃(0)(z) = 0 in D, however, from C[ŵ(m)(z), D] = 1, we can derive
that there exists a point z∗ ∈ D, such that ŵ(0)(z∗) 6= 0, it is impossible.
This shows that (4.20) is true. By using the method from (4.20) to (4.28),
(4.29), we can obtain the first estimate in (4.19). Moreover we can verify
the second estimate in (4.19).

4.4 Existence of solutions of Riemann-Hilbert

problem for degenerate elliptic equations

In this section, we prove the existence of solutions of ProblemB for equation
(4.1).

Theorem 4.4 Let equation (4.1) satisfy Condition C. Then the Riemann-

Hilbert problem (Problem B) for (4.1) in the multiply connected domain D
has a unique solution.

Proof In order to find a solution w(z) of Problem B for equation (4.1)
in D by the Leray-Schauder theorem, we consider the equation (4.1) with
the parameter t ∈ [0, 1]:

wz̃ = tF (z, w), F (z, w)=G(Z)=A1w+A2w+A3 in DZ , (4.30)

and introduce a bounded open set BM of the Banach space B = Cδ(DZ),
whose elements are functions w(z) satisfying the condition

w(z) ∈ Cδ(D), Cδ [w(z(Z)), DZ ] < M9 = 1 +M1, (4.31)

where δ, M1 are constants as stated in (4.19). We choose an arbitrary
function W (z) ∈ BM and substitute it in the position of w in F (z, w). By
Theorem 4.1, a solution w(z) = Φ(Z) + Ψ(Z) = W (Z) +T (tF ) of Problem
B for the complex equation

wz̃ = tF (z,W ) (4.32)
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can be found. Noting that tF [z(Z),W (z(Z))] ∈ L∞(DZ), the above solu-
tion of Problem B for (4.32) is unique. Denote by w(z) = T [W, t] (0 ≤ t ≤
1) the mapping from W (z) to w(z). From Theorem 4.3, we know that if
w(z) is a solution w(z) of Problem B for the equation

wz̃ = tF (z, w) in DZ , (4.33)

then the function w(z) satisfies the estimate

Cδ [w,DZ)] < M9. (4.34)

Set B0 = BM × [0, 1]. Now we verify the three conditions of the Leray-
Schauder theorem:

1. For every t ∈ [0, 1], T [W, t] continuously maps the Banach space B
into itself, and is completely continuous on BM . In fact, arbitrarily select
a sequence Wn(z) in BM , n = 0, 1, 2, ..., such that Cδ[Wn −W0, DZ ] → 0
as n → ∞. By Condition C, we see that L∞[F (z,Wn) − F (z,W0), D] → 0
as n → ∞. Moreover, from wn = T [Wn, t], w0 = T [W0, t], it is easy to see
that wn −w0 is a solution of Problem B for the following complex equation

(wn − w0)z̃ = t[F (z,Wn) − F (z,W0)] in D, (4.35)

and then we can obtain the estimate

Cδ [wn − w0, D] ≤ 2k0C[Wn(z) −W0(z), D]. (4.36)

Hence Cδ [wn − w0, D] → 0 as n → ∞. In addition for Wn(z) ∈ BM , n =
1, 2, ..., we have wn = T [Wn, t], wm = T [Wm, t], Wn,Wm ∈ BM , and then

(wn − wm)z̃ = t[F (z,Wn) − F (z,Wm)] in D, (4.37)

where L∞[F (z,Wn) − F (z,Wm), DZ ] ≤ 2k0M9, hence from (4.19), we can
obtain the estimate

Cδ[wn − wm, DZ ] ≤ 2M2k0M9. (4.38)

Thus there exists a function w0(z) ∈ BM , from {wn(z)} we can choose a
subsequence {wnk

(z)} such that Cδ[wnk
− w0, DZ ] → 0 as k → ∞. This

shows that w = T [W, t] is completely continuous in BM . Similarly we
can also prove that for W (z) ∈ BM , T [W, t) is uniformly continuous with
respect to t ∈ [0, 1].

2. For t = 0, it is evident that w = T [W, 0] = Φ(Z) ∈ BM .
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3. From the estimate (4.19), we see that w = T [W, t] (0 ≤ t ≤ 1) does
not have a solution w(z) on the boundary ∂BM = BM\BM .

Hence by the Leray-Schauder theorem, there exists a function w(z) ∈
BM such that w(z) = T [w(z), t], and the function w(z) ∈ Cδ(DZ) is just a
solution of Problem B for the complex equation (4.1).

By a similar way as in the proof of Theorem 4.8, Chapter II, [87]1), from
Theorem 4.4 the following result can be derived.

Theorem 4.5 Under the same conditions as in Theorem 4.4, the follow-

ing statements hold.

(1) If the index K ≥ N , then Problem A for (4.1) is solvable.

(2) If 0 ≤ K < N , then the total number of solvability conditions for

Problem A does not exceed N −K.

(3) If K < 0, then Problem A has N − 2K − 1 solvability conditions.

In latter chapters the notations Mj = Mj(p0, δ, k,D), M ′
j = M ′

j(p0, δ,
k,D) (j is a positive integer) mean all non-negative constants dependent
on p0, δ, k,D.


