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element h is said to be hyperezponential with respect to a map ¢ in A
if ¢(h)=rh for some r € F. The element r is denoted £p(h). The
element h is said to be hyperezponential over F' if it is hyperexponential
with respect to all the maps in A. A non-zero vector V € R" is said
to be hyperexponential (with respect to a map ¢) if there exist h € R,
hyperexponential (with respect to ¢), and W € F™ such that V = hW.

Let M be an L£-module with a finite basis by,...,b,, over F'. The

module structure of M is determined by m matrices A5, ..., Ay, in F™*",
where

6i(b1,...,bn)T:Ai(bl,...,bn)T, z':l,...,m. (11)
Note that Agy1, ..., An are invertible because £ contains 9, +11, ey
0,1, We call A, ..., Ay, the structure matrices with respect to by, ...,
br,. For a column vector Z = (21, ...,2,)7 of unknowns,

6(2)=—ATZ, i<t o3(2)= (A7) 2,5>¢  (12)
is called the system associated to M and the basis by, ..., by,. Systems

associated to different bases are equivalent in the sense that the solu-
tions of one system can be transformed to those of another by a matrix
in F™*". The multiplicative rules 8,0; = 9:0;s for all s,t € {1,...,m}
imply that (12) is fully integrable [8, Definition 2]. A detailed verifica~
tion of this assertion is presented in [47, Lemma 4.1.1]. On the other
hand, every fully integrable system is associated to its module of formal
solutions [8, Example 4], which is an £-module of finite dimension.

The next proposition connects one-dimensional submodules of M
with hyperexponential solutions of its associated systems.

Proposition 5.2. Let an L-module M have a finite F-basis by,...,b,
with structure matrices given in (11) and the associated system in (12).
Letu= )", u;b; with u; € F not all zero.

(i) If there exists a hyperexponential element h in some A-extension
such that h(ui,...,un)T is a solution of (12), then Fu is a sub-
module of M with

0i(u)= — ldeg;(h)u, i < £ and 9;(n)=Cfo;(h)"*u, j > £ (13)

(1) If Fu is a submodule of M then there exists an invertible hyperez-
ponential element h in some A-extension such that h(us, ..., u,)T
is a solution of (12).

By Proposition 5.2 we need only to compute hyperexponential so-
lutions of the fully integrable system (12), which can be done by al-
gorithms for computing exponential (resp. hypergeometric) solutions of
ordinary differential (resp. difference) matrix equation [2,26], and a back-
substitution process described in [33].
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