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Abstract

Some recent results on the mechanized methods for differential
and difference equations are surveyed. The results include: the
characteristic set method for differential and difference equation
systems, algorithms for computing closed-form solutions of dif-
ferential and difference equations, and algorithms for solving and
factoring finite-dimensional linear functional systems.

1 Introduction

This paper provides a survey of some recent work on differential and dif-
ference equations by researchers at the Key Laboratory of Mathematics
Mechanization and their collaborators. The work under review is greatly
stimulated by Wu’s method for mechanical theorem-proving in differen-
tial geometries, finding closed-form solutions of differential (difference)
equations, and handling analytic and discrete mathematical objects by
computers.

Differential equations describe physical laws in mechanics and geo-
metric properties of manifolds. The characteristic set method for dif-
ferential equations enables us to search for physical laws and geomet-
ric properties by computers [52]. For example, Newton’s gravitational
law is automatically derived form Kepler’s laws [51], and “Theorema
Egregium” is rediscovered by computing a characteristic set of the fun-
damental equations of surface theory [30].

The notion of characteristic sets for differential ideals was introduced
by Ritt [42]. It plays a fundamental role in differential algebra, because
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the Hilbert Basissatz does not hold for differential ideals. The notion and
algorithm of characteristic sets for polynomial and differential polyno-
mial sets were introduced by Wu [48,50] to prove theorems in geometries
and to manipulate systems of differential and algebraic equations [48,49].
Wu'’s work inspired a great deal of research in the communities of sym-
bolic computation and automated reasoning. Later on, the success of
Gronber bases for polynomial ideals led to methods to characterizing
radical differential ideals [4]. The reader may consult [44] for more details
on the recent developments of the differential characteristic set method.
In this paper we briefly review Wu'’s scheme for differential characteristic
sets and point out its recent extension to difference polynomial systems.

Integrals, special functions and combinatorial sequences are often
considered as “infinite” objects. To specify them in terms of a finite
amount of information on computers, one uses the differential (differ-
ence) equations annihilating these objects. For instances, automatic
proofs of combinatorial identities need to find hypergeometric solutions
of difference equations [37], while algorithms for symbolic integration
need to compute elementary functions satisfying Risch’s equation [7].
Great efforts have been made to compute closed-form solutions of linear
ordinary differential (difference) equations (see, [26,39] and the references
therein). There are two ways to go further: one is to look for closed-
form solutions of nonlinear ordinary differential (difference) equations of
some kind; the other is to develop symbolic algorithms for linear partial
differential (difference) equations. We will summarize recent theoretical
and algorithmic results concerning this subject.

Nonlinear differential equations arise from physics. Their analytic so-
lutions are important for the understanding of the physical phenomena.
Interesting methods to search for analytic solutions of nonlinear PDEs
are given in [16,53].

Factoring polynomials helps us to solve algebraic equations. Likewise,
we want to decompose differential and difference equations into those of
lower orders. There have been efficient algorithms for decomposing linear
ordinary differential operators [6,24,25,43|. Recent work on extending
these methods to linear partial differential and difference equations [33]
will be surveyed. We also mention that a decomposition algorithm for
nonlinear ordinary differential equations is presented in [23].

The rest of this paper is organized as follows. In Section 2, we outline
the differential characteristic method. Methods for computing rational
and algebraic solutions of first-order ordinary differential and difference
equations are presented in Section 3. An algebraic setting and a fac-
torization algorithm for finite-dimensional linear functional systems are
described in Sections 4 and 5, respectively.
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2 The characteristic set method

The characteristic set method plays a central role in the theory and appli-
cations of mathematics mechanization. In this section, we will introduce
its main features and applications in automated reasoning.

2.1 Properties of ascending chains

Let K be an ordinary differential field, X = {z,...,z,} a set of differ-
ential indeterminates, and K{X} the set of differential polynomials in X
with coefficients in K. We denote z; ; to be the j-derivative of ;. The
untversal field E over K is a differentially closed field containing K and

infinitely many indeterminates. For a polynomial D and a polynomial
set P C K[X],

Zero(P) = {n € E*| P(n) =0,VP € P}

is called a variety, and Zero(P/D) = Zero(P) \ Zero(D) is called a quasi
variety.

A set A of differential polynomials is called an ascending chain (tri-
angular set), or simply a chain, if after renaming the indeterminates

in Xas U= {u,...,us} and Y = {y1,...,¥p}, we can write A in the
following form:

A (U,y) =T 1yi101 + terms of lower orders and degrees in y;,

(1)

AU, y1,.. ., 9p) = pygf’op + terms of lower orders and degrees in y,.

As a matter of terminologies, o; is called the order of A;; I; is called the
initial of A;, S; = %ﬁ_ is called the separant of A;. Write I4 =[], I,'S;.
The dimension of A is defined to be |U| = g, which is denoted dim(A).
The order of A is defined to be ord(A) = >°%_, 0;. The degree of A is
defined to be deg(A) = []5_, di.

We could say that the formal solutions for a chain is basically de-
termined. Intuitively, for a set of given values of the parameters U, the
y; can be determined iteratively by solving univariate equations A; = 0.
In order to show the properties of chains, we first introduce several con-
cepts. The saturation ideal of A is defined to be

sat(A) = {P e K{X}| 3k e N, I} P ¢ (4)}.
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We may define a partial ordering among the chains in a nature way
[42,52]. It is known that any set of chains contains one with lowest
order. A characteristic set of a differential polynomial set P is any
chain of lowest ordering contained in PP.

A chain A is called irreducible if A; is an irreducible polynomial in
Y1,0, and Ay is an irreducible polynomial modulo Ai, ..., Ak 1.

Theorem 2.1. [{2,52] Let A be an irreducible chain. Then sat(A) is a
prime ideal of dimension dim(A), order ord(A) wrt U, and degree deg(.A)
wrt U. Conversely, a characteristic set of a prime ideal is irreducible.

The following result shows that the dimension, order and degree of a
chain are intrinsic properties.

Theorem 2.2. [19,22] Let A be a chain of form (1). If Zero(sat(A)) #
&, Zero(sat(A)) and Zero(A/14) are unmized. More precisely, write

Zero(sat(.A)) as an irredundant decomposition: Zero(sat(A)) = Ul_, Zero
(sat(C;)). Then

(1) C; is also of form (1). As a consequence, dim(sat(C;)) = dim(.A)
and ord(C;) = ord(A).

(2) deg(A) > >_;_, deg(C;). Furthermore, deg(A) = >_._; deg(C;) iff
A is saturated, that is, the initials and seprants of A are invertible
wrt A.

Another important property for chains is

Theorem 2.3. [52] An irreducible chain admits a formal power series
solution which can be computed algorithmically.

In order to make the paper shorter, we limit to the ordinary dif-
ferential case. Similar results for the partial differential case were also
established, where we need to assume that the chains are either pas-
sive [49,52] or coherent [4,5,27].

Similar results are also proved in the case of algebraic difference
polynomials [21,22]. However, in the difference case, we do not have
algorithms to decide whether a chain is irreducible. In order to have a
constructive theory, proper irreducible chains are introduced [21]. Also,
Theorem 2.2 is proved only for proper irreducible chains.

2.2 Characteristic set method

The characteristic set method decomposes the zero set for a differential
polynomial system in general form into the union of zero sets for chains.
Since the zero set of a chain is considered to be known, this method gives
a general tool to deal with differential equation systems.
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Let PP be a finite set of differential polynomials. Then we can perform
the following operations:

P=P P, - Py -+ Py,
BO Bl Bz. Bm=C, (2)
Ry Ry -+ R; -+ Ry =2,

where B; is a lowest chain in IP; with respect to a pre-selected partial
ordering; R; is the set of nonzero remainders of the polynomials in P;
wrt B;; and Py, = Py U B; UR;. In scheme (2), B,, = C verifies

prem(P,C) = {0} and Zero(P) C Zero(C), (3)

where prem denotes the differential pseudo-remainder. Any chain C ver-
ifying the property (3) is called a Wu characteristic set of P.

Theorem 2.4 (Wu’s Well-ordering Principle). 49,52/ Let C be a Wu
characteristic set of a finite set P of differential polynomials. Then:

Zero(P) = Zero(C/1¢) U UiZero(PUC U {L;}),
Zero(P) = Zero(sat(C)) U UiZero(PUC U {I,}),
where I; are the initials and separants of the polynomials in C.

Using the well-ordering principle recursively, we obtain the following
key result.

Theorem 2.5 (Ritt-Wu’s Zero Decomposition Theorem). [42,52] There
is an algorithm which permits to determine, for a given finite set P of
differential polynomials, a finite set of (irreducible) chains A; such that

Zero(P) = U;Zero(A;/14,) = UjZero(sat(A;)).

Let P be a finite subset of K{U, X}, and D € K{U,X}, where U =
{u1,...,um} and X = {z1,...,2,}. The projection of Zero(P/D) to U
is defined as follows:

ProjyZero{P/D) = {e € E™ | da € E® s.t. (e,a) € Zero(P/D)}.

Projection for quasi-varieties can be computed with the characteristic
set method.

Theorem 2.6 (Projection Theorem). [19] For a finite subset set P C
K{U,X} and D € K{U,X}, we can compute chains A; and polynomials
D; in K[U] such that

ProjxZero(P/D) = U§:1Zero(Ai/DiIAi).
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The concept of characteristic sets for prime ideals was introduced
by Ritt [42]. The notion of characteristic sets given above, the well-
ordering principle, and the current form of zero decomposition theorems
were introduced by Wu [48,49,52]. An implementation of the method can
be found in [46]. In order to improve the efficiency, new characteristic set
methods were proposed [4,5,9,10,18,27,40,45]. The characteristic set
method was used to solve certain problems for analytical functions [41].

A characteristic set method for algebraic difference equation systems
was proposed in [21,22]. It is quit surprising that there are no essential
progresses for the theory and algorithms of difference characteristic set
methods since the early work of Ritt and his colleagues in the 1930s.
In [21], an algorithm was proposed to decompose the zero set a differ-
ence polynomial system into the union of unmixed zero sets of difference
polynomial systems represented by proper irreducible chains. In {22], a
new resolvent theory for difference polynomial systems was proposed.

To solve a set of equations in triangular form, we need to solve uni-
variate equations in a cascade form. The resolvent methods were intro-
duced to reduce the solving of equation systems into the solving of one
univariate equation plus a set of linear equations [13,22].

2.3 'Wu’s method of automated geometry theorem
proving and discovering

A geometry theorem is called a theorem of equality type, if after intro-
ducing coordinates, the theorem can be expressed in the following form

Vai{(Hi =0A - AH; =0AD; #0A---AD; #0) = (C =0)], (4)

where H;, D;, C are in K{X}.
For theorems of equality type, we have the following principles of

mechanical theorem proving, which are consequences of Theorems 2.1
and 2.4.

Theorem 2.7. [{9] For a geometry statement of form (4), let A be
a Wu-characteristic set of {Hy, ..., Hs}. If prem(C,.A) = 0, then the
statement is valid under the non-degenerate condition I 4 # 0.

Note that the non-degenerate condition I4 # 0 is generated auto-
matically by the algorithm.

Theorem 2.8. [52] Let D = [[, D;. By Theorem 2.5, we have
Zero({Hy,...,H,}/D) = U._, Zero(sat(A;)/ D).

If prem(C, A;) = 0,1 = 1,...,1, then the statement is true. If A; is
irreducible and prem(C, A;) # 0, then the statement is not valid on
Zero(sat(A;)/D).
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As an example, let us show how to prove Newton’s gravitational
law with Kepler’s laws. The first and second Kepler laws state that each
planet describes an ellipse with the sun in one focus and the radius vector
drawn from the sun to a planet sweeps out equal areas in equal times.
The Newton’s law states that the acceleration is reversely proportional
to the distance from the planet to the sun. We may use differential
equations K; = 0, Kz = 0, and N7 = (ar?)’ = 0 to represent these laws:

h1=r2—x2~y2=0,
he=a? -2 -y =0
Ki=r—p—ex=0Ap =0n€e =0,
Ky=y'z—yz' —h=0AR =0,

di =p#0 (The ellipse is not a line.).

Then, we need to show
‘v’x,y,p,e,a,r[(Kl =0AKy=0AhRy =0Ahy=0Ad; #0):?N1 :0]
By Theorem 2.5 (p<e<z <y<r<a),

Zero({K1,p', €, h1, ha,na}/p) = Zero(sat(A;)p),

where A; is a chain. By computation, we have prem(ni, ASC;) = 0,
which proves Newton’s law.

There are two kinds of problems in differential geometry other than
theorem proving. One is finding locus equations, the other is deriv-
ing geometry formulas. For a geometric configuration given by a set of
polynomial equations hy (U, 1, -, 2p) =0, -+ A (U, 24, ,xp) = O,
we want to find a relation between arbitrarily chosen variables U (pa-
rameters) and a dependent variable, say, x;. Wu pointed out that the
characteristic set method can be used to discover such unknown geomet-
ric formulas [51]. Actually, Newton’s law can be deduced from Kepler’s
laws automatically in this way. More detailed accounts can be found
in [10,11,30,45].

The characteristic set method can be used to prove a much wider
class of geometry theorems. Let E be a differentially closed extension
of K, say, the field of meromorphic functions [42]. A first order formula
over [E can be defined as follows.

1. If P € K[X], then P(X) = 0 is a formula.
2. If f, g are formulas, then —f, f A g, and f V g are formulas.
3. If f is a formula, then 3z; € E(f) and Vz; € E(f) are formulas.

A formula can always be written as a prefix canonical form

¢:Qlyl~--mem¢(u17---;ud:yh'"aym)a (5)
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where Q. is a quantifier 3 or V and 9 a formula free of quantifiers. For

a first order formula ¢ of form (5), there exists a fundamental problem:
Quantifier Elimination: Find a formula 6(u.,...,uq) such that 8

is equivalent to ¢. If d = 0, we need to decide whether ¢ is valid or not.
As a consequence of Theorem 2.6, we have

Theorem 2.9. There exists a decision procedure for the first order the-
ory over a differentially closed field.

3 Rational and algebraic solutions of ODEs
and OAEs

For brevity we abbreviate ordinary difference equations as OAE.

By decomposing the zero set of a differential polynomial system into
the zero sets of chains, the characteristic set method gives a complete
way to describe the structure for the zero sets of equation systems. In
particular, finding the solutions of differential polynomial systems can
be reduced to finding those of a single differential equation or a system
of equations in a single variable.

Closed-form solutions of linear ODEs and OAEs were widely studied.
On the other hand, similar results to nonlinear ODEs are very limited. In
this section, we summarize some recent results on finding rational and
algebraic solutions to nonlinear ODEs and OAEs. It is interesting to
see whether these results can be treated uniformity with the differential
Galois theory [35].

3.1 Rational and algebraic solutions of algebraic
ODEs

Let P € K{y} \ K be an irreducible differential polynomial in an inde-
terminate y and

Tp = {A € K{y}|SA=0mod {P}},

where S is the separant of P and {P} is the radical differential ideal
generated by P. Then Xp is a prime ideal [42]. A generic zero of Xp
is defined to be a general solution of P = 0. In particular, an algebraic

general solution of P = 0 is a general solution § which satisfies the
following equation

Gla,y) =Y ailz)y' =0, 6)
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where a; is a polynomial in z with degree «; and with constant coeffi-
cients, and G(z,y) is an irreducible polynomial in z, y. Whenn =1, §
is called a rational general solution of P = 0.

For ag, 01, ,an € Zxg, we define the differential polynomial

D(ao;al,-u Q) T det(A(h,auao)(y)|A(h,a2;ao)(y2)! T |~A(h,an;ao)(yn))7

where

(kgl)ykﬂ (kJ{l)yk e (kzl)ykﬂﬁa
Ah,ask) (¥) = ERICE (P (L) k20
N3 = . .
(/1c+5)1+1)yk+h+1 (k+f1»+1)yk+h L (k+2+1)yk+h+1—a
We have

Lemma 3.1. [1] y(z) satisfies an equation of the type (6) if and only if
Dagsar,,an) (¥(x)) = 0. As a consequence, we give a defining differential
equation for algebraic functions.

When n =201 =az =1 and o = 2,
ys 3y (v%)" 3(?/2)/”
ya 4dys ()@ 4(2)
ys Sys (¥2)® 5
ye 6ys (¥*)©® 6

We have D(2,1,1y(y(x)) = 0 if and only if

Dez1,1) =

(@217 + a2,0)y%(z) + (a1,12 + a1,0)y(z) + ao,22* + a017 + ago = 0

for constants a; ;.

The key to find a rational and algebraic function solutions is to give
a degree bound for the solution. We can give these degree bounds for
first order autonomous ODEs. In what follows, let F(y,y1) = 0 be a
first order autonomous ODE. Then we have

Theorem 3.2. [1] If G(z,y) = 0 defines a nontrivial algebraic solution
of F =0, then

(1) deg(G(xa y)’ z) = deg(F7 yl):
(2) deg(G(,y),y) < deg(F,y) + deg(F,y1)-
The following example shows that the bound in (2) is optimal. Let n >
m > 0 and (n,m) = 1. Then G = y™ — ™ is irreducible. y™ — 2™ =

0 is an algebraic solution of F = y* ™y® — (m/n)™ = 0. Here,

deg(G(z,y),y) = deg(F,y) + deg(F,y1).
For rational solutions, we could give the exact degree bound [17].
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Theorem 3.3. If y = P(z)/Q(x) is a rational solution of F(y,y1) =0,
then deg(y(z)) = deg(F,y1).

These degree bounds are obtained by treating F'(y,y1) = 0 as an
algebraic curve and the solution as a parametrization of the curve. This
idea also leads to the following algorithm to find a rational solution to a
first order autonomous ODE [17].

Theorem 3.4. Lety = r(z),y1 = s(z) be a proper rational parametriza-
tion of F(y,y1) = 0, where r(z), s(z) are rational functions in = with
constant coefficients. Then F = 0 has a rational general solution iff we
have the following relations

ar(z) =s(z) or a(x—b)°r(z) = s(z),
where a,b are constants and a # 0. If one of the above relations is true,
then replacing x by a(z + ¢) (or b— W;J;;)) iny =r(z), we obtain a
rational general solution of F = 0, where ¢ is an arbitrary constant.
The above algorithm depends on the rational parametrization of al-
gebraic curves. A more efficient algorithm is based on Hermite-Padé

approximation.
Let A(z) be a formal power series. If a polynomial G(z,y) satisfies

G(ﬂ?,A(:)_’;)) =0 (x(n+1)(m+1)+1> ,

where m = deg(G, z),n = deg(G, y), then we call G(z,y) = 0 Hermite-
Padé approximant to A(z). We could find the algebraic solution for an
first order autonomous ODEs as follows [1].

(1) Find the first N terms f(z) of formal power series solution of F(y,
y1) = 0, where

N = 2(deg(F7 y) + deg(Fa yl))'

(2) Let d = deg(F,y1). Construct the (d,d,...,d) Hermite-Padé ap-
proximant G(z,y) =0 to f(z).

(3) We need only to check whether G = 0 is a nontrivial algebraic
solution of F' = 0.

The complexity of this algorithm is polynomial in terms of the num-
ber of the multiplications in the number field.

3.2 Rational solutions of algebraic OAEs

The result about rational solutions of ODEs can be extended to OAEs.
Let K = Q(z) be the difference field with the difference operator E(z) =
z + 1, y an indeterminate, and y,, = E™y.
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Let P € K{y} \ K be an irreducible difference polynomial in y, and
Sp = {A € Q(@){y}ISA = 0mod {P}},

where S is the separant of P. Cohn proved that Xp is a perfect difference
ideal and it could be decomposed into the intersection of the principle
components of P [14]. Let A be one of the principle components of P.
A general solution of P = 0 is defined as a generic zero of one of the
principle components of ¥p. A rational general solution of P(y) = 0 is
defined as a general solution of P = 0 with the following form:

R " + an_lz"_l +...4ag
x) = , 7
(@) L™+ bpp—1z™ 1 4.+ b ()

where a;,b; are constants. In particular, if m = 0, we call §(z) polyno-
mial general solution. For instance, the difference equation (y — y1)? —
2(y + y1) + 1 = 0 has two general solutions: y(z) = (z + ¢)? and
y(z) = (ce™™ + £)? where c is an arbitrary constant.

The defining difference equations for polynomial and rational func-
tions are given by the following lemmas [20].

Lemma 3.5. Let P, = }:ffol( 1) ("H)yz Then y(z) = anz™ +
n-12""1 4 +ag (BE(a;) = a;) if and only if Ps(y(z)) = 0.

Let
n+1

Rem = det(3 " (~1)’ (” j 1)1’ « M),

=0
where sz = dia‘g(yiayi+la s 7y’m+i)a Mi = (Hk,l(i))(m+1)x(m+l),

Hy 1 (4)
(i+k-n)i+k—n—-1)---(i+k—-n—-0DGE+k—-n—-101-2)---i+k—n—m)
- (=)™ (m+1— (i — 1)! '

n—1
Lemma 3.6. y(z) = a";mi‘;; Y - T2 & Rpm(y(x)) = 0 where
E(a;) = a;, E(b;) = b;.

Using properties of the proper parametrization of algebraic curves,
the degree bound for the rational solution can be given [20].

Theorem 3.7. Let F{y,y1) = 0 be a first order autonomous OAE. If
y(x) € Q(x)\Q is a rational solution of F = 0, then deg(y(z))=deg(F, y1)
=deg(F, y).

Similar to the differential case, the rational solutions can be found
with the help of rational parametrization of algebraic curves [20].
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Theorem 3.8. Let y = r(t),y1 = s(t) be a proper parametrization of
F(y,31) = 0. Then F =0 has a nontrivial rational solution iff r(t), s(t)
satisfy one of the following relations:

Q fo+

)-
(2) There ezist a # 0,b € C such that (37 —b) = s(§ ~ b).

(1) There ezists a nonzero a € C such that r(4L) = s(

Tt is obvious that if (1) is true, y(z) = r(%L€) is a rational general
solution of F = 0 where ¢ is an arbitrary constant. If (2) is true, g(z) =
™3 — b) is a rational general solution of F' = 0 where c is an arbitrary
constant.

4 Finite-dimensional partial linear functional
systems
A finite-dimensional partial linear functional system consists of linear

partial differential, shift, and g¢-shift operators, or any mixture thereof,
and has a finite-dimensional solution space. The following is an example:

Pz, k) — 225 P'(z, k) + EED Pz, k) =0, -
8
Pz, k+2)— 2 p(g, k+1) + &L Pz, k) = 0.

The sequence of the Legendre polynomials {P(z, k)}$2, is a solution
of (8) with the initial conditions {P(0,0) = 0, P'(0,0) = 0, P(0,1) =
0, P'(0,1) = 1}.

For brevity, finite-dimensional linear functional systems will be called
O-finite systems in the sequel. They are also called over-determined
systems in the literature. J-finite systems arise from symmetry analysis
of nonlinear ordinary differential equations, theory of special functions,
and combinatorics.

In this section we review a purely algebraic setting for O-finite sys-
tems, including modules of formal solutions and Picard-Vessiot exten-
sions. The former captures the notion of d-finiteness, and makes it pos-
sible to compute the dimension of the solution space of a H-finite system;
while the latter contains “all” solutions of a -finite system, and paves
a way to introduce Galois groups.

4.1 An algebraic setting

Let R be aring and A be a finite set of commuting maps from R to itself.
A map in A is assumed to be either a derivation or an automorphism.
Recall that a derivation 4 is an additive map satisfying the multiplicative
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rule §(ab) = ad(b) + &(a)b for all a,b € R. The pair (R, A) is called a
A-ring, and it is a A-field when R is a field.

For a derivation é € A, an element ¢ of R is called a constant with
respect to ¢ if 6(¢c) = 0. For an automorphism ¢ € A, ¢ is called a
constant with respect to o if o(c) = ¢. An element ¢ of R is called a
constant if it is a constant with respect to all maps in A. The set of
constants of R, denoted by Cpg, is a subring. The ring Cg is a subfield
if R is a field.

Let (F,A) be a A-field. By reordering the indices, we can always
assume that

AZ{51,...,5g,0'g+1,...,0'm}

for some £ > 0, where the §;’s are derivation operators on F and the o;’s
are automorphisms of F’. The Ore algebra ( [12]) over F is the polynomial
ring S := F[01,...,0m] in 8; with the usual addition and a multiplication
as follows:

0;0; = 0;0;, 0Osa =ads +ds(a), Oa = o¢(a)d,

forany 1 <i,j<m,1<s<f,f<t<mandac F.

Remark that d;(a), where a is an element of a A-ring, is meant to be
d;(a) if 0; is associated to a derivation operator &;, and to be o;(a) if 9;
is associated to an automorphism o;; while J;a, where a is an element
of the Ore algebra S, means the product of 3; and a.

Definition 4.1. Let (F,A) be a A-field. A linear functional system
over F is a system of the form A(z) =0 where A is a p x ¢ matriz with
entries in the Ore algebra § and z is a column vector of ¢ unknowns.

Example 4.2. The system (8), satisfied by the Legendre polynomials,
can be rewritten as A(z) = 0 where

A=<82— 2, k(k+1) 8,%_(2164-3):1:6 k—|—1>T

1-:c2””+1—m2’ k+2 " ky2

with 8, the differentiation with respect to x and Oy the shift operator
with respect to k.

Let F be a A-field. A commutative ring R containing F' is called a
A-extension of F if all the maps in A can be extended to R in such a
way that all derivations (resp. automorphisms) of F' become derivations
(resp. automorphisms) of R and the extended maps commute pairwise.

By a solution of a linear functional system A(z) = 0 over F', we mean
a vector (s1,...,84)" over some A-extension of F' such that A(sy,...,s,)"
=0, i.e., the application of the matrix A to the vector is zero.
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4.2 Modules of formal solutions

Let F be a A-field and 8§ = F[dy,...,0m] be the corresponding Ore
algebra. In the differential case, an S-module is classically associated to
a linear functional system [34,39]. In the difference case, however, S-
modules may not have appropriate dimensions, as illustrated by the
following counterexample.

Example 4.3. Let o # 1 be an automorphism of F and S = F[0] be the
corresponding Ore algebra. The equation 8(y) = 0 cannot have a funda-
mental matriz (u) in any difference ring extension of F, for otherwise,
0 = d(u) = o(u), thus u = 0. Therefore 0(y) = 0 has only trivial solu-
tion. However, the S-module §/S0 has dimension one as an F-vector
space.

In [38, page 56], modules over Laurent algebras are used instead
to avoid the above problem. It is therefore natural to introduce the
following extension of S: let 6¢+1, ..., 0m be indeterminates independent
of the §;. Since the 0;1 are automorphisms of F, S = Flo,...,0m, 0041,

., 0m] is also an Ore algebra in which the ; are associated to the o*j_l.
Note that 9;6; is in the center of S, since
(050;)a = 8505 *(a)b; = oj(0; ' (a))0;8; = ad;6;, for all a € F and j > £.
Therefore the left ideal T = Z;":Z 1 S(0;6;, — 1) is a two-sided ideal
of S, and we call the factor ring £ = S/T the Laurent-Ore algebra
over F. Writing &, ! for the image of 6; in £, we can write £ (by con-
vention) as £ = F[8y,...,0mn, 8[+11, ...,0,1] and view it as an extension
of S. For linear ordinary difference equations, £ = F[o,07!] is the al-
gebra, used in [38]. For linear partial difference equations with constant
coeflicients, £ is the Laurent polynomial ring used in [36, 54].

When revisiting Example 4.3 with Laurent-Ore algebras, we get that
the left ideal generated by @ in £ = F[8,87!] is £, therefore the dimen-
sion of £/(Ld) over F, which is zero, equals that of the solution space
of 9(y) = 0 in any difference ring extension.

Let F' be a A-field, and S and £ be the corresponding Ore and
Laurent-Ore algebras. We have the following theorem.

Theorem 4.4. Let A € SP*9 and M=cokers(A). Then soly (A(z)=0)
and Homg (M, N) are isomorphic as Cp-vector spaces for any L£-module N.

The proof of Theorem 4.4 reveals that the vector e := (e, ... ,€q)7 €
M? specified above is a “generic” solution of the system A(z) = 0 in the
sense that any solution (si,...,s,)” of that system in N is the image

of e under the map in Homg(M, N) sending e; to s;. Thus coker(A)
describes the properties of all the solutions of A(z) = 0 “anywhere” .
This motivates us to define
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Definition 4.5. Let A € SPX4. The L-module M = LI*a/(L1xPA)
is called the module of formal solutions of the system A(z) = 0. The
dimension of M as an F-vector space is called the linear dimension of the
system. The system is said to be of finite linear dimension, or simply, &-
finite, if 0 < dimpM < 4o0.

Note that we choose to exclude systems with dim#M = 0 in the above
definition since such system has only trivial solution in any L-module,
particularly, in any A-extension of F.

One can compute the dimension of a module of formal solution by
Grébner bases in Laurent-Ore algebra (see [47,55]).

4.3 Picard-Vessiot extensions

A O-finite system can be reduced to a normal form defined below:

Definition 4.6. A system of the form
0i(z) = Az, 1<i</¥, oi(z) =Aiz, L+1<i<m, (9)

where A; € F™™ and z is a column vector of n unknowns, is called an
integrable system of size n over F if the following compatibility condi-
tions are satisfied:

6i(A4;) = 6;(A), 1<i<j<y,
O’i(Aj)Ai = O‘j(Ai)Aj, I<i< j<m, (10)
O'j(Ai)Aj :AiAj-l—(Si(Aj), 1<Z<Z<J < m.

The integrable system (9) is said to be fully integrable if the matri-
ces Agya, ..., Ap are invertible.

Using Ore algebra notation, we write {0;(z) = Aiz}igigm for the
system (9) where the action of 9; is again meant to be §; for 7 < £ and
to be o; for ¢ > £. Observe that the conditions (10) are derived from the
condition 8;(0;(z)) = 0;(0;(z)) and are exactly the matrix-analogues of
the compatibility conditions for first-order scalar equations in [28]. For
a linear ordinary difference equation, we often assume that its trailing
coeflicient is nonzero, while, for a first-order matrix difference equation,
we assume that its matrix is invertible. These assumptions lead to the
condition on invertibility of A¢41, ..., Am in Definition 3.1.

Example 4.7. Let F = C(z,k), 6, be the differentiation with respect
to z and oy the shift operator with respect to k. Then A : {6z(z) =
Az, 0r(z) = Agz } is a fully integrable system where

z?—kz—k z?—kx+3k—2z
z(z—k)(x—1) kx(z—k)(z—1)

k(kztz—z2—2k) 3 4a?—kz?—2z4+2k
(z—k)(z—1) z(z—k)(z—1)

Ay =
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and
k+14ks?—zk?-x _ ktltke—k®—a
A o (z—k)(z—1) k(z—k)(z—1)
=l skt D) (kt1t+ke—k2—x) (k+1) (22— 2kz—z+k2)
(x—k)(z—1) k(z—k)(z—1)

We will first define the notion of Picard-Vessiot extensions of fully
integrable systems, and then generalize it to O-finite systems. Recall
that a square matrix with entries in a commutative ring is said to be
inwertible if its determinant is a unit in that ring.

Let F be a A-field and {8i(z) = A;z}1<icm be a fully integrable
system of size n over F'. We define

Definition 4.8. An n x n matriz U with entries in a A-extension of I
is a fundamental matrix for the system {0;(z) = Aiz}1cigm if U is in-
vertible and 8;(U) = A;U for each i, i.e., each column of U is a solution
of the system.

A two-sided ideal I of a commutative A-ring R is said to be invariant
if 6;(I) C I for i < £ and o;(I) C I for j > £. The ring R is said to be
simple if its only invariant ideals are (0) and R.

Definition 4.9. A Picard-Vessiot ring for a fully integrable system is a
ring E such that:

(i) E is a simple A-extension of F.

(i) There exists some fundamental matriz U with entries in E for the
system such that E is generated by the entries of U and det(U)~}
over F.

Definitions 4.8 and 4.9 are natural generalizations of their analogues
in the purely differential case [39, (pages 12, 415)] and the ordinary
difference case [38, (Errata)].

The existence of fundamental matrices and Picard-Vessiot extensions
for fully integrable systems is stated in the following [8].

Theorem 4.10. Every fully integrable system over F has a Picard-
Vessiot ring E. If F has characteristic 0 and Cr 1is algebraically closed,
then Crp = Cp. Furthermore, that extension is minimal, meaning that
no proper subring of E satisfies both conditions in Definition 4.9.

Consequently, if F' has characteristic zero and an algebraically closed
field of constants, then all the solutions of a fully integrable system in
its Picard-Vessiot ring form a Cp-vector space whose dimension equals
the size of the system.
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Example 4.11. Consider the system A in Ezample 4.7. Note that the
change of variable® z = My where

z—k 2
M= ((w—k)k x2k>’

transforms A into another Fsystem B : {6(y) = B,y,ox(y) = By}
with By = (é 8) and By = <(1) 2> It suffices to find a Picard-

Vessiot ring of B. We get that V = <60 I‘?k)) is a fundamental matriz
Jor B, and thus MV is for A. Moreover, Fle® T(k),e™® T'(k)™'] is a
Picard- Vessiot extension for A.

Let A(z) = 0 with A € SP*? be a system of linear dimension n and M
be its module of formal solutions with an F-basis by,...,b,. Suppose
that 0;(b1,...,b,)” = B;(b1,...,b,)” where B; € F**" for 1 < i < m.
By a straightforward verification, {8;(x) = B;x}1<igm is a fully inte-
grable system, which is called the integrable connection of A(z) = 0 with
respect to the basis by, ..., b, of M. J-finite and fully integrable systems
are connected by the next proposition whose proof is given in [8, Propo-
sition 2] and [47, Proposition 2.4.12].

Proposition 4.12. Let A by,...,b,, By,..., B, be as above, and B be
the stacking of the blocks (0; - 1, — B;). Then

(i) cokerg(A) =, coker(B).

(ii) Let{es,...,eq} be the set of L-generators of M satisfying A(es, . ..,
e,)” =0 and P € F7*™ be given by (e1,...,e4)" = P(by,...,b,)".
Then, for any A-extension E of F, the correspondence £ — P¢ is
an isomorphism of Cg-modules between solg({0;(x) = Bix}igi<m)
and solg(A(z) = 0).

Remark that the inverse of the correspondence in Proposition 4.3 (ii)
is given by  — @Qn, where @ is a matrix in £**9 such that (by,...,b,)" =
Qe1,...,eq)". From Proposition 4.12 (i), all the solutions of the sys-
tem A(z) = 0 can be obtained from those of its integrable connec-
tion {0;(x) = B;x}1<igm, and vice versa. Figure 1 illustrates such a
relationship, and it also suggests reducing the problem of solving J-finite
systems to that of solving fully integrable systems.

Proposition 4.12 allows us to generalize the notion of Picard-Vessiot
extensions from fully integrable systems to O-finite ones.

@ Which can be found, for example, by computing the hyperexponential solutions
of the system ( [28,47]).
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Module of formal solutions
M=Ler+ -+ Leg
=Fb1®---® Fbn
9;(b1,...,bn)" = B;(b1,...,by)",i=1,2,
(e1,...,eq)” = P(b1,...,bs)7, P e Faxn

System Integrable connection
Az) =0 (P, {8:i(y) = Bay})
sol(A(z) = 0) sol(0i(y) = Biy)
1
Pe 1 13

Figure 1  Relationships among Systems, Modules and Solutions

Definition 4.13. Let A(z) = 0 with A € SP*9 be a O-finite system, M
be its module of formal solutions, {e1,...,eq} be a set of L-generators
of M and by, ..., b, be an F-basis of M such that A(ey,...,eq)" =0
and (e1,...,eq)" = P(by,...,bp)" where P € FI*™,

A q x n matriz V with entries in a A-extension E of F is called
a fundamental matrix for A(z) = 0 if V = PU where U € E™" is a
fundamental matriz of the integrable connection of A(z) = 0 with respect
to bl,...,bn.

A Picard-Vessiot ring for an integrable connection of A(z) = 0 is
called a Picard-Vessiot ring for A(z) = 0.

As a consequence of Theorem 4.10, we have

Theorem 4.14. Every d-finite system A(z) = 0 over F has a Picard-
Vessiot ring E. If F' has characteristic 0 and Cr is algebraically closed,
then Cg = Cp.

Assume that F' has characteristic 0 with an algebraically closed field
of constants. If E is a Picard-Vessiot ring for the system A(z) = 0 then
the dimension of solg(A(z) = 0) as a Cr-vector space equals the linear
dimension of A(z) = 0, whenever the latter is finite.

In summary, by associating a O-finite system to its module of formal
solutions, we reduce the system to a fully integrable system, define the
notion of Picard-Vessiot extension, and compute the dimension of its
solutions space by noncommutative Grébner basis techniques.

5 Determining all submodules of a Laurent-
Ore module

A module over a Laurent-Ore algebra that is finite-dimensional over the
ground field is called a Laurent-Ore module. As seen in Section 4.2, a
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O-finite system S has a module of formal solutions, which is a Laurent-
Ore module and denoted by Mg. A submodule of M corresponds to a
subsystem of S. Thus, determining all submodules of Mg is equivalent
to factoring S. In this section, we outline an algorithm for determining
all submodules of a Laurent-Ore module.

5.1 Generalized Beke’s method

Recall that £ = Fid,.. .,am,a;jl, ...,01] is a Laurent-Ore algebra.
The d-th exterior power AM of an L-module M is the F-vector space
A% M provided with the actions given by the formulas 8;(w1 A- - - Awg) =
Zlewl Ao N(Oiws) A+ Awg for i < £ and 0% (wr A -+ Awg) =
O (wi) A+ AN O¥(wgq) for j > £ and v € {-1,1}. A decomposable
element w € A®M is an exterior product of d elements in M, i.e., w =
w1 A Awg.

The next theorem generalizes Lemma 10 in [15] or the corresponding
statement in [39, page 111]:

Theorem 5.1. A Laurent-Ore module M has a d-dimensional submod-
ule if and only if N*M has a one-dimensional submodule generated by a
decomposable element.

Remark that the operators 0;° ! are indispensable in the proof of The-
orem 5.1 (see also [47, Theorem 4.3.1]), and this proof yields a correspon-
dence between d-dimensional submodules and one-dimensional submod-
ules generated by decomposable elements: if a d-dimensional submodule
of M has an F-basis vi,...,Vvy, then the linear subspace generated by
Vi Ao Avg in A®M is a one-dimensional submodule; conversely, if a
one-dimensional submodule of A®M is generated by a decomposable el-
ement vy A --- A vy, then the F-linear subspace generated by vq,...,vq
in M is a d-dimensional submodule.

The original idea of Theorem 5.1 is due to Beke [3]. He shows that
finding right factors of a linear ordinary differential operator L is equiva-
lent to finding exponential solutions of some associated equations which
are constructed by Wronskian techniques. His method is generalized
to factor O-finite differential systems [31,32]. Theorem 5.1 may be
viewed as a module-theoretic generalization of Beke’s method. How-
ever, this module-theoretic approach avoids not only constructing com-
plicated Wronskian-like determinants but also guessing leading deriva-
tives of Grébner bases.

5.2 Determining one-dimensional submodules

We outline an algorithm for determining one-dimensional submodules
of a Laurent-Ore module in [33]. In a A-extension R of F, a non-zero
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element h is said to be hyperezponential with respect to a map ¢ in A
if ¢(h)=rh for some r € F. The element r is denoted £p(h). The
element h is said to be hyperezponential over F' if it is hyperexponential
with respect to all the maps in A. A non-zero vector V € R" is said
to be hyperexponential (with respect to a map ¢) if there exist h € R,
hyperexponential (with respect to ¢), and W € F™ such that V = hW.

Let M be an L£-module with a finite basis by,...,b,, over F'. The

module structure of M is determined by m matrices A5, ..., Ay, in F™*",
where

6i(b1,...,bn)T:Ai(bl,...,bn)T, z':l,...,m. (11)
Note that Agy1, ..., An are invertible because £ contains 9, +11, ey
0,1, We call A, ..., Ay, the structure matrices with respect to by, ...,
br,. For a column vector Z = (21, ...,2,)7 of unknowns,

6(2)=—ATZ, i<t o3(2)= (A7) 2,5>¢  (12)
is called the system associated to M and the basis by, ..., by,. Systems

associated to different bases are equivalent in the sense that the solu-
tions of one system can be transformed to those of another by a matrix
in F™*". The multiplicative rules 8,0; = 9:0;s for all s,t € {1,...,m}
imply that (12) is fully integrable [8, Definition 2]. A detailed verifica~
tion of this assertion is presented in [47, Lemma 4.1.1]. On the other
hand, every fully integrable system is associated to its module of formal
solutions [8, Example 4], which is an £-module of finite dimension.

The next proposition connects one-dimensional submodules of M
with hyperexponential solutions of its associated systems.

Proposition 5.2. Let an L-module M have a finite F-basis by,...,b,
with structure matrices given in (11) and the associated system in (12).
Letu= )", u;b; with u; € F not all zero.

(i) If there exists a hyperexponential element h in some A-extension
such that h(ui,...,un)T is a solution of (12), then Fu is a sub-
module of M with

0i(u)= — ldeg;(h)u, i < £ and 9;(n)=Cfo;(h)"*u, j > £ (13)

(1) If Fu is a submodule of M then there exists an invertible hyperez-
ponential element h in some A-extension such that h(us, ..., u,)T
is a solution of (12).

By Proposition 5.2 we need only to compute hyperexponential so-
lutions of the fully integrable system (12), which can be done by al-
gorithms for computing exponential (resp. hypergeometric) solutions of
ordinary differential (resp. difference) matrix equation [2,26], and a back-
substitution process described in [33].
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