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After a brief introduction to the concept of formal Deformation Quantisation,
we shall focus on general konwn constructions of star products, enhancing links

with linear connections.

We first consider the symplectic context: we recall how any natural star
product on a symplectic manifold determines a unique symplectic connection

and we recall Fedosov’s construction which yields a star product, given a sym-
plectic connection.

In the more general context, we consider universal star products, which

are defined by bidifferential operators expressed by universal formulas for any
choice of a linear torsionfree connection and of a Poisson structure. We recall

how formality implies the existence (and classification) of star products on a

Poisson manifold. We present Kontsevich formality on Rd and we recall how
Cattaneo-Felder-Tomassini globalisation of this result proves the existence of

a universal star product.

Keywords: Deformation quantisation; star product; symplectic connection; uni-
versal star product.

1. Quantization

Quantisation of a classical system is a way to pass from classical to quantum
results.

Classical mechanics is considered in its Hamiltonian formulation on the
motion space, which is the quotient of the evolution space (usually the
product of the phase space and the real line) by the trajectories. Thus the
framework is a symplectic manifold (or, more generally, when one deals
with constraints, a Poisson manifold).
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In this setting a point represents a motion, so that an observable is
represented by a family of smooth functions on that manifold M . The
dynamics is defined in terms of a Hamiltonian H ∈ C∞(M) and the time
evolution of an observable ft ∈ C∞(M × R) is governed by the equation:

d

dt
ft = −{H, ft} .

Quantum mechanics is considered in its usual Heisenberg’s formulation.
The framework is a Hilbert space (states are rays in that space). An ob-
servables is described by a one parameter family of selfadjoint operators on
that Hilbert space. The dynamics is defined in terms of a Hamiltonian H,
which is a selfadjoint operator, and the time evolution of an observable At
is governed by the equation:

dAt
dt

=
i

~
[H,At].

A natural suggestion for quantisation is a correspondence Q : f 7→ Q(f)
mapping a function f to a self adjoint operator Q(f) on a Hilbert space H
in such a way that Q(1) = Id and

[Q(f), Q(g)] = i~Q({f, g}).

There is no such correspondence defined on all smooth functions onM when
one puts an irreducibility requirement which is necessary not to violate
Heisenberg’s principle.

To deal with this problem, various mathematical theories of quantization
were proposed. Deformation Quantisation was introduced in the seventies
by Flato, Lichnerowicz and Sternheimer in [10] and developed in [3]; they
“suggest that quantisation be understood as a deformation of the structure
of the algebra of classical observables rather than a radical change in the
nature of the observables.”

One stresses here the fundamental aspect of the space of observables
rather than the set of states; observables behave indeed in a nicer way when
one deels with composed systems: both in the classical and in the quantum
picture, the space of observables for combined systems is the tensor product
of the spaces of observables.

The algebraic structure of classical observables that one deforms is the
algebraic structure of the space of smooth functions on a Poisson manifold:
the associative structure given by the usual product of functions and the Lie
structure given by the Poisson bracket. Formal deformation quantisation is
defined in terms of a formal deformation of that structure called a star
product.
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2. Basic definitions

Definition 2.1. A Poisson bracket defined on the space of smooth func-
tions on a manifold M , is a R- bilinear skewsymmetric map:

C∞(M)× C∞(M) → C∞(M) (u, v) 7→ {u, v}

satisfying Jacobi’s identity ({{u, v}, w}+{{v, w}, u}+{{w, u}, v} = 0) and
Leibniz rule ({u, vw} = {u, v}w + {u,w}v ∀u, v, w ∈ C∞(M)).

Leibniz rule says that bracketing with a given function u is a derivation
of the associative algebra of smooth functions on M , hence is given by a
vector field Xu on M . By skewsymmetry, a Poisson bracket is thus given
in terms of a contravariant skew symmetric 2-tensor P on M , called the
Poisson tensor, by

{u, v} = P (du ∧ dv). (1)

The Jacobi identity for the Poisson bracket Lie algebra is equivalent to the
vanishing of the Schouten bracket:

[P, P ] = 0.

(The Schouten bracket is the extension -as a graded derivation for the exte-
rior product- of the bracket of vector fields to skewsymmetric contravariant
tensor fields; it will be developed further in section 4.1.)

A Poisson manifold, denoted (M,P ), is a manifold M with a Poisson
bracket defined by the Poisson tensor P .

A particular class of Poisson manifolds, essential in classical mechanics,
is the class of symplectic manifolds.

Definition 2.2. A symplectic manifold, denoted by (M,ω), is a mani-
foldM endowed with is a closed nondegenerate 2-form ω. The corresponding
Poisson bracket of two functions u, v ∈ C∞(M) is defined by

{u, v} := Xu(v) = ω(Xv, Xu), (2)

where Xu denotes the Hamiltonian vector field corresponding to the
function u, i.e. such that i(Xu)ω = du. In coordinates, the components
of the corresponding Poisson tensor P ij form the inverse matrix of the
components ωij of ω.

Examples of symplectic manifolds are given by cotangent bundles;
if N is a manifold, its cotangent bundle T ∗N

π→ N is endowed with a
canonical 1-form λ defined by

λξ(Y ) = 〈ξ, π∗Y 〉 ξ ∈ T ∗N, Y ∈ Tξ(T ∗N),
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where 〈·, ·〉 denotes the pairing between the tangent space TxN at a point
x = π(ξ) ∈ N and its dual space, the cotangent space at x, T ∗xN .
Then (T ∗N, dλ) is a symplectic manifold.

Duals of Lie algebras form the class of linear Poisson manifolds. If g is a
Lie algebra then its dual g∗ is endowed with the Poisson tensor P defined
by

Pξ(X,Y ) := ξ([X,Y ])

for X,Y ∈ g = (g∗)∗ ∼ (Tξg∗)∗.

Definition 2.3. [3] A star product on (M,P ) is a bilinear map

C∞(M)× C∞(M) → C∞(M)[[ν]] (u, v) 7→ u ∗ v =
∑
r≥0

νrCr(u, v)

such that

(1) extending the map R[[ν]]-bilinearly to C∞(M)[[ν]] × C∞(M)[[ν]], it is
formally associative:

(u ∗ v) ∗ w = u ∗ (v ∗ w);

(2) (a) C0(u, v) = uv, (b) C1(u, v)− C1(v, u) = {u, v};
(3) 1 ∗ u = u ∗ 1 = u.

When the Cr’s are bidifferential operators on M , one speaks of a differ-
ential star product. When, furthermore, each bidifferential operator Cr
is of order maximum r in each argument, one speaks of a natural star
product.

Given any star product ∗ on (M,P ) and any series T = Id+
∑∞
r=1 ν

rTr
of linear operators on C∞(M), one can build a new star product ∗′ defined
by f ∗′ g = T (T−1f ∗T−1g). Remark that any such series T can be written
in the form T = ExpE where E =

∑∞
r=1 ν

rEr with the Er linear operators
on C∞(M) and where Exp denotes the exponential series. This motivates
the following definition of equivalence:

Definition 2.4. Two star products ∗ and ∗′ on (M,P ) are equivalent if
and only if there is a series

E =
∞∑
r=1

νrEr

where the Er are linear operators on C∞(M), such that

f ∗′ g = ExpE ((Exp−E) f ∗ (Exp−E) g)). (3)
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Remark 2.1. Two differential star products ∗ and ∗′ on (M,P ) are equiv-
alent iff there is a series E =

∑∞
r=1 ν

rEr where the Er are differential op-
erators , giving the equivalence [i.e. such that f ∗′ g = ExpE ((Exp−E) f ∗
(Exp−E) g))].

Two natural star products ∗ and ∗′ on (M,P ) are equivalent iff there is
a series E =

∑∞
r=1 ν

rEr where the Er are differential operators of order at
most r + 1, giving the equivalence.

An example: Moyal star product on Rn

Consider a vector space V = Rm with a Poisson structure P with constant
coefficients:

P =
∑
i,j

P ij∂i ∧ ∂j , P ij = −P ji ∈ R

where ∂i = ∂/∂xi is the partial derivative in the direction of the coordinate
xi, i = 1, . . . , n. Moyal star product is defined by

(u ∗M v)(z) = exp

(
ν

2

∑
r,s

P rs∂xr∂ys

)
(u(x)v(y))

∣∣∣∣∣
x=y=z

. (4)

Associativity follows from the fact that

∂tk(u ∗M v)(t) = (∂xk + ∂yk) exp
(ν

2
P rs∂xr∂ys

)
(u(x)v(y))

∣∣∣
x=y=t

,

so that

((u ∗M v) ∗M w)(x′) = exp
(ν

2
P rs∂tr∂zs

)
((u ∗M v)(t)w(z))

∣∣∣
t=z=x′

= exp
(ν

2
P rs(∂xr + ∂yr )∂zs

)
exp

(ν
2
P ab∂xa∂yb

)
(u(x)v(y))w(z))

∣∣∣
x=y=z=x′

= exp
(ν

2
P rs(∂xr∂zs + ∂yr∂zs + ∂xr∂ys)

)
(u(x)v(y))w(z))

∣∣∣
x=y=z=x′

= (u ∗M (v ∗M w)(x′).

Remark that one can define by an analogous formula a Moyal star product
on a Poisson manifold (M,P ) as soon as the Poisson tensor writes

P =
∑
i,j

P ijXi ∧Xj , P
ij = −P ji ∈ R

where the Xi’s form a set of commuting vector fields on M .

Definition 2.5. When the constant Poisson structure P is non degenerate
(which implies V = R2n), the space of polynomials in ν whose coefficients
are polynomials on V with Moyal product is called the Weyl algebra
(S(V ∗)[ν], ∗M ).
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Moyal star product on (R2n, ω =
∑
i dpi∧dqi) is related to the composition

of operators via Weyl’s quantisation. This associates to a polynomial f
on R2n a differential operator QW (f) on Rn in the following way: to the
classical observables qi and pi, one associates the quantum operators Qi =
qi· and Pi = −i~ ∂

∂qi acting on functions depending on qj ’s. Since Qi and
Pj do no longer commute, one has to specify which operator is associated
to a higher degree polynomial in qi and pj . The Weyl ordering associates
the corresponding totally symmetrized polynomial in Qi and Pj , e.g.

QW (q1(p1)2) =
1
3
(Q1(P 1)2 + P 1Q1P 1 + (P 1)2Q1).

Then

QW (f) ◦QW (g) = QW (f ∗M g) (for ν = i~).

Remark that another ordering, such as the standard ordering, which asso-
ciates to a polynomial f in qi and pj the operator Qstd(f) with all the Qi’s
on the left and the P j ’s on the right, gives another isomorphism between
the space of differential operators on Rn and the space of polynomials on
R2n. This yields another star product ∗std on R2n so that

Qstd(f) ◦Qstd(g) = Qstd(f ∗std g) (for ν = i~).

One can show that QW (f) = Qstd(exp i~
2 Df) where D = ∂2

∂p∂q so that

exp νD(f ∗M g) = exp νD(f) ∗std exp νD(g).

One can show more generally that any two differential star products on R2n

are equivalent.

3. Symplectic case: star products and symplectic connections

A linear connection on a manifold M is a way to differentiate a vector field
along a vector field:

Definition 3.1. Let χ(M) = Γ(TM) be the space of smooth vector fields
on M . A linear connection on M is a bilinear map

∇ : χ(M)× χ(M) → χ(M) (X,Y ) 7→ ∇XY

such that ∇fXY = f∇XY and ∇XfY = X(f)Y + f∇XY , ∀X,Y ∈ χ(M)
and ∀f ∈ C∞(M). Equivalently, it is a C∞(M)-linear map

∇ : Γ(TM) → Γ(T ∗M ⊗ TM) Y 7→ ∇Y

so that ∇fY = df ⊗ Y + f∇Y.
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The torsion of a linear connection is the (12)-tensor T∇ on M defined
by

T∇(X,Y ) := ∇XY −∇YX − [X,Y ],

and its curvature is the (13)-tensor R∇ defined by

R∇(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z.

A linear connection gives a way to differentiate any tensor field on M along
a vector field X: for a smooth function f , one defines ∇Xf = Xf and for
a covariant p-tensor field α one defines

(∇Xα)(Y1, . . . , Yp) = X(α(Y1, . . . , Yp))−
p∑
i=1

α(Y1, . . . ,∇XYi, . . . , Yp).

Multidifferential operators on a manifold can be written in a global manner
through the use of a linear connection : given a torsionfree linear connection
∇ on a manifoldM (torsionfree meaning that T∇ = 0), any multidifferential
operator Op : (C∞(M))k → C∞(M) writes in a unique way as

Op(f1, . . . , fk) =
∑

J1,...,Jk

OpJ1,...,Jk∇symJ1
f1 . . .∇symJk

fk (5)

where the J1, . . . , Jk are multiindices and ∇symJ f is the symmetrised co-
variant derivative of order |J | of f :

∇symJ f =
∑
σ∈Sm

1
m!
∇miσ(1)...iσ(m)

f for J = (i1, . . . , im),

where ∇mi1...imf := ∇mf(∂i1 , . . . , ∂im) with ∇mf defined inductively by
∇f := df and ∇mf(X1, . . . , Xm) = (∇X1(∇m−1f))(X2, . . . , Xm).
The tensors OpJ1,...,Jk are covariant tensors of order |J1|+ . . .+ |Jk| which
are symmetric within each block of Jr indices; they are called the tensors
associated to Op for the given connection.

Star products in the symplectic context are strongly linked to symplectic
connections.

Definition 3.2. A symplectic connection on a symplectic manifold
(M,ω) is a torsionfree linear connection ∇ which is torsionfree and such
that the symplectic form ω is parallel, ∇ω = 0 (i.e. X(ω(Y, Z)) =
ω(∇XY,Z) + ω(Y,∇XZ)).
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It is well known that such connections exist; to see this take ∇0 to be
any torsionfree linear connection (for instance, the Levi Civita connection
associated to a metric g on M), and define

∇XY := ∇0
XY +

1
3
N(X,Y ) +

1
3
N(Y,X).

where ∇0
Xω(Y,Z) =: ω(N(X,Y ), Z). Then ∇ is symplectic.

Unlike in the Riemann case, symplectic connections are not unique. Take
∇ symplectic; then ∇′XY := ∇XY + S(X,Y ) is symplectic if and only if
ω(S(X,Y ), Z) is totally symmetric, so the set of symplectic connections is
an affine space modelled on the space of contravariant symmetric 3-tensor
fields on M .

A first result concerning the link between a star product and a connec-
tion is the observation in 1978, in the seminal paper about deformation
quantisation [3] by Bayen, Flato, Fronsdal, Lichnerowicz and Sternheimer
that Moyal star product can be defined on any symplectic manifold (M,ω)
which admits a symplectic connection ∇ with no curvature.

Lichnerowicz [13] showed that some star products on a symplectic mani-
fold determine a unique symplecic connection; this we generalised as follows

Proposition 3.1. [11] A star product ∗ =
∑
r≥0 ν

rCr at order 2 (i.e.
satisfying associativity up to terms in ν3 ) on a symplectic manifold (M,ω),
such that C1 is a bidifferential operator of order 1 in each argument and
C2 of order at most 2 in each argument, determines a unique symplectic
connection ∇ = ∇(∗) such that

C1 ={ , }+adE1m C2 =
1
2
(adE1)2m+((adE1) { , })+

1
2
P 2(∇2·,∇2·)+A2

(6)
where m is the usual multiplication of functions, where

(adE C)(u, v) = E(C(u, v))− C(Eu, v)− C(u,Ev)

for any 1-diefferential operator E and any bidifferential operaotor C, where
A2 is a skewsymmetric bidifferential operator of order 1 in each argument,
and where P 2(∇2·,∇2·) denotes the bidifferential operator which is given
by
∑
ij P

ijP i
′j′ ∇2

ii′u∇2
jj′v in a chart.

In particular, any natural star product ∗ =
∑
r≥0 ν

rCr on a symplectic
manifold (M,ω) determines a unique symplectic connection.

Reciprocally, Fedosov gave in 1985 (but appearing only in the West in
the nineties [9]), a recursive construction of a star product on a symplectic
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manifold endowed with a symplectic connection. The first proof of the exis-
tence of a star product on any symplectic manifold had been given in 1983
by De Wilde and Lecomte [7]; this was obtained by building at the same
time the star product and a special derivation of it. Fedosov’s construction
yields a star product such that the bidifferential operators defining it are
given by universal formulas in terms of the symplectic 2-form, the curvature
of the connection and all its covariant derivatives.

3.1. Fedosov’s construction

Fedosov’s construction [9] gives a star product on a symplectic manifold
(M,ω), when one has chosen a symplectic connection and a sequence of
closed 2-forms on M . The star product is obtained by identifying the space
C∞(M)[[ν]] with an algebra of flat sections of the so-called Weyl bundle
endowed with a flat connection.

Definition 3.3. Let (V,Ω) be a symplectic vector space. We endow the
space of polynomials in ν whose coefficients are polynomials on V with
Moyal star product (this is the Weyl algebra S(V ∗)[ν]). This algebra is
isomorphic to the universal enveloping algebra of the Heisenberg Lie algebra
h = V ∗⊕ Rν with Lie bracket[

yi, yj
]

= (Ω−1)ijν.

[Indeed both associative algebras U(h) and S(V ∗)[ν] are generated by V ∗

and ν and the map sending an element of V ∗ ⊂ h to the corresponding
element in V ∗ ⊂ S(V ∗) viewed as a linear function on V and mapping
ν ∈ h on ν ∈ R[ν] ⊂ S(V ∗)[ν] has the universal property:

ξ ∗M ξ′ − ξ′ ∗M ξ = [ξ, ξ′] ∀ξ, ξ′ ∈ h = V ∗⊕ Rν

so extends to a morphism of associative algebras.]
One defines a grading on U(h) assigning the degree 1 to each yi ∈ V ∗

and the degree 2 to ν. The formal Weyl algebra W is the completion in
that grading of the above algebra. An element of the formal Weyl algebra
is of the form

a(y, ν) =
∞∑
m=0

( ∑
2k+l=m

ak,i1,...,ilν
kyi1 . . . yil

)
.

The product in U(h) is given by the Moyal star product and is extended to
W :

(a ◦ b)(y, ν) =
(

exp
(
ν

2
P ij

∂

∂yi
∂

∂zj

)
a(y, ν)b(z, ν)

)∣∣∣∣
y=z

with P ij = (Ω−1)ij .
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The symplectic group

Sp(V,Ω) := {A : V → V linear |Ω(Au,Av) = Ω(u, v)∀u, v ∈ V }

acts as automorphisms of h by A · f = f ◦ A−1 for f ∈ V ∗ and A · ν = 0,
and this action extends to both U(h) and W ; on the latter we denote it by
ρ. It respects the multiplication ρ(A)(a ◦ b) = ρ(A)(a) ◦ ρ(A)(b). Explicitly,
we have:

ρ(A)(
∑

2k+l=m

ak,i1,...,ilν
kyi1 ..yil)=

∑
2k+l=m

ak,i1,...,ilν
k(A−1)i1j1 ..(A

−1)iljly
j1 ..yjl .

To an element B in the Lie algebra sp(V,Ω) we associate the quadratic
element B = 1

2

∑
ijr ΩriBrj y

iyj ∈W. The natural action ρ∗(B) is given by:
ρ∗(B)yl = −1

ν [B, yl] where [a, b] := (a ◦ b)− (b ◦ a) for any a, b ∈ W . Since
both sides act as derivations this extends to all of W as

ρ∗(B)a =
−1
ν

[B, a]. (7)

Definition 3.4. If (M,ω) is a symplectic manifold, we can form its bundle
Fsymp(M) of symplectic frames. A symplectic frame at the point x ∈M
is a linear symplectic isomorphism ξx : (V,Ω) → (TxM,ωx). The bundle
Fsymp(M) is a principal Sp(V,Ω)-bundle over M (the action on the right
of an element A ∈ Sp(V,Ω) on a frame ξx is given by ξx ◦A).

The associated bundle W = Fsymp(M) ×Sp(V,Ω),ρ W is a bundle of
algebras on M called the bundle of formal Weyl algebras, or, more simply,
the Weyl bundle. Its sections have the form of formal series

a(x, y, ν) =
∑

2k+l≥0

νkak,i1,...,il(x)y
i1 · · · yil (8)

where the coefficients ak,i1,...,il define ( in the i′s) symmetric covariant l–
tensor fields on M . We denote by Γ(W) the space of those sections.

The product of two sections taken pointwise makes Γ(W) into an algebra
with multiplication

(a ◦ b)(x, y, ν) =
(

exp
(
ν

2
Λij

∂

∂yi
∂

∂zj

)
a(x, y, ν)b(x, z, ν)

)∣∣∣∣
y=z

. (9)

The center of this algebra coincide with C∞(M)[[ν]].

A symplectic connection defines a connection 1-form in the symplectic
frame bundle and so a connection in all associated bundles (i.e. a covariant
derivative of sections). In particular we obtain a connection in W which we
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denote by ∂; it can be viewed as a map ∂ : Γ(W) → Γ(W⊗Λ1T ∗M) where
sections of the bundle W ⊗ Λ•T ∗M are W-valued forms on M and have
locally the form

a =
∑

p≥0,q≥0

apq =
∑

2k+p≥0,q≥0

νkak,i1,...,ip,j1,...,jqy
i1 . . . yip dxj1 ∧ · · · ∧ dxjq

with coefficients which are again covariant tensors, symmetric in i1, . . . , ip
and anti-symmetric in j1, . . . , jq. [In particular a00 =

∑
k ν

kak with ak ∈
C∞(M).] Such sections can be multiplied using the product in W and
simultaneously exterior multiplication a⊗ω ◦ b⊗ω′ = (a ◦ b)⊗ (ω∧ω′) and
bracketed

[s, s′] = s ◦ s′ − (−1)q1q2s′ ◦ s

if si ∈ Γ(W ⊗ ΛqiT ∗M).
Let Γikl be the Christoffel symbols of the chosen symplectic connection

∇ and let Γ := 1
2

∑
ijkr ωkiΓ

k
rjy

iyjdxr; then the connection in W is given
by

∂a = da− 1
ν

[Γ, a].

For any vector field X on M , the covariant derivative ∂X is a derivation of
the algebra Γ(W).

As usual, the connection ∂ in W extends to a covariant exterior deriva-
tive on all of Γ(W ⊗ Λ•T ∗M), also denoted by ∂, by using the Leibniz
rule:

∂(a⊗ ω) = ∂(a) ∧ ω + a⊗ dω.

The curvature of ∂ is then given by ∂◦∂ which is a 2-form with values in
End(W). If R denotes the curvature of the symplectic connection ∇:

∂◦∂a =
1
ν

[R, a]

where R = 1
4

∑
ijklr ωrlR

l
ijky

ryk dxi ∧ dxj .
The idea is to try to modify ∂ to have zero curvature; we look for a

connection D on W, so that DX is a derivation af the algebra Γ(W) for
any vectorfield X on M , and so that D is flat in the sense that D◦D = 0.
Such a connection can be written as a sum of ∂ and a End(W)-valued
1-form. The latter is taken in a particular form:

Da = ∂a− δ(a)− 1
ν

[r, a] (10)
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14 S. Gutt

with δ(a) =
∑
k dx

k ∧ ∂a
∂yk = 1

ν

[∑
ij −ωijyidxj , a

]
, so that δ2 = 0, ∂δ +

δ∂ = 0 and δ is a graded derivation of Γ(W ⊗ Λ•T ∗M). Then

D◦Da =
1
ν

[
R− ∂r + δr +

1
2ν

[r, r], a
]

and [r, r] = 2r ◦ r. So we will have a flat connection D provided we can
make the first term in the bracket be a central 2-form. Introducing

δ−1(apq) =

{
1
p+q

∑
k y

ki( ∂
∂xk )apq if p + q > 0;

0 if p + q = 0.

Then (δ−1)2 = 0 and (δδ−1 + δ−1δ)(a) = a− a00.

Theorem 3.1. (Fedosov [9]) The equation

δr = −R+ ∂r − 1
ν
r2 + Ω̃ (11)

for a given formal series Ω̃ =
∑
i≥1 h

iωi of closed 2-forms ωi on M , has a
unique solution r ∈ Γ(W ⊗Λ1T ∗M) satisfying the normalization condition
δ−1r = 0 and such that the W-degree of the leading term of r is at least 3.
It is inductively defined by

r = −δ−1R+ δ−1∂r − 1
ν
δ−1r2 + δ−1Ω̃. (12)

Since DX acts as a derivation of the pointwise multiplication of sections,
the space WD of flat sections will be a subalgebra of the space of sections
of W:

WD = {a ∈ Γ(W)|Da = 0}.

The importance of this space of sections comes from the fact that there is
a bijection between this space WD and the space of formal power series of
smooth functions on M.

Theorem 3.2. [9] Given a flat connection D, for any a◦ ∈ C∞(M)[[ν]]
there is a unique a ∈ WD such that a(x, 0, ν) = a◦(x, ν). It is defined
inductively by

a = δ−1δa+ a◦ = δ−1

(
∂a− 1

ν
[r, a]

)
+ a◦. (13)
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One defines the symbol map σ : Γ(W) → C∞(M)[[ν]], by σ(a) =
a(x, 0, ν). Theorem 3.2 tells us that σ is a linear isomorphism when re-
stricted to WD. So it can be used to transport the algebra structure of WD

to C∞(M)[[ν]]. Fedosov’s star product is defined by :

a ∗∇,ΩF b = σ(σ−1(a) ◦ σ−1(b)), a, b ∈ C∞(M)[[ν]]. (14)

Remark that its construction depends only on the choice of a symplectic
connection ∇ and the choice of a series Ω of closed 2-forms on M . If the
curvature and the Ω vanish, one gets back the Moyal ∗-product.

4. Star products on Poisson manifolds

In the Poisson context, generally speaking one cannot find a “Poisson con-
nection”. Indeed, if one looks for a linear connection such that ∇P = 0,
then the rank of the Poisson structure must be constant. So the best we
can do in general is to consider a torsionfree linear connection.

We consider star products on a manifold M which are given by universal
formulas when one has chosen any Poisson structure and any connection
on M . By universal, we mean the following:

Definition 4.1. [2] A universal star product ∗ = m +
∑
r≥1 ν

rCr will
be the association to any manifold M , any torsionfree connection ∇ on M
and any Poisson tensor P on M , of a differential star product

∗(M,∇,P ) := m+
∑
r≥1

νrC(M,∇,P )
r

where each Cr is a universal Poisson-related bidifferential operator, i.e.
so that, the tensors associated to C

(M,∇,P )
r for ∇ are given by universal

polynomials, involving concatenations, in P , the curvature tensor R and
their covariant multiderivatives.

Kontsevich proved in 1997 the existence of a star product on any Poisson
manifold as a consequence of his formality theorem. He gave an explicit
formula for a formality and thus for a star product on Rd endowed with
any Poisson structure. We shall now present this result.

4.1. Star products on Poisson manifolds and formality

Kontsevich in [12] showed that the set of equivalence classes of star products
is the same as the set of equivalence classes of formal Poisson structure. A
differential star product on M is defined by a series of bidifferential opera-
tors satisfying some identities; a formal Poisson structure on a manifold M
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is completely defined by a series of bivector fields P satisfying certain prop-
erties. To describe a correspondence between these objects, one introduces
the algebras they belong to.

Definition 4.2. A differential graded Lie algebra (briefly DGLA) is a
Z-graded vector space g =

⊕
i∈Z gi endowed with

• a structure of graded Lie algebra, i.e. a graded bilinear map

[ , ] : g⊗ g → g such that [ a , b ] ⊂ gα+β

which is graded skewsymmetric ([ a , b ] = −(−1)αβ [ b , a ]) and which
satisfies the graded Jacobi identities: [ a , [ b , c ] ] = [ [ a , b ] , c ] +
(−1)αβ [ b , [ a , c ] ] for any a ∈ gα, b ∈ gβ and c ∈ gγ ,

• together with a differential, d : g → g, i.e. a linear operator of degree 1
(d : gi → gi+1) which squares to zero (d ◦ d = 0)
• satisfying the compatibility condition (Leibniz rule)

d[ a , b ] = [ d a , b ] + (−1)α[ a , d b ] a ∈ gα, b ∈ gβ .

Star products and the DGLA of polydifferential operators

Let A be an associative algebra with unit on a field K; consider the complex
of multilinear maps from A to itself:

C :=
∞∑

i=−1

Ci Ci := HomK(A⊗(i+1), A)

remark that the degree |A| of a (p+ 1)–linear map A is equal to p.
One extends the composition of linear operators to multilinear opera-

tors; if A1 ∈ Cm1 , A2 ∈ Cm2 , then:

(A1 ◦A2)(f1, ..., fm1+m2+1) :=
m1∑
j=1

(−1)(m2)(j−1)A1(f1, ..., fj−1, A2(fj , ..., fj+m2), fj+m2+1, . . . , fm1+m2+1)

for any (m1+m2+1)- tuple of elements of A. The Gerstenhaber bracket
is defined by

[A1, A2]G := A1 ◦A2 − (−1)m1m2A2 ◦A1.

The differential dD is defined by

dDA = −[µ,A] = −µ ◦A+ (−1)|A|A ◦ µ

where µ is the usual product in the algebra A.



EUROPEAN WOMEN IN MATHEMATICS - Proceedings of the 13th General Meeting
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7352.html

November 4, 2009 13:57 WSPC - Proceedings Trim Size: 9in x 6in ewmproc

Deformation Quantisation and Connections 17

Proposition 4.1. The graded Lie algebra C together with the differential
dD is a differential graded Lie algebra.

Here we consider the algebra A = C∞(M), and we deal with the subalge-
bra of C consisting of multidifferential operators Dpoly(M) :=

⊕
Dipoly(M)

with Dipoly(M) consisting of multi differential operators acting on i + 1
smooth functions on M and vanishing on constants. It is easy to check that
Dpoly(M) is closed under the Gerstenhaber bracket and under the differen-
tial dD, so that it is a DGLA.

Proposition 4.2. An element C ∈ νD1
poly(M)[[ν]] (i.e. a series of bid-

ifferential operator on the manifold M) yields a deformation of the usual
associative pointwise product of functions µ:

∗ = µ+ C

which defines a differential star product on M if and only if

dDC −
1
2
[C,C]G = 0.

Formal Poisson structures and the DGLA of multivector fields

A k-multivector field is a section of the k-th exterior power ΛkTM of
the tangent space TM ; the bracket of multivectorfields is the Schouten-
Nijenhuis bracket which extends the usual Lie bracket of vector fields

[X1 ∧ . . . ∧Xk, Y1 ∧ . . . ∧ Yl]S

=
k∑
r=1

l∑
s=1

(−1)r+s[Xr, Xs]X1 ∧ . . . X̂r ∧ . . . ∧Xk ∧ Y1 ∧ . . . Ŷs ∧ . . . ∧ Yl.

Since the bracket of an r- and an s-multivector fields on M is an r + s −
1- multivector field, we define a structure of graded Lie algebra on the
space Tpoly(M) of multivector fields on M by setting T ipoly(M) the set of
skewsymmetric contravariant i+1-tensorfields on M (observe again a shift
in the grading). We shall consider here

[T1, T2]′S := −[T2, T1]S .

Then Tpoly(M) is turned into a differential graded Lie algebra setting the
differential dT to be identically zero.

Proposition 4.3. An element P ∈ νT 1
poly(M)[[ν]] (i.e. a series of bivec-

torfields on the manifold M) defines a formal Poisson structure on M if
and only if

dTP −
1
2
[P, P ]′S = 0.
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L∞-algebras and L∞-morphisms

If one could construct an isomorphism of DGLA (i.e. a linear bijection
which commute with the differentials and the brackets) between the algebra
Tpoly(M) of multivector fields and the algebra Dpoly(M) of multidifferential
operators, this would give a correspondence between a formal Poisson tensor
on M and a formal differential star product on M . The natural map

U1 : T ipoly(M) −→ Dipoly(M)

which extends the usual identification between vector fields and first order
differential operators, is defined by:

U1(X0∧. . .∧Xn)(f0, . . . , fn) =
1

(n+ 1)!

∑
σ∈Sn+1

ε(σ) X0(fσ(0)) · · ·Xn(fσ(n)).

Unfortunately this map fails to preserve the Lie structure.
One extends the notion of morphism between two DGLA to construct

a morphism whose first order approximation is this map U1. To do this one
introduces the notion of L∞-morphism.

A toy picture of our situation (finding a correspondence between a for-
mal Poisson tensor P on M and a formal differential star product ∗ = µ+C
on M) is the following. If C and P were elements in neighborhoods of
zero V1 and V2 of finite dimensional vector spaces, one could consider
analytic vector fields X1 on V1, X2 on V2, vanishing at zero, given by
(X1)C = dDC − 1

2 [C,C]G, (X2)P = dTP − 1
2 [P, P ]′S and one would be

interested in finding a correspondence between zeros of X2 and zeros of
X1. An idea would be to construct an analytic map φ : V2 → V1 so that
φ(0) = 0 and φ∗X2 = X1. Such a map can be viewed as an algebra mor-
phism φ∗ : A1 → A2 where Ai is the algebra of analytic functions on Vi
vanishing at zero. The vector field Xi can be seen as a derivation of the
algebra Ai. A real analytic function being determined by its Taylor expan-
sion at zero, one can look at C(Vi) :=

∑
n≥1 S

n(Vi) as the dual space to
Ai; it is a coalgebra. One view the derivation of Ai corresponding to the
vector field Xi dually as a coderivation Qi of C(Vi). One is then looking
for a coalgebra morphism F : C(V2) → C(V1) so that F ◦Q2 = Q1 ◦ F.

This is generalized to the framework of graded algebras with the notion
of L∞-morphism between L∞-algebras.

Definition 4.3. A graded coalgebra on the base ring K is a Z–graded
vector space C =

⊕
i∈Z C

i with a comultiplication, i.e. a graded linear map

∆: C → C ⊗ C
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such that ∆(Ci) ⊂
⊕

j+k=i C
j ⊗ Ck and such that (coassociativity):

(∆⊗ id)∆(x) = (id⊗∆)∆(x)

for every x ∈ C.

Additional structures that can be put on an algebra can be dualized to
give a dual version on coalgebras.

Definition 4.4 (The coalgebra C(V )). Let V is a graded vector space
over K, V =

⊕
i∈Z V

i and let |v| denote the degree of v ∈ V . The tensor
algebra is T (V ) =

⊕∞
n=0 V

⊗n with V ⊗0 = K. It has the two quotients:
the symmetric algebra S(V ) = T (V )/ < x⊗ y − (−1)|x||y|y ⊗ x >, and the
exterior algebra Λ(V ) = T (V )/ < x⊗ y + (−1)|x||y|y ⊗ x >;
these spaces are naturally graded associative algebras. They can be given a
structure of coalgebras with comultiplication ∆ defined on a homogeneous
element v ∈ V by

∆v := 1⊗ v + v ⊗ 1

and extended as algebra homomorphism.
The reduced symmetric space is C(V ) := S+(V ) :=

⊕
n>0 S

n(V ).

Definition 4.5. A coderivation of degree d on a graded coalgebra C is a
graded linear map δ : Ci → Ci+d which satisfies the (co–)Leibniz identity:

∆δ(v) = δv′ ⊗ v” + (−1)d|v
′|v′ ⊗ δv”

if ∆v =
∑
v′ ⊗ v”. This can be rewritten with the usual Koszul sign con-

ventions ∆δ = (δ ⊗ id+ id⊗δ)∆.

Definition 4.6. A L∞–algebra is a graded vector space V over K and a
degree 1 coderivation Q defined on the reduced symmetric space C(V [1])
so that

Q ◦Q = 0. (15)

[Given any graded vector space V , a new graded vector space V [k] is defined
by shifting the grading of the elements of V by k, i.e. V [k] =

⊕
i∈Z V [k]i

where V [k]i := V i+k.]

Definition 4.7. A L∞–morphism between two L∞–algebras,
F : (V,Q) → (V ′, Q′), is a morphism

F : C(V [1]) −→ C(V ′[1])

of graded coalgebras, so that F ◦Q = Q′ ◦ F .
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In the same way that any algebra morphism from S+(V ) to S+(V ′) is
determined by its restriction to V and any derivation of S+(V ) is deter-
mined by its restriction to V , a coalgebra–morphism F from the coalgebra
C(V ) to the coalgebra C(V ′) is uniquely determined by the composition
of F and the projection π′ : C(V ′) → V ′ and any coderivation Q of C(V )
is determined by the composition F ◦ π where π is the projection of C(V )
on V .

Definition 4.8. We call Taylor coefficients of a coalgebra-morphism
F : C(V ) → C(V ′) the sequence of maps Fn : Sn(V ) → V ′ and Tay-
lor coefficients of a coderivation Q of C(V ) the sequence of maps
Qn : Sn(V ) → V .

Given V and V ′ two graded vector spaces, any sequence of linear maps
Fn : Sn(V ) → V ′ of degree zero determines a unique coalgebra morphism
F : C(V ) → C(V ′) for which the Fn are the Taylor coefficients. Explicitely

F (x1 . . . xn) =
∑
j≥1

1
j!

∑
{1,...,n}=I1t...tIj

εx(I1, . . . , Ij)F|I1|(xI1) · · ·F|Ij |(xIj )

where the sum is taken over I1 . . . Ij partition of {1, . . . , n} and
εx(I1, . . . , Ij) is the signature of the effect on the odd xi’s of the unshuffle
associated to the partition (I1, . . . , Ij) of {1, . . . , n}.

Similarly, if V is a graded vector space, any sequence Qn : Sn(V ) →
V, n ≥ 1 of linear maps of degree i determines a unique coderivation Q of
C(V ) of degree i whose Taylor coefficients are the Qn. Explicitly

Q(x1 . . . xn) =
∑

{1,...,n}=ItJ

εx(I, J)(Q|I|(xI)xJ .

The first conditions on the Taylor coefficients Qn to have Q2 = 0 are:

• Q2
1 = 0 and Q1 is a linear map of degree 1 on V ;

• Q2(Q1x.y + (−1)|x|−1x.Q1y) +Q1Q2(x.y) = 0;
• 0 = Q3(Q1x.y.z + (−1)|x|−1x.Q1y.z + (−1)|x|+|y|−2x.y.Q1z) +
Q1Q3(x.y.z) + Q2(Q2(x.y).z) + (−1)(|y|−1)(|z|−1)Q2(x.z).y +
(−1)(|x|−1)(|y|+|z|−2)Q2(y.z).x.

Defining

dx = (−1)|x|Q1x [x, y] := Q2(x ∧ y) = (−1)|x|(|y|−1)Q2(x, y), (16)
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the above relations show that d is a differential on V , and [ , ] is a graded
skewsymmetric bilinear map from V × V → V satisfying

(−1)|x||z|[[x, y], z] + (−1)|y||x|[[y, z], x](−1)|z||y|[[z, x], y] + terms in Q3 = 0

and d[x, y] = [dx, y] + (−1)|x|[x, dy]. In particular, we get:

Lemma 4.1. Any L∞–algebra (V,Q) so that all the Taylor coefficients Qn
of Q vanish for n > 2 yields a differential graded Lie algebra and vice versa.

The first conditions for a sequence of linear maps Fn : Sn(V [1]) → V ′[1]
to be the Taylor coefficients of a L∞–morphism between two L∞–algebras
(V,Q) and (V ′, Q′), i.e. so that F ◦Q = Q′ ◦ F are

• F1 ◦ Q1 = Q′1 ◦ F1 so F1 : V → V ′ is a morphism of complexes from
(V, d) to (V ′, d′)

• F1([x, y])− [F1x, F1y]′ = expression involving F2

so there exist L∞–morphisms between two DGLA’s which are not DGLA–
morphisms.

The equations for F to be a L∞–morphism between two DGLA’s (V,Q)
and (V ′, Q′ (with Qn = 0, Q′n = 0 ∀n > 2) are

Q′1Fn(x1 · . . . · xn) +
1
2

∑
UtJ={1,ldots,n}

I,J 6=∅

εx(I, J)Q′2(F|I|(xI) · F|J|(xJ))

=
n∑
k=1

εx(k, 1, . . . k̂ . . . , n)Fn(Q1(xk) · x1 · . . . x̂k . . . · xn) (∗)

+
1
2

∑
k 6=l

εx(k, l, 1, . . . k̂l . . . , n)Fn−1(Q2(xk · xl) · x1 · . . . x̂kx̂l . . . · xn).

Formality, formal Poisson structures, and star products

Definition 4.9. Let m = νR[[ν]]. A m– point in a L∞ algebra (V,Q)
(over a field of characteristic zero) is an element p ∈ νC(V )[[ν]] so that
∆p = p⊗ p; equivalently, it is an element p = ev − 1 = v + v2

2 + · · · where
v is an even element in V [1]⊗m = νV [1][[ν]].

A solution of the generalized Maurer-Cartan equation is a m–point
p where Q vanishes; equivalently, it is an odd element v ∈ νV [[ν]] so that

Q1(v) +
1
2
Q2(v · v) + · · · = 0. (17)

If g is a DGLA, it is thus an element v ∈ g so that dv − 1
2 [v, v] = 0.
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The image under a L∞ morphism of a solution of the generalised Maurer-
Cartan equation is again such a solution. In particular, if one builds a
L∞ morphism F betwwen the two DGLA we consider, F : Tpoly(M) →
Dpoly(M), the image under F of the point eα−1 corresponding to a formal
Poisson tensor,

α ∈ νT 1
poly(M)[[ν]] so that [α, α]S = 0, (18)

yields a star product on M ,

∗ = µ+
∑
n

Fn(αn). (19)

Definition 4.10. Two L∞–algebras (V,Q) and (V ′, Q′) are quasi-
isomorphic if there is a L∞–morphism F so that F1 : V → V ′ induces an
isomorphism in cohomology.

Kontsevich has proven that if F is a L∞–morphism between two L∞–
algebras (V,Q) and (V ′, Q′) so that F1 : V → V ′ induces an isomorphism
in cohomology, then there exists a L∞–morphism G between (V ′, Q′) and
(V,Q) so that G1 : V ′ → V is a quasi inverse for F1 .

Definition 4.11. Kontsevich’s formality is a quasi isomorphism between
the (L∞–algebra structure associated to the) DGLA of multidifferential
operators, Dpoly(M), and its cohomology, which is the DGLA of multivector
fields Tpoly(M).

Such a formality induces a bijective correspondence between equivalence
classes of formal Poisson structures and equivalence classes of star products.

4.2. Kontsevich’s formality for Rd

Kontsevich gave an explicit formula for the Taylor coefficients of a formality
for Rd, i.e. the Taylor coefficients Fn of an L∞–morphism between the two
DGLA’s

F : (Tpoly(Rd), Q) → (Dpoly(Rd), Q′)

where Q corresponds to the DGLA of (Tpoly(Rd) , [ , ]′S , DT = 0) and Q′

corresponds to the DGLA (Dpoly(Rd) , [ , ]G , dD), with the first coefficient

F1 = U1 : Tpoly(Rd) → Dpoly(Rd)
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U1(X0 ∧ . . . ∧ Xn)(f0, . . . , fn) = 1
(n+1)!

∑
σ∈Sn+1

ε(σ) X0(fσ(0)) · · ·
Xn(fσ(n)). The formula writes

Fn =
∑
m≥0

∑
~Γ∈Gn,m

W~ΓB~Γ

• where Gn,m is a set of oriented admissible graphs;
[An admissible graph ~Γ ∈ Gn,m has n aerial vertices labelled p1, . . . , pn, and

m ground vertices labelled q1, . . . , qm. From each aerial vertex pi, a numer

ki of arrows are issued; each of them can end on any vertex except pi but

there can not be multiple arrows. There are no arrows issued from the ground

vertices. One gives an order to the vertices:(p1, . . . , pn, q1, . . . , qm) and one

gives a compatible order to the arrows, labeling those issued from pi with

(k1 + . . .+ ki−1 + 1, . . . , k1 + . . .+ ki−1 + ki). The arrows issued from pi are

named Star(pi) = {−−→pia1, . . . ,
−−−→piaki

} with −−−−−−−−−−→vk1+...+ki−1+j = −−→piaj .]

• where B~Γ associates a m–differential operator to an n–tuple of multi-
vectorfields;
[Given a graph ~Γ ∈ Gn,m and given n multivectorfields (α1, . . . , αn) on Rd,
one defines a m– differential operator B~Γ(α1 · . . . · αn); it vanishes unless α1

is a k1–tensor, α2 is a k2–tensor,..., αn is a kn–tensor and in that case it is
given by:

B~Γ(α1 · . . . · αn)(f1, . . . , fm) =
∑

i1,..,iK

Dp1α
i1...ik1
1 Dp2α

ik1+1...ik1+k2
2

...Dpnα
ik1+..+kn−1+1...iK
n Dq1f1...Dqmfm

where K := k1 + · · ·+ kn and where Da := Πj|−→vj=−→·a∂ij .]

• where W~Γ is the integral of a form ω~Γ over the compactification of a
configuration space C+

{p1,...,pn}{q1,...,qm}.
[Consider the upper half plane H = {z ∈ C|Im(z) > 0}; define

Conf+
{z1,...,zn}{t1,...,tm} := {z1, . . . , zn, t1, . . . , tm

∣∣∣∣ zj ∈ H; zi 6= zj for i 6= j;
tj ∈ R; t1 < t2 · · · < tm

}
and C+

{p1,...,pn}{q1,...,qm} to be the quotient of this space by the action of the

2-dimensional group G of all transformations of the form

zj 7→ azj + b ti 7→ ati + b a > 0, b ∈ R.

The configuration space C+
{p1,...,pn}{q1,...,qm} has dimension 2n+m− 2 and

has an orientation induced on the quotient by

Ω{z1,...,zn;t1,...,tm} = dx1 ∧ dy1 ∧ . . . dxn ∧ dyn ∧ dt1 ∧ . . . ∧ dtm

if zj = xj + iyj .
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The compactification C+
{p1,...,pn}{q1,...,qm} is defined as the closure of the

image of the configuration space C+
{p1,...,pn}{q1,...,qm} into the product of

a torus and the product of real projective spaces P 2(R) under the map Ψ
induced from a map ψ defined on Conf+

{z1,...,zn}{t1,...,tm} in the following

way: to any pair of distinct points A,B taken amongst the {zj , zj , tk} ψ
associates the angle arg(B − A) and to any triple of distinct points A,B,C
in that set, ψ associates the element of P 2(R) which is the equivalence class
of the triple of real numbers (|A−B|, |B − C|, |C −A|).
Given a graph ~Γ ∈ Gn,m, one defines a form on C+

{p1,...,pn}{q1,...,qm} induced

by

ω~Γ =
1

(2π)k1+...+kn(k1)! . . . (kn)!
dΦ−→v1 ∧ . . . ∧ dΦ−→vK

where Φ−→pja
=Arg(

a−pj

a−pj
).]

We give here a sketch of the proof; a detailed proof can be found in [1].
Remark that W~Γ 6= 0 implies that the dimension of the configuration

space 2n+m−2 is equal to the degree of the form = k1+. . .+kn = K(=the
number of arrows in the graph).

We shall write

Fn =
∑
m≥0

∑
~Γ∈Gn,m

W~ΓB~Γ =
∑

F(k1,...,kn)

where F(k1,...,kn) corresponds to the graphs ~Γ ∈ Gn,m with ki arrows start-
ing from pi. The formality equation reads:

0 = F(k1,...,kn)(α1 · ·αn) ◦ µ− (−1)
∑
ki−1µ ◦ F(k1,...,kn)(α1 · ·αn)

+
∑

UtJ={1,ldots,n}
I,J 6=∅

εα(I, J)(−1)(|kI |−1)|kJ |F(kI)(αI) ◦ F(kJ )(αJ )

−
∑
i 6=j

Fεx(i, j, 1, ..̂iĵ.., n)F
(ki+kj−1,k1,.k̂ik̂j .,kn)

((αi • αj) · α1 · ..α̂iα̂j .. · αn)

where

α1 • α2 =
k1

(k1)!(k2)!
α
ri1...ik1−1

1 ∂rα
j1...jk2
2 ∂i1 ∧ · · · ∧ ∂ik1−1 ∧ ∂j1 ∧ · · · ∧ ∂jk2

so that [α1, α2]S = (−1)k1−1α1 • α2 − (−1)k1(k2−1)α2 • α1. The right hand
side of the formality equation can be written as∑

−→
Γ′

C−→
Γ′
B−→

Γ′
(α1 · ·αn)

for graphs
−→
Γ′ with n aerial vertices, m ground vertices and 2n + m − 3

arrows.
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To a face G of codimension 1 in the boundary of C+
{p1,...,pn}{q1,...,qm}

and an oriented graph
−→
Γ′ as above, one associates one term in the formality

equation (or 0).

• G = ∂{pi1 ,..,pin1
}{ql+1,..,ql+m1}C

+
{p1,..s,pn}{q1,..,qm} if the aerial points

{pi1 , .., pin1
} and the ground points {ql+1, .., ql+m1} all collapse into a

ground point q. We associate to G the operator B′−→
Γ′,G

(α1 · ·αn) which

is the term in the formality equation of the form B−→
Γ′

obtained from

B−→
Γ2

(αj1 · ·αjn2
)(f1, .., fl, B−→Γ1

(αi1 · ·αin1
)(fl+1, .., fl+m1), fl+m1+1, .., fm)

where
−→
Γ1 is the restriction of

−→
Γ′ to {pi1 , .., pin1

} ∪ {ql+1, .., ql+m1}, where
−→
Γ2 is obtained from

−→
Γ′ by collapsing {pi1 , . . . , pin1

} ∪ {ql+1, . . . , ql+m1} into
q and where {j1 < . . . < jn2} = {1, . . . , n} \ {i1, . . . , in1}.

• G = ∂{pi,pj}C
+
{p1,...,pn}{q1,...,qm} if the aerial points {pi, pj} collapse into

an aerial point p. If the arrow −−→pipj belongs to
−→
Γ′ , we associate to G the

operator B′−→
Γ′,G

(α1 · ·αn) which is the term in the formality equation of

the form B−→
Γ′

obtained from

B−→
Γ2

(αi • αj) · α1 · α̂iα̂j · αn)

where
−→
Γ2 is obtained from

−→
Γ′ by collapsing {pi, pj} into p, discarding the

arrow −−→pipj .
If −−→pipj is not an arrow in

−→
Γ′ , we set B′−→

Γ′,G
(α1 · ·αn) = 0.

• G = ∂{pi1 ,...,pin1
}C

+
{p1,...,pn}{q1,...,qm} if the aerial points {pi1 , . . . , pin1

} all
collapse with n1 > 2. We associate to such a face G, the operator B′−→

Γ′,G
= 0.

Looking at the coefficients of B−→
Γ′

in each of the B′−→
Γ′,G

, the right hand

side of the formality equation now writes∑
−→
Γ′

C−→
Γ′
B−→

Γ′
(α1 · ·αn) =

∑
−→
Γ′

∑
G⊂∂C+

B′−→
Γ′,G

(α1 · ·αn)

=
∑

−→
Γ′∈Gn,m

(
∑

G⊂∂C+

∫
G

ω−→
Γ′

)B−→
Γ′

(α1 · ·αn) = 0

by Stokes theorem on the manifold with corners which is the compactifica-
tion of C+.
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Observe that the explicit formula for the Taylor’s coefficients Fj of Kont-
sevich L∞ morphism from the differential graded Lie algebra of polyvec-
torfields on Rd to the differential graded Lie algebra of polydifferential
operators on Rd shows that the coefficients of the multidifferential operator
Fj(α1, . . . , αj) are given by multilinear universal expressions in the partial
derivatives of the coefficients of the multivectorfields α1, . . . , αj .

Hence the corresponding star product

f ∗PK g = f g +
∞∑
n=1

νn

n!
Fn(P, . . . , P )(f, g) = fg + νP (df, dg) +O(ν2) (20)

is natural and defined by bidifferential operator whose coefficients are uni-
versal polynomials of degree n in the partial derivatives of the coefficients
of the tensor P .

4.3. Universal star product and universal formality

Kontsevich also obtained the existence of star products on a general Pois-
son manifold using abstract arguments. A more direct construction of a
star product on a d-dimensional Poisson manifold (M,P ), using Kontse-
vich’s formality on Rd, was given by Cattaneo, Felder and Tomassini in [6].
Using a linear torsionfree connection∇ on the manifoldM , the construction
starts with the identification of the commutative algebra C∞(M) of smooth
functions on M with the algebra of flat sections of the jet bundle E →M ,
for the Grothendieck connection DG. Let us recall this construction.

The jet bundle and Grothendieck connection

Let M be a d-dimensional manifold and consider the jet bundle E →
M (the bundle of infinite jet of functions) with fibers R[[y1, . . . , yd]] (i.e.
formal power series in y ∈ Rd with real coefficients) and transition functions
induced from the transition functions of the tangent bundle TM :

E = F (M)×Gl(d,R) R[[y1, . . . , yd]] (21)

where F (M) is the frame bundle. A section s ∈ Γ(E) can be written in the
form

s = s(x; y) =
∞∑
p=0

si1...ip(x)yi1 · · · yip

where the si1...ip are components of symmetric covariant tensors on M.
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The exponential map for the connection ∇ gives an identification

expx : U ∩ TxM →M y 7→ expx(y) (22)

at each point x, of the intersection of the tangent space TxM with a neigh-
borhood U of the zero section of the tangent bundle TM with a neighbor-
hood of x in M .

To a function f ∈ C∞(M), one associates the section fφ of the jet bundle
E →M given, for any x ∈M, by the Taylor expansion at 0 ∈ TxM of the
pullback f ◦ expx; it is given by:

fφ(x; y) = f(x) +
∑
n>0

1
n!
∇ni1...inf(x) yi1 . . . yin . (23)

The Grothendieck connection DG on E is defined by:

DG
Xs(x; y) :=

d

dt |t=0

s(x(t); exp−1
x(t)(expx(y))) (24)

for any curve t→ x(t) ∈M representing X ∈ TxM and for any s ∈ Γ(E).
From the definition, it is clear that DG is flat and that DGfφ = 0 for any
f ∈ C∞(M).

Introducing δ =
∑
i dx

i ∂
∂ yi , and ∇′ =

∑
i dx

i
(
∂xi −

∑
jk Γkij y

j ∂yk

)
one can write

DG = −δ +∇′ +A, (25)

where A is a 1-form on M with values in the fiberwize vectorfields on E,

A(x; y)=:
∑
ik

dxiAki (x; y) ∂yk =
∑
ik

dxi

(
−1

3

∑
rs

Rkris(x)y
rys+0(y3)

)
∂yk .

(26)
One extends DG to the space Ω(M,E) of E-valued forms on M :

DG = −δ +∇′ +A with ∇′ = d−
∑
ijk

dxiΓkij y
j ∂yk . (27)

Introducing (as in Fedosov”s construction) δ∗ =
∑
j y

j i( ∂
∂ xj ) on Ω(M,E),

we have (δ∗)2 = 0, δ2 = 0 and for any ω ∈ Ωq(M,Ep), i.e. a q-form of
degree p in y, we have (δδ∗ + δ∗δ)ω = (p + q)ω. Hence, defining, for any
ω ∈ Ωq(M,Ep)

δ−1ω =
1

p+ q
δ∗ω when p+ q 6= 0

= 0 when p = q = 0
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we see that any δ-closed q-form ω of degree p in y, when p+ q > 0, writes
uniquely as ω = δσ with δ∗σ = 0; σ is given by σ = δ−1ω.

One proceeds by induction on the degree in y to see that the cohomoly of
DG is concentrated in degree 0 and that any flat section of E is determined
by its part of degree 0 in y. Remark that given any section s of E then
s(x; y = 0) determines a smooth function f on M . If DGs = 0, then s− fφ
is still DG closed. By the above, Its terms of lowest order in y must be of
the form δσ hence must vanish since we have a 0-form. Hence we have:

Lemma 4.2. [5] Any section of the jet bundle s ∈ Γ(E) is the Taylor
expansion of the pullback of a smooth function f on M via the exponential
map of the connection ∇ if and only if it is horizontal for the Grothendieck-
connection DG:

s = fφ for a f ∈ C∞(M) ⇔ s ∈ Γhor(E) := { s′ ∈ Γ(E) |DGs′ = 0 }. (28)

Furthermore, the cohomology of DG is concentrated in degree 0.

Lemma 4.3. [2] The 1-form A on M with values in the fiberwize vector-
fields on E is given by A(x; y) =:

∑
ik dx

iAki (x; y) ∂yk
where the Aki are

universal polynomials given by concatenations of iterative covariant deriva-
tives of the curvature. This 1-form A is uniquely characterized by the fact
that δ−1A = 0. and the fact that DG = −δ +∇′ +A is flat.

Universal star product

The construction of a star product on any Poisson manifold by Cattaneo,
Felder and Tomassini proceeds as follows: one quantize the identification of
the commutative algebra of smooth fuctions on M with the algebra of flat
sections of E in the following way.

A deformed algebra stucture on Γ(E)[[ν]] is obtained through fiberwize
quantization of the jet bundle using Kontsevich star product on Rd.

Consider the fiberwize Poisson structure on E, Pφ, which is given, at
a point x ∈ M, by the Taylor expansion (infinite jet) at y = 0 of the
push-forward (expx)−1

∗ P (expx y).
One then considers fiberwize Kontsevich star product on Γ(E)[[ν]]:

σ ∗Pφ

K τ = στ +
∞∑
n=1

νn

n!
Fn(Pφ, . . . , Pφ)(σ, τ).

The operator DG
X is not a derivation of this deformed product; one con-

structs a flat covariant derivative of the sections of E, D, which is a deriva-
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tion of ∗Pφ

K . One defines first the derivation

D1
X = X +

∞∑
j=0

νj

j!
Fj+1(X̂, Pφ, . . . , Pφ) (29)

where X̂ := DG
X − X is a vertical vectorfield on E. The connection D1 is

not flat so one deforms it by

D := D1 + [γ, ·]
∗

Pφ
K

so that D is flat. The 1-form γ is constructed inductively using the fact
that the cohomology of DG vanishes.

The next point is to identify series of functions on M with the algebra of
flat sections of this quantized bundle of algebras to define the star product
on M .

This is done by buildind a map ρ : Γ(E)[[ν]] → Γ(E)[[ν]] so that ρ◦DG =
D ◦ ρ. This map is again constructed by induction using the vanishing of
the cohomology.

It results [2] from the explicit expression of the form A and the operator
δ−1 that the star product constructed in this way is universal.

Universal formality

Similarly, Dolgushev [8] constructs a L∞ morphism from the differential
graded Lie algebra of polyvectorfields on M to the differential graded Lie
algebra of polydifferential operators on M .

He defines a resolution of polydifferential operators and polyvectorfields
on M using the complexes (Ω(M,Dpoly), D

Dpoly

F ) and (Ω(M, Tpoly), D
Tpoly

F )
where Tpoly is the bundle of formal fiberwize polyvectorfields on E and
Dpoly is the bundle of formal fiberwize polydifferential operators on E. A
section of T kpoly is of the form

F(x; y) =
∞∑
n=0

Fj1...jk+1
i1...in

(x)yi1 . . . yin
∂

∂yj1
∧ . . . ∧ ∂

∂yjk+1
, (30)

where Fj1...jk+1
i1...in

(x) are coefficients of tensors, symmetric in the covariant in-
dices i1, . . . , in and antisymmetric in the contravariant indices j1, . . . , jk+1.
A section of Dkpoly is of the form

O(x; y) =
∞∑
n=0

Oα1...αk+1
i1...in

(x)yi1 . . . yin
∂|α1|

∂yα1
⊗ . . .⊗ ∂|αk+1|

∂yαk+1
, (31)
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where the αl are multi-indices and Oα1...αk+1
i1...in

(x) are coefficients of tensors
symmetric in the covariant indices i1, . . . , in. and symmetric in each block
of αi contravariant indices.

The spaces Ω(M, Tpoly) and Ω(M,Dpoly) have a formal fiberwise DGLA
structure: the degree of an element in Ω(M, Tpoly) ( resp. Ω(M,Dpoly) )
is defined by the sum of the degree of the exterior form and the degree
of the polyvector field (resp. the polydifferential operator), the bracket
on Ω(M, Tpoly) is defined by [ω1 ⊗ F1, ω2 ⊗ F2]SN := (−1)k1q2ω1 ∧
ω2 ⊗ [F1,F2]SN for ωi a qi form and Fi a section in T ki

poly and sim-
ilarly for Ω(M,Dpoly) using the Gerstenhaber bracket. The differential
on Ω(M, Tpoly) is 0 and the differential on Ω(M,Dpoly) is defined by
∂ := [mpf , .]G where mpf is the fiberwize multiplication of formal power
series in y of E.

The differential DTpoly

G is defined on Ω(M, Tpoly) by

D
Tpoly

G F := ∇TpolyF − δTpolyF + [A,F ]SN (32)

with ∇TpolyF = dF −
[∑

ijk dxiΓkij y
j ∂yk

, F
]
SN

, δTpolyF =[∑
i dx

i ∂
∂yi , F

]
SN

. Similarly DDpoly

F is defined on Ω(M,Dpoly) by

D
Dpoly

F O := ∇DpolyO − δDpolyO + [A,O]G (33)

with ∇Dpoly and δDpoly defined as above with the Gerstenhaber bracket.
Again the cohomology is concentrated in degree 0 and a flat section

F ∈ Tpoly or O ∈ Dpoly is determined by its terms F0 or O0 of order 0 in y.
We associate to a polyvector field F ∈ T kpoly(M) a section Fφ ∈ Γ(Tpoly) :

for a point x ∈M one considers the Taylor expansion (infinite jet) Fφ(x; y)
at y = 0 of the push-forward (expx)−1

∗ F (expx y). Clearly this definition
implies that Xφ(fφ) = (Xf)φ so that Fφ is uniquely determined by the
fact that

Fφ(f1
φ, . . . , f

k+1
φ ) =

(
F (f1, . . . , fk+1)

)
φ

∀ f j ∈ C∞(M). (34)

Similarly we associate to a differential operator O ∈ Dk
poly(M) a section

Oφ ∈ Γ(Dpoly) determined by the fact that

Oφ(f1
φ, . . . , f

k+1
φ ) =

(
O(f1, . . . , fk+1)

)
φ

∀ f j ∈ C∞(M). (35)
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Observe that DTpoly

G Fφ = 0 and similarly DDpoly

G Oφ = 0, hence:

Lemma 4.4. [2, 8] A section of Tpoly is DTpoly

F −horizontal if and only if
is a Taylor expansion of a polyvectorfield on M , i.e. iff it is of the form Fφ

for some F ∈ T kpoly(M); a section of Dpoly is DDpoly

F −horizontal if and only
if is of the form Oφ for some O ∈ Dk

poly(M).

Dolgushev constructs his L∞-morphism in two steps from the fiberwize
Kontsevich formality from Ω(M, Tpoly) to Ω(M,Dpoly) building first a twist
which depends only on the curvature and its covariant derivatives, then
building a contraction using the vanishing of the DG cohomology. Hence
the Taylor coefficients of this L∞-morphism, which are. a collection of maps
FDj associating to j multivectorfields αk on M a multidifferential operator
FDj (α1, . . . , αj) are such that the tensors defining this operator are given by
universal polynomials in the tensors defining the αj ’s, the curvature tensor
and their iterated cavariant derivatives.
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2. Mourad Ammar, Véronique Chloup et Simone Gutt, Universal star products,
Lett. in Math. Phys. 84 (2008) 199–215.

3. F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz and D. Sternheimer, Quan-
tum mechanics as a deformation of classical mechanics, Lett. Math. Phys. 1
(1977) 521–530 and Deformation theory and quantization, part I, Ann. of
Phys. 111 (1978) 61–110.

4. F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz and D. Sternheimer, Defor-
mation theory and quantization, part II, Ann. of Phys. 111 (1978) 111–151

5. A.S. Cattaneo, G.Felder, On the globalization of Kontsevich’s star product
and the perturbative Poisson sigma model, Progress of Theoretical Physics
Supplement No.144 (2002) 38–53.

6. A. Cattaneo, G. Felder and L. Tomassini, From local to global deformation
quantization of Poisson manifolds, Duke Math. J. 115 (2002) 329–352.

7. M. De Wilde and P. Lecomte, Existence of star-products and of formal de-
formations of the Poisson Lie algebra of arbitrary symplectic manifolds, Lett.
Math. Phys. 7 (1983) 487–496.

8. V. Dolgushev, Covariant and equivariant formality theorems, Adv. Math.
191 (2005) 147–177.

9. B.V. Fedosov, A simple geometrical construction of deformation quantiza-
tion, J. Diff. Geom. 40 (1994) 213–238.

10. M. Flato, A. Lichnerowicz and D. Sternheimer, Crochet de Moyal–Vey et
quantification, C. R. Acad. Sci. Paris I Math. 283 (1976) 19–24.



EUROPEAN WOMEN IN MATHEMATICS - Proceedings of the 13th General Meeting
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7352.html

November 4, 2009 13:57 WSPC - Proceedings Trim Size: 9in x 6in ewmproc

32 S. Gutt

11. S. Gutt and J. Rawnsley, Natural star products on symplectic manifolds and
quantum moment maps, Lett. in Math . Phys.66 (2003), no. 1-2, 123–139.

12. M. Kontsevich, Deformation quantisation of Poisson manifolds, I. IHES
preprint q-alg/9709040,Lett. Math. Phys. 66 (2003) 157–216.
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