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Chapter 1

Periodic Boundary Problems for Analytic Function Including
Automorphic Functions

Haitao Cai! and Jian-Ke Lu?

L Central South University, Changsha 410083, P.R.China,
htcai34 @Qyahoo.com.cn
2 Wuhan University, Wuhan 430074, China

Two kinds of fundamental boundary problems for analytic functions, including
automorphic functions, and their applications are discussed.

1. Periodic Boundary Value Problems for Analytic Functions

As a mathematical tool for the investigation of periodic problem in plane elastic-
ity, two kinds of fundamental boundary value problems for analytic functions will
be discussed in the present chapter, namely, the periodic Riemann boundary value
problems, the periodic Riemann-Hilbert boundary value problems in the half plane.
The more general formulations of these problems are those for automorphic func-
tions which were studied by F. D. Gakhov and L.I. Chibrikova, Guoping Li and
Youzhong Guo from the middle of the last century. However, the periodic problems
discussed here are much more important in applications.

1.1. Periodic Riemann Boundary Value Problems: Case of Closed
Contours

1) Formulation of the problems

Let Ly, k=0,+1,42 ..., be a set of smooth closed contours, non-intersecting
to each other, oriented counter-clockwise, for the same shape and horizontally dis-
tributed with period ma(a > 0).
The region interior to Ly is denoted by S,j, S}, is the complement of S’,j + L; and

—+oo
the region exterior to L = > Ly is denoted by S~. We may always assume the
k=—c

origin O € S; and all the points ﬂ:%ﬂ', :t%ﬂ'. .. liein S™.

For briefness, we assume that Ly is a single closed smooth contour. In fact, the fol-
lowing discussions remain effective with slight modifications when Lj consists of a
finite number of intersecting closed contours. Moreover, if L is an arbitrary smooth
curve with period ar (i.e., Lo is a smooth curve from —%aw +1yo to %CLT(‘ ~+ 1yp with
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the same slope at its end-points), the following are also valid in case of suitable
modifications.

2) Periodic Riemann boundary value problem (problem P;): find a function
®(z) in the complex plane with period aw, satisfying

OT(t) =Gt)®d (t) +g(t), te L (1.1)

where ®¥(z) denote the boundary values (limiting value) of a sectionally holomor-
phic function ®(z) (holomorphic in Sk, k = 0,+1,£2,--- , and S™) from the positive
(left) and the negative (right) sides of L respectively, while G(t) and g(t) € H are
given on L with period am:

Gt+anm)=G(t),g9(t+ am) = g(t),t € L. (1.2)

and G(t) # 0 (normal type).
Here, a functions f(t) € H(A, ) (function with H6lder Continuity) on L means

If(@t) = f) < Alt—t'|*, Ve t' el

for certain positive constant A and (0 < p < 1). Note that oo is a limiting point
of the points on L so that the solution ®(z) of the problem (if any) could not have
a definite limit as z — oo in general. However, we may ask ®(z) meeting certain
requirements at z = +oo (that means , for 2 = x + iy, x may be arbitrary and
y — Foo respectively). We always require ®(+00i) to be bounded (i.e. finite).

If g(t) = 0, the problem is homogeneous, will be denoted by Py, and otherwise,
non-homogeneous.

Throughout this chapter, all periodic functions are always assumed with periodicity
ma(a > 0), for ¢t an a definite limit.

Theorem 1 (Chibrikova) If ®(+o0i) are required to be bonded, then the homo-
geneous problem P{ has k + 1 linearly independent solutions when its index k > 0
and has only the trivial solution when k£ < 0.

Theorem 2 (Chibrikova)If ®(£ooi) are required to be bonded, the general
solution of the non- homogeneous problem P; has k + 1 arbitrary constants when
k > —1; It is (uniquely) solvable when k < —1, iff —k — 1 conditions are valid as
follows:

sinf "1t
XJr cosJ+1t

In the case of index k =0, then

1 t—
I'(z) = / log K - cot
2ami Jp,

Qdt=0,j=1,-,—k—1;

_ [logK, whenze ST,
0, whenz € S—.
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Periodic Boundary Problems for Analytic Function 3

Where log K may be taken definitely and arbitrarily. Thus X+ (z) = K, X~ (z) = 1.
Therefore, as ®(+o0i) are bounded, the general solution of the problem P is

o(e) = | T Ju 9ot SEd + O,z 57
Fl5a: [, 9(t) cot =2t + C), 2 € S~

1.2. Periodic Riemann Boundary Value Problems: Case of Open
Ares or Discontinuous Coefficients

1) Case of open arcs

+oo
Consider the case L = > Ly being periodic as before when Ly consists of p
k=—oc0
non-intersecting smooth open arcs a,b,, v = 1,--- ,p, oriented from a, to b, and

both G(t),¢(t) € H(A, p) on each arc (including its end-points) with G(t) # 0.
We get the general solution of problem P:

B(2) = X (2)Py(tan 2),
a
where the characteristic function

X(z) =[] (2)e",
in which
2p

H (2) = H (tang - tan%)&:

i=1
1

2ami

T(2) / log G(t) tan —Zdt.
Lo a

When a constant factor is merged into, then
o z—cj z z
®(2) = [[sin™ Z—ZLe"@Qp(sin =, cos 2).
(2= [Tsin® S22 Qs 6in S o5 2)

2) An important special case

For the need of application later, consider the special case where Lg consist of a
single- line-segment g : = < ¢ <1 (I < Jam) along the real axis and G(t) = —K is
a negative real constant. We would seek for solutions of the corresponding problem
P, i.e., solutions permitted to be integrably unbounded at not near z = +/. Now
c1 = —l,co = 1. The general solution is

1 : —— t—z  CotanZ +C

3) Case of discontinuous coefficients

Assume Lg to be a closed contour as in Section 1, but G(t) and g(t) have a finite
number of discontinuities ¢1, - - , ¢, of the first kind on Lo, belong to H(A, 1) on
each arc of Ly (arc between two adjacent discontinuities) including its end-points
(the values at these points are understood by the one sided limits) and G(t) # 0.
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1.3. Periodic Riemann-Hilbert Boundary Value Problems: Case of
the Half-plane

1) Formulation of the problems

Assume Ly, is the segment from —iam + $karm to Jam + Jkar (k=0,+1,+2,--)
lying on the real axis with length am (a > 0). Then |Lg| is a set of periodic segments
with period am, the union of which is the real axis. Denote the lower half-plane by
S~ and the upper, by ST.

The Riemann-Hilbert boundary value problem of the half-plane is to find a function
w(z) = u—iv holomorphic in S~ with period am, satisfying the boundary conditions

a(x)u+b(z)v =F(z), v € Ly, k=0,£1,£2,-- -,

where a(z),b(z) and F(x) are given functions with period am , arcwise with
Holder-Lipschitz continuity, i.e., having a finite number of discontinuities on each
Ly € H(A, ) on each continuous closed interval between two adjacent discontin-
uous points(called nodes), and a(zx), b(x) have no common zeros for any z. With-
out loss of generality, we may always assume that all of them are continuous at
z = +}ar(and their congruent points).

2) An important particular case
We would give solutions for a particular but very important case which often occur
in practice and would be met later in this chapter.

Let vo = [=1,1], 0 <1 < %%, and vy = Lo —"0. Denote the set of all the segments
congruent to v and v)(mod aw) by v and 4’ respectively. In the particular case
considered hereby:

a1 +iby T €7,

1.
as +iby zT €Y. (1.3)

a(z) + ib(z) = {

where aj, b; are real constants with a; +b; # 0 (j = 1,2) and a1 + by # aq + ibs.
A particular solution is well-known as

~ X(2) E(t) t—z
M(z) = pe /LO X 0)alt) = (D) cot . dt,Imz # 0.

2. Periodic Problems for Isotropic Material in Elastic Theory

There were many works in literature on the periodic problems in the theory of
plane elasticity for isotropic material, e.g., researches on stress distribution in the
neighborhoods of periodic holes by R. C. J. Howland, G. N. Savin, L. M. Tang, M.
Isida, study on periodic contact problems by G. M. L. Gladwall and investigation
for expression of periodic stress functions by S. Morigashi. All these works have
limitations in either the shape of the holes or the boundary conditions, and the
discussions are incomplete. Especially, there were few studies on the possibility of
quasi-periodic displacements. see Ref.1-2,8,13,15-18,20-22.
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Periodic Boundary Problems for Analytic Function 5

2.1. Stress Functions

1) General expression of stress functions
Let the elastic plane possess a row of periodic holes with boundaries L;,j =

0,%+1,+£2,---,, where L; consists of piecewise smooth closed contours llij),k =
1,---,n and for the same k ll(j),k = 1,---,n are periodically arranged. lg will

be denoted briefly by lx. All the contours are oriented counter-clockwise. The
region occupied by the elastic body is denoted as S~, the region bounded by l,(j )

as S,ij)+, and S,(;)H briefly as S,". Denote the strip region |z| < %mr by Sp. Let
=Y S and S5 =Sy — S; .
k=1

Denote the stresses at any point z = « + iy in S~ by 04(2), 04(2), Tay(z) and
the (complex) displacement by D(z) = u + 4v. It is well-known in Ref.23, that
they may be expressed in terms of (complex) stress functions ¢(z) and ¥ (z)or their
derivatives ®(z) = ¢'(z)and ¥(z) = ¢'(2) as follows:

0s + oy = 2[0(2) + B(2)),
Oy — O + 2iTpy = 2[2"(2) + ¥(2)], (2.1)
2ud = 2(u +iv) = wp(2) — 2 (2) — D),

where p is the shearing modulus of the elastic medium, k is a constant related to
its Passion ratio o(1 < k < 3) and ¢(z), ¥(z) are functions analytic (in general,
multi-valued) functions in S~ with their derivatives holomorphic, i.e., single-valued,
in ™.

We always assume that the stresses are periodic and bounded at z = 4o0i.

Theorem 3 In the isotropic infinite elastic plane weakened by a row of holes
of any shape with period aw(a > 0), if the stresses are known to be periodic and
bounded at infinity , then the relative displacements must be quasi-periodic , i.e.,

2ufu(z + am) — u(z)] =
ey (22)

where ¢ is a certain real constant.
amq/2p is called the addendum of the quasi-periodic function u(z). By the
previous expression, we know that

v = an(sB - q).

Theorem 4 Suppose there is a row of holes with period am (¢ > 0) in the
isotropic elastic plane, the boundary of which is L;,j = 0,£1,£2,--- , where each
L; consists of n piecewise smooth closed contours l,(cj ),k =1,2,---n, and for a
fixed l,(cj ), j = 0,£1,42 -, are arranged periodically. Assume the stresses are
periodic, bounded at z = +o00i and the principal vector of the external stresses on
l,io) is Xy + Y. Then the stress functions and ¢(z) and ¥(z) respectively have the
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expressions:

(Xy +iYy) log sin =2k Bz + o(z) (2.3)

S 2m(k+ 1)

(X5, — iY3,) log sin ——

<
>
|
BN
Agr

S 2m(k+ 1)

x>

=1

—— ) (X — Y] £ 2
+2a7r(/~€+1 z:l K — 1Y) co

k
+ (kB — B+ q)z — 2¢y(2) + Po(2). (2.4)

where ©o(z) and tg(z) are functions holomorphic and am-periodic in the elastic
region S™.

Corollary 4.1 Assume the elastic body as above. If the resultant of the principal
vectors on the boundaries of the holes in a periodic strip is zero and the stresses
at z = £00 i are 0 = oy(£o0i) and T = T,y (£00i), then both the stress functions
p(z)and 1(z) are single-valued, and

©(2) = po(z) + Bz,

(2) = to(2) — 2¢'(2) + KBz = (kB — B)z — 2 (2) + ¥o(2),
where 5 = "+” , while both ¢g(z) and vy (z) are am-periodic.

Theorem 5 If the displacements in an isotropic plane elastic body are quasi-
periodic, then the stresses must be periodic.

2) Formulation of the fundamental problem

First fundamental problem Given the periodic stress function X, (t)+14Y;,(t)
on the boundary L of the elastic region and the stresses at z = —ooi(or z = 400i),
find the elastic equilibrium (i.e., the stress distribution in the elastic body).

This is the most general formulation of the problem under the assumption of
stresses to be periodic and bounded at infinity. In this case, the stresses at z = +ooi
(orz = —o0ti) is also known, and so do  and gq.

The problem may be reduced to the following boundary value problem:

p(t) + 1o’ (1) +9(t) = f(t) + C(1), t € L,

where C(t) represents a step function on different boundary contour with different
value and (we have assumed z =0 € S7);

t
F(t) = —i/ (X, +iV,)ds, telL,
0
where s is the arc-length parameter on boundary contour;

@o(t) + (t = )y (t) +bo(t) = folt) + C(t),
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where we have put

1 - ~
t) = —— X +1Y)) logsin
fo() 27T(/€+1)kZ:1( k k) g
K n —
- — X 1Y} ) log si
2ﬂ(ﬁ+1);( ) +1Y%) logsin -
t—1 _ t— 2z,
_ Xk Y t
+2aw(n+1);( |+ 1Y) co

— (B4 DBt — (k8- B+t + f(1),

which is singer-valued on L obviously.

Second fundamental problem Given the relative displacements on the
boundary contours of the periodic holes, the resultant principal vector X + Y
of the external stresses along the boundary contours in a periodic strip and the
stresses at, z = —ooi(or z = 400i), find the equilibrium.

Here, the relative displacements mean that they are quasi-periodic but the con-
stant ¢ is not given. As in the first fundamental problem, this is the most general
formulation of the problem. It may be reduced to solve a Fredholm integral equation
as well.

For convenience of discussion, in the sequel, we always assume that the displace-
ments are also periodic.

3) Stress functions for elastic half-plane

Assume the elastic body occupies the lower half-plane S™. In this case, the
stresses and displacements may be expressed in terms of a single stress function.
When z lies in the upper half-plane ST, let

O(2) = ®(2), ¥(z) =¥(2), z€ ST,
where ®(z) = ¢/(z), ¥(z) = ¢/(z) are the stress functions.
Theorem 6 In the periodic problems for isotropic elastic half-plane, ®(z) is

arm-periodic for z € ST and z € S~ including its boundary values; and is bounded
at z = Fo001.

2.2. Periodic Fundamental Problems of Elastic Half-plane

1) The first fundamental problem
Let the isotropic elastic body occupy the lower half-plane S~ in the z-plane. On
the z-axis, denote z = ¢(¢ is real). Given the external stresses on the z-axis:

oy(t) = =P(t), 7ay(t) =T(1),
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being arcwise € H(A, p) and with period aw. Here P means the normal pressure
distribution. Assume again both the stresses and displacements are periodic and the

stresses at z = —ooi are bounded. Find the stress distribution and the displacements
on the whole elastic body, called the periodic first fundamental problem of the half-
plane.

We have

Theorem 7 Under the above assumptions, the solution of the periodic first
fundamental problem uniquely exists.
The expression of ®(z) can be written as

1 t—z 1k—1
d(z) = P(t) +iT'(t)] cot dt + = P 2.5
()= g, PO+ T cot 2t 4 55 (25)
P* and T* have clear mechanical meaning. and so
oy(—00 1) = P*, Tpy(—00 i) =T, (2.6)
oo(—00 i) = —?IZP*. (2.7)

Corollary 7.1 For the periodic first fundamental problem of isotropic elastic
half-plane, if the resultant of the external normal stresses on the boundary of a
period is a pressure force:

P(t)dt = arP* >0,
Lo

then o, is a compression at z = —ooi, given by (2.7).

2) The second fundamental problem

Assume that, on the boundary L of the isotropic elastic half plane S~, the
complex displacement u~ + v~ = g¢(t) is given, where g(t) is continuous and an-
periodic (up to an arbitrary constant term, corresponding to a rigid translation of
the whole elastic body), ¢'(t) € H(A, u) arcwise, and the principal vector X + Y
of the external stresses on a period of the boundary is also given. Again we assume
the stresses and the displacements are periodic and the stresses at z = —ootare
bounded. Find the elastic equilibrium here is the periodic second fundamental
problem of the half-plane.

Theorem 8 Under the above assumptions, the solution of the periodic second
fundamental problem of the half-plane uniquely exists.
We obtain

—i 2.8
— iz 1, 9/ (8) cot SS2dt + ((:Jrl));)r’ z €57 (28)

Kami

o / t—z _ k(Y —=iY) +
() = { pro fLog (t) cot =—=dt ToiDan 2 €5

The following two corollaries are evident.
Corollary 8.1 g,(—oci) =0iff Y = 0.
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Periodic Boundary Problems for Analytic Function 9

Corollary 8.2 The horizontal displacement u is bounded when and only when
X =0 and so does the vertical displacement v when and only when Y = 0.

3) The mixed fundamental problem
Let the elastic half-plane S~ as before. On the boundary L¢ in a period, given
displacement (up to a constant term) on its sub-segment yo(—I <t <1)

u” i =gt), t €

where g(t) is continuous with ¢’(¢) and on v = Lo — 70, given the external stresses
for briefness, to be zero:

1
o, (t) =7,,@#) =0, I <[t < 507

Besides, the principal vector X + ¢Y of the external stresses on 7y, is also given.
All the conditions given are aw-periodic. Again assume the stresses and the dis-
placements are periodic and the stresses at z = —ooi are bounded. Find the elastic
equilibrium. The problem is called the periodic mixed fundamental problem.

Theorem 9 Under the above conditions, the solution of the periodic mixed
fundamental problem uniquely exists. We have

Kk+1 cosé a

d(z) = 2pet {1 - &(cosh/ltan - isinhA)} . (2.9)

2.3. Periodic Contact Problems

1) The case without friction

Assume a series of periodic stamps (of the same shape) are pressed on the
boundary of an isotropic elastic half-plane S~. In the present paragraph, it assumed
that there exists no friction between the stamps and the half-plane. Out of the
stamps, the condition subjected to the boundary of the half-plane is 0, = 7,y = 0.
Right beneath the bases of the stamps, only the periodic vertical displacement v(¢)
is given while the horizontal displacement u(t) is unknown. On the boundary L, let
the interval pressed be vy : —{ <t <. Since there is no friction 7,, = 0 also on 7o
but oy is unknown . Besides, assume the load applied to each stamp is a positive
pressure force Py, i.e. Y = —Fy and X = 0. Find the elastic equilibrium.

Let y = f(z) be the equation of the vase of the stamp pressed on S~ and
f'(x) € H(A, ). Thus the boundary conditions on Ly are:

Tm_y(t) =0, t € Lo; Uy_(t) =0,t€ Lo—
o(t) = f(t), t €0;
and the principal vector of the external stresses on ¢ is X 4+ 1Y = — Fyi.
Under these boundary conditions, by the principle of equilibrium, we know that
P
0 =oy(—o0i) = e Tyy(—007) = 0. (2.10)
am
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Note that ®(z) is holomorphic in the plane cut by v (7o and its periodic congruent),

_ 2p , t—z fo tan 2 + 3,
O(z2) = (t Dan VR oy f'(t)\/R(t) cot . dt + "0

where we have written X (z) as

+ B2, (2.11)

1 l
X(2) = —=—=, R(z) = tan® — — tan? z (2.12)
i/ R(2) a a
where /R(z) takes positive value y/R(t), when z tends to ¢ € 7o from ST. It is
also seen that by (2.12),
lim (z=2)®'(2) =0 (2.13)
remains valid.
From the periodic condition of the displacements and the condition of equilib-
rium of the stresses at z = +o00i, we get

Bo=——2F [ pw)y /R,

(k+Dar J,
Py
b= 2am cos ﬁ’
k—1 P()
= T
The required unique solution is finally obtained
2u —z z
D(z) = F' )/ R(t)(cot — tan —)dt
(k4 1)am\/R(2) J~o a
P() k—1 P()

+ + — 2.14
2amcosL\/R(z) K+ 12am (2.14)

The pressure distribution right beneath the bases of the stamps could be easily
evaluated by

_ Ap L t—to . to
P(ty) = (5 Dar /() /_l 1)/ R(t)(cot - tan . )dt

P
n il (2.15)
am cos —+/ R(to)

Example Periodic stamps with horizontal rectilinear base.
Here f/(t) = 0, by (2.14) and (2.15):

D(2) = o k=1 Py
Zawcosé tan2£_tan2§ Kk +12arm

. Pocosé N ﬁ—li

2amy /sin 2 sinl—TZ k4 12arm’

a
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Periodic Boundary Problems for Analytic Function 11

Py

P(t) =
a7 Ccos é tan

B

21 2t
a

a

— tan

)

amy/sin l%t sin lTTt
where the radical involved is taken as the branch, when the plane is cut by v taking
positive value as 2 — t € yp from ST.

2) The case with friction

Now assume the friction coefficient k& # 0 between the periodic stamps and eh
elastic half-plane, that means, beneath the stamps, between the shearing stress
T(t) = 74y(t) and the normal pressure P(t) = —o,(t), there exist the relation

T(t) = kP(t), t € 7. (2.16)

Again assume v (t) = f(¢) on v with f(t) € H(A, u) and the external pressure
force Py are given on . The principal vector of the external stresses on g is known
We obtain the general solution

B(z) = 21(1 + ik)e™ cos maX (2 / t) —Z
ar(k+ 1) o (t a
+ X(2)( + ik)i (50tan— + B1) + Be. (2.17)
From the condition of periodicity of the displacements and the condition of
equilibrium of the stresses at z = —ooi, we get
2ucosma , Pysin(l — N)ma
= HQ(t)dt +
fo (k+Dar /., Foe) 2am cosracos L\/R(2)
Pycos(1 — AN)ma

ﬁl = % (218)

2a7 cos Ta cos -
kr—1 (k2 + 1)P0

Pz = k+1 2am
and
2usin2wa 4y cos? Ta / — 1o
P = —

(to) (k+1) f(t0)+a7r k+1)Q A a dt

2cosma
ta t . 2.1

Qo) (Bo an 22 +61) € (2.19)

Example Periodic stamps with horizontal rectilinear base.
In this case, f'(t) = 0.
Py(1 + ik)e™ cos[2(1 — \)ma] k—1(>+1)P

O(2) = - (2.20)
2a7 cos a sin2 To HZ sin?—® l*TZ k+1 2am
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Py cos[E(1 — N)7a
P(t) = —— Ll 1) ] , T € . (2.21)
arsinz T® lJthsinﬁ =t

3. Periodic Problems for Anisotropic Medium

3.1. The stress Functions

1) Basic assumptions

All the discussion below are under the following assumption, the medium of
the am-periodic region is anisotropic, the stresses and displacements are periodic
and the stresses at infinity are bounded, and the involved boundary conditions are
periodic. Thus, we need only restrict our discussions in a period part of the elastic
body. Moreover, we assume the elastic body occupies the lower half-plane in the
z-plane (z = x + iy) and so there is only one point at infinity z = —ooi.

The principal vector of X (—o0i) 4 iY (—o0i) the external stresses at z = —ooi is
understood by the limit of the principal vector of the stresses along a line-segment
from z to z+am in S~ as z — —ooi i.e.

X (—o0t) = anTyy(—o0i), Y (—o00i) = amoy,(—00i).

If the principal vector of the external stresses on the boundary in a period is X 7Y,
then by the condition of equilibrium,

x+1iY = X(—o0i) + 1Y (—o0i)
we have

oy(—0o0i) = E,sz(—ooi) = (3.1)

2) Periodicity of the stress functions for anisotropic medium

For anisotropic elastic body, the stress components o, 0y, T, and displacement
components u, v may be expressed by means of ¢(z1) and ¥(22) or their derivatives
D(z1) = ¢'(21) and U(z2) = ' (22) (stress functions):

0r = pi®(21) + T7®(21) + p3 ¥ (22) + 115V (22) (3.2)
oy = D(21) + ®(21) + U(22) + ¥(z2) (3.3)
Toy = —[11®(21) + T @ (21) + p2 P (22) + iy U (22)] (3.4)
u = p1p(21) + Prp(a1) + pat(22) + Path(z2) (3.5)
u=qip(z1) + Tp(z1) + g200(22) + D2 (22) (3.6)

where ¢(z1) and (z2) are functions holomorphic in z; and z5 respectively, in which,

Z1 =T+ [y, 22 =T + U2y,
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Periodic Boundary Problems for Analytic Function 13

and

p1 = Buipt + Bz — Bispa,

p2 = Buips + Pz — Pispiz,
o= Brapi + Paz — Pastin (3.7)

5 M1

G = Braps + Boa — PBosiiz

2 — )
M2

and p1, fiy, b2, iy are the root of the equation
Biis* — 2B165° + (2611 + Bo6)s> — 2B265 + P22 = 0. (3.8)

while

Bi1 Biz Pis
B12 B2z Pos
Bi6 B26 Pss

are the elastic coefficients of the anisotropic elastic body.

Lemma 1 Under the basic assumptions, the stress functions ®(z1) and ¥(z2)
are am- periodic functions.

3.2. Periodic Fundamental Problems of Anisotropic Half-plane

1) The first fundamental problem
Assume the anisotropic body occupies the lower half-plane S~ of the z-plane.
Denote z =t (real) on the z-axis. Given the external stresses on the z-axis:

oy(t) = =P(t), Tay(t) = T(?), (3.9)

which are arcwise Holder continuous and periodic. Under the basic assumptions,
find the stress distribution and displacements, called the periodic first fundamental
problem.

Theorem 10 Under the above assumptions, the first fundamental problem of
the anisotropic half-plane is uniquely solvable.
We get stress functions

-1 t—Zl

D(z1) = (1 — a)2ami /L0 [p2P(t) — T(t)] cot p dt + 1, (3.10)
1 t— 22
U(z9) = (o = ) 2ami /Lo [p1 P(t) — T (t)] cot dt + 2, (3.11)
where
1 1 .
(it P [(p2 = p1) @(—o001)
(12— ) B(—000) + (2 — T3)W(—oxi)], (3.12)
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14 Haitao Cai and Jian-Ke Lu

1= gl — ) ¥ (—oci)B(—cci)
+ (1 = ) B(=000) + (1 — 13) B0 (3.13)

In order to determine v; and ~2 by noting (3.12) and (3.13), it is easily seen that

Relyi + 72| =0, (3.14)

Relpim + payz| = 0. (3.15)

2) The second fundamental problem
Assume that on the boundary z-axis of the anisotropic elastic half-plane S—,
the displacement

u” +ivT = g1(t) +ig2(t) (3.16)

is given, where g;(t) + ig2(¢) is continuous and g} (t) + ig5(¢) is Holder continuous
arcwise. Moreover, on the segment Lg of the boundary in a period, the principal
vector X + 1Y of the external stresses is also given. Under these basic boundary
conditions, find the equilibrium, called the periodic second fundamental problem.

Theorem 11 Under the above assumptions, the solution of the second funda-
mental problem of the uniquely exists.
We get stress functions

1 1 t— 21
P(z) = —— - 1= 5)] cot dt + 3.17
() = s T, 91~ e eot (37
-1 1 t— z9
o = L — p1gs t dt 3.18
() = Gaprpran) 3t [, 1094~ mableot =, (31)

where v, and 72 may be obtained by solving

Relpiy1 + p2y2] =0,

Relqiv1 + q272| = 0,

Y
Re[y1 + 72 = Y

X

Relpiyr + pav2] = “San
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Periodic Boundary Problems for Analytic Function 15

3.3. Periodic Contact Problem for Anisotropic Medium

1) Formulation of the problem and the solutions

Formulation of the periodic contact problem in anisotropic half-plane S~ is as
follows.

Assume that a row of periodic stamps (with bases of the same shape) pressed on
S~ and there exists friction between the stamps and with coefficient of friction p,
that is, beneath the stamps, the shearing stress T'(z) = 7, (x) and normal pressure
P(z) = —oy(x) obey the Coulomb’s law:

T(x) = pP(x), = € 7o,
or
Tey(z) + 0y (2) =0, T € Y0,
where 79 : —lg < x < ly, is the contact line segment in L : —%aw <z < %aﬂ.
Assume the stamps are in the limiting situation of equilibrium. On the free interval,
there is no load, i.e.
oy =0, Tz =0.

Besides, assume the vertical displacement

v (&) = f(x) (3.19)
is given, where y = f(z) is the equation of the bases of the stamps, which is an-
periodic with f'(z) € H(A, ). Moreover, the external pressure force Py applied
on each stamp is also given and so the principal; vector of the external stresses is
X+1Y =Ty—iPy = (p—i)Py. Find the elastic equilibrium under these assumptions.

{O'y(fl,') =0, Toy(z) =0, z € Lo — 0, (3.20)

Tay(2) + poy(z) = 0, v (2) = f(2), = € 0.

In order to solve the problem, we have to transform (3.1). Introduce two functions
represented by integrals with Hilbert kernel:

t—
wy(z) = ug —ivy = / oy(t) cot Zdt, (3.21)
Lo
. t—z
wa(z) = ug — fvg = / Tay(t) cot dt + 3. (3.22)
Lo a
Therefore, we obtain
+i +0mi . E ’ _
wi (2) = ie cosOTE(z) '@ cot t— 2z
A3 — pA4 Yo E(t) a
+ jetri(0y tang +C)E(2), ze S (3.23)

and our solution is wi(z) when z € S™.

PERSPECTIVES IN MATHEMATICAL SCIENCES
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7500.html



16 Haitao Cai and Jian-Ke Lu

As for wy(z), by boundary condition, it is evident that
wa(z) = —pwi(z) + B. (3.24)

From periodic condition for displacements and equilibrium condition at z = —oo i,
the real conditions C7, Cy and 8 may be obtained by solving

{(51 + i51)€7i%a + (52 + ’L'52)6i%9 } o

+1 {(51 + ’L'51)6_1L‘19 — (62 + i52)6¢i@9 } Cy + (53 + i53)ﬁa7r

_ cos7l o 200 T (@)
= Ao {(61 +1id1)e + (e2 +id2)e } EO dt
Py cosw@sinw/ f(t) 210 . 210
- 4 dt = Cy cos — — C sin —.
cos L A5 —pAs ), B 2 €05 — Lsin—

2) The pressure beneath the stamps
1 2cos? OrE (¢ t—
{—sin297rf'(x) p T (z) / M0 cot xdt}
Yo

p(x) - 2(A3 — pA4) aTm

cos O

E(z)(Cy tan% + ),z € Y.

Example Consider the case where the stamps possess periodic horizontal rec-
tilinear bases, here, f'(x) = 0. Then
cos O

ple) = =L B(x)(C; tan% £ Cy), €,

where C and Cs are determined by

{(81 Fid)e "% 4 (eg + id2)el S } Cy

16

+i {(81 Fid)e (g 4 ida)el } Oy + (3 + i63)Bam = 0

2 2 P
Cgcosﬂ—ClsinLH: 0
a a

COS L
a

See Ref.3-7,14,19.

4. Periodic Crack Problems in Plane Elasticity

For isotropic elastic plane weakened by a periodic row of cracks, W.T.Koiter had
studied the first fundamental problems by complex variable methods for the cases
where the cracks are rectilinear and collinear (in the direction of period), or parallel
and perpendicular to the direction of period, under very special assumptions for
the external stresses subjected on the cracks as well as those at infinity. See Ref.6-
7,14,17,19,28,30.

PERSPECTIVES IN MATHEMATICAL SCIENCES
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7500.html



Periodic Boundary Problems for Analytic Function 17

4.1. Fundamental Problems of Isotropic Plane with
Periodic Collinear Cracks

1) General comments

Consider the isotropic elastic infinite plane weakened by periodic rectilinear
cracks with the same direction as the period aw. without loss of generality, we may
ask that they are situated on the real axis.

Assume that there are n cracks in the periodic strip |z| < %mr, namely, [y :
ar <t < br(agsr > br), k=1,...,n— 1, positively oriented from ay to bg. denote
lo = i lr, and the principal vector of the external stresses on I, by Xy + 1Y%, The

k=1
elastic region is denoted by S. Other notations are the same as in previous section.

The following discussions are made under the assumptions that the stresses are
periodic and bounded at z = +ooi while the displacements are quasi-periodic.
Introduce functions

w(z) = 2®(2) + ?(2)7 . i } .es, (41)
Q(z) = w'(2) = ©(2) + 29'(2) + V'(2),
where ®(z), ¥(z) are complex stress functions and ®(z) = ®(z2), ¥(z) = ¥(z). It is
easily seen
Oy —iToy = P(2) + Q(2) + (2 — 2)P'(2), z€S85. (4.2)

By periodicity of ®(z)We known that Q(z) is also periodic.
Assume both ®(z) and 2(z) are at most integrably unbounded at the tips of I
and

lim y®'(2) = 0(z =z + iy € S,t € Ly). (4.3)

z—t

Obviously,

X = [ [0 - 7y 0t
b k=1,...n, (4.4)
Y= [ loy 0 - o et
Uy
where a;t + iafy are the external stresses on the upper bank and the lower bank of
I, respectively. Thereby, their resultant X + Y is given by

X = [ [y ) -y 0)at
o (4.5)
v = [ loy () - oy .

lo
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18 Haitao Cai and Jian-Ke Lu

Let ®g(z) and Py(z) be as before, then ®o(+tooi) = Wo(+ooi) = 0. We can
easily verify that

P (+o0i) = UF% + 8,
E—1Y +i(k+1)X (46)
U (+ooi) = 4[( Q)M(J,;i J )X B+kB—g;
and then, by (4.1)
Q(£o0i) = i% + kB —q. (4.7)

2 The first fundamental problem
Assume afy(t),ri(t) € H are given, and o_,7_,h_ (consequently
o4,T+,hy, B, q) are also given. Find the equilibrium.

According to the boundary condition, we assure:

() +Q (t) =0} —it)

y Ty
O (t) + (1) = 0, — ity

By addition and subtraction, our problem is easily transferred to the following
two boundary value problems:

[@(t) + Q)" +[(t) + Q(1)]” = 2p(t), (4.8)
[@(t) — Q)] — [2() — Q)] = 2q(1), (4.9)
where we have put
plt) = 1oy (1) + oy (] — 27 (1) + 7 1) (110)
alt) = glo (1) = 03 (1)) = Sl (1) — 72, 0)]. (@.11)
We have
D(2) = )22(;_2 l )?—(kt()t) cot L ; “dt+ 2a17ri /l q(t) cot L ; ®dt

X (2) P, (tan 2) +C,

X(2) p(t) t—z 1 / t—=z
Q(z) = —
(2) 2ari /lo X+(t) cot a dt 2ari Jy, a(t) cot a dt

(4.12)

£ X (2)Py(tan 2) —c,
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where

3 z b
*(tan = — tan —k)
a a

X(2) = [] (tan Z ~ tan %) H (4.13)
k=1

The radicals in which may be arbitrarily taken as a continuous branch in the z-plane
cut by the periodic cracks, for instance, that branch fulfilling

lim tan™ EX(z) = 1.
z— 4T a

And Cy, ..., C,, can be easily determined by the following equations:

k/zk [@F(t) — Q™ (t)]dt + /lk [@F(t) — Q- (#)]dt =0,k =1,....,n, (4.14)
k N D(z)dz — /At Q(z)dz = angq. (4.15)

3) The second fundamental problem

For simplicity, we assume that there occurs only one single crack in a period,
that is, vo : [-1,1].

Given the periodic displacements u=® + iv=(®) respectively on the upper and
the lower banks of the cracks, with u® (t) + iv¥ (t) € H(A,p), the resultant of
the principal vectors of the external stresses on g : X + ¢Y, and the stresses at

z = —ooi (and hence at z = 400i), find the equilibrium.
We get
B(2) = ;/l FOR@ cot =2t
2ankiv/R(z) J-i a
1 ! t—2z Cotan 2 + C) q
+ - t) cot dt + a + 45— =,
2arki /_lg( ) a ky/R(z) A 2k (4.16)
1 ! —z '
Qz) = —7/ t)v/ R(t) cot dt
&)=~ | TOVED
1 t—z  CotanZ+Cy
o /_ Syeor - DAL
where
1 /! iq
Co= g0 | FOVERD~ L
2ami —1 2 cos . (4 17)

k(Y —iX)
2(k 4+ 1)arcos L

a

Cr =

This problem was incomplete discussion by H.F.Bueckner.
Remark The corresponding mixed problem may be studied by method similar
to that used here.
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20 Haitao Cai and Jian-Ke Lu

4.2. Fundamental Problems of Anisotropic Elastic Plane with
Periodic Collinear Cracks

1) General comments
Assume that, in the anisotropic infinite elastic plane, there are periodically ar-
ranged rectilinear cracks Lj,j = 0,£1,%2, ... Lying on the x — axis, each of which
has the length 2I(l < %mr), Ly being the interval [—1, 1], as shown in Fig. 1.1 Denote
o0
L= > L;and its complement L’.

j=—00
Assume that there exist periodic external loads on both sides of the cracks but

no external stresses at infinity. We would study respectively the cases where the
loads are symmetric or anti-symmetric on Lg.

The following discussions are made under the basic assumptions that both the
stresses and displacements are periodic and the stresses at infinity are bounded.Both
the stress @ (z1) and ¥ (29) are periodic.

At z = to00i, the principal vectors X (+o0i) + Y (+00i) of external stresses, by
assumption, are zeros:

X (00i) + Y (£00i) = a7 [Tay (£00i) + ioy, (£oci))] = 0. (4.18)

Our discussions may be restricted in the periodic strip |Rez| < far.

L71 LG ‘Ll Lz

L | Lo | =
-1 [

1 1

——ar —anr

2 2
Fig. 1.1.

2) Symmetric loads

Assume ®; (21) and ¥4 (z2) are the stress functions corresponding to the case
where periodic loads (in the plane) applied on the cracks are symmetric to the
z-axis, i.e., tension loads only.

On the real axis, let 21 = zo = 7, on account of symmetry, by(3.4)
p1®1(7) + pe¥i(r) = 0,7 € L. (4.19)
Assume a;t (1),7 € L, are given (periodic). By (3.5) and (4.19) the boundary
condition can be expressed in ® (z) only:
fo — 1 fl2 — 1 = _
oy (1) = T‘I’T(T)‘FT‘IH (1), : (4.20)
= = S .
_ po — P o _ fliz — [i1 = T < Lo
0, (1) = =———0 (1) + ——2{ (1),
M2 H2

PERSPECTIVES IN MATHEMATICAL SCIENCES
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/7500.html



Periodic Boundary Problems for Analytic Function 21

12 ) 4 B2 () (H2 g () 4 B2 ()

112 fi2 142 iz
=2f1(1),T € Lo, (4.21)
M2 — p1 Mo — [ = + M2 — Mo — [h1 = _
—— ¥y (1) — Oy (7)]" = [/———=Py(7) — — Dy (1
[ u2 1(7) o ()] = o 1(7) o 1(7)]
= 2g1(7'),7' € Ly (422)
where
1, 4 _ 1, _
fl(T):i(Uy +Uy)agl(7-):§(ay _Uy)aTeL'

Assume both f1(7) and ¢1(7) € H(A, p). Evidently, they are periodic. ®1(+o0i)
and Uy (+ooi) are finite by the assumption that the stresses at infinity are bounded.
The general solution of the boundary value problem is
po  cotan Z 4 ¢y N 1af3
M2 — H1 R(z1) p2 — g1’

P1(z1) = (21) + (4.23)

where

l
P2 = P o 1 T— 21
—d = t d
12 1(z1) 2ami /_l gu(7) co a g

1 t T—zZ1
+m /7l fl (7')\/ R(’T) cot o dT. (424)

By the similar way, we find that
pi cotanZ+cf Bt

() = Wi(z1) + pr— e p— (4.25)
2
where
!
K1 — B2 o T — 22
o Ui(z2) Y /_lgl(T) co - T

1 t T — Z9
+ T)y/ R(T) cot dr, 4.26
2a7‘ri\/m /4 fi(7) ™) ( )

in which ¢, ¢] are undetermined real constants and 8* complex.
In order to determine co, c1, ¢, ¢i, 8 and 3%, it is sufficient to consider the peri-
odicity of displacements and the stresses at z = 4o0i.

3) Anti-symmetric loads

Now, let us consider the problem of anti-symmetric loads (in the plane), i.e.,
72, are given on the cracks. denote the stress function in the case by ®5(z1) and

Ws(2z2). By the condition of anti-symmetry,
Oy (1) + V(1) =0, 7€l
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22 Haitao Cai and Jian-Ke Lu

Then by (3.4), the boundary conditions become

(2 = 1) @2 (1) + (12 — 1) ®2(7)] " + [(p2 — p11) P2 (7)
—|—(ﬂ2 — ﬂl)(i)g(T)]_ = 2f2(7'), T € L(). (427)

[(12 — 1) @2(7) — (fiz — 1) B2 (7)] " — [(n2 — 1) Pa(7)

(B2 = 1) @2(7)]” = 2g2(7), 7 € Lo (4.28)
where
Falr) = 33+ 7), 92(r) = 37 = 72,)

are periodic, assumed € H.
Thus, we may write

= 1 dotanZ& 4+d
By(21) = B(21) + 0" o 7 (4.29)
M2 — p R(z1) M2 — 1
where we have
« 1 ! T—z1
(2 = 1) ®3(20) = 5= [ gn(r)cor —ar
+71 /lf()cotT_Zld
T T.
2ami/R(z1) J -1 ? a
And
. 1 djtan +d; .
Wy(z2) = Wa(22) + PR il (4.30)

+
M1 — p2 R(z2) H1 — H2

where dj, di are undetermined real constants and *, complex, and at the same
time, we have defined

1 : T — 2o
_ s —
(1 = 12)¥5(z2) = o [ () ot T2

T — 22

1 l
+ T)y/ R(T) cot dr,
2am'\/m /4 f2{7) ™)
dg, di~y,v* can be determined by the periodicity of displacements and the con-
dition at z = Fo01.
In particular, consider the subcase 7}, (1) = 7, (7) or g2 (1) = 0. Then, (4.29)

and (4.30) are simplified respectively to

1 t T —
- 2amin/R(z1) /4 For)VR() cot a

al dr

(2 — p1)®2(21)
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do tan 2+ + dy

R +, (4.31)

l — 2
(,ug — ul)\I’Q(ZQ) = m /_l fQ(T)\/ R(T) cot T - dr

dj tan 2 + d3
R A (4.32)
R(Zl)
Next, consider the more special case where uniform shearing forces are applied
on the cracks: g2 (7) = 0 and fao(7) = —¢, 7 € L. The solution becomes:

!
—q T— 21
— DPy(z1) = —————— R(7) cot dr
= )aten) = 5 s || VRt
dotan 2 + d;
L (4.33)
R(z1)
!
—q T— 22
— Uy(z) = ————— R(7) cot dr
= pabalen) = 5 | VR o T
d% tan 2 1 d
Gorally Th | - (4.34)

R(22)

4) Stress intensity factors
In order to analyze the stress distribution around the tips of Lo, put, in the
neighborhood of ¢t =,

r=1+rcosf,y=1+rsind

where r/l is assumed to be sufficiently small and polar coordinates r, 6 represent
respectively the radial distance of the point z = z + iy to the tip ¢t = [ of the crack
and the angle of inclination of the radial ray to the crack.
Note that when z; = [,
2 l l
(tan? 2 — tan® =)2 ~ sec® —[2r(cosf + L sin )]z, j=1,2

a a a
Thus, the stress functions, either for the case of symmetric loads or anti-symmetric
loads, can be written as

F}

[r(cos 6 + p;sin )]z

U;(z2) = G
7 [r(cos 0 + p; sin )]z

P;(21) =

+0(1)
j=1,2 (4.35)
+0(1

(1)

where

l l
k1o cos = k2 cos -

1= — = - -

2v2(po — pu1)’ ’ 2V2(pz — p1)’
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Ky p cos L ko cos L
G = ¢ Gy = @ = I,
2V2(u1 — pi2) 2V2(p1 — p2)

where kj,7 = 1,2, are called the stress intensity factors, and can be evaluated
directly from the stress function ®;(z1) or ¥,;(z2), namely

- t
92tz — M lim (tanﬂ — tan )2 ®; (1),
oo ammton @ (4.36)
to
ko = 24/2(p2 — ,ul) hm (tan— — tan )2<I>2(z1)

where ty € Lg, or

t
—2v2HL 2 gy (tanﬁ—tan—o)%\lll(zl),
M1 zo2—to a a (4 37)
22 to )
ko = 2+/2(p1 — p2) hm (tan— —tan—) Uo(22).
to a a

When a — oo, the stress intensity factors are identical to the result due to G. C.
Sih and H. Liebowitz, see Ref.27, for the case only one single crack on the z-axis.

5. Generalized Symmetric Boundary Value Problems for Automor-
phic Functions

Various types of periodic problems often encountered in continuum mechanics are
the concrete performances of some kind of generalized invariances, symmetric or
conservations, which can be mathematically written in a unified way:

fIT()] = f(2), TeG,zeX. (5.1)

where G is a function group with Q as its invariance domain, f(z) is a meromorphic
function within Q, then f(z) is a automorphic function in regard to G. Therefore,
most of the foregoing results can be generalized to corresponding boundary value
problems for automorphic functions, and their conditions could be also relaxed more
widely. See Ref.10-11,29.

5.1. Relaxing Conditions

1) Condition A(1,1)
Let s € L be the coordinate, the arc length [, measuring from a fixed-point along
L; z = 2(s),0 < s <, be the equation of L; A,¢ and h be non-zero constants. Let

©(2) be a continuous function with the modulus of continuity w(d, @) or w(s, @),
defined separately by

{55 (6, 0) = supjs_g <5 l(2(5)) — @(2(s")], (5.2)
w(d, ) =supp,, .y <5 lp(21) — @(22);

They are both non-decreasing continuous functions, positive valued. Moreover,

5 (6,0) S wlbg) < (14 2) 5 (5,0),
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W6 ) < A+ 1)1+ 1)l ).
Corresponding to Holder-Lipschitz Condition H(H, «), we know
w(d, ) < HO™. (5.3)
Let (z) be a function satisfied Condition A(1,1):

/1 @dt <oor A(10)

0

1 ¢ 1 ¢
/ ldt/ Md7'<oo,/ dt/ w(T;¢)dT<oo. A0, 1).
ot Jo T 0 0

T

Let w(d, o) be substituted by J;((S, ¢), accordingly we have /*\(1,0), /*\(0,1) and
A(L,1).

The total functions satisfied Condition H (H,«), Condition H (H, o), Condi-
tion A(1,1) or Condition /*\(1,1), composed Group H (H,«a), Group H (H, o), Group
A(1,1) or Group /*\(1,1) separately.

2) Sectionally Automorphic Functions

Let Lg, k = 0,1,2,... be a set of rectifiable closed contours, non-intersecting
to each other, oriented counter-clockwise, the region interior to Ly is denoted by
S,j and S~ is the complement of S,:r + Ly; for L = kJrZo:o Ly, correspondingly we

=—00

have ST and S~ as usual. Let G be a function group (Fuchs group or Elementary
group) with its elements,

T(z)=z, T (z),T(z),...,
where T'(z) is a linear transformation, and Ly =T (Lg) is a equivalence curve of L.
©(z) is a sectionally automorphic function; (5.1) is valid if ¢(z) is a automorphic
function for G; ¢(z) is holomorphic except the points in L and can be extended to
L continuously.

5.2. Generalized Plemelj Formulae and Singular Integral Equations

1) Generalized Plemelj Formula
Let ¢(2) be a function satisfied ConditionA(1,1) in L and consider the Cauchy
Type Integral:
T omi J t—2

D(2) = L /L @dt, z¢ L. (5.4)

The Generalized Plemelj Formulae can easily be proved, see Ref.11, 29.

Theorem 12 (Generalized Plemelj Formulae) Let ¢(z) be a function satisfied
Condition A(1,0) in L, then the Cauchy Type Integral ®(z) is holomorphic both
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on ST and S™, vanishes at infinity; when z approaches to zg, ®(z) tends to definite
limit ®T(zg9) or ®~(zg) according to z in ST or S~, they satisfy the following
relations:

&+ (20) + & (20) = % /L %dt, s
T (29) — 7 (20) = (20).

or

3+ (z0) = - /L 2 g1 4 L),

% t—ZQ 2 (56)
qf(z)—i/ P g L) |
077 om Lt—20 2SD 0

where the meaning of integrals should be understand for the principal value integral.

Therefore, ®(z) is sectionally holomorphic, and ®*(z), ®~(z) are continuous in
L. When z is an angular point laying in L with inner angle «, the coefficient +1/2
of ®(z) should be changed into +(1 + «/2) and —(«/2); when 2z is a exterior cusp,
a = 0; when zg is a inner cusp, o = 2.

2) Singular Integral Equation

Because ®*(z) and @~ (z) need not to satisfy the same condition, so the above
results could not be applied to singular integral equation. But we have

Theorem 13 Let p(z) be a function satisfied Condition A(1,1), then ®*(2)
and @~ (z) will satisfy the same condition A(1,0):

1 1 _
t,dF t,®
/ %dt < +o00; / %dt < +o0. (5.7)
0 0

By rewriting (5.6), we obtain

B (z9) = L/LM%

t—Z()
Let zo + h = z(so + k), then

@7 (20 + h) — ™ (20)

_ 1 [re@) —e(zo+h)  e(t) —¢(20)
_2772'/L[ t—(20+h) t— 2o }dt
1 1
=5 Lg[*]dt—i—% Ag[*]dt
1
= 2_717,([6 + Je)v
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where [-] is a simple notation of integrand; let 2|k|=e, we have

*

so+e * _ sote _
e [l (S (o),

o—c  als—(so+ k)| o= Qls—sol
1% (|t 1[5 w(t
g—/ w(II,so)dH_/ w (Itl, ) 4,
a) ot a o [t
4 (G (@
< _/ w ®9) 4.
a Jo t

and

| Ie|

IN

h
e et e A L C RO R €]

K| [ @ (s=(s0+K)|.9)
a2 Jp_ |s = (so + K)||s — s
@ (|s = (s0 + K)|, )
L |s— (50 + K)]?
Lo

x|t

/ lw(t) — (20 + 1)

ds + 7w (K|, )

< 2K|K| ds + 7w (K|, )

< 2K|K]| dt + 7 & (K|, ).
Where h, k, K are different constants, notice the above inequalities regarding to
| I. | and | J¢ |, then

*

1 % 1 *

. t H o1
w(t,(I))gKlt/ w()dt+K2/ LA UPTNE Y
N o 1 2

Using Condition A(1,0), we have proved the second inequality in formula (5.7);
to the following Cauchy Type Integral

&)(z)— 1/ (p(t)dt, z€ 87
L

:2_71'2' _t—z

here @~ (z) = —®™(2), so

w(t,®") = w(t, <I>*_).

Because of the above result, we have the first inequality in formula (5.7), Under the
condition of ¥ (2) € A(1,1), the following corollaries are much useful and easy to
prove.

Corollary 13.1 For any given continuous function ¢ (zg) being the boundary
value of a function ®(z) continuous on S+ + L, holomorphic on ST, the sufficient
and necessary condition is

1 [ et

oy Lt_zdt:O,zES . (5.8)
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Corollary 13.2 For any given continuous function ¢~ (zg) being the boundary
value of a function ®(z) continuous on S~ + L holomorphic on S~, with a given
principle part r(z) at oo point, the sufficient and necessary condition is

L@, _ +
57 Lt—zdt I'(z) =0,z€ S™. (5.9)

5.3. Generalized Plemelj Formula and Automorphic Functions

1) Automorphic Functions of Finite Group
For finite group G = {To(2z) =2, T1(2z), -+ , Tn-1(2)}, consider the function

1
— dr. 1
= om ‘/LOk — T—Tk 7 — Tk (00) wlr)dr (5.10)

where p(7) € A(1,1),7 € Lo. Easy to know that ¢(co) = 0, and analytic every-
where, except L = Lo+ L1+ ...+ L,—1 (L is total of equivalence curves of Ly with
orientational invariance, its equationis 7- T'(z)=0or z = T(7), 7€L, k=1,...,2n-
1). Evidently, formula (5.1) valid, namely ®(z) is an automorphic functions of finite
group G. Taking into account the character of ®(z) in L, with z replaced by T}~ L(2)
in formula (5.10), notice that the items under the summation varying continuously;
except the (k-+1)th item transforming into an Cauchy Type Integral, with L as its
discontinuous line. Therefore, let z — Tk_l(zo) € Ly, z9 € Lo, we have

(T, (20))
1 [ = 1 1 1
= ST ) T T )

1 [ &= 1 1 1
= S~ T o) (5.11)

Similar to Plemelj Formula, we have
Corollary 12.1 For an automorphic function defined by (5.10), its limit value
O+ (2), 20 € Lo exist, and

<I>+(T,7( ))+<I> (T Y(20))

— fLO = (= Tk(zg) T_Ti(oo)]SD(T)dTa (5.12)

(T (20)) — 2 1T M (20)) = (20), k=0,1,...,n—1.

2) Automorphic Functions of Infinite Group
Let F(z) be a simple automorphic function to infinite group G =
{To(z), T1(z), -}, with a simple pole zp in elementary region; g(z9) € A(1,1)
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be given in L. Consider the function

O(z2) = L /Lo g(T)%dT. (5.13)

211

It is a sectional automorphic function, with Lg as it’s discontinuous line, vanish-
ing at each generalized equivalent point of zg. The integral kernel can be expressed
as follows:

F'(1) 1
= Q(r,t
Fr) = F(e) — =z T
where € is a function continuous in Lg. Then, we have
Corollary 12.2 For a sectional automorphic function ®(z) defined by (5.13),

it’s limit value ®*(z¢)(z0 € Lo) exist, and

(2 (2 :i T*F/(T) T
¥ (o) 0 o) = [ 00 p o

dF(20) — D (20) = g(20)-

(5.14)

5.4. Singular Integral Equations and Boundary Value Problems

In the ordinary circumstances, the exact solution of a singular integral equation can
only be approached by an approximating solution. However as the equation kernel
is an analytic function to the main variable, by use of analytic continuation, intro-
ducing an auxiliary (analytic) function, we can transform successfully the singular
integral question to a boundary value problem,and can obtain the closed solution.
The basic property of singular integral equation considered here is the automorphic
behavior of the kernel.

1) Automorphic Functions of Finite Group
Under the same symbols as above,consider the following singular integral ques-
tion

o)+ 22 [ St T T T = S0, (19)

0 k=0

where a(t),b(t),c(t) are given functions satisfied Condition A(1,1), and a?(t) —
b2(t) =

Substituting the function ®(z) in (5.10) as an auxiliary function into singular
integral question (5.15), using relation (5.12), we know that ®(z) satisfies boundary
condition

It can be rewritten as follows

Ot (t) = G(T ()P (t) + g(Te(t)),k =0,1,...,n — 1, (5.16)
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where

_a(t) —b() _f)
O=2o+0 Y= tew

This is a kind of problems called Riemann Boundary Value Problem, due to the
nature of its boundary condition. But it is different from the original definition of
Riemann Boundary Value Problem; the essential difference between them lies in
the function ®(z) which is a given expression of sectional automorphic function to
finite group G.

(5.17)

2) Automorphic Functions of Infinite Group
Under the same symbols as above,consider the singular integral question (5.15),
denoting by

a(t)e(t) + %/L %g@(ﬂaﬁ = f(t). (5.18)

using ®(z) in (5.13) as its auxiliary function with substituting function ¢(7) for g(7),
from Corollary 12.2, the above singular integral question (5.18) can be transformed
immediately to Riemann Boundary Value Problem

O (t) = G(t)® ™ (t) + g(1). (5.19)

According to (5.13), function F(z) has a single pole at zg, so ®(c0) = 0.

Now, let function F(z) in (5.18) be a sectional automorphic function with a
finite number of poles, the closed solution of generalized Riemann Boundary Value
Problem (5.19) can still work out in the same way.

5.5. Boundary Value Problems and Automorphic Functions

1) Automorphic Functions of Finite Group

The main purpose of this paragraph is to solve Riemann Boundary Problem
(5.16) for finite group G, where Ly is closed, so do its equivalences Ly and L =
Lo+ Ly + -+ L,_1. The solution of homogeneous Riemann Boundary Value
Problem with the condition on L is known as canonical function X(Z), is equal
to the product of those canonical functions Xy (Z) with various conditions Ly, k =
1,---,2n—1.

Under the present case, we need not to structure the canonical function Xy (2)
for each Ly, by the nature of canonical function, showing obviously:

Xu(2) = Xo(Ti(2)). (5.20)

And the canonical function Xo(Z) for each Lo for was easily be solved, what
discovered it to come first was Hilbert, therefore, this kind of questions is called the
Hilbert Problem:

X()(Z) = (Z — to)_kerg(t) (t() S L()), (521)
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where k is the index of G(¢t) for Lg:

1
k= ﬂ dlnG(T),
T JLo 5.22)
1 w6 (5.
FQ(Z) = % /LO . dr.

Therefore, the canonical function X (Z) for L can be written as follows:

n—1
_ L S To(T(=)
X(2) = M2 Xo(Th(2)) = TP (Th(t) — to) Fer=o "7, (5.23)

It never vanishes everywhere, takes the generalized equivalent points of co-point as
poles of k-order, and

X(z) = X(Tx(2), k=1,2,...,n—1. (5.24)
To find a solution ®(z) for the homogeneous problem,
Ot (t) = G(T(t)® (1), t€Llp,k=1,2,...,n—1, (5.25)

so as to meet the condition ®(co) = 0. Eliminated G(T%(t)) from equations (5.24)
and (5.25), we know

OF(1)/XT(t) =2 (1)/X (1),

and by the principle of analytically continuation, ®(z)/X (z) is meromorphic on
the whole plan with generalized equivalent points of co-point, denoted by 2., as
its poles of (k-1)-order. Moreover it is automorphic due to the invariance under
transforming T (z) € G and can be expressed as one of the follows:

O(2) = X (2)Pe1(F)/[F*(2) = F*(2s0)]* 1,
(5.26)
D(z2) = X(2)Pp—1(F).
n—1 n—1
where F(2) = Y Ty(z) and F(z) = Y. [Ti(z — a)]~! are elemental automorphic
i=0 i=0
functions, a is a constant; P(F) is an arbitrary polynomial of order not larger than

(k—1).

(5.26) is the expression of the x-solutions with linear independence. When k < 0,
the solution for the homogeneous problem is not exist.

Now we consider non-homogeneous problem (5.16), and change the form into

ST/ XT(t) - (1)/X (t) = g(Tk(t))/XT(t), t€ Ly, k=0,1,---,2n—1.

In this way, the problem is turned to find an automorphic function according to the
discontinuities in boundary Ly or ¢(t) € A(1,1). Easy to verify that the function

() = = nz_:l/ 9(7) dr (5.27)
2mi = Jr, X+ (1) = Tk(z))
is a sectional automorphic function satisfied the above boundary condition.
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Therefore, for equation (5.16), X (z) ¥(z) is a special solution, and its general
solution is

®(2) = X (2){W(2) + Pooa (F)/[F*(2) = F*(20)]" 71}, (5.28)

where X (z) is a canonical function determined by (5.16), and ¥(z) by (5.27).

When k < 0, P;_1 must be zero, point infinity must be the zero-point of order
(=k+1). In order to achieve these requirements, we expand ¥(z) in the neighbor-
hood of infinity V(co) and obtain

oo

1
i
j=

U(z) =

§° ) et )

Let all the coefficients of z=7 be vanished, we have the conditions:

1

n—1
9(7) / j—1 _ -
v X () E Tp(T)T} (r)dr =0, j=1,2,...,—k. (5.29)
k=0

Similar to usual Riemann Boundary Value Problem, we have

Theorem 14 For homogeneous problem (5.25), there are solutions of k-linear
independence, when k£ > 0; no solution, when &£ < 0. For non-homogeneous problem
(5.16), there is solution unconditionally, when k > 0; there is solution, only when
the conditions (5.29) are satisfied.

2) Automorphic Functions of Infinite Group

Riemann Boundary Value Problem discussed here is to find a sectional auto-
morphic function ®(z) satisfied the boundary condition (5.19), where G ( t )#0
and g ( t ) are given in Ly and satisfied the condition A(1,1).

Paramount considering the jump question

Ot(t) —d (t) =g(t), teL. (5.30)

The usual Cauchy Type Integration cannot satisfy the request, because it is
not a automorphic function. From Corollary 12.2, we know that the function ®(z)
defined by (5.13) is uniquely the solution of (5.30); due to vanishing at zo. The
canonical function X (z) of question (5.30) satisfied the boundary condition (5.13)
in the homogeneous case is a sectional automorphic function with the index k of G
(t).

Easy to know
X(2) = [F(2) — F(to)] %" @) 4 € Lo, (5.31)
where F(z) is a simple automorphic function used in (5.30) with z as its simple
pole,
1 F'(r)
I'z)=— | IhG(r)=——>—dr. 5.32
(2) =55 /L ) ey (5:32)

The canonical function defined such a way can be accurate to a constant.
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So the general solution of (5.30) is
D(2) = X(2)[W(2) + P(F)] (5.33)

where

_ 1 g(r)E'(7)
2w Jy, XH(T)E(r) — F(2)]

U(2) dr, (5.34)

X (z) is defined by (5.31), Py is an arbitrary polynomial of order k.

From the application’s point of view, to fine a solution vanishing at point zg
has special importance; for example in the case of solving a problem of singular
integral equation. Therefore we have to consider Py_; substituting for Py; if £ > 0,
Pr_1 =0 is essential; if £ < 0, then we have the conditions of solvability:

g(7) ’ LR dr — - _
/LO X+ (r) [F'(T)])~"F'(r)d 0,j=12,...,—k. (5.35)

Summarizing the above statements, we have

Theorem 15 (5.33) is the solution of (5.30). If an additional condition ®(zg) =
0 must be satisfied by the solution ®(z), Py—1 has to substitute for Py; if & > 0,
Pr_1 = 0 is essential; if £ < 0, for the existence of solution, then a set of solvable
conditions (5.35) must be satisfied.

6. Some Closed Formulae

Two kinds of singular integral equations proposed in section-4 would be solved by
use of theorems 15 and 16.
1) Singular Integral Equation (5.15)

A closed solution for singular integral equation (5.15) would be found by using
the solution (5.28) of (5.16), and generalized Plemelj formulae

olt) = B (1) — (1) (6.1)
From (6.1) and (5.28), easy to prove:
p(t) = %[1 +1/G®)]g(t) + XT()[1 - 1/G(t)]
RIOBE

In the above equation, let X(t), ®(t) and G(t), g(t) be replaced by (5.23), (5.27)
and (5.20) separately, and pay attention to condition a?(t) — b?(t) = 1 , we obtain

[Pt (F) /[ () = F*(200)]" ]} (6.2)

o0 = a0~ 6020 S = [ §(rr/Z()lr - Tile)
k=0 Lo
B2 () Py (F)/[F* (1) — F*(2a0) (63)
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where
2(0) = [a(0) + BOIX () = [oft) — H(OIX (1)
i -l E,
() = 5 | WGz —0), G) = [a(t) - B0/ at) + b0)

If £ > 0, then let P._; = 0; if k < 0, for the existence of the solution, a set of
solvable conditions

/LZTk YT (O] f(r)dr/Z(1) =0, j=1,2,...,~k (6.4)

0 k=0

must be satisfied.

2) Singular Integral Equation (5.19)

Using the method similar to the previous section, and sectional automorphic
function (5.13), applying Corollary 12.2, according to the Plemelj formula, based
on the formula similar to (5.33), we can obtain the solution of Riemann Boundary
Problem, namely, the solution of Singular Integral Equation (5.19):

b(t)Z(t) f@O)F (r)dr
plt) = alft) = =5 / ZE() — FO)
+ b(t) Z(t) Pr—1 (F), (6.5)

where
Z(t) = la(t) + b()] X *(t) = [a(t) — b)) X (t)
— [F(t) = F(to)] *e" .
The result here is much like what stated in the previous section. If £ > 0, then

let P, = 0; if k£ < 0, for the existence of the solution, a set of solvable conditions

. ?(?) F@OP T F(r)dr =0, j=1.2...,~k, (6.6)

must be satisfied.

7. Some Remarks

There were although already the rich literatures in the field of automorphic func-
tion boundary value problems, singular integral equations and its applications in
mechanics, but also there are many meaningful works awaiting to solve; as space is
limited, we proposed certain remarks take the end of this chapter.

1) Trigonometric function, hyperbolic function, elliptical function, modular function
and so on are primary automorphic functions, and suitable to characterize the
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phenomenon of different periodic phenomena, or some type conservation laws in
nature. Many achievements stated before, under the same controlled conditions,
may be generalized to the corresponding results of automorphic functions.

2) The condition A(1,1) described by modulus of continuity is more general than
the Holder-Lipschitz condition H(H,«). There are many results here in condition
H(H,a), can be conditionally generalized to those on the condition A (1,1).

3) Using the methods here, certain type of singular integral equations can easily be
solved in a closed way, most commonly with a Cauchy kernel, a logarithm kernel or
an exponent kernel, including different combination of these three kind of kernels.
4) These results have widespread and important applications to the elasticity theory
and the fluid mechanics. No matter in the theory or application, there are still much
more works awaiting to do.
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