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In this paper, the Yangian relations are tremendously simplified for Yangians
associated to SU(2), SU(3), SO(5) and SO(6) based on RTT relations that
much benefit the realization of Yangian in physics. The physical meaning and
some applications of Yangian have been shown.

1. Introduction

Yangian was presented by Drinfel’d ([1-3]) twenty years ago. It receives more
attention for the following reasons. It is related to the rational solution of
Yang-Baxter equation and the RTT relation. It is a simple extension of
Lie algebras and the representation theory of Y (SU(2)) has been given.
Some physical models, say, two component nonlinear Schrodinger equation,
Haldane-Shastry model and 1-dimensional Hubbard chain do have Yangian
symmetry. Yangian may be viewed as the consequence of a “bi-spin” system.
How to understand the physical meaning of Yangian is an interesting topic.
In this paper, there is nothing with mathematics. Rather, we try to use the
language of quantum mechanics and Lie algebraic knowledge to show the
effects of Yangian.

2. Yangian and RTT Relations

Let G be a complex simple Lie algebra. The Yangian algebra Y (G) asso-
ciated to G was given as follows ([1-3]). For a given set of Lie algebraic
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generators I, of G the new generators J,, were introduced to satisfy

I Iy = Couwdy, Cru are structural constants; (2.0.1)

[I>\7 JM] = CA;WJU; (2.0.2)
and, for G # sl(2):

[J)\, [Jp., Iu” - [I}\y [Ju, J,,]] = a)‘m,ag.y{fa, I, I’Y}v (2.0.3)
where
1
Apvafy = ZTC)\aGCuﬁ'rCu'pro‘rp, (204)
{z1,22,23} = Z T;T;Tk, (Symmetric summation); (2.0.5)
i#jF#k

or for G = sl(2):

[['])\v Ju]’ [Ia'v JT]] + [[JG’ ‘]T]v [I)\v Ju]]

= (akuwxﬂ'yccr‘ru + aa'ruaﬂ'yc)\ul/){[av IB, J’y} (206)

When Chuy = iexu (A p,v = 1,2,3), equation (2.0.3) is identically
satisfied from the Jacobian identities. Besides the commutation relations
there are co-products as follows.

Al =12®14+1Q® I (2.0.7)

1
A= Q1+10Jy+ §C,\M,,IM ®1I,. (2.0.8)

Further, the Yangian can be derived through RTT relations where R is
a rational solution of Yang-Baxter equation (YBE) ([1-12]).

After lengthy calculations, we found the independent relations for
Y (SU(2)), Y(SU(3)), Y(SO(5)) and Y (SO(6)) by expanding the RTT re-
lations and also checked through equations (2.0.1)-(2.0.3) and (2.0.6) by
substituting the structural constants ([13-17]), where RTT relation (Fad-
deev, Reshetikhin, Takhtajan — RFT [18]) satisfies

Ru—v)(T(w)@1)(1®Tw) =1 Tw))T(v)® R(u —v). (2.0.9)
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2.1. Y(SU(2))

Let P1s be the permutation. Setting
Ru(’u) = Png(u) =ubPys + I; (2.1.1)

—I+Zu_"

(n) (n)

T(") +T(")) T(")
=I4+) u™ 2(To + , 2.1.2
Z ) LT — T (2.1.2)
and substituting the T'(u) into RTT relation it turns out that only
I =TW I, = %Tél); (2.1.3)
Jy =T Jg = %ng) (2.1.4)
are independent ones. The quantum determinant
det T(u) = Tu(u)ng(u — 1) — le(u)Tgl(u =Cy+ Z u "C, 2 1. 5)
gives
Co=1, C=T" =trT7®), (2.1.6)
1
C =T -P+TV01 + 5:ré”), . (2.1.7)
The independent commutation relations of Y(SU(2)) are:
Un, L) =dexwl, (M pv=1,23); (2.1.8)
[IA,J;L] =i€)\uv']u; (219)

and (Ai = A1 + ZAQ)
(T3, [T, J-]] = (J_Jy — I_J4)]5 (2.1.10)

that can be checked to generate all of relations of equations (2.0.1), (2.0.2)
and (2.0.6) with the help of Jacobi identities.
The co-product is given through (RFT) as

ATop =Y Toe ® Ty (2.1.11)
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The simplest realization of Y/ (SU(2)) is

N
I= }:Ii (¢ : lattice indices), (2.1.12)
i=1
N N
J= Z/J'ili + E Wiin X Ij, (2113)
i=1 i<y

where

1 i<j
Wi; =< 0 i=j (for any representation of SU(2)) (2.1.14)
—1i>]

or

i — k
(J - )L (only for spin %, Haldane — Shastry model [19 —21]),

(2.1.15)
and u; arbitrary constants. Noting that p; plays important role for the
representation theory of Y(SU(2)) given by Chari and Pressley ([22-24]).

Wir = icot

The big difference between representations of Lie algebra and Yangian
is in that in Yangian there appear free parameters u; depending on models.
Another example for single particle is finite W-algebra ([25-26]). Denot-
ing by L and B angular momentum and Lorentz boost, respectively, as well
as D the dilatation operator, the set of L and J satisfies Y (SU(2)) where

(13],[28])
I=L (2.1.16)

J=IxB-iD-1)B (2.1.17)
and

[Ja, Jg] = i€apy (212 — ¢ —4)L,, c; casimir of SO(4,2).  (2.1.18)

There are the following models whose Hamiltonians do commute with
Y (SU(2)).

e Two component nonlinear Schrodinger equation (Murakami and Wa-
dati [27])

W = =Pz + 2¢|8|?4, (2.1.19)



Yangian and Applications 7

1= [ dovf (@) aptha(e) (2.1.20)
3 =i [ davt @) Gasvole)—3 [ dzdye(y—x)(gmwz;(m)«pz(y)wa(x)wy).
(2.1.21)
¢ One-dimensional Hubbard model (for N — oo, [28])
N 1
H= Z—;(a+az+1+az+1al+b+bz+1+b1+1 UZ (a ai—3);
(2.1.22)
Jy = J1 £ids,
Jp = Zﬁwa by —UY eI I3,
i#]
Zombl a; +UY eI I3,
i#j
= -[Zo iafa; — o)+ U e I I, (2.1.23)
i<g
where
1i<j,
Hi,j = 51,]‘_1 - 51‘,]‘4-1, Eij = 0 i= j, (2124)
—1i>j.

Essler, Korepin and Schoutens found the complete solutions ([29-30]) and
excitation spectrum ([31]) of 1-D Hubbard model chain.

e Haldane-Shastry model ([19-21]) whose Hamiltonian is given by a
family. The first member is

= Y ()P 1), (2.1.25)

i,J

where and henceforth the ’ stands for i # j in the summation and P;; =

2(8:-S; + %), Zy = expi"%, Zij = Z; — Z;. The next reads

Ny ZiZiZy
Hs = Z (__—-_Ziijkai)(P”k -1, (2.1.26)
1,9,k
and
VAVAVAYA
Hi=Y' (Z7ga AN (Pym —~ 1) + Hj, (2.1.27)

oyl VATYASYAT
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H, = =

2Py —-1), (2.1.28)

where

Pijk = PijPji + Pji Pyi + Pri Pij,

Pijkl = PiijkPkl + (cyclic for i,j,k and l) (2.1.29)
The eigenvalues of H, and H3 have been solved in Ref. [21] and numerical
calculations were made for H4. The Hy and Hs were shown to be obtained

in terms of quantum determinant ([32]).
¢ Hydrogen atom (with and without monopole, [33])

w2 1 ¢ &
-2 2 _zZ =p—zeA 1.
o 2# T T=p—2z€ (2.1.30)

where 4 is mass, ¢ = zeg, k = ze? and g being monopole charge.
e Super Yang-Mills Theory (N = 4): Y (S0O(6)) ({34])

]
H=23" S h()Plosr, h Z% (2.1.31)
a ] k=

where P is projector for the weight j of SU(2) and « stands for “lattice”
index.

2.2. Y(SU(3))

For the Yangian associated to SU(3), there are the following independent
relations

(I, 1] = ifapedy I Ju) =i dy A v =1,---,8). (2.2.1)
Define

3
IV =n+il, UY =Ig+il, VIV = I 5ils, %Iél) =Ty (2.2.9)

and

Iéz),Iéz). After lengthy calculation one finds that based on RTT relation
there is only one independent relation for Y (SU(3)) additional to equation
(2.2.1):

and J, represents the corresponding operator for I (2),U(2),Vf)

1P, 1) = '({Ifrl), v, vy - (1, u®, vy (2.2.3)
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where {.--} stands for the symmetric summation. The conclusion can be
verified through both the Drinfel’d formula (Cyny = ifau) and RTT rela-
tions with replacing Py, in SU(2) by

1 1
Po=3I+3 ZM: Auds (2.2.4)

where A, are the Gell-Mann matrices. Setting

o0
T(w) =Y wT®™, (2.2.5)
T — Tl(m n T(n) ;Tém 7™ 4 —\}—gTs(") TG(”) T7(”) ’
T + iTs(") TV i AT — 2
(2.2.6)

and substituting them into RTT relation we find equations (2.2.1)-(2.2.3)
are independent relations together with the co-product, for example,

AIP = 1P @1+10 10 +2(I{) 0 IV — IV © I{V)
+ E(Vﬁ) o UL — UL o vY) (2.2.7)

and others.
The quantum determinant of T'(u) which is 3 by 3 matrix for the fun-
damental representation of gl(3) takes the form

detsT(u) = Th1(u){Toa(u — 1)Ts3(u — 2) — Toz(u)Ts2(u — 2)}
—Tho(w){To1(u — 1)Ta3(u — 2) — Taz(u — 1)Th1 (v — 2)}
+T13(u){Ta1(u — 1)Ta2{u — 2) — Toa(u — 1)T31(u — 2)}

= (=1)"T1p, (u)Tap, (4 — 1) Tapy (u — 2) (2.2.8)

P

where p stands for all the possible arrangements of (p1, p2, p3). In compar-
ison with the quantum determinant

)
- [—m-1) _ k
det2T(u) = E .(_(_n.l__i._)'_uz_u (m+l+k)(Tl(1)T2(;n) Tl(k)T(m)), (229)
k,l,m=0 o
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now we have

o0

dét3T(u) = Z (t+m _'1')! 29(p+4q " ':l)!u—(m+l+k+p+q)
k.1, m,p,g=0 (m-1ut (p-1)lg!

k k

{TP(THTE - T TE) - TR (T TP - TG T®)
k

+T(TITE - THITE))

[o o)
=Y we, (2.2.10)
n=0
ie.,
Co=1,C =T, Cy =T + TV + 212 - 12, (2.2.11)
o0
r=>"1. (2.2.12)
A=1

When we constrain detT'(u) = 1 it leads to Y(SU(2)) and Y (SU(3)) that
are formed by the set {I),Jx}, A = 1,2,3 and A = 1,2,---,8 for SU(2)
and SU(3), respectively.

An example of realization of Y'(SU(3)) is the generalization of Haldane-
Shastry modet ([19-21]) for the fundamental representation of generators of
SU(3):

I, = ZFﬁ, (2.2.13)
i
Ju =Y Pl + M Y Wi FYF}, (2.2.14)
i ij

where W;; satisfies the same relation as in Haldane-Shastry model given in
section 2.1 and F* are the Gell-Mann matrices.

2.3. Y(SO(5)) and Y(SO(6))
For SO(N) it holds

[Lij, Lit] = iCf gy Lst, (2.3.1)
where ’

Cif ki = 05501 — 018550kt — 8055011 + 0518i5 s (2.3.2)
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The rational solutions of YBE for SO(N) were firstly given by Zamolod-
chikov’s ([35]). They are also re-derived by taking the rational limit of the
trigonometric R-Matrix:

9}

Bw) = Fu)uP + w(A— T — gp)g + 3162], (2.3.3)

where u stands for spectral parameter and ¢ the other free parameter ([36-
37]). The elements of R(u) are (a,b,¢,d = -2,-1,0,1,2)

9 3 3
[R(’U,)]Zdb = u25ab(5bc + u(éa—béc—d - (Sac‘sbd - §6ad6bc)€ + Eéacébdgz- (2-3-4)
For SO(5), we introduce

Es-3 U, Ef V4 0
U_ F3 - % F+ 0 _V+
TW=¢| E_ F. -3 -F —-E, |, (2.3.5)

V_ 0 -F -F-3 -U,
0 V. -E. -U. -E3—3
where
Es=FEyp—~FE 5 9, F3=Ey—-E_11,Uy =E»n —E_19,
Vi =FE3 1 — E12, Ef = By — Eg 2, Fy = B0 — Ep-1,

2.3.6

U_-=Ei—E 24, Vo.=E_13-FE_ 32 E_=Fy—FE_j, ( )
F_ = Eo1 — E_qq,
9 3

T = §§2Efj,) (a,b=—-2,-1,0,1,2). (2.3.7)

Substituting T™ (only n = 1,2 are needed to be considered) into RTT
relation, there appears 35 relations for J, besides the Jacobi identities.
However , a lengthy computation shows that besides
(o, Ig} = C’;'ﬁL,
[fa, Jp] = CZﬁJ’Y

there is only one independent relation

(@ =1i,7), (2.3.8)

2) (2 1
(ES, F{?) = ({U=, B, F-}={Uy, B—, Fs }—{Vi, B, F_}-+{V_, By, Fy}),
(2.3.9)
where again { } stands for the symmetric summation.

A realization of Y(SO(5))is given as follows. Set

Lap(z) = %w;(mua”)aﬁwﬁ(w) (a,b=-2,-1,0,1,2), (2.3.10)
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{3 (@), %)} + = 8(z — y)dap. (2.3.11)
Then
Iy =Y Lap(z), (2.3.12)
Jap = Z €@ — Y)ac(z)Ieb(y) (2.3.13)
z,y,c#a,b

satisfies the commuting relations for Y{SO(5)). The following Hamiltonian
of ladder model not only commutes with I,s, i.e., it possesses SO(5) sym-
metry, but also commutes with J,;.

H=H+Y Hyz)+ Y Hsz); (2.3.14)

Hy =2t ;i[cj (z)co (y; +d} (z)d, (y) + H.CJ; (2.3.15)
Hy(2) = Unet — 5)(net = 5) + (€ = d) + Vi(ne — 1)(na — 1) + IS¢ - S

= %;ng + (%J + %U)(’lﬁ:’t[)a —2); (2.3.16)

Ha(z) = —2t3(c} (z)dy (z) + H.C.). (2.3.17)

Because locally SO(6) ~ SU(4) we introduce (15 generators)
TH = Iy, T =1P,b=1,2,...,6.) (2.3.18)
and the R(u)-matrix reads
R(u) = f(u)[u®P + ué(A — 2P ~ I) +2€21). (2.3.19)

The RTT relation gives 4+4+441+315+225 more relations. After care-
ful calculations one finds ([15-16]) that there are the following independent
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relations for J,p themselves:

(15, 1)) = i({fzmhe,fm} + {I23, I1s, 145} + {114, I25, I35}
+{I14, I, I36} — {13, 26, Ls6} — {13, I25, Is5}
—{l24, 115, I35 } — {124, 116, 136 }); (2.3.20)

13, 18] = ;—4({115,123,136} + {15, I24, Is6} + {I26, 113, I35}
+{I26, 114, Is5} — {I25, 113, I36 } — {I25, 14, L46}
—{116, I23, I35} — {116, I24, 115 }); (2.3.21)

2 2 1 1 1 1 1 1 1 1 1
I I = — ({1, 13, Iy + {IF), 153, Iy + {159, 1), 158}

1
2
1 1 1 1 1 1 1 1 1
+{II§6)’I§4)’I§6)} - {Ié5)71£4)71£6)} - {1155),[54),]2(6)}
~{IQ, 13 I} - (IR, 1Y 1)), (2.3.22)

3. Applications of Yangian

The first example was given by Belavin ([38]) in deriving the spectrum
of nonlinear ¢ model. Here we only show briefly some interpretations of
Yangian through the particular realizations of Yangian.

3.1. Reduction of Y (SU(2))

The simplest realization of Y (SU(2)) is made of two-spin system with S,
and Sz (any dimensional representations of SU(2)):

1

J = J=—
pt+v p+v

(,uSl X1+ 1Sy x 1+ 2A8; x Sz), (311)

that contains the (antisymmetric) tensor interaction between S; and Ss.
For example, for Hydrogen atom S; = L and S; = K (Lung-Lenz vector).
For S = S2 =1/2, when

pv = X2, (3.1.2)
we prove that after the following similar transformation

10 00
Ov ix0
0iAxv O’
00 01

Y =AVAY, A= (3.1.3)
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the Yangian reduces to SO(4): (p = v + i\ = V12 + AZe'f)

i |t ] -2
Yo = 3/12 22] » Mz = % [?p‘l (_)—w] » L2 = % [?p (‘)‘ip_l] !
Ys = :(%)os (_)%03] M = %03. (3.1.4)
and
Y? = -;-(% +1) = %. (3.1.5)

Namely, under uv = A2, the Y reduces to SO(4) by My = M, + iM,,
M, = po,, M_ = p~'o_. The scaled My and Mj still satisfy the SU(2)
relations:

[Ms, My] = My, [My, M_]=2Ms; (3.1.6)

and there are the similar relations for L.

It should be emphasized that here the new “spin” M (and L) is the
consequence of two spin(}) interaction. As usual for two 2-dimensional
representations of SU(2) (Lie algebra)

2®2 =23 (spin triplet) ® 1 (singlet). (3.1.7)
However, here we meet a different decomposition:

202 =2M) e 2(L). (3.1.8)

The idea can be generalized to SU(3)’s fundamental representation

Ir = ul} +vI3 + Maw Y FLFY, (3.1.9)
i<j
[Fiuath/] :if;w)\Fi/\‘Sij ()‘Hu'vuz 1)2a"' 78) (3110)

Under the condition

uv = A%, v+iX=p, (3.1.11)
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and the similar transformation

10000
0v 0iX0
00v 00O
0iA 0 v O
Y, =AJ,A" /(u+v), A=|000010000], (3.1.12)
00000v 04X0
00iA000 v 00
00000iA0 v O
0000000 01]

cooo
o oo
cooco
cooco

the Yangian then reduces to

p~'I_ 0 0 ply 0 O
Yuy=| o pl_o|,vd)=|0 oo/,

0 0 I_ 0 0 I
A3 0 O A3 00
1
Y(Ig):? 0% 0 |, Y(l)=5{0X 0|,
00 /\3 00 >\3
U, 00 U. 0 0
YU ) =| 0 pUy 0 |,YWU)=|0 pU- 0 |,
[ 0 0 p UL 0 0 pU-
[p~V_ 0 0 pV- 0 0
YV =] 0 Voo |,vyevy=|o0 v o (3.1.13)
L 0 0 pV_ 0 0 p~ V.

The usual decomposition through the Clebsch-Gordan coefficients for the
representations of Lie algebra SU(3) is 3® 3 = 6 & 3. However, here we
have

3®3=3®393, (3.1.14)
and
8 1 oo 1
Y V= S B==z. (3.1.15)
A=1 utv A=1 3

It is easy to check that the rescaling factor p does not change the commu-
tation relations for SU(3) formed by I, Uy, V4, Is and Ig. In general, we
guess for the fundamental representation of SU(n) we shall meet

n@n=n®ndn+---+n (n times). (3.1.16)
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Next we consider Yang-Mills gauge field for reduced Y (SU(2)). For a

tensor wave function (z = {z1, 22,73, 70}),
U(z) = 19y (@)l (5,5 =1,2,3,4).
An isospin transformation yields
V'(z) =U(z)¥(z), U(z)=1—16%J,,
where
J* =uS; ® 14+ vl ® S, + 2X€ancS® ® S°,

or

[Ja]:g = u(5%)aydps + v(S*)ps0ay + iafabc(sb)av(sc)ﬁ&

Define
Dy =0y + g4y,
ie.,
[Dutlag = Oubas + 9 ALYl 35 Uys(2), Au = AjTa.
The gauge-covariant derivative should preserve
6 (D;ﬂp) =0,

ie.,

(—i0u0°(z) + g6 AL) (Y]S5 — igh® () A% [T, Ju]2F = 0.

When »v = A? and by rescaling
Yo = (u+v)da,
we have
AL = cuncd?(@) A () + 20,0°(0),
and

FMV = [Du’DV] = F;uYa’

1
g

F%, = 8,A% — 8, A% + igeqpc AL AL

(3.1.17)

(3.1.18)

(3.1.19)

(3.1.20)

(3.1.21)

(3.1.22)

(3.1.23)

(3.1.24)

(3.1.25)

(3.1.26)

(3.1.27)

(3.1.28)

Here the tensor isospace has been separated to two irrelevant spaces, i.e.,

U = |:\I(l)1 \I(l) } where ¥; and ¥, are 2 x 2 wavefunction.
2



Yangian and Applications 17

3.2. Illustrative examples: NMR of Breit-Rabi Hamiltonian
and Yangian

The Breit-Rabi Hamiltonian is given by
H=K -S+uB-S§, (3.2.1)

where S = 3 and B = B(t) is magnetic field.

The Hamiltonian can easily be diagonalized for any background angular
momentum (or spin) K. The S stands for spin of electron and for simplicity
K = S;:(S1 = 1/2} is an average background spin contributed by other
source, say, control spin. Denoting by

H= Ho + Hl(t), Ho = aSl . Sg, Hl(t) = uB(t) . Sz. (322)
Let us work in the interaction picture:

H; = uB(t) - (e?51828,¢7%81:82y — |/ B(¢) . J, (3.2.3)

J= ,U,1S1 + ,U,QSg + 2)\(81 X Sz), (324)

where p; = (1 — cosa), p2 = $(1 + cosa), A = }sina. Obviously, here we
have piue = A2. It is not surprising that the Y (SU(2)) reduces to SO(4)
here because the transformation is fully Lie-algebraic operation. This is an
exercise in quantum mechanics.

For generalization we regard p; and po as independent parameters, i.e.,
drop the relation p;pus = A%. Looking at

1
J = (181 + p2Ssz — 5(#1 +p2)(S1+S2) +v(S1+S2) +2XS; xSz, (3.2.5)

When v = %, o — = cosax and A = %sina, it reduces to the form in
the interacting picture. Putting

h
S1+8S2=8, 2A= —§(h is not Plank constant). (3.2.6)
In accordance with the convention we have
2 h 1
J=98+> S+ 251 %82 — S (1 +p2)S =75+ Y. (3.2.7)
i=1

Since J — &S + J still satisfies Yangian relations, it is natural to appear
the term 4S. The interacting Hamiltonian then reads

Hi(t) = —7B(t)-S — B(t)- Y. (3.2.8)
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When u; = 0, h = 0, it is the usual NMR for spin 1/2. To solve the
equation, we use

8\I<;£)_H’(t)‘1’(t)’ T@®) = D aalt)|xa), (3.2.9)

a=1,3;0

where {x+,x3} is the spin triplet and xo singlet. Setting

By (t) = Bi(t) £ iBa(t) = B1eT™°!, and Bz = const. (3.2.10)
and rescaling by
a+(t) = eF“0lhy t), (3.2.11)
we get
dbs(t) _ 1
=— — B3)b Biao(t
Y A \/—31‘13( ) F (woy™ 3)bi(t)} & 2\/—/1 1a0(t),
.da B
z—;‘t(—) - 7\/_1{b+(t) +b_(1)} — - Bsao(t),
2000 L (= Bilbo ()~ b (0]} + Baaa (), (3:2.12)
dt V2
where py = (u1 — p2 £142), ie.,
1 1
bl(t) Wo — 7?3 —’YBIW 0 . Vli,u_Bl
B(t)) = as(t) M, - —YB17 0 -vBizz  —3u-Bs
- T 0 —vBigs —(wo—vBs) —55u-Bs
ao(t) svsh+B1 —5h+Bs —2—175#+B1 0
(3.2.13)
idli;it» — H;|®(1)). (3.2.14)
Noting that Hz is independent of time, we get
|®(t)) = e "t D(t)). (3.2.15)
Then
det|H; — E| =0 (3.2.16)
leads to

1
E* — [(w1 —vB3)*> ++*B} + Z#Jr#—(B% + B})|E*+

1
#+#-1B3(wo — vBs)* — 2YBaBi(wo — 7Bs) +v°Bi] =0.  (3.2.17)
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There is a transition between the spin singlet and triplet in the NMR
process, i.e., the Yangian transfers the quantum information through the
evolution. The simplest case is By = 0, then the eigenvalues are

Bs , R
E = :Iz(u/'() — ’)’Bg),E =dw= :t? (.u'l has /12) + T (3218)

It turns out that there is a vibration between s =0 and s = 1.

<s?>=0att= 57_r_ (total spin =0), (3.2.19)
w

<s?>=2 at t= g (total spin = 1). (3.2.20)

Under adiabatic approximation it can be proved that it appears Berry’s
phase. Obviously, only spin vector can make the stereo angle. The role of
spin singlet here is a witness that shares energy of spin=1 state.

Actually, if

B, (t) = BysinfeT“o*  B; = Bycosf, (3.2.21)
and

) = 11, baca) = | 40), |xlo>=%(| Y+ L1,
xo0) = =1 11 = 11D, (3.2.22)

then let us consider the eigenvalues of
H = aS1 . 82 - ")’BoSg - gB()J3, (3223)
under adiabatic approximation which are
1, « 2
E, = 5(—5 +/0? + ¢?Biuspu), (3.2.24)
and

+ -
) = [2(0? + g2 B3y u-)) 7V (02 + ¢*BRuyp- ) £0]'/?, (3.2.25)

+ -
£ = 2(a?+ ¢*B2up_)| 1/2[Z—+(a2+nggu+u_)1/24:a]1/2. (3.2.26)

We obtain the eigenstates of H besides |x1;) (i = 1,2)

xe) = £ x10) + £ Ixo0), (3.2.27)
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where

2

6 ' Y
D1 (t)) =0082§IX11>+ESH196 "“0*|x10) + sin € x1-1),

0 .. 1 : 0
IX1-1(t)) = sin® §€2lw°t|X11) -7 sin6e*°*|x10) + cos® 7 xa-1),

1 . iw, s —twy
[x+(t) = ﬁfl(i){—sm% ot x11) + \/§COSG|X10) + sin fe °t|X1_1>}

+£5 | x00)- (3.2.28)
We then obtain

(11 (6] el (1)) = (1 — cos ),

(at-1 (0l b (6) = o1 — cos),

9]
Oex (Ol 55 Ix (8)) = 0. (3.2.29)
The Berry’s phase is then
Ti+1 = £Q, Q =27(1 - cos¥), (3.2.30)

whereas v10 = Yoo = 0. The Yangian changes the eigenstates of H, but
preserves the Berry’s phase.

3.3. Transition between S-wave and P-wave
superconductivity

We set for a pair of electrons:
S : spin singlet, L =0; (3.3.1)
P: spin triplet, L =1. (3.3.2)
Due to Balian-Werthamer ([39]}, we have

Alk) = -% S V(KK 28:3 tanh gE(k’), (3.3.3)
o
E(k) = ((k) + |AK)[%)1. (3.3.4)

Therefore, still by Balian-Werthamer ([39]), we know

ary [Vaviak) Yie(k) | dma
A = AR 3" B gy | = CVOARIG) Roo(k),

(3.3.5)
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Foolk) = k) —Yi,0(k)x10+ Y11 (R)x1-1} = \}_ [k_ & }’

\/—{Yl —1(

k, —k.
(3.3.6)
where x11,x10 and x1—; stand for spin triplet:
0,0 = Py=0,m=0- (3.3.7)
The wave function of SC is
1[0 Y 0] .
= — e 3.3.8
bo0 2 [—Yo,o 0 (3.38)
Introducing
2
I,=) 8.0 (n=1,2,3), (3.3.9)
i=1
ZA S, ( ew(s*a)s"( ) — $2(2)8%(1)), (3.3.10)
and noting that J, — J, + fI,, does not change the Yangian relations, we
choose for simplicity f = ———()\1 + A2). Then we obtain for G = k- (J+ 1)
3 hv
Ggoo =k (I + fDoo = \/_(/\2 =M+ ) ®oo, (3.3.11)
GPop = k- (I + Moo = ——(g — A\t — ) (3.3.12)
0,0 = o,o——2\/§ 2 1= 5 )P0 3.

The transition directionally depends on the parameters in Y (SU(2)). For
instance,

h
SC — PC': G¢070 = ?‘I’o,o, Gq)(),o = 0, if )\1 )\2 = ———gi, (3.3.13)
and
PC — 8C: Gpo=0, G® ——h—”¢ i A —Ap = (3.3.14)
. 0,0 = Y, 0,0 — 2\/3 0,0, 1 2—2- 9.

We call the type of the transition “directional transition” ({40]). The con-
trolled parameters are in the Yangian operation. They represent the inter-
action coming from other controlled spin.

We have got used to apply electromagnetic field A,, to make transitions
between | and [ + 1 states. Now there is Yangian formed by two spins that
plays the role changing angular momentum states.
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3.4. Y (SU(3))-directional transitions

Setting
Fu= 5\ [Py B = ifawF, (3.4.1)
I, = ZE”, (3.4.2)
Ju= ZﬂiFi“ —thfuua Z I/VijFquj)\v (Wij =—Wj), (3.4.3)
4 i#j
(F?, F} = ifaubi FY, (3.4.4)

where {F,} is the fundamental representation of SU(3) and (i,5,k =
1,2,..,8)

Aijk = VVUij + ijWki + WkiWij = —1. (3.4.5)

(Here, no summation over repeated indices, i # j # k). The reason that
such a condition works only for 3-dimensional representation of SU(3) is
similar to Haldane’s (long-ranged) realization of Y (SU(2))([19]). In SU(2)
long-ranged form, the property of Pauli matrices leads to (%)% = 0. In-
stead, for SU(3) the conditions of J, satisfying Y(SU(3)) read

S =W VIS - UV + IVUR ULV T
i#]
+1+77+ —U=7-y _
+Ij V] Ut -U; VJ Ij ) =0, (3.4.6)
and

DLVIUF -UTVIL) =0, (3.4.7)

1

that are satisfied for Gell-Mann matrices.

The simplest realization of Y(SU(3)) is then

1 i
Wiy=q 0 di=j (Wy=-Wy). (3.4.8)
1 i<y
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Recalling (I3 = ‘/TgY)

010 000 000
ItT=|000|,Ut=]001|,Vt=]000},
000 000 100

100 L [ro o0
BP=|0-10|,Y=={010 |. (3.4.9)

00O 00-2
We find

Ju = {I+,04,Vy, I3, Is},

1
I = ZMI“—L F2hY Wy(LFI + SUTV),
i7#]
3
E:mUiihE:w%n# —§n)+ﬁWTL
i#]
Vi = Zw* £hY Wiy VEI + < Y) +UFIT),
i#]
Q_E:Mﬂ+hiymﬂﬂ‘ (mﬂq—nﬂqm
i#]
Ig_E:uJ’+h§:W%@”U‘—V+V) (3.4.10)
i#£]
where u; and h (not Planck constant) are arbitrary parameters. Notice
again that the simplest choice of W;; is given by equation (3.4.8).
When ¢ = 1,2, Y(SU(2)) makes transition between spin singlet and

triplet. Now Y (SU(3)) transits SU(3) singlet and Octet. For instance, set-
ting

| 77) =|da), |=°)= %(Iuﬂ} — |dd)), |K ™) = |da), |K®)=|d5),
1) = 7 (o = )+ 2158), 1 1) = 7 ) + 1) + s9).
(3.4.11)
Special interest is the following. When
p1—p2 = —3h, f= —%(#1 — H2), (3.4.12)

by acting the Yangian operators on the Octet of SU(3), we obtain (see
Figure 3.1)
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K K°)

Fig. 3.1. Representation of SU(3)

T_|nt >= T(ul p2)ln® > + fouwz)iw > - \/—(m p2 +3h)n° >,

— _.0 ’
U+[K >=—(p1 + 2u2)[n° >+7u1lﬂ >—7§-(u1—u2+3h)|n° >,

—

T_|K® >= —=(2p1 + p2)In® > +—=pio|n® > + — 2+ 3R >,

w1
ﬁ «/'(
ViK' >= 7(2u1 + p2)ln® > — \/—leﬂ >+\/-(u1 o+ 30) % >,

V_K‘>_—— +2u9)n° > +— mvr > +—=(u ~ iz + 3 7 >,
= 1

I3|n° >= ———(u1 — > +—=(p1 — p2 + 3h)n° >,

3|7T 2\/5(/1’1 M2)|77 \/(—i(/'l'l H2 )|77

— 1 \/i ’
Igln® >= —3(m ~ p2)ln® > —3 (b1~ p2 + 3h)n° >, (3.4.13)

ie.,
(T + fLe)In” >=22vBhix* >, U + fUL)|n" >= —2v3h|K >

T- + fU)N® >=2V3hEK’ >, (Vi + fVe)n® >= —2V3h|KTF >
(T3 + fI)° >= —V6h|r® >, Ts + fIs)|n® >=2V2hin° >, (3.4.14)



Yangian and Applications 25

and

_ 3
(Is + fIy)|nT >= i\/;hln" >,

Uy + UK >= —Q—gh(\/ilwo > —[n° >),
(U-+ fU)IK® >= 5\/\/—3——5h(\/3i7r° > —[n° >),
(7 + $VaE 5= = ERBR0 > 41 2),

- 3 -
(I3 + fI3)|7° >= \/;hmo >, (Ts + fIs)|n° >= V3hn° > . (3.4.15)
The Yangian operators play the role to transit the Octet states to the singlet

state of SU(3).
Whereas, if

1
H1 — po = 3h, f = —5(/141 + /.L2), (3416)
with the notations
A WY, >— _ _
A® 4 FAO) >=0, A=I,, (@ =%,3,8), Ug, Vi,  (3.417)

we have

— 3 ’
Ix+ fIi)IW:F > = :F\/;hlno > i‘2\/§h|n0 >,

T4+ fUDEK > = %h(x/ﬁlw" > —[n° >) — 2v3h[n” >,
(U- + fU-)|K° > = —%h(ﬁw’ > —n® >) +2v3hjn” >,
(Vi+ fVa)KE > = 2—‘/\/§§h(\/§lw° > +|n° >) +2v3h[n" >,
T3+ fI)|n° > = —?hlno > +vVBhin® >,
(Ts + fIs)|n° > = hin® > —2v2h|n% > . (3.4.18)

Obviously, in this case the Yangian operators make the transition from the
Octet to a “combined” singlet state of SU(3).
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3.5. J? as a new quantum number

Because [I%,J?%] = 0, [I%,1,] = 0,[J%,I,] = 0, but [J2,J,] # 0, we can
take {I2,I,,J%} as a conserved set.

First we consider the case S; @S2 ® S3, where S; = S5 = S3 = %
We shall show that instead of 6-j coefficients and Young diagrams, J? can
be viewed as a “collective” quantum number that describes the “history”
besides 82 (S = S; + Sy + S3) and S,.

As representations of Lie algebra SU(2), we have

(%@) ® @0@2 2@ @_ (3.5.1)

Noting that I%) and |%,) are degenerate regarding the total spin % The
usual Lie algebraic base can be easily written as

bs3 =1111),

b3y = \if(l P+ 141 + ] LT1),

634 = = 1L+ 111+ | L)

¢33 =[LLL), (3.5.2)

84 = 750 D+ 1D =2 111,

8-y = = LD+ 111 =2 L),

by = %(IHT) 1),

634 = (1D = 111). (35.3)

To distinguish ¢’ from ¢ we introduce J:

J= Zu,s +th(s x S;) (3.5.4)

1<j
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and calculate J2. It turns out that

3 1
J2¢%,m = [Z(uf +ud +ul) + §(u1u2 + ugug + uyug) — h? 193 ms

3 1
= [Z(uf + u% =+ U%) + -2—u1u2 — UoU3 — UIU3 — th](b,%’m
V3
_7(u1 —uz +h)(us + h)@y o,

J2¢’%

3 3
J2¢2,m = _\/T—(Ul - Uz — h)(u3 - h)Q,%,m + [Z(’Uq — u2)2

3 3

In order to make the matrix of J? be symmetric (then it surely can be
diagonalized), one should put

Ug = U + Us. (356)
The eigenvalues of J? are given by
Az = 2u? + 2u3 + 3uquz — h?,
1
A=l Ul - giﬁ + 5[(2u% —u? — 1?2 4+ 3(ud — h?)?)7. (3.5.7)
2

The eigenstates of J2 are the rotation of ¢’ and ® 1m!

+
0y cos £ —sin £ ¢’

2™ =<. 2 & ) JPat =2faT ,  (358)
O m sin 5 cos j ¢%’ 2 2 2

where
sing = V32 — h?)/w, w? = (2u? —u —h?)?+3(u3 - K%  (3.5.9)

It is worth noting that the conclusion is independent of the order, say,
G ®1H®1 1 ®(3 R 3) and the other way. The difference is only in the
value of ®.

The above example can be generalized to S; Q) S: @ L where §; =
S = 2 and L? = [({ +1). As representations of Lie algebra SU(2), we have

RPVI=0PO@i=1+1 1 -1
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There are no degeneracy for I + 1, but two ! states can be distinguished
in terms of J2

3 1
20y, = {Z(uf +u3) + 1+ 1)u? + JuLL2 + l(uguz + ujug)
1
—R2(+1) + 1 im,
2 3,2, 2 2 1
J O 1= {Z(u1 +uz) + (0 + 1ug + SuLu2 — (I + Duuz — (I + ugus
1
—R*I(I+1) + Z]}q)l—l,ma
4
1
—2hR%[I(1 + 1)'8‘]}‘1’11,m = VI +1)(ur —uz + h)(us + h)®7
J2<Dl2,m = —4/ l(l + 1)(U1 — Ug — h)(U3 - h)q)ll,m

3
1

3 1
qu)ll,m = {=(uf+ud) +i({+1)ud+ 5U1U2 — Ual3 — U1u3

3
+[—(U1 — u2)2 + l(l + 1)u§ —

o2 . 5.
1 197 m (3.5.11)

Again in order to guarantee the symmetric form of the matrix we put
Ug = Uy + Uz, (3.5.12)

then the eigenvalues and eigenstates of J? are given by

1 1.1
M=+ I0+1) + Z]ug R+ 1)+ 5 * 5\/P, (3.5.13)
+ L _oin @ Pl
Y| _ (cosT —sing Lm 4
<al_‘m> (sin £ cos¥ ) (@ﬁm)’ (3:5.14)

where

W= P= [ —ud — B2 +1) .;.)]2 A+ 1)l — B2, (3.5.15)

singp = 2———”8}“) (u3 — h?). (3.5.16)

As a simple example, we consider the spin structure of rare gas

b
H = —aL- Sl - bSl . Sz, ()\ = E) (3.5.17)
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It describes the interaction of spin S; of an electron exited from [-shell and
the left hole S,.

1 1
HOym= —E(al + §b)q)l+1,m,
1 1
H‘I)l——l,m = 5[(l + 1)0, — §b]¢l—l,m,

O | _1[ (a—30) o/II+D)][0m
H[®%m]_§[a l(li—l) 3p H@%m} (3.5.18)

The eigenstates of H associated to [, m are

o _ fcos% —sin$ @}, (3.5.19)
A sing cos$ J\®7,./
where
. w+1 5 1 2 b
S 0 St =(=— (1 = -, .5.20
sing = Yo WP = (2o NP+ = 2 (3.5.20)
The eigenvalues are
1 b 1 b
)\l+1 = -—5([0,-{- 5), A1 = 5[(l -+ l)a - 5],
N = %(a b+ %[z(z +1)a? + (5 - b)H. (3.5.21)
The rotation should be made in such a way that
[H,J%] =0 (3.5.22)

which is satisfied if the matrix J2 is symmetric, i.e.,

Y {20 - 20200+ 1) + 41} _
(uf — h2)

Therefore, the parameter v in Y (SU(2)) determines the rotation angle ¢. It
is reasonable to think that the appearance of “rotation” of degenerate states
is closely related to the “quantum number” of J%. Transition between oy, ,
and A m (I = 1) can be made by J3. Because there are two independent
parameters u; and ug in J, one can choose a suitable relation between u3
and A = ab- such that

2(1 — A). (3.5.23)

Jsat ~a”, (3.5.24)

i.e., the transition between two degenerate states in Lie-algebra is made
trough J3 operator, because of

[J2, J3] # 0. (3.5.25)
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3.6. Happer degeneracy

In the experiment for 87 Ry molecular there appears new degeneracy ([41])
at the special By (magnetic field), i.e., the Zeeman effect disappears at
+By. The model Hamiltonian reads ([42]) (z is scaled magnetic field)

H=K-S+a(k+ %)s,, (3.6.1)

where K is angular momentum and K2 = K (K +1). It only occurs for spin
S = 1. It turns out that when z = +1 there appears the curious degeneracy,
that is, there is a set of eigenstates corresponding to

1
E=—-, .6.2
. (36.2)
The conserved set is {K?,G, = K, + S,}. For G = K + S we have G =
k +£1,k. The eigenstates are specified in terms of three families: T, B and
D. Only D-set possesses the degeneracy.
Happer gives, for example,the eigenstates for z = £1 ([42]):

=41 HOADm=(—

T Hon — (- (3.6.3)

and shows that
(K-m+1)(K+m+ 1)]%a1

apm = [2(K + 3)(K +m+ )| H{-|

2
+(K +m) (K +m+1)]2az + [(K — m)Q(K i m)]%as};
(3.6.4)
Bom = (K + 3)(K — m+ I HIEEE kg,
HE = m)(K —m 4 Dby — (Ko DE AL )
(3.6.5)

where a1 =e1 ®ep_1, 00 =g ® ey and a3 =e_; @ epy1.
It is natural to ask what is the transition operator between ap,, and
Bpm? The answer is Yangian operator. In fact, introducing

Jr =aSy +b0K_+(s1 K, — s, K1), (3.6.6)

we find that by choosing a = —%, b =0, we have

J_
Bom 25 AL(m)epmer and apm ~= Aa(m)Bom-1: (3.6.7)
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and by choosing a = %, b =0, we have

Bom 5 N(m)apm-1 and opm 5 Xy(m)Bome1. (3.6.8)

The Yangian makes the transition between the states with B and —B,
which here is only for § = 1. The reason is that for § = 1 there are two
independent coefficients in the combination of o, @y and a3z and there are
two free parameters in J. Hence the number of equations are equal to those
of free parameters (a and b), so we can find a solution. The numerical
computation shows that only S = 1 gives rise to the new degeneracy ([42])
that prefers the Yangian operation ([43]).

3.7. New degeneracy of ertended Breit-Rabi Hamiltonian

As was shown in the Happer’s model (H = K -8 + z(k + 3)S3) there
appeared new degeneracy for S = 1. It has been pointed out that the
above degeneracy with respect to Zeeman effect cannot appear for spin:%.
Actually, in this case it yields for S = 1 ([42}),

E= ~;} ~ wmS3, (3.7.1)
where
1 1
Wi = [(1+2%)(k + ) + 2zm](k + 3). (3.7.2)

Therefore if the Happer’s type of degeneracy can occurs, there should be
wm = 0 that means

m ., | m? 1
.’I?o——*k—:f:l ].—-~k—2- (k—K+§), (3.7.3)

i.e., the magnetic field should be complex.
However, the situation will be completely different, if a third spin is
involved. For simplicity we assume §; = Sy = §3 = % in the Hamiltonian:

H = —(aS; + bS3) - S1 + 2VabS?, A = b/a, (3.7.4)

then besides two non-degenerate states, there appears the degenerate fam-
ily:

Haili% = ——(aT_’_b)aai%, for z = +1, (3.7.5)
where
oy = ~VEN 111> £V TUT +(1 £ V)] 111> (3.76)
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op,_y = —VRALLI> FVALUTL+ A F VA 1LL>. (3.7.7)

The expecting value of S? are
<of 4 ISTlaf 1y >~ VA =1); (3.7.8)
<ap yl8ilap 4y >~ =V (z = -1), (3.7.9)

namely, at the special magnetic field (z = £1) the observed < S7 > still
opposite to each other for x = £1, but without the usual Zeeman split.

The reason of the appearance of the new degeneracy is obvious. The
two spins S; and S3 here play the role of § = 1 in comparison with Happer
model.

3.8. Super Yang-Mills (N = 4)-Lipatov model and

Y (SO(6))
Beisert et al([44-45]), Dolan-Nappi-Witten (DN'W,[34]) and other authors
([46-47]) proposed to take the quantum correction of the dilatation operator

0D (D € SO(4,2) is a subalgebra of PSU(2, 2|4)) as Hamiltonian for supper
Yang-Mills (N = 4):

H=>)" Hyas1, (3.8.1)
J
A\ i 1
Hoor1 =23 h(j)Ploy1, h(G) =) ooh (3.8.2)
i k=1

where P7 is projector for the weight j of SU(2) and « stands for “lattice”
index. DNW showed that ([34])

[H,Y(SO(6))] = 0. (3.8.3)

It turns out that the Hamiltonian H is nothing but Lipatov model ([48])
which was related to the Yang-Baxter form by Lipatov ([49]), Faddeev and
Korchemsky ([50]).

Based on Tarasov, Takhtajan and Faddeev([51]) the R-matrix associated
with any spin S reads

B(u) = Iy - s)T'(u+2s+1)
Y T )+ i+1)

(3.8.4)
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where u is spectrum parameter and s the spin (arbitrary). The trigonomet-
ric Yang-Baxterization ([52]) gives

u) = ZPj(I)Pj(Q) (@ =e™), (3.8.5)

where Pj(q) is the g-deformed product with weight j. Taking the rational
limit ([9],[36]) we have

T(u)(u+1)
Fu—j)Du+j+1)
The Hamiltonian for the lattices o and oo + 1

d

Pj(q) = Pj. | (386)

Pi =

Hoat1 =TI X I X X Iy X == R(w)|u—o[R(0)]™* X Inqpo X --- (3.8.7)
is then
H=) Huat1 (3.8.8)
where

Hoott = {=9(~Jaat1) = 9(act1 + 1)+ 6(1 +28) + (1~ 25) = o-F]so

= Z{ $(=4) = 9 + 1) +29(1) - lim -} It (3.8.9)

It describes the QCD correction to the parton model shown by Lipatov
([48-49]). The diagonalization of Lipatov model has probably been achieved
by de Vega and Lipatov ([53-54]). Noting that the j indicates the block in
the reducible block-diagonal form.

Using
P+ 1) =) + 3,
n—1 1
Y@ +n)=v@)+ ) —F,
kzo z+k
P(1) = —c, (3.8.10)
and hence

(=3) = ¥(1) + A(j) - lim ~. (3.8.11)
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We obtain

Hgo41 = Z h(j)PI, .. (3.8.12)

Separating the finite part from the 1nﬁn1ty the H is nothing but the D
derived in super Yang-Mills (N = 4) with the approximation. Of course,
the derivation of 6D based on super Yang-Mills (N = 4) explores much
larger symmetry than Lipatov model. Therefore, DNW’s result shows that
the Lipatov’s model possesses Y (SO(6)) symmetry.

To obtain Y'(SO(6)) in terms of RT'T relation we start from the rational
solution of R-matrix whose general form for O(N) was firstly by Zamolod-
chikov and Zamolodchikov ({35]) and extended through rational limit of
trigonometric Yang-Baxterization ([36]):

R=ufu— —(N 2)a]P + auApn + [—ua + (N )1, (3.8.13)

where u is spectrum parameter and « a free parameter allowed by YBE.
Here we adopt the convention of Jimbo:

b — 5262, (AN)3S = 89786, _q (3.8.14)

where

Mo -E e ) es)

and N =2n+1 for B, and N = 2n for C,,, D,.
The R-matrix is given by

R = RP = u(u — 2a)I + u(2u — a)P + 2uaAy, (3.8.16)

a,b,e,d={—(

that coincides with Zamolodchikov’s S-matrix (up to an over all factor con-
sidering the CDD poles) with a =1 and u = i—ex. Actually, Zamolodchikov’s
S-matrix is universal, i.e., model independent.

S(0) = R(w) = Q* (wyu(u — 2)[I + 2P + T Ay
g2 g2
1 2
+
= — —_p4+ =
Q* (wu(u— 2 — P+ ——
[t —igp)0(3 ~igy)
I(z £ A s — i )T(= ’27r)
where A = N %5, 0 = idu. The spectrum parameter u is one-dimensional,
but u can be taken to be the cut-off in 4-dimensional quantum field theory,
for example

AN],

Q*(u) = (3.8.17)

u~InA2, (3.8.18)



Yangian and Applications 35

where A? is Lorentz invariant, i.e., scalar. This is the reason why asymptotic
behavior of quantum field theory model may be related to Yang-Baxter
system. The Bethe Ansatz for S(8) with SO(6) was discussed by Minahan
and Zarembo ([46]).

For given R(u) one can easily obtain Hamiltonian by

H = (22 )]s, (38.19)

for O(N).

However, the essential connection between Lipatov model and SO(6)-
RTT formulation is still missing.

4. Remarks

Although there has been certain progress of Yangian’s application in
physics, there are still open questions:

(1) How can the Yangian representations help to solve physical models,
in particular, in strong correlation models?

(2) Direct evidences of Yangian in the real physics.

(3) What is the geometric meaning of Yangian?
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